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Pontryagin’s Minimum Principle for simple mechanical systems on

Riemannian manifolds and Lie Groups

R. V. Iyer*

Abstract

Pontryagin’s Minimum principle for optimal control had earlier been extended to non-linear
systems defined on manifolds by Sussmann [1], without any additional structure such as a
Riemannian metric. He pointed out that the adjoint equation can be described intrinsically
using a connection along the optimal trajectory. In this paper, we describe the computation
of the Hamiltonian vector field in a direct manner using the symplectic two-form defined on
local coordinates on T*T M adapted to the vertical and horizontal subspaces of TT'M. This
symplectic two-form is non-canonical, and its meaning and computation is akin to the non-
canonical symplectic two-form on the Lie Algebra of a Lie Group. The equations turn out to

be the same as those obtained in our earlier work using a calculus of variations approach [2].

1 Introduction

In this paper, we consider optimal control problems for simple mechanical systems. Such systems
can be described as a vector field on the tangent bundle TM of a manifold M. There exists a
natural Riemannian metric on M that is compatible with the Kinetic Energy function. Using
parallel translation, one can define a frame (non-uniquely) on a co-ordinate chart of T'M. The
problem then is to express Pontryagin’s Minimum Principle (PMP) in such frame co-ordinates.
The resulting equations prove to be very useful for numerical computation. In earlier work, we
obtained the first order necessary conditions using a calculus of variations approach [2]. There, we
also obtained an invariant for the problem, and in this paper, we demonstrate this invariant to be

the Hamiltonian function.
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For affine control systems on manifolds with additional structure such as affine connection
control systems with affine control, Lewis [3] described the geometry of the adjoint equation using
the horizontal and vertical lifts of the horizontal and vertical subspaces on T*T'M that arise from
the geodesic spray or a second-order vector field on T'M. Lewis then describes the Hamiltonian
vector field for such systems and a particular class of cost functions, using the cotangent lift of
the geodesic spray, and obtains what he terms the adjoint equation. In this work, the set in which
the input variables take values at an instant of time is considered to be state-dependent. Due to
this, the adjoint equation is not entirely complete as the state dependence of the input set should
introduce additional terms in the equations for the co-states [4]. We do not consider the input
bounds to be related to the states in this paper. As the controlled systems and cost functions in
this paper are more general than those in [3], we show how our equations for the co-states can
be specialized to obtain the adjoint Jacobi equation in Section 3.4. In other work, Jurdejevic [5]
and Krishnaprasad [6] have considered optimal control problems for left-invariant systems on Lie
Groups, with the input variables affecting the velocity vector field on the configuration space. Koon
and Marsden [7] study the problem of optimal control for nonholonomic systems with symmetry
while considering the derivative of the shape space variables to be the input.

We consider simple mechanical systems with forces and moments as inputs. Sussmann [1]
tackled the problem of generalizing the Pontryagin’s Minimum Principle to manifolds (without
any affine-connection structure), by developing the co-ordinate free Minimum principle. For com-
putational purposes, when this principle is applied to an air-vehicle problem, one employs local
co-ordinates and the equations reduce to the necessary conditions for an optimal control problem
in co-ordinates. Local co-ordinates might not be the best choice possible for the real-time compu-
tation of the optimal trajectory when one has an additional Lie Group structure. This is because
a suitable choice of co-ordinates depends on the initial and final conditions on the optimal con-
trol problem, which makes it unsuitable for real-time computation of optimal trajectories. If the
configuration space is a connected Lie Group G with Lie Algebra G, then one can represent any
point as a product of exponentials using the exponential map, exp : G — G. In general, this map is
not globally one-to-one or onto, but in the case of groups that semi-direct products of a connected
and compact group and a connected Abelian group, it is globally one-to-one and onto (except on a
set of measure zero). Such groups arise naturally in robotics and simple mechanical systems. The
first order necessary conditions yielded by the PMP can be numerically solved using the Modified

Simple Shooting method as demonstrated in [2] for an optimal control problem for the rigid body.



2 Mathematical Preliminaries

In this section, we discuss the notation employed and derive some basic formulae that will be used
in the next section. The mathematical notions are presented in a very concise manner, and only
those notions necessary for this paper are presented. A fuller picture can be seen in references such
as [8, 9, 10]. One result of this section that is the utility of choosing to parameterize the horizontal
and vertical bundles of T*T' M, from the point of view of transformation of co-ordinates on the
intersection of charts. This transformation property is simpler than what one would have if one
chose to parameterize T*T'M directly on coordinate charts. In this case, one is said to be using
coordinate frames. Another important purpose of this section is to express the natural symplectic
two-form on T*T'M using coordinates on the horizontal and vertical bundles of T*7T M.

A a manifold {M, {U,; « € I}} is separable Hausdorff space together with a collection of open
sets that cover it with the condition that (), M € {U,}, and that is locally homeomorphic to R"™.
Here, I is an index set. So given any ¢ € M with ¢ € U where U is an open neighborhood of M,
there is some homeomorphism ¢ : U — IR". We will assume that n is a constant that does not
depend on ¢. The collection {U,, ps} is called a set of coordinate charts for M, and they satisfy
the condition that ¢, o gpgl : Ua NUg — Uy NUpg is a homeomorphism. We will consider a C'>°

manifold, where the map ¢, gogl is a C°° diffeomorphism.

Figure 1: Local Trivialization for a Vector Bundle.

A vector bundle {E, M,p,R™, 9, {gap; o, f € I}} is collection of sets E, M; amap p: E — M;
a trivializing map 1 : p~1(U) — U x R™ that is fiber respecting in the sense that (p~!(x)) =
{z} x R™. Two vector bundle charts (Ua,%q) and (Ug,1g) satisfy the compatibility condition
(1ho © ¢51)(q,v) = (¢, gap(z)v). The trivializing maps {1,;a € I} also have to satisfy a co-cycle
condition [9, 8]. By the proof of the vector bundle construction theorem [8], we can say that a
point on the vector bundle E is an equivalence class [g, a, v] where ¢ € U, and v € R - here,

two points (¢, «,v) and (r, 3, w) are considered equivalent if and only if ¢ = r and w = gga(q)v.



The fiber of the point ¢ € M given by E, = p~!(q) is a vector space isomorphic to R™ with
alg,a,v] + blg, B, w] = [g,a,av + bgas(q)w]. In the case of the tangent bundle £ = T'M, the map
gap is obtained from the coordinate maps ¢q, ¢ according to: gog(q) = D(cpaogpgl)(g:g(q)), where
D denotes the Frechét derivative. Coordinate chart maps for the vector bundle are obtained simply
as: ®o = (pa, Id) 09 as shown in Figure 1. This describes the differential manifold structure of E.
For the tangent bundle, the map p is usually denoted by ;.

Figure 2: Tangent Bundle to a Vector Bundle has two compatible vector bundle structures.

The tangle bundle to a vector bundle described above is itself a vector bundle over TM as
well as over E as shown in Figure 2. A point in T'E is an equivalence class {[q, a,v,{, w]}, where
q € Uy, £ € R" and v, w € R™, with two points (g, o, va, &, wa) and (r, 5,v3,£3, wg) considered

equivalent if and only if

q="7; v3=98a(0)a; &8 = hga(q)a; and wg = (D(98a(9))éa)Va + 98a(@)Wa; (1)

where hga(q) = D(pg 0 ¢a')(¢a(q)). The two vector bundle structures are compatible in the sense
that p o mg = mps o T'p, where wg and 7 are both projection maps described earlier. This implies
that the fiber at a point ¢ € M in the vector bundle (TE, M,p o g, R™ x R™ x R™) is identical
to the fiber in (TE, M, 7y o Tp, R™ x R™ x IR™) which leads to the same trivializing map and
chart compatibility condition.

Given a vector bundle (E, M,p,IR"™) one can define the vertical bundle VE C TE to be null
space Null(T'p). As the map Tp : TE — TM is described in a local trivialization by T'p(q, v, &, w) =
(¢,€), a point on the vertical bundle (in the same local trivialization) is given by (¢,v,0,w). After
checking the compatibility condition, it can be easily confirmed that (VE, E,7g,IR™) is a vector
bundle. A linear Ehresmann connection on the vector bundle (E, M,p,IR™) is a fiber-linear, vector
valued one form ® that acts on vector-fields on M and yields sections in the vertical bundle
VE, such that & restricted to VE is the identity map and Image(®) = VE. Hence, in a local

trivialization, the linear connection is described by: ®(q,v,&,w) = (q,v,0,w + F;k(q) ke,



where {e;} is the basis for T, IR™ and repeated indices are summed according to the Einstein
convention. Due to the fact that HE = Null(®) has a constant rank n, we have a decomposition
TFE =Image(®) @ Null(®) = VE® HE. Thus, in a local trivialization a point (¢, v,§,w) € TE can
be written as the sum of (¢, v,0,w +F§.k(:c) Evke)) € VE and (q,v,¢, —Fj-k(x) ¢vke;) € HE. The
freeing map F : VE — E x; E) given locally by (¢,v,0,w) — ((¢g,v), (¢,@)) and the projection
G =1Tp ag HE — E xj; TM given locally by (q,v,¢&, —F;k(q) ke — ((q,v),(q,€)) are
natural. The vertical lift map vift: E X E— VE given locally by ((q,v), (¢, w)) + (g,v,0,w) is
the inverse of the map F and a right-inverse of the map 7T'p. Similarly, one can define the horizontal
lift hift : E xpy TM — HE given locally by ((q,v),(¢,€)) — (q,v,¢&, —F;k(q) &I e;), that is the
inverse of G and another right inverse of T'p.

Next, we describe the Koszul connection on a fiber bundle (E, M,p). Let R(M; E) denote
the space of sections from the base manifold M to the total manifold E. If ( € R(M;E) and
X € X(M;TM), then the Koszul connection is a map V : R(M; E) xpr X(M;TM) — R(M; E)
given by Vx({) := mF o ® o T((X). In words, it is directional derivative of ¢ in the direction
X projected to VE using the Ehresmann connection; then onto E using the freeing map, and
finally onto the fiber. In a local trivialization we have: V(,¢)(q,v) = (¢, (§(v*) + I’;-k(q) k) ep).
It is easy to check that Koszul connection satisfies the properties: (i) Vyx( = fVx( where f €
C*®(M;R); (ii) Vx,+x,¢ = Vx,C+ Vx, ¢ (ill) Vx(h() = X(h)( + hVx( where h € C*°(E;R);
(iv) Vx ({1 + () = Vx( + Vx (o, and it is thus a derivation.

For a vector bundle (E, M, p, R™) the dual vector bundle (E*, M, pgya1, R™*) can be constructed
in a straight forward way so that E = p;ulal(q) is the dual of E, = p~1(q), where ¢ € M [8]. As in
the case of E, a point on E* is an equivalence class [q, a, u] where ¢ € U, and p € R™*. Denote the
inner-product between a vector and co-vector by in the chart (Uy, ¢qo) by (-, ). As the inner-product
should be the same in any chart, we need (ita, va) = (143, V3) = (148, 9BaVa) = (9Balts; Va) implying
Mo = ggattg- This yields the compatibility condition for the dual bundle. The above discussion works
for the tangent vector bundle, the vertical bundle, and the horizontal bundle (HE, E, 7, R"),
and we get the dual bundles (T*E, E, 7 gya, R" x R™) and (V*E, E, g guau, R™) and the dual
horizontal bundle (H*E, E, Tg dua, R™). By the isomorphism VE = Exy E and HE = ExyTM
discussed earlier, we have V*E = E Xy E* and H*E = E X T*M.

Finally, we discuss vertical one-forms or sections of the vector bundle (V*E, E, ) [10]. Due
to the isomorphism V*E = E xj; E*, a vertical one-form (¢, v,0,p2) can be written in a local

trivialization simply as ((q,v), (¢, p2). The isomorphism mentioned above can be seen as the result



of the adjoint F* : E x5y E* — V*E of the freeing map F : VE — E X E (see Figure 3 for the

special case £ = T'M that is discussed next).
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Figure 3: The Ehresmann connection map @, the Freeing map F and their adjoints.

2.1 Pull-back of the Liouville one-form to T*T M

We now turn our attention to the special case E = T'M that is presented in Figure 3. A section
o of the bundle prasguar : TM X3 T*M — TM is a map o : TM — TM x T*M. Suppose that
in local coordinates o(q,v) = (q,p2) = p2; € where {e'(q), i = 1, ---, n} is the dual of the frame
{ei(q),i=1, ---, n} defined at T, M. Then the pull-back ¢ € X(T'M, V*T' M) is then given in local
coordinates by:

5(q,v) = (0,p2) = po; dv’. (2)
We can pull-back o using the adjoint map ®* : V*TM — T*TM to yield a section & € X(T'M, T*T M)

that is given in coordinates by:
(g, v) = (D" pai, p2) = T 0" pase? + pa; do'. (3)

It is easy to check that the range of ®*(V*TM) (denoted by R(®*) in Figure 4) is the annihilator
of HI'M.



Figure 4: Pullback of the Liouville one-form to R(®*).

The Liouville (or canonical) one-form 6y on T*M is the unique one-form that satisfies 7%f o
0y =  for any one-form § on M [11, 10]. In local coordinates on T*M, it is given by 6y =
(q,p2,p2,0) or Oy = po; e'. The map ®* is also an isomorphism of its domain onto its range by its
very definition. Hence: ®*~!: R(®*) — V*T M is well-defined and we have a well-defined chain of
maps: 7 0 F* 1o ®*1: R(®*) — T*M that we can use to pull back the Liouville one-form from
N(T*M, T*T*M) to X(T*TM,T*V*TM where it is described in local coordinates as pg;dv’. This
one-form can be pulled back to R(T*TM, T*R(®*)) via T*®*~! where it is given locally by:

0, = F;kvkp%ej + po; dv'. (4)

Next, we discuss a similar construction for the horizontal bundle HT'M that is shown in Figures

5 and 6. Denote x = Id — ® so that £ : TTM — HTM is the complementary projection to the
horizontal bundle. Suppose that a section v of the bundle prargua : TM xp T*M — TM is

described in local coordinates by v(q,v) = (q,p1) = p1; €'. Then the pull-back ¥ € R(T'M, H*T M)

is then given in local coordinates by:

:Y(q’ ’U) - (ph 0) = P1i e'. (5)

We can pull-back v using the adjoint map x* : V*T'M — T*T'M to yield a section y € X(T'M, T*T M)
that is given in coordinates by:

A(g,v) = (p1,0) = pue’. (6)
One can check that the range of x*(H*TM) (denoted by R(x*) in Figure 6) is the annihilator of
VTM.
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Figure 5: The projection map x, the Freeing map G and their adjoints.

Again, in local coordinates on T*M, the Liouville one-form is given by 6y = (¢, p1,p1,0) or
0y = p1; €. Similar to ®*, the map x* is an isomorphism of its domain onto its range by its very
definition. Hence: x*~! : R(x*) — H*TM is well-defined and we have a well-defined chain of

Lo R(x*) — T*M that we can use to pull back the Liouville one-form from

maps: T 0 G* Lo x*™
N(T*M,T*T*M) to X(T*TM,T*H*T M) where it is described in local coordinates as pi;e’. This

one-form can be further pulled back to X(T*TM, T*R(x*)) via T*x*~! where it is given locally by:
O = pii el (7)

In some coordinate chart, let p = (p1,p2) € T (*W)TM . We can express p as:
p=(p1,0) + (T%0*pai, p2)  where p1 = p1 — %0 pa;, and pa = po. (8)

Clearly the transform (p1,p2) — (p1,p2) is one-one and onto, with inverse p; = p; + Fikvkp%,
P2 = p2. The coordinates (pi1,p2) have much nicer transformation properties at the intersection of
two charts. This can be seen as follows. Consider a point z € U, N Ug and two equivalent points
(g, 0, V0, &a, wa), (z, 8,v5,&s,wz) € TTM. These points are related according to (1). Now, consider
the “vertical” vectors ®(q, a,vq,&q, Wa) = (¢, @, v, 0, w, + Faﬁjkﬁévg) and ®(q, 5,v3,83,wg) =
(q,B,v8,0,wz + Fg,jkfévg) that must also be equivalent. By (1) we have:

wp + g, 508 = gpa(wa + Loy G08). (9)

Now consider any one coordinate chart. The inner product between the co-vector (p1,p2) €



th*—l T*G*_l ‘ ‘ T*ﬂ,'z -
I'Ay) — I'H'TM —— 1" ([[Mx, T'M) — T'T'M
\ *_1 | =1 \
G * 7”.2 *
qz(z) H'TM TMxyyTM ——T"M
x,v pl,O) — (x, v, pl,O) P ((x, v),(x,pl)) — (x, P1)
lp:lMduai l Qdua, p]Mduail

™14 vy 14 1y
(xv) (xv) (xv)

Figure 6: Pullback of the Liouville one-form to R(£*).
T(, ) TM and the vector (§,w) € T(g)TM can be seen to be:

((P1,2), (&, w)) = (pr = Tpoiv®, €) + (P2, w + Tj0®) = (p1,€) + (p2,w + Tjn€?o®)  (10)

by direct computation. Equations (1) and (9) together with (10) imply that in the intersection
Us NUg, we have:

Pp1 = hapPay  and  pg, = gapPas, (11)

where we explicitly mentioned the coordinate chart where the points belong.
Definition 2.1 The map ©¢ € X(T*TM,T*T*TM) defined by:
O =0, + 6, (12)
is the Liouville one-form on T*T M, where T*( is the cotangent lift of (.
The reason for calling g as the Liouville one-form is the lemma below.

Lemma 2.1 O is the unique one-form on T*TM such that T*3 o ©g = (3 for any local one-form
BeNTM, T*TM).

Proof: The lemma could be proved by using Proposition 6.3.2 on page 152 of [12] by noting that
O and O, are obtained through cotangent lifts. But, we give a different proof that yields some



more insight. In some coordinate chart, let (p1,p2) € T(’; o TM. Then:

@((L UaﬁhpQ) = Gh(% v, P1, 0) + @v(Q7 v, Fikzvkp%ap2) (by deﬁnition)
= pijel + 50 po; + posdv’  (by (4) and (7))

= pue’ + pudv’  (by (8)).

The last equality shows that the action of ©(q,v,p1,p2) on a vector v € Tigv.p1,92) T TM can be

described as:
<@(Q7/U>1317132)7’U> = <(2313152)7TPTM : U>’ (13)

where prys : T*T'M — TM is the projection, and Tppys : TT*TM — TTM is the tangent map of
pra- The lemma then follows by Proposition 6.2.2 of [12].
O

Henceforth, we will use the coordinates (p1,p2) instead of (p1,p2) (see (8)) due to their nicer
transformation properties in coordinate charts. As © is the Liouville one-form, the symplectic two-

form ¥ € R(T*TM; A2(T*T*TM)) is given intrinsically by: ¥ = —d© and in local coordinates:
S(q,v, p1,p2) = € Adpy; — pride’ + dv’ Adpa; — pai v T + 0" T Adpy; + poi Ty Ado®. (14)

Now using the fact that de = —T", AeF for an orthonormal co-frame {e’; i =1, .-+, n} (due to the
connection being torsion-free) and dI', = Q°, — Fij A ij where 7, is the curvature tensor [15],

we have:

S(q,v,p1,p2) = €' A (dp1; — qujz-) — PP Q. 4 (dv' + T 0F) A (dpai — ijFji)- (15)

3 Pontryagin’s Minimum Principle on Riemannian Manifolds

In this section, we obtain expressions for the first order necessary conditions yielded by the PMP
for a simple mechanical system on a Riemannian manifold. The general form of the PMP in a
coordinate free setting was described by that is given in an abstract form in [1]. Here we specialize
those results to simple mechanical systems that are time-varying or Carathéodory second order
systems. We emphasize that the time-variation of the systems is not due a time-varying connection,
but rather due to the control input which is a function of time. In applications such as trajectory
design for a space shuttle or hypersonic air vehicle during ascent, where there is a change in the

mass and moment of inertia of the air vehicle, one should consider the vector field with the time



variation as part of the vector field with the control input. In the following subsection, we will
specialize the notation and the definitions employed in Sussmann [1] to time-varying second order

systems.

3.1 Notation and Definitions for the Optimal Control Problem

If S is a set (for example, S = M, T M, T*T M etc where M is a smooth manifold), a time-varying
map on S is a map whose domain is S x I where I is some interval on R. If f is a time-varying

map on S with domain S x I, then I is called the time-domain of f denoted by 7D(f).

3.1.1 Carathéodory Functions, Vector fields, Integral Curves and Controlled Curves

A Carathéodory function (CF) on S is a time-varying function f such that (i) f(-,¢) is continuous
for every t € TD(f), and (ii) f(x,-) is Lebesgue measurable for every x € S. The notation CF(S)
denotes the set of all Carathéodory functions, while CF (I, S) denotes those functions in CF(S) with
time-domain I. If f € CF(95), then f is called locally integrably bounded (LIB) if for every compact
subset K of S there exists a g € L}, (TD(f)) such that |f(z,t)| < g(t) for all (z,t) € K x TD(f).
In our case, S will be either TM x U or T*TM x U where U C R™ and M is a Riemannian
manifold. Hence S has the structure of a metric space with some distance function, say, d. A
function f € CF(S) is called locally Lipschitz (LL) if every f(-,t) is locally Lipschitz, and locally
integrably Lipschitz (LIL) if it is LIB and LL, and for every compact subset K of S the Lipschitz
constant for f can be chosen to be in L}, .(TD(f)). Sussmann [1] observes that definitions of a LL
and LIL CF on S only depends on the class of locally equivalent metrics on S, and so they are well
defined when S =TM or T*T'M where M is a Riemannian manifold.

If f € CF(S) where S is a manifold, then f is said to be of class C¥ if f(-,t) € C*(S) for every
t € TD(f). f is said to be locally integrably of class C* (denoted LICk) if f is of class C* and the
function X7 X5 --- X f is LIB for every k-tuple (Xi,---, X)) of smooth vector fields on S.

A Carathéodory vector field (denoted CVF) on S is a time-varying map F' on S such that (i)
F(z,t) € TS fo every (z,t) in the domain of F, and (ii) F(f) € CF(S) for every f € C*(95).
Denote CV F(1,S) to be the set of CVF’s with time domain I and set CVF(S) = L[JCVF(I, S). If
p:TM — M denotes the projection operator, then a second-order Carathéodory vector field on M
(denoted by SOCV F(M)) is a CV F(T'M) that satisfies Tp o F' = Id. A curve on S is a continuous
map ¢ : I — S, where I is an interval. A curve ¢ on S is locally absolutely continuous (denoted

by LAC), locally Lipschitz (denoted by LL), of class C*, if f o ¢ is LAC, LL, or of class C* for



every f € C*(S). An arc is a LAC curve such that the domain is compact. The sets CRV (1, 5),
CRCrav(I,S), CRV(S), CRVLac(S), ARC(S) stand for the sets just described.

An integral curve (IC) of an F' € CVF(S) is a LAC curve ¢ such that the Domain(c) C 7D(F)
and ¢ = F(c(t),t) for almost all t € Domain(c). If FF € SOCV F(M), then it is clear from the
above discussion that ¢ € IC(F') if and only if in any coordinate chart for T'M, ¢ is given in local
coordinates by c(t) = (q(t), V(t)) where V() € Ty )M and q is the integral curve of V- € CVF(M).
By the Carathéodory existence and uniqueness theorems, given a LIL CVF F on S (respectively, a
SOCVF F on M); and a point (Z,t) € S x TD(F) (respectively, a point (g, V,t) € TM x TD(F))
there exists an integral curve ¢ in S (respectively, an integral curve ¢ = (¢, V') in T'M) such that
(i) c(t) = z (respectively, q(t) = g, V() = V); (ii) Domain(c) is a neighborhood of # relative
to TD(F); (iii) for any two IC’s ¢; and co with (i) and (ii) satisfied, we have ¢;(t) = ca(t) for
t € Domain(c;) N Domain(cz) [1].

A controlled curve in S is a pair v = (¢, F)) such that F' € CVF(S) and ¢ € IC(F). A LIL-

controlled curve is one where F' is LIL.

3.1.2 Hamiltonian Systems

The symplectic manifold 7S is endowed with a canonical symplectic form ¥ £ —dfy where 6 is
the Liouville one-form on 7*S. For every CVF F and CF L on S we can associate the pair (F, L)
the Hamiltonian HP" € CF(T*S) with time domain 7D(H) = TD(F) N TD(L) defined by:

HPE (2, 2,t) £ (2, F(x,t)) + L(x,t), (16)

where z € S, z € TS, t € TD(H). The Hamiltonian H is LIB, LIC*, or LIL if and only if both L
and F are LIB, LIC*, or LIL. If H € CFu(T*S); k > 1, we can associate with H a Hamiltonian
vector field Xy € RF=1(T*S, TT*S) with time domain 7D(H) defined by:

(dH (x,t),w) = 3 (Xg(x,t),w) forall ze€T*S, t€ TD(H), and w € T, T*S. (17)

If F € CVFon(T*S) and L € CFrpen(T*S), we have Xg € CVFy0e-1(T*S) and we have
existence and uniqueness of IC’s for Xy even for k =1 [1].
3.1.3 Controlled Simple Mechanical Systems

We consider more general control systems that those considered by Lewis [3]. A controlled second

order system is a triple C'S = (S,U, F') such that (i) S = T'M where M is a smooth manifold; (ii)



U is a set of open-loop controls; and (iii) F' = {Fy; u € U} is a family of second-order Carathéodory
vector fields on M. Let U be a Lebesgue-Borel measurable subset of I x R™, where [ is an interval,
such that U(t) = {u : (t,u) € U} is nonempty for every t € I. Denote the time domain of U by
TD(U). Then each element of U is a function u : I — U where I is an interval and 7D(U) = 1.
Notice that U is not dependent on points x € S. Contrary to the claim made by Lewis [3], the
situation when U is dependent on = € S is more complicated and is not covered by the following
theory [4]. We will make the following assumptions that will simplify matters: (a) F'is a SOCVF on
M such that (q,v,t,u) — F(q,v,t,u) is a map from TM x U to TTM with F(q,v,t,u) € T(q \TM
for all (q,v,t,u) € M x U. (b) every map F(-,-,t,u) is continuous for each (¢,u) € U, (c) every map
F(q,v,-,-) is a Lebesgue-Borel measurable, where ¢ € M and v € T, M.

A controlled trajectory of a system CS is a pair v = (¢, u) where u € U and (¢, F,) is a con-
trolled curve. If Domain(c) is compact, then + is called a controlled arc. Ctraj(CS) (respectively,
Carc(CS)) denotes the set of all controlled trajectories (respectively, controlled arcs) of C'S. A
trajectory (respectively, arc) of C'S is a ¢ such that (c,u) € Ctraj(CS) (respectively, Carc(CS))
for some u € U. Let CS be a controlled second order system and let a, b € R with a < b. If
x1 = (q1, V1), ©2 = (q2, V2) € TM, we say that zo is C'S-reachable from x1 over [a,b] if there exists
a controlled arc vy of C'S such that c¢(a) = z1 and ¢(b) = 2. x2 is said to be C'S-reachable from x;
if it is C'S-reachable from z1 over [a,b] for some a, b. Define RE(z) (respectively, Rﬁi] (x)) the
C'S-reachable set from x (respectively, the C'S-reachable set from x over [a, b]).

A Lagrangian L for CS is a family {L,; u € U} of Carathéodory functions on S such that
TD(L,) = TD(F,) for all u € U. Given a Lagrangian L for CS, the cost functional J&CS :
Carc(CS) — IR is defined by:

O JRACCULE (18)
omain(y

Following Sussmann [1], a controlled arc v = (c,u) is called acceptable for L if |L,(c(:),-)| is
a locally integrable function. If - is acceptable for L and has domain [a,b], then the function
py,L(t) = fat L,(c(s), s)ds is the running cost along ~.
The augmented system C'S associated with a second order system C'S and a Lagrangian L is
the system:
&= Fy(z,t); i% = Ly(2,t); uel. (19)

A trajectory ¢ of the augmented system for a control u € U is a pair (¢, ) such that ¢ is a trajectory

of CS for u, (c,u) is acceptable for L, and ¢” is the running cost for (c,u). We refer to Sussmann



[1] for the definition of the substitution properties.

For each control system CS and Lagrangian L for C'S, we can associate the Hamiltonian:
HOSL & (HFwele s w ey} (20)

Due to our continuity assumptions on F, (leading to the so-called classical time-varying system
defined by Sussmann) the optimal control u* € U will have the following strongly minimizing
property along a curve (c, z) in T*T'M (by Prop. 6.1, Theorem 10.1 of [1]):

HOSE(e(t), 2(t), t,u*) = mig{HCS’L(c(t),z(t),t,ﬂ)} for a.e t € TD(F;) N Domain(c)  (21)

ue

An L-adjoint vector ¢ along v = (c,u) € Ctrajrrr(CS) is an absolutely continuous section
R(¢, T*T'M) such that (¢, () is an integral curve of X gr, .. Hence the L-adjoint vectors are de-
fined only along the trajectory ¢ on TM. An L-adjoint vector field ¢ along v = (¢, u) is strongly
minimizing for (C'S, L), if u is strongly minimizing for (C'S, L) along the curve (¢, () according to

(21).

3.2 Pontryagin’s Minimum Principle for a Simple Mechanical System

The PMP given in this section is a special case of Theorem 8.3 of [1] for Carathéodory second-
order systems. The interesting aspect of our version is the choice of coordinates that facilitates the
numerical solution of the optimal control.

Let M be a Riemannian manifold with coordinate charts {Uy, ¢, @ € I}. On a coordinate chart
(U, ®o) of TM (see Section 2) let {e1, - ,e,} be a frame of vector fields compatible with the
metric. Similarly, on a coordinate chart (Uy, ¥y) of T*M let {e!,---,e"} be a frame of co-vector
fields so that ¢'(e;) = (5;; 1 <14,j <mn. Let (¢,v) denote coordinates on the chart ®,(TU,). They
form the state variables for a simple mechanical system on M. There is a natural connection defined
on M called the Levi-Civita connection for which the metric is invariant [13]. Using the Levi-Civita
connection on M, we can describe a controlled arc v = (¢, u) (where ¢(-) = (q,v)(+)) for a controlled

second order system (see 3.1.3 for the definition) C'S = (S,U, F') as one on HT'M & VT M:

Do

§(t) = v(t) = v'ei, and == = f(q(t),v(t),u(®),t) = f(a(t), v(t), u(t), t)es. (22)

Consider the following assumptions that correspond to Al, A3, A4, and OPT1 — OPT4 of [1]:

MP1 CS = (T'M,U, F) is a second-order control system as described in 3.1.3. The assumptions on

F described there will apply to the functions f, i =1,---,n in (22)



MP2 a,be R, a <b, xg, zy € TM, ¢, : [to,ty] — TM is a trajectory of C'S with c.(tg) = x¢ and
c(ty) = xy.
MP3 u, € U is such that v, = (¢4, () is a LIL-controlled arc of C'S.

MP4 Suppose N is a given submanifold of TM and xzy ¢ N be a given point of TM. W is a
neighborhood of (zg,zy) in TM x TM and ¢ : W — R is a Lipschitz continuous function
with G = 0p(xf) — the Clarke generalized gradiant of ¢ at .

MP5 L is a Lagrangian for C'S and L~ is LIL.

The set Carc?(CS) denotes the set of controlled arcs v = (c,u) that are acceptable for L.

Remarks:

i. Notice that due to our assumption MP1, condition A2 of [1] for the augmented system (19)
is automatically satisfied due to the fact that our time-varying second order system is a time-
varying classical system according to [1]. Due to Theorem 10.1 of [1], weak minimization in
the Maximum Principle for optimal control given in Theorem 8.3 in the same reference can

be replaced by strong minimization.

ii. Unlike Sussmann [1] and Lewis [3] we will assume that zo is given to be the generalized
position and velocity at time #y. This reflects a trajectory planning problem in engineering
applications.

iii. If ¢ : W — R was a smooth function, then G = {dp(zy)}.

We consider the following fixed and final-time optimal control problems.

Problem P1: Minimize the cost functional

TS e(0,3) = e + [ (e, ) 23
in the set v = (c,u) € Carct(CS), Domain(c) = [a, b], and ¢(b) € N.
Problem P2: Minimize the cost functional
TEC52 (b, ) = ¢(e(b)) + /b Lu(c(t),t) dt (24)
in the set (b,7), such that v = (c,u) € Carc’(CS), Domain(c) = [a,b], and c(b) € N.
The theorem below gives the first order necessary conditions for the existence of the solution

Y« = (Cs,uy) to the optimal control problems. We need some notation before we can state the

theorem.



e (R’(v,p2)v,0) a one-form field along the curve (c,¢) in H*T'M that satisfies (R’ (v, p2)v,£) =
(p2, R(v,&)v) for every (§,0) € Hy )T M for every t € TD(c).

e We denote by ((dqf)*(p2),0) a one-form field along the curve (¢, {) in H*T'M that satis-
fies ((dgf)*(p2),§) = (p2,dfq(§)), for every (£,0) € HyyTM for every t € TD(c). Simi-
larly, denote by (0, (dyf)*(p2)) a one-form field along the curve (¢, () in V*T'M that satisfies
(o) (02),8) = (pa duf (W), for every (0,) € Vg TM for every ¢ € TD(c).

o Let C’;k = I‘;k — I‘};j be the structure constants for the Jacobi-Lie bracket of vector fields
on M. We rewrite the term f* Fiiﬁk p2j in terms of geometrically defined quantities. Denote

[C(f)]*p2 = pgjfgkfiek and [C(f)]*p2 = ijC'ijkfiek, and then
FIT9.8" pay = 1 (DY = CLIE" paj = (D))" p2 — [C())]Pas ).
Theorem 3.1 Suppose that assumptions MP1 - MP5 hold and suppose that v, is a solution of
Problem P1. Then there exists a constant v > 0 and a v L adjoint vector ¢ along s« such that:

i. in local coordinates ((t) = ((p1(t),0),(0,p2(t))) € HyTM & ViyTM (see Section 2 and

Figures 3 -6 for the notation) satisfies:

_% = dgf"(p2) +vdeL — ([C(H]" = [T )p2 + Rb(U,pg)U (25)
_% = p1+dof*(p2) +doL. (26)

ii. ¢ 1is strongly minimizing for (C'S,v L) along s (see (21)).

ii. ( satisfies the transversality condition: there exists a A € G such that (((b) — v\, &) =0 for

every & € T, (») V.

iv. either ((b) # 0 or v > 0 (in other words, ((b) and v cannot both be identically 0).

* UV Lu*

v. ¢ and v can be chosen so that the Hamiltonian HFu (see (16)) is constant almost

everywhere in [a, b].
For Problem P2, { and v can be so chosen so that the constant value of the Hamiltonian is zero.

Proof: The theorem is a special case of Theorem 8.3 of Sussmann [1], and all of the conclusions

except the first follow from this theorem. We will show that the adjoint vector ¢ = (p1, p2) along 7.



satisfies Equations (25 - 26), where (p1,p2) are local coordinates on H} T'M @ VT M. According

to (16), the Hamiltonian function Hfw¥Lu is given in local coordinates by:
HEwlu(e ¢ t) = (¢, F(e,u,t)) + vL(z,u,t) = (C,¢) + vL(z, u,t), (27)

where ¢(t) = (q(t),v(t)) and ¢(t) = (v(t), F(z(t),v(t),u(t),t)). Now we can choose ((t) = (p1, p2)(t)
in local coordinates on 7, T'M or (p1,p2)(t) on H iy TM @V, TM. These choices are related by
(10) as follows:

H P (e, ¢, t) = ((P1,p2), (4,0)) + vL(,u,t)

Do

= <p17q>+<p2>ﬁ>+yl/(x)uvt)

= (p1,9) + (p2, f(c,u,t)) + vL(x,u,t) (28)

At this point, obtaining the adjoint equations is simply a matter of applying the definition of a
Hamiltonian vector field given in (17). Let (&, w, i, 9) € (g py po) (H TM & V*TM). Then by (15)
and (17) we have:

E(q,v,pl,pz) ((qa ’Da ]jlapZ)v (67 w, W, 19)) = dH(quj;Zuhpﬁ (57 w, W, 19) (29)
where the LHS is:
E(q,”u,;n,;h)((dv /l.)vppr)a (f? w, [, 19)) = <q7 (:U”L - pljrgﬁgk)el> - <§7 (plz - pljl—\]jmqk)ez>

0" P2 (4,€) + (0" + Fékvkqj)eia (¥ — p2jFii5k)ei>
—((w" + Fékfjvk)ei» (P2i — p2jF£iqk)ei>

The right hand side of (29)dH(I; ?;i)’;,pg)(f,w,u,ﬁ) can be computed in two ways, both yielding
the same result. Consider an equivalent class of LL curves in V*T'M & H*T'M with each curve
(¢,C) : (—€,€) = V*TM & H*T'M satisfy: (¢,()(0) = (q,v,p1,p2) and %(c, 0)(0) = (& w, p, ).
Notice the slight abuse of notation, wherein we refer to (¢, ¢)(0) = (g, v, p1, p2)(0) as (¢, v, p1,p2). In
the first method, one computes the derivative %H (0) using the techniques of Riemannian geometry.

The other method is perhaps more interesting. The symplectic two-form ¥ in (15) can be rewritten

using the exterior covariant differentials [15] of v = vie;; p1 = prie’ and py = pose?, as:
Y=¢'A (Vpl)i — pgi(vvv)i + (VU)Z AN (Vp2)i, (30)

where:
V(vie;)) = (dv'+T%vk)e; V(pie') = (dpu—pyl%)e
V(paie') = (dpai — payT%) € VV(v'e;) = vFQ e



The point of this discussion is that we must employ covariant derivatives while computing the right

hand side of (29) as well! In the computation below, the evaluation is being done at s = 0.

Fu,Ly 0L (0q ‘ oL i
Hets & wind) = v (GL0)) 4055 (Vo )+ (Tgum (0),000)

i J
H1(0).7300(0) + (T gup2(0). 00,000 + (0, 555 (00

oft (

T Ovd

V@U(O))j e:) + pa; (0) £ (g, v, u) (0) T, (as((’))k

Js

+(p2(0)

After some simple manipulations, we get:

Henl (Gw,n9) = v(dgL)(€) + v(doL)(w + T o") + (1, 0) + (pr, w)

(q7U7p1
+(0, f(g, v, 1)) + (P2, (def)(E)) + (P2, (du f)(w + T 7 0%))

Now if we compare the terms on the left and right hand sides of (29) with u, ¥, w and £ in that

order, we get the desired Hamiltonian vector field:

T qg = v
Dv
¥ a =T
Ww e _% = p1+ Vde + (dvf)*pQ (31)
£: —TR = vdgL+ (dof)*p2+ R (v, p2)v + poy TV, f

= vdyL + (dgf)*p2 + R (v, p2)v — [C(f)]*p2 + [T (f)]"P2

In the special case of parallelizable Riemannian manifolds of which Lie Groups form a subset,
the manifold T'M is diffeomorphic to M x IR"™ and hence the expressions for the first order necessary

conditions are especially useful for numerical computations.

3.3 Cubic splines on Riemannian manifolds

Here we specialize the results of the previous section and recover the formula for cubic splines on
Riemannian manifolds [16]. Let M be a parallelizable Riemannian manifold and let qo,q1 € M,
vo € TyM and vy € Ty M. Consider the problem: Minimize J(u()) = 3 fttof |lu(t)||?dt subject
to: ¢(t) = v(t), L2 =u(t) = u'(t)e;(t), and boundary conditions q(to) = qo; q(tf) =qp; d(to) =
vo;  q(ty) = vy.

Thus we have f(q,v,u) = u and the “flattening map” ® . TM — T*M is the identity matrix,

that is, the metric coefficients are given by m,; = 6,; for v, j = 1,--- ,n. Therefore, there is an



identification of vectors and co-vectors. The basic compatibility condition between the metric and
connection coefficients is [14]: I';m,; + I""jmm- =0 4,5 =1,---,n Using m,; = 6,j, we get:
[/, + T =0fori, j=1,,n.

The Hamiltonian for this problem is
v
HFU’LU (C7 Cvt) = <p17 U> + <p2,u(t)> + 5 Hu(t)HQ

If v = 0, then pa(t) must be zero for all ¢t as the Hamiltonian is then a linear function of u. This

implies that p;(t) = 0 for all ¢ by (26). This contradicts the PMP’s assertion that both v and ¢

cannot both be 0. Hence v > 0 and it can be chosen to be 1 (see [1]).

The PMP asserts the existence of one-form sections (p1,p2)(t) such that: % = —R(v,p2)v +

(T*(u) — C*(u))p2; % = —p1 and u = —p9, where we have used the identification of vectors and
D2y Du _ _ Dpp

co-vectors in the last equation. Thus =g = — 3> = p1 which implies

D2y D3v _ Dp
a2

at T Tdt T
— R(v,p2)v — (I'(u) — C*(u))v, where we have again the identification of vectors and co-vectors.
Now ((I*(u) — C*(u))p2)v = p2i(T%; (u) — C* (u)) v? = po; Ty phv/  where p = pop Vk =1,--- ,n.
Therefore, ((I'*(u) — C*(u))p2)v = T (v) p§ pa; = 0 for all v € U(M), because I, = —I'! by the
basic compatibility condition for the connection with the metric. Therefore, Dd—?’ + R(%, v)v =0,

which is the equation for a cubic spline that was obtained by Noakes, Heinzinger and Paden [16].

3.4 The Adjoint Equation

In this section, we attempt specialize our results to those in Lewis [3], by considering particular
functions f in (22); L in (23) and (24); while using frames that are compatible with a Riemannian
metric on M. Lewis [3] expresses his results in terms of the torsion, while we do not have torsion
terms in (25) and (26). Our frames are parallel translated and hence are torsion free while the
structure constants are not zero (see (25)). In [3], the structure constants are zero due to the use
of coordinate frames while the torsion is not zero. Simply setting the torsion terms to zero in the
adjoint equation of [3] results in a equation that differs from ours by one term. We claim here that
this term is actually present in the adjoint equation and can be rewritten so that our results and
[3] are identical.

For each u € U, let A, be a symmetric (0, r) tensor field on M [3]. Hence, A, : X" (M, TM) — R.
Let [ : R — IR be a LIL function. Consider the Lagrangian function L : X"(M,TM) xU — R
defined by L =1 o A,. Furthermore, for each u € U, let f,, : TM — TM be defined by: f,(¢q,v) =
u'(t) Y;(q(t)), where Y; € X(M,TM) and i lies in some finite index set. Thus, f, does not explicitly



depend on the velocity variable v.
We only need to consider the equations for the co-states (25) and (26). Following [3], for each u €
U define: A, : N""L (M, TM) — R(M,T*M), by: (Au(v(t), -+ ,v(t), X) = Au(X,v(t), - ,v(t)),

where X € X(M,TM). Then we have: d,L = gﬁei = rU(Au(v(t), - ,u(t) Au(v(t), -+ ,v(t)), so

that:

_% =p1+vd,L =p1 +vrl'(A.(v(t), - ,v(t))) ﬁu(v(t), (D). (32)

Next, we have: dyL = r1I'(Au(v(t), - ,v(t))) VAu(v(t), - ,v(t)), and (dyf)*p2 = u* (VYi)*(p2).
Here, (VY;)*(p2) is defined by ((VY;)*(p2), X) = (p2, Vx Yi) where X € X(M,TM), and
VAyu(v(t),---,v(t)) is defined similarly.

_Dp1

7 vl (Au(o(t), - o(t) VAu(u(t), -+ 0(t) + o' (VYi)*(p2) + B’ (v, p2)v

+po; T, Vi (g(1))u (t) (33)

We claim that the last term in the above equation is the term u®(t) 2T (po(t), Yx(t)) found in [3].
The reason for this is that Lewis considers the torsion to be given by: lei = Fii — ng which
means that the structure constants are 0, which is the case when one uses coordinate frames.
While using coordinate frames, one has: lei = —Ti]k and hence one can take Fii to be: Fii =
%Tlgi by anti-symmetry in the k and i indices. Now following Lewis, define 7% : Y(M,T*M) x
N(M,TM) — X(M,T*M) to be the operator defined by: (T™*(p2,X),Z) = (p2,T(Z, X)), where
X, Z € (M, TM). Then we have for a.e. t € [a,b]:

1, 1
(W (0) ST 20, Y40), 2) = (ma(0), 5 T(ZVel0)a (1)
= (p2(t). TUZ)Yi(t)u (1))
= (ool Yi(a(t))u"(2), 2),
for every Z € X(M,TM) as desired. Note here that the term in question was also obtained in the

form given in (25) using entirely different methods [2]. Equations (32) and (25) when combined

together form the equation that Lewis terms the adjoint equation.

4 Conclusion

Sussmann [1] extended Pontryagin’s Minimum Principle for optimal control problems on manifolds.
This result did not use any additional structure on manifolds other than Lie brackets. As a result

the theorem was obtained abstractly in terms of the Hamiltonian vector field of a Hamiltonian



function. When applying this result in applications, one has to make a suitable choice of co-
ordinates. In problems arising in robotics and engineering, the manifold @ is the tangent bundle
TM of a Riemannian manifold M. Sussmann’s result was specialized to control-affine systems on
Riemannian manifolds with an affine connection by Lewis [3]|. Lewis obtained an explicit expression
for the Hamiltonian vector field by using the fact that it can thought of as the cotangent lift of the
geodesic spray. In this paper, we have specialized the results of Sussmann [1] by using a different
technique. We used the fact that the Hamiltonian vector field on the cotangent bundle of a manifold
Q@ can be derived using the natural symplectic two-form that exists on it. Using this procedure,
obtained explicit expressions for the vector fields of the adjoint system. These expressions turn out
to be the same as those obtained in our earlier work [2] where we employed calculus of variations.

The utility of this approach for numerical computations was demonstrated in [2].
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