Preliminary Examination 1999

Complex Analysis
Do dl problems.
Notation:
R={x:x is a rea number} C={z:z is a complex number}
B(a,r) ={zl C:|z- a|<r} ann(a,r r,)={z C:r,<|z- a|<r,}
D =B(0,1)

For G1 C,let A (G) denotethe set of andytic functionson G (mapping G to C ) and let
Har (G) denote the set of harmonic functionson G (mapping GtOR ) .
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1. Suppose the power series é anz” convergeson | z| < Rwherezand the @ are complex
n=0
A ¥
numbers. If b T Cissuchthat b, |<n®|a, |fordl n, provethat @ b,z" convergesfor
n=0

|z| < R.

2. Let f,gl A (D). Foro<r<1,let G =1B(0,r).

a Provethat theintegraii bif (w)g é)dw isindependent of r provided
p LW w
that| z | < r <1 and that it defines an andlytic function h(z), | z|<1.

b) Proveor supply an counterexample: if f #£0and g #0, then h # 0.

3. Let fT A (D). Supposethat | f(2)|£ Prove that there exists aM (independent

1
- [z)”

of f)suchthat | f€2)|£ ———,.
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4. Let fT A (D)suchtha f (D)1 D, f(0)=0. Provefor zI D that
| f(2)+ f (- 2) | £ 2] z P withequelity if and only if f(Z) =1 z*for some | with || |=1.

5. Inwhich quadrant do therootsof p(z) = z* + 2z +1lie?



6. Let f1 A (D)andsupposethat f isnot theidentity map. How many fixed pointscan f
have?

7. Le f beanentirefunction. Supposethat f hasarootat z=+i and z=-i. Let

M =max| f(2)]. Provethat | f(z)|£M?|zz+1| on B(0,2).
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8. Provethat () (1- ) isan entire function and find it zeros, counting multiplicity:

n=1

¥ .
9. BEvduae (‘)X?nx
o X°+1

dx.

10. Let ul Har (C). Showthat u canbepostiveonal of C onlyif u isconstant.



