Complex Analysis Preliminary Exam 1992

In all problemsprove your answer to be correct.

1. Give an example of a functiod : C -~ C  for whi&gi angalf- exist and are
X y

continuous mappings from to C, but for which lim 1@ -1
z-0 z

fails to exist.

2. a) Supposef: R - R is differentiable. Must if follow thdt : R - R is
differentiable?
b) Supposef: C - C is analytic (holomorphic). Must it follow thét : C - C IS
analytic (holomorphic)?
3. a) Supposef : R - R isinfinitely differentiable and for every non-negative

integer n, f™(0) = 0. Must it follow thaf = 0 on some neighborhood of 0?

b) Supposef : C - C is analytic (holomorphic) and for every non-negative

integer n, f™(0) = 0. Must it follow thaf = 0 on some neighborhood of 0? Must it

follow thatf = O on all ofC?

4. Let D = {z:|z|<1},D = D\{(—l,—%]u[%,l)}, andf: D - D withf (0) =0,

f conformal, one-to-one and onto.
a) Find a formula fof .

b) Show |f/(0)] > 0.
5. Show that the punctured unitdidk™ = {z: 0 < |z| <1} h@meomorphic to

C* = C\{0}, butis notconformally equivalent to C".

6. Leta be a fixed real number. Find the setzifi C for which Y n(**® is convergent
n=1
to an analytic function.

7. Find the number of real roots and the number of non real roots of the equatian 2 tad.
(Hint, consider the closed curve defined by the square with cornéngt +i) for integer
valuesN.)

8. State and prove Montel's theorem.



