Review Exam |11
Complex Andysis

Underlined Propositions or Theorems: Proofs May Be Asked for on Exam
Chapter 3.3

Bi-Linear, Linear Fractiond, Moebius Transformations

az+b

Definition S(z) = ,ad-bct O
cz+d
Differentichility S'(z) = Lbcz
(cz+d)
Properties S:C, ® C,,Sisl-1, Sisonto, poleof Sis-d/c, zero of Sis-bla
T(2)=S%2) = -dz+b = dz- b , Sconforma on C \ {- d /C}, Fixed Points,

Cz-a -Cata
Uniqueness

Specid Cases: Trandations, Dilations, Rotations, Inversion
Every Bi-Linear Transformation can be written as a compostion of Trandations, Dilations, Rotetions, and the

Inverson

Mapping Properties of Specid Cases. “Circles’ to “ Circles’
Geometry of Images

Cross-Ratio

Definiion: S(z) =(z, z,,2,,2,) unique Bi-Linear Transformation suchthat S(z,) =1, S(z,)= 0,
S(z,) =¥

Proposition: Cross-Rétio in Invariant under Bi-Linear Transformations
Properties Orientation Principle, Symmetry
Joukowski Transformation

Conforma Mappings
Compositions of Standard Functions, Bi-Linear Transformations and Joukowski

Examples of conforma mappings
Problems about congtructing conforma mappings



Chapter 4.1
Riemann-Stidtjes Integrals
Definition of function of bounded variation and totd variation
Proposition (1.3) If g :[a,b] ® Cis piecewise smooth, then g isof bounded variation and

V(@) =g9'® |d.

Definition of Riemann-Stidtjes Integra

Theorem (1.4) If f :[a,b] ® Ciscontinuousandif g :[a,b] ® Cisof bounded variaion, then the
b b

Riemann-Stidltjesintegr ()f dg = of (t)dg(t) exists.
(Proof uses Cantor’s Theorem 11.3.7).

Proposition 1.7 Let f,g:[a,b]® C becontinuous, let g,s :[a,b]® C beof bounded variation and let
a,bl C. Then,

b b b
a (Jaf+bg)dg =a fdg +b cpdg
b b

b
b) Ofd(ag +bs ) =a fdg + b cpds

a

Proposition Let f :[a,b] ® C becontinuousand let g :[a,b] ® Cbe of bounded variation. If
b n
a<t,<t <<t =b,then Ofdg=q ¢ fdg

k=1 tk- 1

b b
Theorem (L9) If g:[a,b] ® Cispiecewisesmoothand f :[a,b] ® C,then ¢)f dg = ¢)f (t)g'(t)dt .

Definition for apath g :[a,b] ® Cof traceof g, {g} .

b
Definition of rectifisble path g :[a,b] ® Candlengthof {g} = (ylg . For g piece-wise smooth, length of

{g}=Q9'(® [dt.



Definition of lineintegrd: Let g :[a,b] ® Chberectifiablepathandlet f :{g} ® C becontinuous, define

b b
lineintegrd Of = (¥ f © 9)dg = Of (9(t))dg(t) =¢)f (z)dz

g a 9
Note: if g piece-wise smooth, then ¢yf = Eif 0g)dg = :‘)f (o(t))dg(t) ::‘)f (g(t)g'(t)dt =¢f (z2)dz
Problems about computing Iineintegfds usi;g the definitiona a 9
Definition of achange of parameter |

Proposition If j isachange of parameter, i.e, if j :[c,d] ® [a,b], j iscontinuous, srictly increesing and
j isonto, thenfor g :[a,b] ® Carectifidlepathand f :{g} ® C continuous then Of = () f

g g9
Definition: (1) acurve as an equivaance class of rectifiable paths,
(2) the trace of acurve isthe trace of arepresentative;
(3) acurveis smooth if some representative is smooth;
(4) acurveisclosed if theinitid and termind points on the trace are the same.

Definition for g :[a,b] ® Carectifisblepathof - g and of |g(t) | and definition

of (2)[dz|=gf (a(t)d |9 | ¢)

Proposition (1.17) Let g :[a,b] ® Cbearectifidble pathandlet f :{g} ® C becontinuous. Then,

a)

z:':O/

f=-of
g

) 1QfEQ T IldzEmax| f(2[V(g)

g g

Theorem (Fundamenta of Theorem of Caculusfor Line Integrals) Let G be aregion and let g be arectifigble
pathin G withinitid and termind pointsa and b, resp. If f :G® C iscontinuousand if f has aprimitive

onG, say F, then yf = F(z)|: .

9
Corollary Let G bearegionand let g beaclosed rectifiablepahinG. If f :G® C iscontinuousand if f
hesaprimitiveon G, say F, then of =0.

9
Problems about computing line integras usng the Fund. Thm. of Cdc. for Line Integrds



Chapter 4.2

Propogition 2.1 (Leibnitz s Rule)
|ntegrals
3) OoWw- 2"dw=0, n=01,2,3,--
w=1
. dw in=2.3,4,,5,
b) O — ---01 .
v (W= 2) i |z[t 1

C
l;ng— V4 }2pi,|zk<1

Cauchy Integral Formula#0 Let f :G® C beandytic and supposethat B(a,r) 1 G. For zI B(a,r),
1 . f(w)
f(2) =>7 O

o - d=r W- Z

dw

Problems about computing line integrals using the CIF #0

Lemma(2.7) Let g bearectifidble curve. Supposethat F, and F arecontinuouson{ g} and that
{ F.} convergesuniformly on {g} to F. Then, L!@r‘g .= d1|®r;rél F=0
¢} 9

g

Theorem 2.8 Let G bearegionandlet f :G® C beandytic. Let B(a,R) 1 G. Then, f hasapower
seriesrepresentationon B(a, R) , say

HD=§%&-W‘ @)

N f(M(a) 1 . f(w) .
where the coefficients an = = . — aw , for any choice 0<r <R.
n! 21y e (W= a)

Furthermore, the radius of convergence of the power series (1) isat lesst R



Corollaries (Hypothesis: Let G bearegionandlet f:G® C beandytic. Let B(a,R)1 G.)

a) the radius of convergence of the power series (1) isequd to dist(a, 1G) , i.e., the distance
(from a) to the nearest Singularity of f

f (W)

D@55 0 w-a)™

2p| |w- a=r

niM

¢  Cauchy'sEdimae If | f(z)}E M on B(a,R),then | f™ (a) |E =

¥
d) f hesaprimitveon B(a,R),namdy F(2) = iﬂ(z- a)™!
n=0 n

e) Proposition 2.15 Suppose g isaclosed rectifiadble curvein B(a, R) . Then, of =0
9

Chapter 4.3
Divison Algorthim

Definition: Let G bearegionandlet f :G® C beandyticandlet f (a) =0. Wesay that f hasazero of
order m (multipliaty m) at z= aif

a) thereexists g1 A (G) suchthat (i) f(2) =(z- a)"g(2) and (i) g(a)* O

or alternatively

b)) f(a)=f'(a)=f"@=--=f™Ya=0and f™(a)? 0
Definition: entire function

Liowville sTheoremIf f isabounded entire function, then f is constant.

Fundamental Theorem of Algebra Every non-congtant polynomia with complex coefficientshasaroot in C

Corollary: Every polynomia with complex coefficients of degree n has exactly n roots (counted according to
multiplicity)



|dentity Theoremt Let G bearegion. Let f beandyticon G. TFAE
a foo

b) thereexistsapoint ai G suchthat f ™(a)=0,n=0,1,2,3,---
0) Z, ={zl G: f(2) =0} hasalimit pointin G.

Corollaries
a) Let g,hT A (G)and g(z)=h(z) for zI SI1 G. If Shesalimit pointin G, then

g°h.

b) Let G bearegion. Let f beandyticon G. Supposethat f isnotidenticdly Oon G. If
al Gand f (a) =0, then there exists an integer m such that f hasazero at z = a of
multiplicity m.

) |solated Zexos. Let G bearegion. Let f beandyticon G. Supposethat f isnot identicdly O
onG. If al Gand f (a) =0, thenthereexistsan R>0suchthat on B(a, R)\{a} wehave

f(z)* 0.

d) Let G bearegion. Let f beandyticon G. Supposethat f isnotidenticaly Oon G. Let K
be acompact subset of G. Then, f hasa mog afinite number of zeroson K. Further, f has
at most a countable number of zeroson G.

Maximum Modulus Theorem ALetG bearegion. Let f beandyticon G. If thereexissapoint al G such
thet| f(a) P| f(2)| fordl zI G,then f iscongant on G.

Extenson Let G bearegion. Let f beandyticon G. If thereexistsapoint al G andr > 0 such
that| f (@) B| f (2)| foral zi B(ar),then f iscongant on G.

Chapter 4.4

Proposition: Let g be aclosed rectifisble curve and let al {g} . Then, %c‘)d—zisaﬂinteger.
pi ;z- a

Definition: Winding of g wrtto a (Index of g wrttoa) n(g,a) = %(‘)d—z,for g aclosed rectifiable
pijz-a

cuveandal {g} .

Interpretation: 2p n(g,a) representsthetota changein arg(g(t) - a)as g(t) parametrizesthe curve {g} ,
i.e, Nn(g,a) representsthe total number of times g winds around a.

Theorem Let g be aclosed rectifiable curve. Then, n(g,a) iscongtant on componentsof C\{g}. Also,
n(g,a) = 0 on the unbounded component of C \{g}



