11.3  Partial Derivatives 717

EXAMPLE 10 Higher-order partial derivatives of a function of several
variables

By direct calculation, show that f,,; = f,.x = f;yx for the function

flx.y.2) = xyz+ x*y'zh.

Solution

First, compute the partials:
folx, 9, 2) = yz+2xy°7*
S(x,y.2) =xz+ 3x2y? gt
f(x.9.2) = xy +4xy° 2

Next, determine the mixed partials:

foy(x.y.2) = (vz+2xy°2Y), = 2+ 6xy” 2
Fre(x,p, 2) = (xz 4+ 332y 2Y), = x + 12x%y* 77
So(x,y.2) = (xy + 4x2y3z3)y = x + 12x%y*7°

Finally, obtain the required higher mixed partials:

Soy Xy, 0) = (z+ 6xyzz4)z =14 24xy2z3
Hox(x ¥, 2) = (x+ 12x39* ), = 1 + 24xy°2°
fzyx(xy v.z)=(x+ 12x2yzz3)x =1+ 24xy2z3 ]

1.3 PROBLEM SET

1. WHAT DOES THIS SAY? What is a partial derivative? 22. f(x,y, 2)=sin{xy+7)

2. Exploration Problem Describe two fundamental interpretations .0z 9z . S
In Problems 23-28, determine 5 and — by differentiating implic-
X

of the partial derivatives f,(x,y) and f,(x, y). dy
itly.
etermine [y, fy, fex and fy. in Problems 3-8. s s R )
3 fxy =X+ Py +xy? +y° 23. %—%Jr%:l 24, 3x2 +4y* +272 =5
4. Yy =(x+xy+9)° 5
flxy (; Xy + ) 25. 3y +yir -2 =1 26. X} —xy*+yt-7' =4
5 flx.yy== 6. f(x,y) = xe*
y — 27. VX4 Y +sinxz =2
7. f(x.y) = In(2x +3y) 8. f(x.y) =sinx’y 28. In(xy+yz+x2)=5x>0, y>0, z>0)
termine fy and fy in Problems 9-16. In Problems 29-32, compute the slope of the tangent line to the
9. a. f(x,y) = (sinx®)cosy b. f(x,y) = sin(x?cos y) graph of f at the given point Py in the direction parallel to
b, a. f(x,y) = (invX)Iny?> b, f(x,y) =sin(yx1ny?) a. the xz-plane b. the yz-plane
< Flx,y) = /3x2+ 4 12. f(x,y) =xy*In(x+y) 29. f(x,y) =xy +x°y; Py(l,-1,-2)
3. f(x,y) = x*e** cos y 14. f(x,y)=xy tan~'y PRI
30. flx.y)= s Bo(1,-1,-2)

5 f(x.y) = sin™ (xy) 16. f(x.y) = cos™'(xy)
etermine f,, fy, and f, in Problems 17-22. 31 f(x,y) = x*sin(x +y); P (%.5.0)
T f(x.y, ) =x37 + y2¥ + xyz 32. f(x,y) = xIn(x + y?); Pyle,0,¢)

8. f(x.y 2) = xye 033. Determine f, and f, for

X + 2
L [y ) =

Y
flx, ) =J @ +2t+ D dt

flxy. 2y =

L f(x.y,2) =In(x+ y* + %)

Xy +yz
x

Hint: Review the second fundamental theorem of calculus.




