EIGENVALUES AND FOURIER COEFFICIENTS OF DEGREE TWO
SIEGEL EIGENFORMS CONSTRUCTED FROM IGUSA THETA
CONSTANTS

DERMOT McCARTHY

ABSTRACT. We prove multiplicative relations among certain Fourier coefficients of degree
two Siegel eigenforms constructed from Igusa theta constants with half-integral charac-
teristics. We also provide simple relations between their eigenvalues and their Fourier
coefficients.

1. INTRODUCTION

One of the most important questions relating to modular forms is that of multiplicity
one, which asks, is a Hecke eigenform uniquely determined (up to scalar multiple) by its
eigenvalues. A closely related question is, given an eigenform’s eigenvalues, is it possible
to explicitly determine its Fourier coefficients. In the case of elliptic modular forms, we
can answer both questions in the affirmative (after accounting for the theory of newforms)
and we have simple relations linking the eigenvalues to the Fourier coefficients, as well
as multiplicative relations among the coefficients, allowing us to reconstruct an eigenform
from its eigenvalues.

In the case of Siegel modular forms in general, the picture is less clear. In a recent break-
through, Schmidt [10] provides a multiplicity one result for degree two Siegel eigenforms
on the full modular group. In particular, if F;, F5 are cuspidal Hecke eigenforms of weight
k, with eigenvalues A1 (+), A\2(+), respectively, and, for almost all primes p, A\1(p") = A2(p")
for r € {1, 2}, then F} is a scalar multiple of F;. In fact, Schmidt proves a stronger result,
where F} and Fb are not assumed to have the same weight, and these results form part
of a more general result establishing multiplicity one for paramodular cusp forms. More
recently, Schmidt’s result has been strengthened to hold if the eigenvalues agree at a set
of primes of positive upper density, by Kumar, Meher and Shankhadhar [8].

However, it is, as yet, unclear as to whether it is possible to explicitly reconstruct a Siegel
eigenform’s Fourier coefficients from its eigenvalues. A modest step in this direction by this
author in [9], following the work of Andrianov [1], provides simple relations between the
eigenvalues and the Fourier coeflicients, and also multiplicative relations among the Fourier
coefficients, in certain cases. Specifically, let F'(Z) = Y y~qa(N)exp (2mi Tr(NZ)) be a
degree two weight k Hecke eigenform on the full modular group, normalized with a(1) = 1
(where I is the identity matrix), with eigenvalues A(:). Then, for any odd prime p,

A(p) = a(pI) + (1 + (52)) p*~2
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and
Ap?) = a(P®D) + (14 () (p" 2 alpl) + ™),
where (5) is the Legendre symbol modulo p. Also, for m,n € Z* with ged(m,n) = 1,
a(mnl)=a(ml) a(nl).

Relations for a(p"™1I) in terms of a(p"I) and a(p"~1I), r € Z*, are also provided. These
results were subsequently extended to eigenforms on I'o(N) by Walling [11]. However,
Siegel modular forms constructed from Igusa theta constants, which transform on the
so-called theta group and are an important class of forms, are not covered by the above
results. The purpose of this paper is to prove similar relations between the eigenvalues and
the Fourier coefficients, and also multiplicative relations among the Fourier coefficients, of
Siegel eigenforms constructed from Igusa theta constants with half-integral characteristics.
We use similar methods to those in [9]. However, the approach is less strighforward in
this case, as certain properties of the eigenform very much depend on the characteristics
of theta constants.

Before stating our results, we will need to give some background on Igusa theta con-
stants. In the next section we outline some notation. Section 3 gives details of Siegel
modular forms on principal congruence subgroups and the associated Hecke theory. In
Section 4, we introduce Igusa theta constants, outline some of their important properties
and state our results. Our main results appear in Theorems 4.4 and 4.5. We then go on
to prove these results in Section 5.

2. NOTATION

Let A™*™ denote the set of all m x n matrices with entries in the set A. For a matrix M
we let M denote its transpose; if M is square, Tr(M) its trace and Det(M) its determinant;
and if M has entries in C, Im(M) its imaginary part. For a square matrix M, we can
form a vector of its diagonal entries, arranged in a natural way, which we denote diag(M).
Also, for an n x n matrix M, we let ATr(M) be the sum of the entries on its anti-diagonal,
ie., if M = (m;;) then ATr(M) = > | mint1—5. If a matrix M € R™" is positive
definite, then we write M > 0, and if M is positive semi-definite, we write M > 0. If M
is a square matrix we set e{M} := exp (mi Tr(M)). We denote the n x n identity matrix
by I,. Throughout this paper, we will often drop subscripts and/or superscripts from
notation when the size/degree is clear from the context.

3. SIEGEL MODULAR FORMS AND HECKE OPERATORS

We start with a brief summary of Siegel modular forms. See [2] for more details. The
Siegel half-plane HY of degree g is defined by

HY:={ZeC9|'Z=21Im(Z)>0}.
Let
D9 = 8pyy(2) = {M e 2?7 |'MIM =T}, T =("¢),
be the Siegel (full) modular group of degree g and let

I'(q) = {M eIV | M = I, (mod q)}
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be its principal congruence subgroup of level ¢ € Z*. If I is a subgroup of I'Y such that
I'(q) C T' for some minimal ¢, then we say I is a congruence subgroup of degree g and
level q. The modular group I'Y acts on HY via the operation

M. Z=(AZ+B)(CZ+D)",

where M = (é lB)) €Y, Z € HY. Let I” be a congruence subgroup of degree g and
level ¢, and let xy be a character on IV. A holomorphic function F : HY — C is called a
Siegel modular form of degree g, weight k € Z* and level ¢ on I if

FlxM(Z) :=Det(CZ + D) * F(M - Z) = x(M)F(Z)

for all M = ( é ][3)) € I". When g = 1 we also require the usual growth condition. The
set of all such modular forms is a finite dimensional vector space over C, which we denote
My (I, x). Every F € M (17, x) has a Fourier expansion of the form

F(zy=Y a(N)exp(%;i Tr(NZ))
NeRI

where ¢’ is a positive integer depending on IV and y, and
RY={N = (N;;) € Q9 |'N =N > 0; N;;,2N;; € Z} .
If I" =TY(q) and y is trivial then ¢’ = ¢q. We note that
a(UN'U) = Det(U)* x(M) a(N) (3.1)
0

In [4], Evdokimov gives a very nice description of the Hecke theory for Siegel modular
forms on the principal congruence subgroup. We gave a brief summary here. Let

S = IM € 229 | ' MIM = p(M)J, p(M) =1,2,---}

for all M = (fo1 g) € T'. We call F € MM (I", x) a cusp form if a(N) = 0 for all N % 0.

and

50g) = {MesD | M= ({0 (mod @ seduim). ) = 1.

Then every double coset T'9(q)MT9(q), with M € S (q), can be written as union of
finitely many right cosets of I'Y(q) in S (q), i.e.,
9(q)MT(q) = | JT9(q) 0,
i=1

for some o; € S (q), v € ZT. For each such double coset we associate an operator
T (I'9(q)MT9(q)) which acts on M (I'9(q)) as follows. For F' € M (I'9(q)),

(T (@) MT (@) F := p(M)* =5 3" Fyo,
=1
T (T'9(q)MT9(q)) is independent of the choice of representatives {o; } and maps My (I'9(q))

into itself. We call F' € M, (I'9(¢)) an eigenform if it is an eigenfunction for all the operators
T (T9(q) MT9(q)), M € SW(q). For all k,g > 1, 9M(I'9(q)) has a basis consisting of
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eigenforms. For ged(m,q) = 1, we define the Hecke operator of index m, Tj(m), by the
following finite sum:

Tilm) = 3 TI(@MIY(q).
p(M)=m
Then
Ti(m) T (n) = T (n) Tk (m) = Ty, (mn), when (m,n) = 1. (3.2)
For F € M (I'9(q)) an eigenform, we define its eigenvalues, Ap(m), for ged(m, q) = 1, by
Ti(m) F = Ap(m) F.

We will refer to Ap(m) as the eigenvalue of index m associated to F'.
Let Vi(m) € 7979 be the diagonal matrix whose first ¢ diagonal entries equal m and
whose remaining diagonal entries equal 1. Now let M;(m) € I'Y such that M;(m) =

-1
<tVi(70”) w(()m)> (mod g¢). For x1, X2, - - ., xg multiplicative characters modulo ¢, we define

My(T9(q); X15 X255 Xg)
={F e Mp(T9(q)) | F|lxM;(m) = xi(m)F for all i € {1,2,...,9},gcd(m,q) = 1}

The space M, (I'9(q); X1, X2, -, Xg) is invariant under the action of the Hecke operators
and we have the direct sum decomposition [4, p. 437]

M(T9(q) = P M@ ()i x1,X2:- - Xg)

X1,X25--Xg
where the sum is over all sets of g multiplicative characters modulo gq.
Let F(Z) = Y yene a(V) exp (2% Tr(NZ)> € M(T%(q); 1, x2). In [4], Evdokimov

considers the Fourier coefficients of Tj(m) F, where ged(m, q) = 1. Given (3.2), it suffices
to study Ty (p®) F, for p prime with ged(p,q) = 1 and 6 > 1. Let

T(') F(Z2) = Y alp’; N)exp (2 T(NZ)) .
NeR?2

Evdokimov provides us with a formula for a(p’; N) in terms of a(-), the Fourier coefficients
of F', which we state in Theorem 3.1 below. We first note that if F' is an eigenform, then
for any N € R? we have the relation

a(N)A(p°) = a(p’; N). (3.3)
Let
R(pﬁ) = {<u1 u2> € SLy(Z) | (u1,u2) (mod p’B)}

uz U4

be any set of 2 x 2 integral matrices whose first row ranges over a complete set of rep-
resentatives of the equivalence classes of relatively prime integers under the equivalence
relation

(u1,u2) ~ (uf},uy) (mod pﬁ) & luy = uf, lug = vy (mod pﬂ), (3.4)
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for some [ € (Z / pﬂZ) X, and whose second rows are chosen so that ujug — usug = 1. We
note that, if ged(p, ¢) = 1, then it is possible to choose R(p®) C T''(¢). For N = ( ° b/2>,

b/2 ¢
let <b372 b’éf) = UN'U, for a given U € SLy(Z).

Theorem 3.1 (Evdokimov [4, (3.7)]). For p prime, with gcd(p,q) =1, and N = ( y b/Q),

b/2 ¢
B _ wp B bugp—y
N = S b et IS ey (T ),
at+By=3 UER(P)CT (q) ’
a,8,7>0 ay=0 (mod pPt7)

byu=cy=0 (mod p7)
4. IcusA THETA CONSTANTS AND STATEMENT OF RESULTS

The Igusa theta constant [6, 7] of degree g with characteristic m = (m/,m") € R1*29,
m/,m" € R is defined, for Z € HY, by
Om(Z) = Z exp (mi {(n+m)Z " (n+m') +2(n+m')'m"}).
nezZx9g

The product of h theta constants with characteristics mi,mg, -+ ,my; can be written [3]

h
Oz, M) :=]]bm(2)= > e{Z'N+M)N+M)+2'M"(N+ M)}
i=1 Nezhxg
where M = (M', M") with

m} mf
/ 1
m m
2 29
M' = ) and M" = )
!/ "
m m
h h
! !/ !/ / " __ " " 1
We let m; = (mjy, miy, ..., mj,) and myj = (mjy, mgs, ..., m).

For the remainder of the paper we will assume h = 2k is even and M € %thzg'
Then, O(Z, M) is a modular form of weight k£ on I'9(4, 8), where

9(8)  [9(4,8) := {( 4 BY € 19(4) | diag(B) = diag(C) = 0 (mod 8)} C I9(4),
with Fourier expansion ©(Z, M) = 3 yers a(N)exp (22 Tr(NZ)). In fact [3, Theorem
2.2], ©(Z, M) € M, (T9(2), x,,), where, for M = (4 B) e 19(2),

Yo (M) = p(Det(D))* e{S(M) M1},
with

B+'B—A'B 'D-A'D
SW)Z(D—I—CtB ~C''D )

which is symmetric, and p is the non-trivial Dirichlet character modulo four. In particular,
if M= (40), then A='D""

Xar (M) = p(Det(D))F exp (2mi Tr (D — 1) *M'M")), (4.1)

and
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where we have used the fact that Tr(XY) = Tr(Y X) when XY is square. We will use M

in this form often. So, for convenience, we define, for <t17071 g) € T9(2),

: +1 f Tr((D-I)'M'M") € Z,
Y, (D) :=exp (27TzTr ((D — I)tM'M")) = {_1 ;thergi&(/ise ) )

as D — I € 2799 and 'M'M" € 17.9%9, necessarily. So, (4.1) becomes
Xar (M) = p(Det(D))" - 4, (D). (4.2)
Furthermore, if 'M'M" € 37979, then ¢,,(D) = 1 and x,, (M) = p(Det(D))*.
Lemma 4.1. Let O(Z, M) =Y ycgo o(N) exp (222 Tr(NZ)). Then
a(UN'U) = a(N) - ¢,,(U)

for all U € 7979 with Det U = +1 and U = I (mod 2). In particular, if 'M'M" € %Z—‘?Xg,
then a(UN'U) = a(N).

Proof. The result follows from the fact that ©(Z, M) € M, (I'9(2), x,,), and applying (3.1)
and (4.2). O

Lemma 4.2. If ©(Z, M) is not identically zero, then Tr(!M'M") € 7.

Proof. From [7, Theorem 2], if ©(Z, M) is not identically zero then m/‘'m € %Z for all
1 < ¢ < h. The result follows as

Te(*M'M") = Te(*M" M) = Te(M'*M") = Zm m!!

using the facts that Tr(*X) = Tr(X), and Tr(XY) = Tr(YX) when XY is square. O
For the remainder of the paper we will assume O(Z, M) is not identically zero.

Lemma 4.3. Let g =2. Then ©(Z, M) € SJTk(Fz( ); pFTY €), where ¢ is trivial and

0 if Zm“mﬂ 6
1 otherw1se.
In particular, if 'M'M" € 3722 then ©(Z, M) € My, (L2(8); p*, €).

Proof. Recall, ©(Z, M) € M(T%(8); x,, X,) if O(Z, M)|xM;(m) = x:(m)O(Z, M) for all
—1

i € {1,2},ged(m,8) = 1, where I'? 5 M;(m) = (tVi(gl) V_(Om)> (mod 8) and V;(m) €

is the diagonal matrix whose first ¢ diagonal entries equal m and whose remaining

diagonal entries equal 1. Thus M;(m) € I'}(2) and so x;(m) = x,,(M;(m)). By definition,

we see that x,,(M) is completely determined by M (mod 8). Therefore,

xi(m) = p(Det(Vy(m)))* - 4, (Vi(m)).
When i = 2, Vao(m) = (7; Y and, so, Tr ((Va(m) — I)'M'M") = (m — 1) Te(*M'M") € Z
and Det(Va(m)) = m? = 1 (mod 8). So, x2(m) = e. When i = 1, Vi(m) = (7 9) and

Z2><2
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Tr (Vi(m) = 1) 'M'M") = (m—1) 33y miymi). Thus, ,,(Vi(m)) = 1if Y5y miymy €
37, and equals p(m) if not. O

Our main results exhibit simple relations between the eigenvalues and the Fourier coef-
ficients of ©(Z, M), and also among certain Fourier coefficients, when ©(Z, M) is a degree
two eigenform. We note that such eigenforms do exist. For example, many of weight three
are exhibited in [5].

Theorem 4.4. Let O(Z, M) = Y ycpe a(N)exp (% Tr(NZ)) € Mp(T%(8); pF++,e) be
an eigenform.

(1) Ifa(I) =0, then a(nl) =0 for alln € Z*.

(2) a(I) a(mnl)=a(ml) a(nl) when ged(m,n) = 1.

(3) a(l) a(prtiI) =a(pl) a(p'l) —p* 2a(l) a(p 1)

P
k+w k—2 prtt o0 p’~t 0 Z r—1 [ 14(8u)2 Sup
—PE e () [a( 0 p’“‘1>+a( 0 p”l)—i_ a(p ( up  p? ))]’
u=1
(8u)?#~1 (mod p)
for all odd primes p and r > 1.

Theorem 4.5. Let O(Z, M) = ) ycre a(N) exp (% Tr(NZ)) € M, (I2(8)) be an eigen-
form, normalized with a(I) = 1. Let s :== 4 ATr(*M'M"). Then, for any odd prime p, the
eigenvalues of index p and p* associated to © satisfy

Ap) = a(pl) + (1 + (—71)) . (%)s k2

and

AP?) = a(p?D) + (14 (51) - ((2)°- 92 alpl) + p™4).

We note that if a(I) = 0 then it will not be possible to normalize a(I) = 1. However, in
this case, it should be possible to produce a similar result to Theorem 4.5, albeit more
complicated, leveraged from a non-zero coefficient, using similar methods. We note that
eigenforms constructed from theta constants with a(I) # 0 do exist. In fact, eight of the
11 eigenforms listed in [5] have this property.

5. PROOFS

We will first need the following lemma which examines the sets R(p?) C T''(q), for
B =0,1,2, which appear in Theorem 3.1.

Lemma 5.1. For a positive integer q with ged(p,q) = 1, we can choose

(1) R(p°) ={(§9)};
(2) R(pl) = {(éulq) |u20717 7p_1}U{(—U£q[{) |Up+wq2 = 1}’ and
(3) R(p?) = {((1)“1‘1) |u=0,---,p*— 1}U{(_vu’ijqﬁq) | vup + wyug® = 1,gcd(vy,p) =

2
u=1,-,p—1FU{( 0 1) [op? + wg® = 1},

and all are contained in T'(q).
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Proof of Lemma 5.1. In [9, Lemma 3.1] we showed that we could choose

R ={(§ )}
R(pl):{((l)qf)|u:0717"' 7p_1}U{(—01(%)};and
R(p2):{<(1)1f)‘u:0717 7p2_1}U{(E€(1]) ‘UZO, 7p_1}'

So it suffices to prove that these representations are equivalent, via (3.4), to those in
the statement of the lemma. Both representations for R(p") are the same so (1) follows
automatically. (2): As ged(p,q) =1,

(»)
and so
{(17Uq)|u:07"' 7p_1}N{(17u) |u:07 7p_1}>
in some order. Choose integers v and w such that vp + wq? = 1. Then
(vp, q) ~ (0,q) ~ (0,1),

where in the last relation we have used (3.4) with [ equal to the inverse of ¢ modulo p. (3):
In this case we will be applying the relation ~ from (3.4) modulo p?. As ged(p,q) = 1, we
get that

{(Lugp) [u=0,---,p=1} ~{(L,up) [u=0,--- ,p—1},
and
{(1,uq) |u e (Z/p°Z) "} ~{(L,u) | u e (Z/p°Z)"}.
So, combining these we see that

{(l,uq)]u:0,~--,p2—1}~{(1,u)]u:0,~--,p2—1}.

Let u € {1,---,p —1}. Note ged(p,uq?) = 1, so we can choose integers v, and w, such
that v,p + weug® = 1 with ged(vy,p) = 1. Let u~! be the inverse of v modulo p and let
u € {1,---,p— 1} be the unique integer satisfying u'q = v, (mod p). Then

(up, 1) ~ (pg,u™'q) ~ (vup,u'u""q),
and, consequently,

in some order. Finally, we choose integers v and w such that vp? + wg? = 1 and note

(0,1) ~ (0,9) ~ (vp?,q).

We will also need the following result.

Lemma 5.2. Let p = 1 (mod 4) be prime and let B be a positive integer. Then, for an
even integer p satisfying p?> = —1 (mod p?), there exists S € T'(2) such that

gtg_ <(1 +/;2)/pﬁ p;g) .
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Proof. From [9, Lemma 3.3] we know that for any pu, not necessarily even, satisfying
1?2 = —1 (mod p?), there exists S € SLo(Z) with the desired property. Furthermore, we
know that S is one of

S — <(MZ/6 +a)/p” (pwp — yﬁ)/pﬁ> or Sy — <(#Z/ﬁ —2g)/p° —(pap+ yﬁ)/pﬁ) ’
Ys s Ys B
depending on which one is integral, where x, y3 are integers such that PP = a,% + y% with
xg odd, yg even and p{ xg,p { ys. If p1 is even then it easy to see that S = I (mod 2). O

To prove our main results we will need to simplify and evaluate the result in Theorem
3.1 under certain circumstances. Corollaries (5.3) - (5.5) are the results of these efforts.
We adopt the usual convention that a(N) =0 if N ¢ R2.

Corollary 5.3. For p prime, with gcd(p,q) =1, and N = <b72 %2) with ¢ # 0 (mod p),

b pP-1
S AT (08 8y (k—2)B 5—8 ( (a+bug+c(ug)®)p=? b/2+cuq
o) = a3 ) S e ().

u=0
a+bug+c(ug)?=0 (p?)

Corollary 5.4. For p prime, with ged(p,q) =1, and N = <b72 bf),

a(p; N) = a(pN) + x2(p) p** 2 a(p~'N)
p—1
— a+bugtc(ug)®)p~1 b cu
+xa(p) P2 Z a((+ §/+2+(c§; )p /2:; q)
u=0
a+bug+c(ug)®=0 (p)

k—2 (a(vp)?+bupg+cg®)p™t  —avpwg+b(vp—wae?)/2+cq
+xap)p e (—avaq+b(vp—wq2>/2+cq (a(wq)?~bwg+c)p ’

where v and w are any integers satisfying vp + wqg® = 1.
Corollary 5.5. Let F(Z) = ©(Z, M) € MM (T%(8); p"*, ). Then, for p an odd prime
and m € Z" such that (m,p) = 1,
a(p’smI) = a(mp°I)
6
2> p*28 a(mp=P1) if p=1 (mod 8),or
p=1 if p=5 (mod 8) and ATr(*M'M") € 37,

0
23" (~1)? p* D8 a(mp® 1) if p=5 (mod 8) and ATr(*M'M") ¢ 3Z,
B=1

0 if p=3 (mod 4).
Proof of Corollary 5.3. Consider Theorem 3.1. Let U = (3} 42). Then

ay  by/2 _ au? + bujug + cu? aujuz + 2 (U1U4 + ugus) —I— CuoUy
bu/2 ¢y auiug + g(u1u4 + ugusg) + cuguy au3 + buguy + cu?
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We first consider the case when 8 = 0. By Lemma 5.1, R(p’) = {I} and so U = I is the
only term to consider in the second sum. In which case ¢, = ¢. The condition on the
second sum that ¢, = 0 (mod p?) then implies v = 0, as ¢ Z 0 (mod p), and so a = §.
Therefore, the contribution to a(p®; N) in the 8 = 0 case is a(p’N).

Now we consider when 3 > 1. The condition a, = 0 (mod p?+7) implies p | au? +
bujug + cui. If p | uy then p t ug as (ug,u2) = 1 and so p | ¢. But ¢ # 0 (mod p), so
ptui. In this case (u1,u2) ~ (1,u) (mod p?), where u € {0,1,--- ,p®—1} with u = uy'ug
(mod p?), and ufl is the inverse of w1 in (Z/pﬁZ) . So we need only consider U in any
subset of R(p”) C T'*(q) that is ~ equivalent to {(§ %) |u=0,1,---,p® —1}. We choose
{((1] ulq) |u=0,1,---,p% — 1} for this subset. Note that if U = ((1) ulq) then

(au ”2“) _ (a + bug + c(ug)? L+ cuq)

b b
5 Cy 5 t+cuq &

In particular ¢, = ¢ and so the condition that ¢, = 0 (mod p”) implies v = 0. Thus the
contribution to a(p5; N) in the case § > 1 is

P pP-1
_ 5— a+bug+c(uq)?)p=? b/2+cu
St S e ()

a+bug+c(ug)?=0 (p?)
|

Proof of Corollary 5.4. This follows easily from taking § = 1 in Theorem 3.1 and applying
Lemma 5.1. U

Proof of Corollary 5.5. Taking N = ml in Corollary 5.3 and applying to ©(Z, M) €
My, (T2(8); pFFv, &) we get that

) pB—l
w — — u2 -8 U
a(psml) = a(mpl 1) + 3 ) ptD0 3T (O (T )
B=1 u=0

m4+m(8u)2=0 (p?)

Now m + m(8u)? = 0 (mod p?) < (8u)? = —1 (mod p®) as (m,p) = 1. If p = 3 (mod 4)
there is no such u and so a(p’;mI) = a(mp’I). Now we examine the case when p = 1
(mod 4). In this case, (8u)? = —1 (mod p”) has two distinct solutions. From Lemma 5.2,
with g = 8u, we know there exists S € I'(2) such that
St — ((1+(8u)2)/p5 8u) .
8u PP

Therefore

Smp®PIts = mp’h ((1+(8;22)/p5 18)1;) ,

and so by Lemma 4.1 we see that

a (mpafﬁ ((1+(8;22)/p3 215)) = a(mp’ 1) -, (9).

Now, ,,(S) = exp (2mi Tr ((S — I)'M’'M")), so we need only consider S modulo 4 as
EM'M" € 1799, necessarily. From the proof of Lemma 5.2, we see that S = S
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(52 _xyﬁﬁ> (mod 4) or S =Sy = (_;Zﬁ :z@) (mod 4), where z, ys are integers such that

pf = x% + y% with 23 odd, yg even and p{x3,p{ ys. So,
¥, (9) = exp (2mi ((£z5—1) - Te(*M'M") + ys - ATr("M'M")))
= exp (2mi (yg - ATr("M'M")))
as £z — 1 is even and Tr(*M’M") € 1Z by Lemma 4.2. If p° =1 (mod 8) then yz = 0
(mod 4) and v, (S) = 1. If ATr(*M’M") € 1Z then 1,,(S) = 1. The only other possibility

is that p” = 5 (mod 8), i.e., p = 5 (mod 8) with 3 odd, and ATr(*M'M") ¢ 1Z. In this
case yg = 2 (mod 4) and ¢,,(5) = —1. O

Proof of Theorem 4.5. We take m = 1 in Corollary 5.5 to get that

6
2 Zp(k_Q)ﬁ a(p’ A1) if p=1 (mod 8), or,
p=1 if p=>5 (mod 8) and ATr(*M'M") € 1Z,
a(p’; 1) = a(’I)+4 s
2 Z(—l)ﬁp(kfz)ﬁ a(p’~PI) if p=>5 (mod 8) and ATr(*M'M") ¢ 3Z,
p=1
0 ifp=3 (mod 4).

Taking 6 = 1,2 and then applying (3.3), noting that ATr(*M'M") € 1Z, a(I) = 1 and
2 if p=1(mod 8),or, p=5 (mod 8) and ATr(*M'M") € 3Z,
(1+(51)-(3)° =4 -2 if p=5 (mod 8) and ATr("M'M") ¢ 37,
0 ifp=3 (mod4),
yields the result. Il

Proof of Theorem 4.4. Let s := 4 ATr(*M'M"). (1) We take § = 1 in Corollary 5.5 and
then apply (3.3) to get that, for (m,p) =1,

a(mI)A(p) = a(mpl) + (1+ (31)) - (3)" - p* 2 a(ml). (5.1)

Therefore, if a(mI) = 0 then a(mpl) = 0, whenever (m,p) = 1. Inductively, we can then
show, using Corollary 5.5, that
a(mI) =0= a(mp’l) =0, (5.2)

for any 6 € Z*, whenever (m,p) =1. If n = p(lslng » -pft for distinct primes pi,p2, - - - pt,
then repeated use of (5.2) yields
a(l)=0= a(pflsll) =0= a(p‘lslngI) =0=---=a(nl) =0,

as required.
(2) It suffices to prove

a(Da(mp’I) = a(mI)a(p’)
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for all § € Z™ and (m,p) = 1. We prove this by induction on §. Taking m = 1 in (5.1) we
have

a(DA(p) = alpl) + (1+ () - (2)" - p* 2 (D). (5.3)
Then a(7) times (5.1) minus a(mI) times (5.3) tells us that
a(la(mpl) = a(mI)a(pl) (5.4)

when (m,p) = 1. In a similar manner, but this time using Corollary 5.5, with § unre-
stricted, instead of (5.1), we get that

a(Da(mp’I) = a(mI)a(p’I)
where we have used the fact that
a(Da(mp?=PI) = a(mI)a(p®=PI)

for all 1 < 8 < 4, by the induction hypotheses and (5.4).
(3) Taking N = p"I in Corollary 5.4 and applying to ©(Z, M) € M (T2(8); pF+¥ . ¢) we
get that

2 )2 — 20w
a(p:p'T) = ol D)+ 0l ) + 0 0) 1 (pH (o o)

S () 6

where ¢ = 8, p is odd, and, v and w are any integers satisfying vp + wqg®> = 1. Applying

Lemma 4.1 with U = ( —wgq p) and N = <prgl pro,l) we have that
r— 2+ ) 2 _ Q’U”LU r4+1
a4 (p 1 (ZCI*P(SUZUCI pgglf(wq)g))> =a (p 0 p— 1) wM( ) (56)

By definition, to evaluate ¢,, (U), we need only consider U modulo 4, as 'M'M" € 179*9.
Note ¢ = 8 and v = p (mod 4). Therefore,

¥, (U) = exp (27ri ((p —1)- Tr(tM'M”))) =1,

as p odd and Tr(*M'M") € 17979 by Lemma 4.2.

We now consider the sum in (5.5) when (ug)? = —1 (mod p), which has exactly two
solutions in u when p = 1 (mod 4), and none when p = 3 (mod 4). So, when p = 1
(mod 4), by Lemma 5.2, with 1 = ug and = 1, there exists S € I'(2) such that

tQ 1+ 2
55_@<ﬁv%g,
Then applying Lemma 4.1 with U =S and N = p"I we get
_ 1+ 2
a (p =t () ) = arT) - 0y, (9) (5.7)
From the proof of Corollary 5.5 we see that, when 5 =1,
1 ifp=1(mod 8),0r, p=>5 (mod 8) and ATr(*M'M") € 1Z,

¥y (9) = . 1
-1 if p=5 (mod 8) and ATr(*M'M") & 3.
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So ,,(S) = (2)°. Now, substituting for (5.6) and (5.7) in (5.5) and splitting off the u = 0
term yields

2
p

41 r—1
a(pip" 1) = a(p D) + p? P e ) + ) 2 e () 0 ) e (70

L+ (_71)) ' (%)s Ca(pT) + pz:l a <p7"—1 ((1+(uq)2 p;gtz)) . (5.8)

pug
u=1
(uq)?#—1 (mod p)

Now a(I)a(p;p"I) = a(I)a(p"I)A(p) = a(p"I)a(p; I). Accounting for (5.8) and (5.3) in the
previous statement yields the result. Il
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