TRANSITIVE SUBTOURNAMENTS OF k-TH POWER
PALEY DIGRAPHS AND IMPROVED LOWER
BOUNDS FOR RAMSEY NUMBERS
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ABSTRACT. Let k > 2 be an even integer. Let ¢ be a prime power such that ¢ = k + 1
(mod 2k). We define the k-th power Paley digraph of order q, Gi(q), as the graph with
vertex set Iy, where a — b is an edge if and only if b — a is a k-th power residue.
This generalizes the (k = 2) Paley Tournament. We provide a formula, in terms of finite
field hypergeometric functions, for the number of transitive subtournaments of order four
contained in G (q), K4(Gr(q)), which holds for all k. We also provide a formula, in terms
of Jacobi sums, for the number of transitive subtournaments of order three contained in
Gr(q), K3(Gr(q)). In both cases, we give explicit determinations of these formulae for
small k. We show that zero values of K4(Gk(q)) (resp. K3(Gx(q))) yield lower bounds
for the multicolor directed Ramsey numbers R% (4) = R(4,4,--- ,4) (resp. R% (3)). We

state explicitly these lower bounds for £ < 10 and compare to known bounds, showing
improvement for R(4) and R3(3). Combining with known multiplicative relations we
give improved lower bounds for R;(4), for all ¢ > 2, and for R;(3), for all ¢ > 3.

1. INTRODUCTION

The Paley graphs are a well-known family of self-complementary strongly-regular undi-
rected graphs. Let I, denote the finite field with g elements. For ¢ =1 (mod 4), the Paley
graph of order ¢ is the graph with vertex set I, where ab is an edge if and only if a — b is
a square. One of the earliest appearances of Paley graphs (although not called that at the
time) in the literature was in Greenwood and Gleason’s proof that the two-color diagonal
Ramsey number R(4,4) = 18, in 1955 [18]. They showed that the Paley graph of order 17
does not contain a clique of order four, thus showing 17 < R(4,4), and then combined this
with elementary upper bounds. Paley graphs can be generalized from connections based on
squares to k-th powers, for any integer k > 2, provided ¢ = 1 (mod k) if ¢ is even, or, ¢ = 1
(mod 2k) if ¢ is odd [8, 20]. Finding the number of cliques of a given order and improving
bounds for the order of the maximum clique (i.e., the clique number) in generalized Paley
graphs is an open problem and an active area of inquiry [9, 10, 14, 19, 28, 29, 30]. Using
various types of character sums to count cliques in generalized Paley graphs and other
similar types of graphs is a common theme [2, 3, 4, 10, 13, 28].

When ¢ = 3 (mod 4), we can use a similar construction to Paley graphs to define the
Paley tournament. Specifically, the Paley tournament of order g is the digraph with vertex
set F; where a — b is an edge if and only if b — a is a square. Erdés and Moser [12] used
the Paley tournament of order seven to prove that the directed Ramsey number R(4) = 8.
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We can also generalize the Paley tournament construction to higher powers. Let k& > 2
be an even integer. Let ¢ be a prime power such that ¢ = k + 1 (mod 2k). Let Sy be the

subgroup of the multiplicative group F} of order % containing the k-th power residues,

i.e., if w is a primitive element of F,, then Sy = (w*). Then we define the k-th power Paley
digraph of order ¢, Gi(q), as the graph with vertex set I, where a — b is an edge if and
only if b—a € Si. We note, due to the conditions imposed on ¢, that —1 ¢ Si so Gi(q) is a
well-defined directed graph. When k = 2 we recover the Paley tournament. There is little
reference to these graphs in the literature for £ > 2. Ananchuen [1] proves that, for positive
integers n and ¢, and for ¢ > f(n,t) sufficiently large, G4(q) has the property that every
subset of n vertices is dominated by at least ¢ other vertices (building on similar results
for Paley tournaments [7, 15]). Podesta and Videla [26] study the spectral properties of
G (gq) and give an explicit evaluation of the spectrum when k = 4.

Recall, a tournament is transitive if, whenever a — b and b — ¢, then a — ¢. Let
Km(G) denote the number of transitive subtournaments of order m contained in a digraph
G. The main purpose of this paper is to provide a general formula for both K3(G(g)) and
K4(Gr(q)), which hold for all k. In both cases, we give explicit determinations of these
formulae for small k. We also examine the consequences for lower bounds for diagonal
multicolor directed Ramsey numbers, which we denote R;(n). Recall, R;(n) is the least
positive integer m such that any tournament with m vertices, whose edges have been
colored in ¢ colors, contains a monochromatic transitive subtournament of order n. When
t = 1 we recover the usual directed Ramsey number R(n), so we drop the subscript in
this case. Specifically, we will show that if K,,(Gk(q)) = 0 for some ¢, then ¢ < Rg(m)

and use this to provide lower bounds for the multicolor directed Ramsey numbers R (3)
and Ry (4). We compare to known bounds, showing improvement in the case of Ry(4)
2

and R3(3). Combining these with known multiplicative relations, we give improved lower
bounds for R:(4), for all ¢ > 2, and for R:(3), for all ¢ > 3.

We use similar techniques to [10], which contains analogous results for generalized undi-
rected Paley graphs. Besides the obvious differences of dealing with digraphs and transitive
subtournaments in this paper, as opposed to undirected graphs and cliques in [10], the
character sum determinations are more complicated in this paper due to the fact that —1
is not a k-th power. This is especially relevant for the evaluations in Section 5.

2. STATEMENT OF MAIN RESULTS

2.1. Subtournaments of Order Four. Our most general results will be stated in terms
of Greene’s finite field hypergeometric function [16, 17]. Let ﬁ denote the group of
multiplicative characters of F;. We extend the domain of x € ﬁ‘g to IFy, by defining
Xx(0) := 0 (including the trivial character €) and denote Y as the inverse of x. For A, B €
ﬁ, we define the Jacobi sum J(A, B) := }_,cp, A(a)B(1 — a) and define the symbol

(g) = #J(A,E). For characters Ag, A1,...,Ap and By, ..., By of Fy and A € F,

define the finite field hypergeometric function

Ao, A1, ..., Ay ) q <on> <A1X> (Anx>
n+1Fn A = T X(A),
+1 < Bh ey Bn q q— 1 N X BIX an ( )
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where the sum is over all multiplicative characters x of Fy. For k > 2 an integer, let

Xk € ﬁ% be a character of order k, when ¢ = 1 (mod k). For t = (t1,to,t3,t4,t5) € (Zk)S,
we define
A) |
q

Theorem 2.1. Let k > 2 be an even integer. Let q be a prime power such that g =k + 1
(mod 2k). Then

t1 to t3
Xesy Xps» Xg

By (f]N) , = (—1)lstts F(
3 2( ‘ )q,k 352 Xl]?? Xl;f

3(g—1 -
Ki@rta) = TSm0
te(zi)®

We can use known reduction formulae for finite field hypergeometric functions to simplify
many of the summands in Theorem 2.1. Evaluating these terms yields our second result.

Theorem 2.2. Let k > 2 be an even integer. Let q be a prime power such that g =k + 1
(mod 2k). Then

q(qg—1)

Ka(Grl(a)) = =5

10R,(q)* +5 (¢ — k% + 1) Ry(q) — 10Sk(q) — 555 (q)

+¢*—10(k—1)?q+ 5k (k- 1) +1+¢> > 3 (7] 1), |,
teX,

where Xy, := {(t1,t2,t3,t4,t5) € (Zk)5 | t1,t2,t3 # 0,t4,t5; t1 +to +t3 # tg + t5},

k—1 k—1
Ri(g) = > J(xixk), Sk(q) = S Tk T (XD -
s+i7:-é:01(k) s+t,vif,’:—:s1¢o ()
and
k—1
Sk () == > (=1 (G xk) T (X X3 -

s,t,u=1
s+t v+t,v—s#0 (k)

Many of the summands that still remain in Theorem 2.2 are equal, up to sign. A group
action on X} is described in Section 6, which allows us to restrict the sum to orbit repre-
sentatives. For specific small k, Theorem 2.2 reduces to relatively few terms.

Corollary 2.3 (k= 2). Let g =3 (mod 4) be a prime power. Then
_aea=1(g=3)(¢=T7)

= > )

So, K4(G2(7)) = 0 and we reconfirm the lower bound 8 < R(4) of Erdds and Moser [12].

K4(G2(q))

Corollary 2.4 (k=4). Let ¢ = p" = 5 (mod 8) for a prime p. Let ¢, x4 € ﬁ‘g be
characters of order 2 and 4 respectively. Write q = x> +y? for integers x and y, such that
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x =1 (mod 4), and ptz. Then

—1
K4(G4(q)) = M ¢ + 2q(5x — 21) + 242 — 1502 + 241

212
2 X4, ¥, @
+10q 3F2< e, € ‘1)(1].

An algorithm for determining x can be found in [22]. It is interesting to note that, when
q = p is prime, the values of the hypergeometric function in Corollary 2.4 correspond to
the p-th Fourier coefficients of a certain non-CM modular form of weight three and level
32 [11, 23].

We will discuss the relationship between the k-th power Paley digraphs and multicolor
directed Ramsey numbers in Section 7. Specifically, we will show that if IC,,(Gk(q)) =
0 for some ¢, then g < Rg(m). For k = 4 and ¢ = 5% we get that z = —11 and

q23F2( X4 f’ f ’ 1) = —142 and so, by Corollary 2.4, K4(G4(125)) = 0. Thus,

126 < R2(4). Based on a review of the literature, this is an improvement on the current
best known lower bound. Combining with results from [21] we get the following improved
lower bounds for R;(4) in general. See Section 7 for further details.

Corollary 2.5. Fort > 2,
125 - 772 41 < Ry(4).

2.2. Subtournaments of Order Three. We have similar results for X3(Gx(q)) in terms
of Jacobi sums.

Theorem 2.6. Let k > 2 be an even integer. Let q be a prime power such that g =k + 1
(mod 2k). Then

Ks(Gula) = T @) +9 - 20+ 1),

where R (q) is as defined in Theorem 2.2.
Corollary 2.7 (k= 2). Let g =3 (mod 4) be a prime power. Then
q(¢—1)(g—3
K3(G2(q)) = (2)3()
Corollary 2.8 (k=4). Let ¢ = p" = 5 (mod 8) for a prime p. Write ¢ = x> + 3 for
integers x and y, such that x =1 (mod 4), and p{x. Then

KalGala) = W=DEE22T)

It is easy to see from Corollaries 2.7 and 2.8 that KC3(G2(3)) = K3(G4(13)) = 0 which leads
to the following corresponding lower bounds for (multicolor) directed Ramsey numbers:
4 < R(3) and 14 < Ry(3). It is known that R(3) = 4 and R2(3) = 14 [6, 21]. However,
when k = 6 we get 44 < R3(3), which is an improvement on the best known lower bound
from the literature. Combining with results from [21] we get the following improved lower
bounds for R;(3) in general. See Section 7 for further details.
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Corollary 2.9. Fort > 3,
43373 41 < Ry(3).

3. PRELIMINARIES
3.1. Jacobi Sums. We start by recalling some well-known properties of Jacobi sums. See

[5] for more details, noting that we have adjusted results therein to account for (0) = 0.

Proposition 3.1. For non-trivial x € @ we have
(a) J({—j’ 5) =4q— 27'
(b) J({—j’X) = _]-7' and
(e) JOX) = —x(=1).
Proposition 3.2. For x,v € ﬁ‘g, J(x,¥) = x(=1)J(x, X¥).
Proposition 3.3. For non-trivial x,vy € E with xv¥ non-trivial, J(x,v)J(X,¥) = q.

Recall, if we let & > 2 be an integer, ¢ = 1 (mod k) be a prime power and yj € ﬁ'g be a
character of order k, then for b € F;, we have the orthogonal relation [5, p11]

(3.1)

" ¢,y )1 ifbis a k-th power,
X (b) =

T =

P 0 if b is not a k-th power.

We now develop some preliminary results for later use. In addition to Ry(q), Sk(q) and
S, (q) defined in Theorem 2.2, we define

k—1
Ri ()= > (=17 (xixi)-
s,t=1
s+H12£0 (k)
In Section 5, we will simplify many expressions involving Jacobi sums. Many of these
expressions appear multiple times so we name them and list their simplifications here for
ease of reference.

Proposition 3.4. Let k > 2 be an even integer, q be a prime power such that ¢ =k + 1
(mod 2k) and x € F}; be a character of order k.

(a) Jo(g. k ZJ Xkan Ri(q) +q—2k+1;
s,t=0
k—1
(b) Jg (g k) == > (=1)""J (xi, xk) = Ry, (@) + g+ 1;
s,t O
(c) JJo(g, k) : Z T (3 Xk) I (%, xk) = Sk(a) — 4Rk (q) + ¢° + q(k* — 5k) + k* +
s,t,u=0

4k — 3;
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k—1

(d) 335 (g, k) == D (=T (i xk) 7 (& xk) = S, (@) — Ry, (q) — 3R (q) + ¢° —

2%q + 3(k — f’)t}v_o

k—1
(e) Z (_1)8‘] (XZ? X?c) = JO(Q> k);

s,t=0

k—1

(f) (=) (X3 xk) J (%, x8) = Jo(a, k) + k(g — 1);

s,t,v=0

k—1
(2) > (DI (G xE) T (X = Sklg) + gk(k —2);
s,t,u=1

s+t,u+t,v—s#£0 (k)
Proof. All are a relatively straightforward consequence of Propositions 3.1-3.3. 0

Lemma 3.5 ([10, 27]). Let ¢ = p" = 1 (mod 4) for a prime p. Write ¢ = x> + 3 for
integers x and y, such that x =1 (mod 4), and p{x when p =1 (mod 4). Then

(1) J(xa,x4) +J(Xa,X4) = —2x; and
(2) J(xa5x4)* + J (X1, X2)* = 22? — 2y = 4a? — 2q = 2¢q — 4y°.

3.2. Properties of Finite Field Hypergeometric Functions. Our most general re-
sults from Section 2 are given in terms of Greene’s finite field hypergeometric functions.
These functions can be expressed as character sums in a simple way [17, Def 3.5 (after
change of variable), Cor 3.14]. For characters A, B,C, D, E of Fy,

¢oF ( 4, B | A)q _ be%: AT(B)BC(1 — bYA(b - N) (3.2)
and
s F2< A, g: g ’ A)q = b% AE(a)CE(1 — a)B(b)BD(b—1)A(a — Ab)  (3.3)

The following reduction formulae [17, Thms 3.15 & 4.35] will play an important part in
proving Theorem 2.2.

A8 50 (7 B B e
(% 519), B B9 P0G e
A0S (" 5, D
A5G bn(4 S @) e
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A, B, C CD A, C BD(-1) (AB\
3F2< D, B ‘ 1>q (BD)2F1< ’ 1) q( E ), and (38)
C

A, B, B C\( B\ BD(-1)(DB

3F2< D. ABCD | 1>q = Bol 1)<DA> <DC> q< A ) (39)

We can further reduce the 2 Fi(:|1)’s that appear in (3.4)-(3.8) via [17, Theorem 4.9],

A, B B
(Y o) =acn(4.) 3.10
And, we have the following relation which easily follows from their definition,
A, B, C A, C B

3F2< D E ’ 1>q - 3F2< ) 1> . (3.11)

We also have transformation formulae for finite field hypergeometric functions that
relate 3F5(-|1) functions with different parameters [16, Thms 5.14, 5.18 & 5.20].

3F2<A, g: g 1> :3F2<BD, %7 gg)1>q; (3.12)
3F2<A’ gz < 1>q—ABC’DE )3F2<A’ fxg: ﬁg ) (3.13)
3F2<A’ g” g 1> — ABCDE(~ )3F2<BD’ BBA, ggll)q; (3.14)
3F2(A7 g: g 1) 3F2(A Agh ﬁEE ’1>q; (3.15)
(PG 1) pe-var( AgE]1>q; (3.16)
3F2<A, B ¢ 1>q 3F2(AD, B BgE‘1>q; and (3.17)
3F2<A’ gz g 1>q:AB(—1)3F2<AD’ EDD ABDE ‘1) (3.18)

4. INDUCED SUBGRAPHS OF Gj(¢q) AND PROOFS OF THEOREMS 2.1 AND 2.6

In this section, we induce two subgraphs of the k-th power Paley digraph Gy (q) and
relate the number of transitive subtournaments of a given order for each graph, which we
use to prove Theorems 2.1 and 2.6. For a graph G, we denote its vertex set by V(G) and
its edge set by E(G), so the order of G is #V(G) and the size of G is #FE(G). For a
given vertex a of G we denote the in-degree and out-degree of a in G by indegq(a) and
outdegs(a) respectively.
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It is easy to see from its definition that #V (Gk(q)) = ¢, indegg, (o) (a) = outdegg, (4)(a) =

% for all vertices a, and, consequently, #E(Gk(q)) = w-

Let Hi(q) be the induced subgraph of G (q) whose vertex set is Sk, the set of k-th power
residues of [y, which are the out-neighbors of zero in Gg(q). Therefore, #V (Hy(q)) =

‘Sk‘ = % Now
a—be E(H(q) <= xk(a) = xx(b) = xx(b —a) = 1.
So, for a € V(H(q)), using (3.1), we get that

k-1 k-1
1 S
outdegy, () (a) = 2 Z ZXk(b) Xi(b —a)
beF:\{a} s=0 =0

k—1
1 s .
= 52 Z X;c(_l)XkH(a)J(XkaXfc)
s,t=0

1
= ﬁ JO(Q) k)

_ %(Rk(q) +q—2k+1)  (by Prop. 3.4 (a),(e)).

Similarly, indegy, (4)(a) = outdegy, (o (a). These degrees are independent of a so
#E(Hy(q)) = #V (Hi(q)) - outdegp, (o (a)

qg—1
= L3 Jo (Q7 k)
qg—1
Let H} (q) be the induced subgraph of Hy,(q) whose vertex set is the set of out-neighbors
of 1 in Hy(q). Therefore

#V(H(@) = ontdegyg, (1) = 15 Jo(a K) = 5 (Rel) +q~ 2k +1),
and
a—be E(Hi(q) <= xx(a) = xx(0) = xpla—1) = xx(b— 1) = xx(b —a) = 1.
Again using (3.1), and noting that yx(—1) = —1, we get that for a € V(H}(q)),

k—1 k—1 k—1
1
outdegyy(y(@) =5 D, D X B D a0 -1) Y xp(b-a)

be]F;\{l,a} t1=0 to=0 t3=0

k—1
1 _ _ _
=3 2 2 o TPOxRTe-1Dx" (b -a)
t1,t2,t3=0 beF:\{1,a}
k—1 t1 to
1 Xk X
Cp 8 g

t3
t1,t2,t3=0 Xk

a) , (using (3.2)),
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where we have used a change of variables to get the second line. Finally, we get that

#EHLN Q)= Y outdegy (@)

a€V (Hj (q))
1 k—1
== 2 YooY XOxEb-1)xgb-a)
a€lFy t1,t2,t5=0 beF;\{1,a}
Xk (@)=x(a—1)=1
1 k—1
=5 2 Yo OO - )X (@) X (a— 1) xZ (b —a)
t1,t2,t3,t4,65=0 a,bcF}\ {1}
ab
1 k—1
= ﬁ Z Z X?—ts(b) X}Z’B_t?’(b* 1) X?(a) X?—tz(ai 1) X;tl(b*a)

t1,t2,t3,t4,t5=0 a,b€F,
k-1 t1 to t3
1 Xis Xibs X
tz+ts 2 k> k> k
- AT ko Xk
t1,t2,t3,t4,t5=0 Xk Xk

1>q, (using (3.3)).

So we have proved the following proposition.

Proposition 4.1. Let k > 2 be an even integer. Let q be a prime power such that g = k+1
(mod 2k). Let Hy(q) be the induced subgraph of the k-th power Paley digraph G (q) whose
vertex set is the set of k-th power residues of . Let H,%(q) be the induced subgraph of
Hy(q) whose vertex set is the set of out-neighbors of 1 in Hy(q). Then

(a) #V(Hi(q) = S

(b) For a € V(H(q)), indegp, (,(a) = outdegy, (,y(a) = 7z Jo(q, k) = 72 (Ri(q) + ¢ —
2k +1);

(c) #E(Hp(q)) = % Jo(g, k) = 45 (Ri(q) + g — 2k + 1);

(d) #V(HL(q) = 2z Jo(a, k) = 72 (Ri(q) + ¢ — 2k + 1);

k—1 t1 l2
1 Xk X
(e) ForaeV(HL(g), degHi(q)(a) =3 E (—1)t2tts q2F1< b f3 a) ; and
t1,t2,t3=0 Xk q

k—1

t1 to t3

1 ) )
© #BEH@) =5 Y (gm0
t1,t2,t3,t4,t5=0 Xk Xk

1)
q

Next we relate the number of transitive subtournaments of a certain order of Gg(q) to
those of Hy(g) and H}(q).

Lemma 4.2. Let k,q,Gi(q), Hr(q) and H,%(q) be defined as in Proposition 4.1. Then, for
m a positive integer,

(@) K 1(Gi(9)) = a Km(Hr(q)); and

(b) K1 (Hi(q)) = 5= Km(H}(q))-
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So for m > 2
(c) Knt1(Gr(q)) = q(qik_l) Kon—1(H(q))-

Proof. A tournament of order m is transitive if and only if the set of out-degrees of its
vertices is {0,1,...,m — 1} [25, Ch. 7]. We represent a transitive subtournament of order
m by the m-tuple of its vertices (a1, ag, -+ ,a), listed in order such that the out-degree of
vertex a; is m — i, i.e. the corresponding m-tuple of out-degrees is (m—1,m—2,--- ,1,0).
And we will call this a transitive subtournament originating from a;. For a graph G, we
let Sg,m denote the set of transitive subtournaments of G' of order m and we let Sg .4
denote the set of transitive subtournaments of G of order m originating from a.

(a) For a € V(Gk(q)), the map fo(A) = A+ a is an automorphism of Gk(q). Thus,
|SG,m+1,a] = |Sam+1,0] for all a € V(Gi(q)). Also,

(0,a1,a2, -+ ,am) € Sgm+1,0 <= (a1,a2, -+ ,am) € SHm

50 |Sqm+1,0l = |SH,m|. Therefore,

ICm+1(Gk(Q)) = Z ‘SG,m-i-l,a’ =q "SG’,m—i—l,O
a€V(Gy(q))

= q|Su| = ¢ Kn(Hi(q))-

(b) For a € V(Hy(q)), the map f,(\) = a) is an automorphism of Hy(q), s0 |SH m+1,a] =
|SH m+1,1] for all @ € V(Hy(q)). Also

(1,a1,a2, - ,am) € SHm11,1 <= (a1,a2, -+ ,am) € Syt -
So [Sam+1,1] = |Sk1 |- Therefore,
Kmit(He(@) = Y |1Sumital = #V(Hi(0))|Sm1 m| = G Km(H (q)).
a€V (Hy(q))

(c) Follows immediately from combining (a) and (b). O

Taking m = 3 in Lemma 4.2 (c) yields Corollary 4.3.
Corollary 4.3. Let k > 2 be an even integer. Let q be a prime power such that q =k +1
(mod 2k). Then

Ka(Gilg)) = 14—V

I HEHK):

Combining Corollary 4.3 and Proposition 4.1 (f) proves Theorem 2.1.
Taking m = 2 in Lemma 4.2 (a) yields Corollary 4.4.

Corollary 4.4. Let k > 2 be an even integer. Let q be a prime power such that q =k +1
(mod 2k). Then

K3(Gr(q)) = ¢ #E(Hy(q)).

Combining Corollary 4.4 and Proposition 4.1 (c¢) proves Theorem 2.6.
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5. PROOF OF THEOREM 2.2

We prove Theorem 2.2 by using the reduction formulae (3.4)-(3.9) on the relevant

summands in

(5.1)

q2 Z 3F2 (t_" ]')q,k

te(zi)®

from Theorem 2.1. Combining each of (3.4)-(3.9) with (3.11) yields ten distinct cases.

Case 1 (t; = 0): Using (3.4), we reduce the summands in (5.1) which have ¢; = 0.

k—1 to ts
g X X
q2 Z (_1)t3+t53F2 ( Z Z >
ta,t3,ta,t5=0 Xk Xk q
k—1 to—t t3—t t t
:q2 Z (_1)t3+t5 _12F1<Xk2 ‘ Xk3 ‘ 1) +<X2];> <X§3>
ts—t
t2,t3,ta,t5=0 q Xk ! q Xk4 Xk5
k—1 to—ty tz—t4q
= —q Z (_1)t3+t5 ) ( Xk ’ XZ " 1)
to,t3,ta,t5=0 Xk q
k—1
+ Z (_1)t3+t4J(X227ﬂt4)J(X?’Etg,)
ta,t3,t4,t5=0
k—1 X Xt3
=—q¢ Y (-1)st F< 3 i 1) + Jo(g, k)
ta,t3,ta,t5=0 Xk q
X3
= —qk Z t3+t2+t5< t5’“t2> +Jo(g,k)?  (using (3.10))
t2,t3,t5=0 Xk
=k Z DBI0GE X2 ) + Jolg, k)?
ta,t3,t5=0
=k Z DBI0GE Xxi2) + Jo(a, k)
t2,t3,t5=0
_ 2 2
—JO(Q7k) -k "]]O(qak)a

where we have used the fact that yx(—1) = —1 in many of the steps.

Case 2 (t2 = 0): Next, using (3.5), we reduce the summands which have t3 = 0, excluding
those with ¢t; = 0, as they have already been accounted for in Case 1.
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k—1 th e Xt3
ko 5 2
q2 Z (_1)t3+t53F2< " . 1>
t1,t3,ta,t5=0 Xk Xk q
t17£0
k—1 ta t1—1ta t3—t4 ta ts
) -1
aC D DRRC g (SR (X)F< e 1) -EE()
t17t3,t;1ét510 Xk q Xk
t1#£0
k—1
_ Z (_1)t3+t4 [J(XM’EU)J(XZS t4,X1]5€1*t5) _ J(X?aﬂt5)] (using (3'10))
tl,ti,lt;iésio
k—1 k—1
= D (DRI XEY) Y (FD)BIOGET K — 0
tlt,t;lézo t3,t5=0
1
k—1
= Z JOGHXEY) D ()BT XE)
tlt,t;éoo t3,t5=0
1

k—1
= JO Q7 ZJXka JO q, )
t=0

= [Jo(g, k) — (¢ = 2) + (k — 1)]Jo(q,k)  (using Prop 3.1)

=Jo(a, k) = (¢ = k = 1) Jo(q. k).
We evaluate the remaining cases in a similar manner, using only basic properties of Jacobi
sums and hypergeometric functions from Sections 3.1 and 3.2. However, these evaluations
do become more tedious, as we have to exclude successively more previous cases. We omit
the details, for brevity. These remaining cases summarize as follows.

Case 3 (t3 = 0):

k—1 t to
2 t Xk X €
q E (-1 53F2< b s 1)
t1,t2,t4,t5=0 Xe o Xk q
t1,t27#0

=Jo(g, k)* = (q+ k(k — 2)) Jo(q, k) — Jo(q. k) + (g — 1)(g — k — 1).
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Case 4 (t4 =t1):

k-1 t1 to t3
2 tatt Xe > Xis Xk
¢ Y (-net 53F2< b e |1
t1,t2,t3,t5=0 Xk Xk q
t1,t2,t37#0

— Jo(q, k)? = (2¢ — 4k + 1) Jo(q, k) + (g — k — 1) (g — 2k + 1).

Case 5 (t5 = t1):

k-1 t1 to t3
2 Lot Xg o Xk Xg
q E (1)t 13F2< £ f 1>
t1,t,t3,t4=0 Xk Xk q
t1,t2,t37#0
t1 7ty

= Jo(q, k)*> = (2¢—3k+3) Jo(q, k) —ITg (¢, k) =I5 (¢, k) +2¢° —2(2k — 1) g+ (k— 1) (k+2).

Case 6 (t4 = t2):

k-1 t1 15 t3
Xg» Xkgor X
q2 § : (_1)t3+t53F2< k icz Z 1>
t1,ta,t3,t5=0 Xk ’ Xk; q
t1,t2,t37#0
t1#£t2,ts

= Jo(q, k)2~ (q+k*—=5k+7) Jo(q, k) —2ITo(q, k) +2¢* + (k> —8k+4)q— (k—1) (k> —4k—2).

Case 7 (t5 = t3):

k—1 t1 to t3

2 Xk ) Xk ) Xk

q Z 3Fy t.  ta

t1,ta,t3,ta=0 Xk Xk
t1,t2,t37#0
t17#t3,ts

)
q
toFts

= Jo(q, k)*>— (2¢—5k+9) Jo(q, k) —2JJ5 (¢, k) — I (q, k) +3¢* —8(k — 1)g+5k* — 10k +1.

Case 8 (t5 = ta):

k—1 t1 to t3

2 tatt Xgr» Xis Xg
FY im0
t1,t2,t3,t4=0 Xi s Xg

t1,t2,t3740
t1#£t2,ta

)
q
toFts,ta

= Jo(q, k)*—(2¢—2k+9) Jo(q, k) —IJo(q, k)—2 1Ty (q, k)—3 Ty (¢, k) +4¢*— (8k—10)g+k*—6k+2.
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t1 to t3

2 t3+t Xk Xgs Xg

£Y e 6N

t1,t2,t3,t5=0 Xk Xk
t1,t2,t37#0
t1,ta7#ts3,t5

)
q
t3#ts

= Jo(q, k)*—(2¢+k*—8k+18) Jo(q, k) —3 Jo (¢, k) +4q*+2(k—1)(k—8)q—2(k—2) (k*—6k+2).

Case 10 (tl +to+1t3 =14+ 755)2

k—1 t1 to t3
pOE ()
tq t1+to+t3—t4
t1,t2,t3,t4=0 Xk Xk q
t1,t2,t370
taFtyta,ts

taFt14ta,t1+t3,t2+t3

= Jo(q, k)*—(2¢+k*—10k+24) Jo(q, k) —3IJo(q, k) +4¢*+2(k*—10k+11)q—2(k*—10k*4+-21k—T).
The total of these ten reducible cases is

¢ Y sB(f|1),, =10J0(g,k)* = 5(3q + k* — 8k + 14) Jo(q, k)

te(Zk) "\ X
— 10dJo(g, k) =575 (¢, k) =53 (¢, k)
+21¢* + 5(k? — 14k 4 12)q — 5k> + 50k — 85k + 21.

Applying Proposition 3.4 yields

@ Y aB(f|1),, = 10R(q)* +5Rk(g) (¢ — ¥* + 1) — 10Sk(q)
1e(Z1)*\ X
~5S:(q) + ¢* —10(k — 1)%q + 5k*(k — 1) + 1.
which completes the proof of Theorem 2.2.

6. ORBITS OF X AND PROOFS OF COROLLARIES 2.3, 2.4, 2.7 & 2.8

We now want to use Theorem 2.2 to evaluate K4(Gk(q)) for specific k, which requires
evaluating the hypergeometric terms in

7 Z 3y (7] 1)k (6.1)
1?6)(/C

where X, := {(t1,t2, t3, ta, ts) € (Zy,)" | t1,ta,t3 # 0,ta,t5; t1 + to + t3 # t4 + t5}. Many
of the hypergeometric function summands in (6.1) can be related via the transforma-
tion formulae (3.11), (3.12)-(3.18). In fact, any two summands related via one of these
transformations will be equal, up to sign. For example, applying (3.15) we get that

3Fy ((t1,t2, t3,ta, t5) { 1)q’k = (=1)"3F> ((t1, ta, ts — ta, t1 +ta — ta, t5) ’ 1)q,k. (6.2)
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If we ignore the sign (for now), then, to the change in parameters associated to each
transformation (3.11), (3.12)-(3.18), we can associate a map on Xj. Continuing the above
example, the relation (6.2) induces the map Ty : X} — X}, given by

Ty(t1,t2,t3,ta,t5) = (t1,t2, t5s — t3,t1 +to — ta, t5),

where the addition in each component takes place in Zg. Similarly, to the other transfor-
mations in (3.12)-(3.18) and (3.11), we can associate the maps

T (t1,ta, ta, ta, t5) = (to — ta,t1 — tg,t3 — tg, —tg, t5 — t4);
To(t1,ta,t3,ta, ts (t1,t1 —tg,t1 — ts,t1 — to, t1 — t3);
(ta — tg,to, ty — ts,ta — t1,ta — t3);
(t1,tg — to,ts, ty, t1 + t3 — t5);
(
(

T5(t1,t2, 13,14, 5
T5(t1,t2,t3,t4,ts5
. ¢

t

Ts(t1,t2,t3,t4,t5
T7(t1,t2, t3,t4, t5
Ts(t1,t2,t3,t4,t5

ta —t1,ta,t3,ta,to + t3 — t5);
ty —t1,ta — to, t3,ta,ts +t5 — t1 — t2); and
(t1,t3,t2,t5,t4).

We form the group generated by 11,75, - - ,Tg, with operation composition of functions,
and call it Gi. Then Gj acts on Xj. Furthermore, the values of 3Fb (t ‘ 1)q ., Within an

)
)
)
)
)
)

orbit are equal, up to sign. The group Gj, and this action has been fully described in [24]
(extending the work in [10]) and includes python code to generate all the orbits for a given
k. In particular, Gy is a group of order 120 isomorphic to the permutation group S5 and
the number of orbits, Ng,, is given by

Ne, = 55 [(k - 1)(k* — 9k3 4 61k* — 189k + 280)

0 if k=1,5,7,11 (mod 12), ]
40k — 200  if k= 3,9 (mod 12),
105k — 180 if k = 2,10 (mod 12),

* 105k — 240 if k = 4,8 (mod 12),
145k — 380 if k =6 (mod 12),
145k — 440 if £ =0 (mod 12).
We note also that
k—1 k—1
Xl = > > 1= (k—1)(k* — 9k + 36k% — 69k + 51).

ty,to,t3=1 tq,t5=0
tats#t1,ta,ts
tattsF#t1+ta+ts3
We now incorporate the signs associated to the transformations (3.11), (3.12)-(3.18). We
illustrate how to do this using k = 4 as a case study. When k = 4, there are | X4| = 93 sum-
mands in (6.1) but only Ng, = 6 orbits, with representatives (1,1,1,0,0)!°, (3,3,3,0,0)!°,
(1,3,2,0,0)%, (1,2,2,0,0)%, (1,1,3,0,0)'2, and (2,2,2,0,0)!, where the superscript rep-
resents the number of elements in the orbit. Within each orbit, we now consider the sign
associated to the transformations linking the elements. For example, the orbit represented
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by (1,2,2,0,0) contains the elements (3,2,2,0,0), via Ty, and (2,2,2,1,0), via T3. The

corresponding transformation of 3F» (f | 1)q gy via (3.17) and (3.14) respectively, yields

31 ((1,2,2,0,0) [ 1), = +3F ((3,2,2,0,0) | 1),

q7
and

372 ((1,2,2,0,0) | 1), = —3F»((2,2,2,1,0) | 1)

q,k ¢,k "

Therefore, the net contribution to the sum in (6.1) for £ = (3,2,2,0,0) and £ = (2,2,2,1,0)

is zero. We can relate the values of 3Fy (f ‘ 1)qk for all ¢ in the orbit in a similar

way, and we find that the net contribution to the sum in (6.1) for all 30 elements in
the orbit by (1,2,2,0,0) is +10. Doing this for each orbit we find that the six orbits
of X4 are (1,1,1,0,0)°, (3,3,3,0,0)°, (1,3,2,0,0)%, (1,2,2,0,0)7° (1,1,3,0,0)°, and
(2,2,2,0,0)*!, where, now, the superscripts represent the net contribution of the orbit to
the overall sum after signs have been taken into account.

In general, we apply this approach for any k. In fact, we can automate the process by
modifying the code provided in [24] to track the signs and to output the net contribution
associated to each orbit. This code can be found on the first author’s webpage.

We now prove Corollaries 2.3 and 2.4.

Proof of Corollary 2.3. We apply Theorem 2.2 with £ = 2. Now Ra(q) = Sa2(q) =S5 (¢) =
0 as there are no indices that satisfy the conditions of the sum in each case. Also, ¢ =
(1,1,1,0,0) is the only element of Xy. Therefore, letting ¢ € I[% denote the character of
order two,

1
K1(Ga(q)) = Q(q26) [(f —10q + 21 —q23F2( A ‘ 1) ]
’ q

By [17, Thm 4.37] we find that, when ¢ = 3 (mod 4),

2 Y, ¥ ¢ _
Q3F2< e ¢ ‘1>q—0,

which yields the result. O

Proof of Corollary 2.4. Using Proposition 3.2 and Lemma 3.5(1) we get that

Ra(q) = =J (x4, xa) — J (X4, Xa) = 2= (6.3)
Using Propositions 3.2 & 3.3 and Lemma 3.5(2) we have
Si(g) = —4g+ J (x4, x4)* + J(xa,Xa)* = 42” — 6q. (6.4)
and
S1(¢) = —J (x4, xa)” — J (X1, X2)* = 2q — 4a”. (6.5)

As described above, X, contains six orbits with representatives (1,1,1,0,0), (3,3,3,0,0)°,
(1,3,2,0,0)% (1,2,2,0,0)T, (1,1,3,0,0)°, and (2,2,2,0,0)"!, where the superscripts
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represent the net contribution of the orbit to the overall sum after signs have been taken
into account. Therefore, taking k = 4 in Theorem 2.2 and accounting for (6.3)-(6.5) yields

Ka(Galg)) = 14 -1

512 ¢* + 2q(5x — 20) + 2022 — 150z + 241

2 X4, ¥, @ 2 Y, P, P
—|—10q 3F2< e, € ‘1) +Q3FQ< e & ‘1)]
q q
From [10, (6.4)] we get that, when ¢ = 1 (mod 4),

2 », ¥, ¢ _ 2
q3F2< S ’1>q—4x 2q.

which completes the proof. Il
We now also have all the ingredients to prove Corollaries 2.7 and 2.8.

Proof of Corollaries 2.7 and 2.8. We've seen above that Ra(q) = 0, Ry(q) = 2. Taking
k = 2,4 in Theorem 2.6 yields the results. U

7. LOWER BOUNDS FOR MULTICOLOR DIRECTED RAMSEY NUMBERS

Let ¢ > 1 and nq,n9,--- ,ns be positive integers. Let T;, denote a tournament of order
m. The multicolor directed Ramsey number R(ni,ng,- - ,n;) is the smallest integer m,
such that any 7,,, whose edges have been colored with ¢ colors, contains a transitive
subtournament T,,, in color ¢, for some 1 < ¢ < ¢. These numbers exist [21] and, when
t = 1, we recover the usual Ramsey numbers for tournaments and drop the subscript. If

ny = ng = --- = ny, then we use the abbreviated R(n1) to denote the multicolor directed
Ramsey number R(ni,ng,---,n¢). We note that [21, Prop. 5]
(Ri—1(m) — 1)(R(m) — 1) + 1 < Ry(m). (7.1)

Combining with the facts that R(3) = 4, R2(3) = 14 [6, 21] and R(4) = 8 [12], we get
that, for t > 2,
13-372 41 < R(3)  and 7'+ 1< Ri(4) (7.2)

Recall, S, is the subgroup of the multiplicative group Fy of order % containing the
k-th power residues, i.e., if w is a primitive element of F,, then Sj, = (w*). And, our k-th
power Paley digraph of order g, Gr(q), for ¢ a prime power such that ¢ = k+ 1 (mod 2k),
is the graph with vertex set F, where a — b is an edge if and only if b — a € Si. Recall
also, due to the conditions imposed on ¢, that —1 ¢ Sj.

We now define subsets of Fy, Sy ; := WSy, for 0 < i < g — 1, and the related directed
graphs Gy, i(q) with vertex set F, where a — b is an edge if and only if b —a € Sy ;.
Each G}, ;(q) is isomorphic to Gy o(q) = Gi(q), the k-th power Paley digraph, via the map
[ V(Gk(q)) = V(Gri(q)) given by f(a) = w'a. Now consider the multicolor k-th power
Paley tournament Pj(q) whose vertex set is taken to be [, and whose edges are colored
in % colors according to a — b has color i if b —a € Sk ;. Note that the induced subgraph
of color i of Py(q) is Gii(q). Thus, Py(q) has a transitive subtournament 75, in a single
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color if and only if the k-th power Paley digraph contains a transitive subtournament 7,.
Therefore, if K,,(Gk(q1)) = 0 for some g1, then ¢ < Rk (m).

So, for m = 3,4 and a given k, we can use Theorems 22.6 and 2.2, respectively, to search
for the greatest g such that IC,,(Gr(q)) = 0, thus establishing that ¢ < Ry (m). The k = 2
and k = 4 cases for both m = 3 and m = 4 can easily be derived from COQrollaries 2.3, 2.4,
2.7 and 2.8, as discussed in Section 2. For higher k, our search, of all ¢ < 10000, yielded
the lower bounds shown in Table 1. Improvements on known bounds are marked in bold.

t=%[<R((3) | <R(4)
1 4 8
2 14 126
3 44 344
4 42 954
5 72 3332

TABLE 1. Lower Bounds for R (3) and Rk (4).
2 2

It is already known that R(3) = 4, Ra(3) = 14 and R(4) = 8 [6, 12, 21]. 44 < R3(3)
and 126 < R(4) improve on the bounds from (7.2). The remaining bounds in Table 1
either equal or fall short of those implied by (7.2). However, we can combine the bounds
in bold with the multiplicative relation (7.1) to improve the bounds in (7.2), which proves
Corollaries 2.5 and 2.9.
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