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ABSTRACT. Let k > 2 be an integer. Let ¢ be a prime power such that ¢ =1 (mod k) if
q is even, or, ¢ = 1 (mod 2k) if q is odd. The generalized Paley graph of order q, Gx(q),
is the graph with vertex set F; where ab is an edge if and only if a — b is a k-th power
residue. We provide a formula, in terms of finite field hypergeometric functions, for the
number of complete subgraphs of order four contained in G (q), K4(Gx(q)), which holds
for all k. This generalizes the results of Evans, Pulham and Sheehan on the original
(k=2) Paley graph. We also provide a formula, in terms of Jacobi sums, for the number
of complete subgraphs of order three contained in Gi(q), Ks(Gk(q)). In both cases we
give explicit determinations of these formulae for small k. We show that zero values
of K4(Gr(q)) (resp. K3(Gr(q))) yield lower bounds for the multicolor diagonal Ramsey
numbers Ry (4) = R(4,4,--- ,4) (resp. Rx(3)). We state explicitly these lower bounds for
small k and compare to known bounds. We also examine the relationship between both
K4(Gr(q)) and K3(Gx(q)), when g is prime, and Fourier coefficients of modular forms.

1. INTRODUCTION

It is well known that the two-color diagonal Ramsey number R(4,4) equals 18. This was
first proved by Greenwood and Gleason [12] in 1955. They exhibited a self-complementary
graph of order 17 which does not contain a complete subgraph of order four, thus showing
17 < R(4,4), and then combined this with elementary upper bounds. The graph they
describe is one in the family of graphs which are now known as Paley graphs. Let F,
denote the finite field with ¢ elements and let S be its subset of non-zero squares. For
g =1 (mod 4) a prime power, the Paley graph of order ¢, G(q), is the graph with vertex
set F, where ab is an edge if and only if a — b € S. The Paley graphs are connected, self
complementary and strongly regular with parameters (q, q;21’ %, q;—l). Please see [14] for
more information on their main properties and for a nice exposition of their history since
Paley’s original paper [25] in 1933.

Let K, (G) denote the number of complete subgraphs of order m contained in a graph G.
While the work of Greenwood and Gleason tells us that /Cy(G(17)) = 0 and KC4(G(g)) > 0
for ¢ > 17; Evans, Pulham and Sheehan [5] provide a simple closed formula for /C4(G(p))
for all primes p = 1 (mod 4). Write p = 22 + y? for integers = and y, with y even. Then

plp—1((p—9)* — 49
293

Ki(G(p) = . (1.1)
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In 2009, Lim and Praeger [16] introduced generalized Paley graphs. Let k > 2 be an
integer. Let ¢ be a prime power such that ¢ = 1 (mod k) if ¢ is even, or, ¢ = 1 (mod 2k)
if ¢ is odd. Let Sy be the subgroup of the multiplicative group F} of order % containing
the k-th power residues, i.e., if w is a primitive element of Fy, then Sj = (w*). Then the
generalized Paley graph of order g, Gi(q), is the graph with vertex set [F, where ab is an
edge if and only if a — b € Si. We note, due to the conditions imposed on ¢, that —1 € S
so Gi(q) is a well-defined undirected graph. Gi(q) is connected if and only if Sy generates
F, under addition. When k = 2 we recover the original Paley graph.

The main purpose of this paper is to provide a general formula for K4(Gk(q)), thus
extending the results of Evans, Pulham and Sheehan to generalized Paley graphs and
to prime powers. In the same way that a zero value for K4(G(g)) means ¢ is a strict
lower bound for the two-color diagonal Ramsey number R(4,4), we show that zero values
for K4(G(q)) yield lower bounds for the multicolor diagonal Ramsey numbers Ry(4) =
R(4,4,---,4). We also provide a general formula K3(Gk(q)) and give lower bounds for
the multicolor diagonal Ramsey numbers Ry(3) = R(3,3,---,3). In both cases, we state
explicitly these lower bounds for small £ and compare to other known bounds.

2. STATEMENT OF RESULTS

We present our results in two parts, the first relating to complete subgraphs of order
four and then those relating to complete subgraphs of order three.

2.1. Complete Subgraphs of Order Four. Many of our results in this section will be
stated in terms of Greene’s finite field hypergeometric function [10, 11]. Let E‘g denote
the group of multiplicative characters of Fy. We extend the domain of x € @ to [y, by
defining x(0) := 0 (including the trivial character €) and denote X as the inverse of xy. We
let p € ﬁ‘g be the character of order two. For characters A and B of [, we define the usual

Jacobi sum J(A4, B) := Zaqu A(a)B(1 — a) and define the symbol (g) = @J(A,E).

For characters Ao, A1,...,Ap and By, ..., B, of F; and A € Fy, define the finite field

hypergeometric function
A n
), = 2 (V) G (e
¢ 915\ x J\Bix Brx

n+1Fn< A07 Ala RS An
where the sum is over all multiplicative characters x of Fy. Let k > 2 be an integer,

By, ..., B,

let ¢ = 1 (mod k) be a prime power and let xj € Fg be a character of order k. For
f= (t1,ta,t3,t4,t5) € (Zk)5 we define
A) .
q

In our first result, we show that K4(Gj(g)) can be written quite simply in terms of 3F;
finite field hypergeometric functions.

t1 to t3

- L Xk Xpos» Xk

3F2 (t ‘ )\)q7k‘ T 3F2< tg ts
Xk s Xk
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Theorem 2.1. Let k > 2 be an integer. Let q be a prime power such that ¢ =1 (mod k)
if q is even, or, ¢ =1 (mod 2k) if q is odd. Then

3(y -
Ka@rta) = DD S Sm (),

te(Zy)®

Many of the summands in Theorem 2.1 can be simplified using known reduction formulae
for finite field hypergeometric functions. Splitting off these terms yields our second result.

Theorem 2.2. Let k > 2 be an integer. Let q be a prime power such that ¢ =1 (mod k)
if q is even, or, ¢ =1 (mod 2k) if q is odd. Then

q(qg—1)

Ka(Gr(q)) = o0 k6

10R,(g)* + 5 (g — 2k* + 1) Ry (q) — 15Sy(q) + ¢°

—5(2k" =3k +2) ¢+ 15k° — 10K + 1+ ¢* Y 3R (T]1) |,
{ka

where Xy, := {(t1,t2,t3,t4,t5) € (Zk)5 | t1,t2,t3 # 0,t4,t5; t1 +to +t3 # tg + t5},

k—1 k—1
Re(g):= > J(xj,xk) and  Si(q) = Yo Tk T X -
s,t=1 s,t,u=1
s+t£0 (k) s+t,v+t,v—sZ0 (k)

This looks quite messy, which is the price we pay for a formula which holds for all &, but for
a given k it tidies up somewhat. Many of the summands that still remain in Theorem 2.2
are equal and we can establish an equivalence relation on the set X} to reduce the number
of hypergeometric terms to equivalence class representatives. We discuss this process in
Section 6. In particular, for small k, the formula reduces to relatively few terms, as we
see in the following results.

Corollary 2.3 (k=2). Let ¢ = p" = 1 (mod 4) for a prime p. Write ¢ = x> + 3 for
integers x and y, such that y is even, and ptx when p =1 (mod 4). Then

_alg=1)((¢ 9% - 19%)
293

K4(G(q))

Note that y = 0 if (and only if) p =3 (mod 4).

An inductive algorithm for finding x and y, when p = 1 (mod 4), is described in [19, Prop
3.2]. Corollary 2.3 extends the result of Evans, Pulham and Sheehan, (1.1) above, to prime
powers. It is easy to see that K4(G(17)) = 0 and so we reconfirm the lower bound for
R(4,4) of Greenwood and Gleason.

Corollary 2.4. 18 < R(4,4).

Corollary 2.5 (k=3). Let ¢ = p" for a prime p, such that ¢ = 1 (mod 3) if q is even,
or, g =1 (mod 6) if q is odd. Let x3 € F; be a character of order 3. When p =1 (mod 3),



4 MADELINE LOCUS DAWSEY, DERMOT McCARTHY

write 4q = ¢ +3d? for integers c and d, such that ¢ =1 (mod 3), d = 0 (mod 3) and p 1 c.
When p = 2 (mod 3), let ¢ = —2(—p)2. Then

—1 ~o
Ka(Gs(q)) = q;g 37). q2+5q(c—11)+1OC2—850+316+12q23F2( X35 ’;3’ i? ‘1) ]
’ q

Corollary 2.6. 128 < R(4,4,4).

It is known that 128 < R(4,4,4) < 230 [13, 28]. So again the (generalized) Paley graph
matches the best known lower bound. However, this is no longer the case when k = 4.

Corollary 2.7 (k=4). Let ¢ = p" = 1 (mod 8) for a prime p. Let ¢, x4 € ﬁg be
characters of order 2 and 4 respectively. Write ¢ = x> +y? for integers x and y, such that
r =1 (mod 4), and ptz when p = 1 (mod 4). Write ¢ = u® + 2v? for integers u and v,
such that w =3 (mod 4), and p{u when p =1,3 (mod 8). Then

—1
K4(Ga(q)) = qg‘;_;. [q2 — 2¢(152 + 101) + 30422 + (930 — 40u)x + 801 + 120u°

+12 q23F2< X4, X4, X4 ’ 1) +30 q23F2< X4, ¥, P ‘ 1> ]
g, IS q g, € q

Corollary 2.8. 458 < R(4,4,4,4).

This falls short of the best known bound of 634 < R(4,4,4,4) [29]. We discuss the
relationship between the generalized Paley graphs and multicolor Ramsey numbers in
Section 7. When ¢ = p is prime, the values of the three hypergeometric functions in
Corollaries 2.5 & 2.7 correspond to p-th Fourier coefficients of certain non-CM modular
forms. We discuss these relationships in Section 8.

2.2. Complete Subgraphs of Order Three. We first provide a simple formula for
K3(Gr(q)) in terms of Jacobi sums.

Theorem 2.9. Let k > 2 be an integer. Let q be a prime power such that ¢ =1 (mod k)
if q is even, or, ¢ =1 (mod 2k) if q is odd. Then

Ka(Grla) = "L

where Ry (q) is as defined in Theorem 2.2.

(Ri(q) +q— 3k +1),

For small k£, Theorem 2.9 simplifies to simple closed formulae.
Corollary 2.10 (k=2). Let ¢ =p" =1 (mod 4) for a prime p. Then

Ka(Glg)) = L1200

Corollary 2.11 (k =3). Let g =p" for a prime p, such that ¢ =1 (mod 3) if q is even,
or, ¢ = 1 (mod 6) if q is odd. When p = 1 (mod 3), write 4q = c¢* + 3d* for integers
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¢ and d, such that ¢ = 1 (mod 3), d = 0 (mod 3) and p 1 ¢. When p = 2 (mod 3), let
¢=—2(—p)2. Then

qlg—1)(g+c—8
Ks(Gala)) = W= e=Y)

2-3

Corollary 2.12 (k=4). Let ¢ = p" =1 (mod 8) for a prime p. Write ¢ = 2% + y* for
integers © and y, such that x =1 (mod 4), and ptx when p =1 (mod 4). Then
(g — 6z —11)
27.3 )
It is easy to see from Corollaries 2.10-2.12 that K3(G(5)) = K3(G3(16)) = K3(G4(41)) =0
which leads to the following corresponding lower bounds for multicolor Ramsey numbers.

Ks(Galq)) = ag—1)

Corollary 2.13. 6 < R(3,3), 17 < R(3,3,3), and 42 < R(3,3,3,3).

It is known that R(3,3) = 6 and R(3,3,3) = 17 [12]. However, the bound for R(3,3,3,3)
implied by the Paley graph falls short of the best known bound of 51 < R(3,3,3,3) < 62
[4, 7]. As mentioned in Section 2.1, we will discuss the relationship between the generalized
Paley graphs and multicolor Ramsey numbers in Section 7. Also, when ¢ is prime, ¢ and
z in Corollaries 2.11 and 2.12 can be related to the Fourier coefficients of certain modular
forms. We discuss these relationships in Section 8.

3. PRELIMINARIES

3.1. Jacobi Sums. We first recall some well-known properties of Jacobi sums. For further
details see [3], noting that we have adjusted results therein to take into account (0) = 0.

Proposition 3.1. For non-trivial x € E‘g we have

(a) J(e,e) =q—2;
(b) J(g,x) = —1; and
(e) JO6X) = =x(=1).

Proposition 3.2. For x,v € ﬁ, J(x, ) = x(=1)J(x, X?).
Proposition 3.3. For non-trivial x,1 € Iﬁ% with x¥ non-trivial, J(x,v)J(X,¥) = q.

Recall, if we let £ > 2 be an integer, ¢ = 1 (mod k) be a prime power and yj € @ be a
character of order k, then for b € F;, we have the orthogonal relation [3, p11]

k-1 .
1 if bis a k-th power,
PIRIUER I (3.1)
=0 if b is not a k-th power.

| =

We now develop some preliminary results which will be used in later sections. As a
straightforward consequence of Propositions 3.1 and 3.3 we see that

k—1
Y TG X)X = (k= 1) [(k = 2)g + 1]. (3.2)

s,t=1
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We define the quantities

B):=Y_ JOxi.xk)  and  Jlo(g.k): Z T Xi) T (X, X3)

s,t=0 s,t,u=0
which appear often in our reckonings. Using Propositions 3.1 & 3.2 and (3.2) it is a
straightforward exercise to show that
Jo(g. k) =Ri(q) +q—3k+1 (3.3)
and
1Jo(g, k) = Sk(q) — 4Ry (q) + ¢* + k(k — 5)q + k* + 6k — 3, (3.4)
where Ry (q) and Sg(q) are as defined in Theorem 2.2.

Lemma 3.4. Let ¢ = p" for a prime p, such that ¢ =1 (mod 3) if q is even, or, ¢ = 1
(mod 6) if q is odd. Let x3 € [ be a character of order 3. When p = 1 (mod 3), write
4q = ¢ + 3d? for integers ¢ and d, such that ¢ = 1 (mod 3), d = 0 (mod 3) and p { c.
When p = 2 (mod 3), let ¢ = —2(—p)z. Then

J(x3,x3) + J(X3,X3) = c.
Proof. When p =1 (mod 3), [26, Prop 1] tells us that

J(><3,><3>+J<><3,><3>=< ; F) <—j¢?3>:c.

Now consider the case when p = 2 (mod 3). Note r is even in this case. Let w = _1%‘/?3

From [3, Ch 2] we have
(1) J(xs, x3) € Z[wl;
(2) J(x3,x3)J(X3,Xx3) = ¢; and

(3) J(x3,x3) = —1 (mod (1 —w)?).
Noting (1) and the fact that p is inert in Z[w], as p = 2 (mod 3), by (2) we must have
( (X3ax3)) ( (X3,%)) - (p%) as ideals. Now (pQ) = (—(—p)%) and

—(=p)2 =—-1 (mod 3)

—1 (mod (1 —w)?)

as 3 = (1 —w)?(1 4+ w). Then by [26, Lem 5], J(x3,x3) = J(X3,X3) = —(—p)Z and so
J(x3,x3) +J(X3,X3) = —2(=p)2 = ¢, O
Lemma 3.5 ([27]). Let ¢ = p" =1 (mod 4) for a prime p. Write ¢ = 2% +y? for integers
x and y, such that =1 (mod 4), and p{x when p =1 (mod 4). Then

(1) J(x45x4) + J(Xa,Xa) = —2z; and

(2) J(xa.xa)? + J(x1,X2)* = 2% — 2y* = 4a® — 2¢ = 2¢ — 4y”.
Proof. Let q = x> + y? for integers  and y, such that = 1 (mod 4) and y is even, and
p1x when p =1 (mod 4). Then [27, Props 1 & 2] tells us that, when p = 1 (mod 4), =
is uniquely determined, and y up to sign; when p = 3 (mod 4) that z = (—p)%,y =0is
the only solution; and J (x4, x4) = —x £ iy. The results follow as J(¥z, Xx1) is the complex
conjugate of J (x4, x4)- O
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Lemma 3.6. Let ¢ = p" = 1 (mod 8) for a prime p. Write ¢ = 2% + y? for integers
and y, such that x = 1 (mod 4), and p { x when p = 1 (mod 4). Write ¢ = u® + 2v? for
integers u and v, such that u =3 (mod 4), and p{u when p =1,3 (mod 8). Then

(1) J(xs,xs) = J(x3, x3) = xs(—4)J (xs, x3);
(2) Re(J (X&Xs)) xs(4) u;

(3) J(xs,x3) = xs(— ) (x4, x4); and

(4) Re(J (XS,xg)) = —xs(—4) z.

Proof. (1) This follows from [3, Thm 2.1.6]. (2) The opening arguments of the proof of [3,
Thm 3.3.1] also apply over Fy, so J(xs, xs) = xs(4)(u +vy/—2) for integers u and v, such
that ¢ = u? + 202 and u = 3 (mod 4), and xg(4) = £1. Similar arguments to those in the
proof of [27, Props 1 & 2] can then be applied to tell us that when p is inert in Z[v/—2], i.e.
when p = 5,7 (mod 8), u = £p2,v = 0 is the only solution; and when p splits in Z[v/—2],
i.e. when p = 1,3 (mod 8), p t u and this uniquely determines u, and v up to sign. (3)
This is proved in [3, Thm 3.3.3]. (4) This follows from (3) and Lemma 3.5. O

3.2. Properties of Finite Field Hypergeometric Functions. As we have seen in
Section 2, our most general results are expressed in terms of the finite field hypergeometric
functions of Greene [10, 11]. These functions have very nice expressions as character sums
(11, Def 3.5 (after change of variable), Cor 3.14]. For characters A, B,C, D, E of Fy,

q2F1< A, g ‘ A)q = %F: AC(b)BC(1 — b)A(b— \) (3.5)
and
q23F2< A ‘A) = Y AB())TE(1 — a)BM)BD(b - 1)A(a— ) (3.6)
4  a,beF,

Much of our work in this paper relies on being able to simplify expressions involving these
functions. We will use the following reduction formulae [11, Thms 3.15 & 4.35] in our
proof of Theorem 2.2. For characters A, B,C, D, E of [y,

e, B, C ! BD, CD B\ (C\
w75 e D), e (M S) B) &) en

E
(45 519 G (0 1) -252(0) o
AL E (" 5 SR
3FQ<A’ g: < 1>q=—;2F1<A’ < 1)q+<f) (gg); (3.10)
3F2< 4, g: g 1>q:<gg)2ﬂ< 4, g ‘1)61—52{(]_1)(1?); and (3.11)
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3F2< . g ABCD ‘ 1) = BC(- )<DCA> <DBC) - BD((J_D<Df)' (3.12)

It is easy to see from their definition that the value of finite field hypergeometric functions
is invariant under permuting columns of parameters, i.e,

A, B, C A, C B
3F2< b E’1)q:3FQ< )1) (3.13)

so the reduction formulae (3.8)-(3.11) can each be applied to two different parameter
structures. The 2F3(-|1)’s appearing in (3.7)-(3.11) can also be reduced using [11, Theorem

4.9]
2F1< 4, B ) 1) - A(—1)<fc). (3.14)

Another important feature of finite field hypergeometric functions is transformation
formulae relating the values of functions with different parameters (analogous to those for
classical hypergeometric series). Of interest to us are the following 3 F(+|1) transformations
which can be found in [11] but are stated more succinctly in [10, Thms 5.14, 5.18 & 5.20].

3F2<A’ g: g 1> —3F2<BD’ fg?’ ](j;g 1>q; (3.15)
3F2<A’ g” g 1> — ABCDE(— )3F2<A’ ﬁg: ﬁgﬁ)q; (3.16)
3F2<A’ g: g 1>q_ABC’DE( )3F2<BD’ BBA, 25‘1); (3.17)
3F2<A’ g: g 1> 3F2<A Agb e ’1); (3.18)
(5 S1) (4 2B S e
3F2<A, 51 g 1) 3F2<AD, 1B>Z BgE‘1>q; and (3.20)
3F2<A’ g” g 1>q:AB(1)3F2<AD’ EDD ABDE ‘1) (3.21)

4. A PAIR OF SUBGRAPHS OF Gj(q) AND PROOFS OF THEOREMS 2.1 AND 2.9

In this section we define two subgraphs of the generalized Paley graph G (q) and relate
the number of complete subgraphs of a given order for each graph, which we use to prove
Theorems 2.1 and 2.9. For a graph G we denote its vertex set by V(G) and its edge
set by E(G), so the order of G is #V(G) and the size of G is #E(G). For a given
vertex a of G we denote the degree of a in G by degg(a). It is easy to see from its
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definition that #V (Gk(q)) = ¢, dega, (o) (a) = q;kl for all vertices a, and, consequently,

#B(Gr(g) = "7,
Let Hp(q) be the induced subgraph of G(gq) whose vertex set is Sk, the set of k-th
power residues of IF,. Therefore, #V (Hy(q)) = |Sk| = %. Now

ab € E(Hk(q)) <= xx(a) = xx(b) = xx(a — b) = 1.
So, for a € V(Hg(q)), using (3.1), we get that

k-1 k-1
k(@) = 5 Y Y)Y xbla b
bEF*\{a}s 0 t=0
=2 Z XSH I (X Xk)
5,t=0
1
= EJO(Qv k)
1
= 2Re(@) +¢=3k+1)  (by (3.3)).
This is independent of a so
1
#E(Hi(q)) = 5 - #V(Hk< )) - degyy, (g)(a)
q—
= ok3 JO(Qa )
qg-—1
=5 (Ri(q) +q—3k+1).

Let H}(q) be the induced subgraph of Hy(q) whose vertex set is the set of neighbors of
1 in Hy(g). Therefore

1 1
7v]]0(q7 k) )

2 5 (Re(q) +q = 3k + 1),

#V (Hj(q)) = degyr, (o) (1) =

and

ab € B(H;(q)) <= xx(a) = xx(b) = Xk(l —a) = xk(l = b) = xr(a—b) = 1.
Again using (3.1), and noting that xx(—1) = 1, we get that for a € V(H}(q)),
1 k— k—1
degpri(a) =75 D Z HY -0 Y e
beIF*\{l a} t1=0 ta=0 t3=0

Z D xRN =) x; M (a—b)

t1 t2,t3=0belF;\{1,a}

1 k—1 th th
=5 Z q2F1< ke fs a) ) (using (3.5)),
q

t1,t2,t3=0




10 MADELINE LOCUS DAWSEY, DERMOT McCARTHY

where we have used a change of variables to get the second line. Finally, we get that

#E(HN ) =5 0 desyy(@)

a€V (Hj (q))

k—1
1
SEE DY S BB -b)Ea—b)
a€lFq tl,tg,t3:0be]1i‘;\{17a}
Xk(a)=xxr(1—a)=1

k-1
1
=05 D Do O =0) i (a—b) xi (a) xi? (1 - a)
t1,t2,t3,t4,t5=0 a,beF; \ {1}
a#b

= 275 Z Z Xt1 t5 1];5 t3(1 )Xllfcz (b) XI;: tz(l _ b) X];tl (a _ b)
t1,t2,t3,t4,t5=0 a,b€EFq
k—1
_ S Xio X XR
N 2k5 7352 tyq ts

t1,t2,t3,t4,t5=0 Xk Xk

1>q, (using (3.6)).

So we have proved the following proposition.

Proposition 4.1. Let k > 2 be an integer. Let q be a prime power such that ¢ = 1
(mod k) if q is even, or, ¢ =1 (mod 2k) if q is odd. Let Hy(q) be the induced subgraph of
the generalized Paley graph G (q) whose vertex set is the set of k-th power residues of IF,.
Let H}(q) be the induced subgraph of Hy(q) whose vertex set is the set of neighbors of 1
in Hi(q). Then

(a) #V(Hi(q) =
(b) Fora € V(Hi(q)), degy, (o(a) = 72 Jo(q, k) = 5 (Rp(q) + g — 3k + 1);

(c) #E(Hi(q)) = 45 Jo(a. k) = L3 (Ri(q) + ¢ — 3k + 1);

(d) #V(HL(q) = 7z Jo(a, k) = 7z(Re(q) + ¢ — 3k + 1);

to

X X
(e) ForaeV(HL(q), deg( (@ (a Z Q2F1< g fs
t17t2,t3 0 Xk

a) ; and
q
1) .

q

Next we relate the number of complete subgraphs of a certain order of G(q) to those
of Hy(q) and H}(q).

) 1 — Xi R xR
(f) #E(Hp(2) =55 Y B

tq ts
t1,t2,t3,t4,t5=0 X Xk

Lemma 4.2. Let k,q,Gy(q), Hi(q) and H}(q) be defined as in Proposition 4.1. Then, for
n a positive integer,

(8) Kni1(Ci(a) = 35 Kn(Hilq); and



GENERALIZED PALEY GRAPHS 11

(b) Kns1(Hi(0) = gl Kn(Hi(a))-
So forn > 2

q(¢ —1) 1
n = ——Kn1(H .
(€) Knt1(Gr(q)) Fn(n T 1)/C 1(Hy(9))
Proof. Let a complete subgraph of order m be represented by the m-tuple of its vertices.
(a) Let Sg,q be the set of complete subgraphs of G (¢) of order n+1 containing the vertex

a. Let Sy be the set of complete subgraphs of Hy(q) of order n. Now
(0,a1,a2,--- ,an) € Sgo <= xk(a;) = xx(a; —a;) =1foralll1 <i<j<n
<~ (al,a2,~- ,an) € Sy
So [Sco| = [SH|. For a € V(Gk(q)), the map f,(A) = A+ a is an automorphism of G(q),
50 |Sg.al = [Sao| = |Su| for all a € V(G (q)). Then
ContGr@) = —= Y [Seal= —LoiSul,

1
"t e G

as required.

(b) Let Sg 4 be the set of complete subgraphs of Hy(q) of order n+1 containing the vertex

a. Let Sg1 be the set of complete subgraphs of H](q) of order n. Now

(L,a1,a2, -+ ,an) € Spy <= xx(ai) = xx(ai —1) = xp(a; —a;) =1forall 1 <i<j<n
< (a1,a2, -+ ,an) € S

So |Su1| = |Sy1|. For a € V(Hg(q)), the map f,(\) = aX is an automorphism of Hy(q),
50 |Sta| = |Su1| = |Sy1| for all a € V(Hg(q)). Then

1 4V (Hy(q
Ko (@) = —— 3 [Spal = 2L D) g
L eV E ) ntl
a k\q

as required.
(c) Follows immediately from combining (a) and (b). O
Taking n = 3 in Lemma 4.2 (c) yields Corollary 4.3.

Corollary 4.3. Let k > 2 be an integer. Let q be a prime power such that ¢ =1 (mod k)
if q is even, or, ¢ =1 (mod 2k) if q is odd. Then

Ka(@rta)) = YD iaia))

Combining Corollary 4.3 and Proposition 4.1 (f) proves Theorem 2.1.
Taking n = 2 in Lemma 4.2 (a) yields Corollary 4.4.

Corollary 4.4. Let k > 2 be an integer. Let q be a prime power such that ¢ =1 (mod k)
if q is even, or, ¢ =1 (mod 2k) if q is odd. Then

Ka(Gi(a) = g#E(Hi(a)).

Combining Corollary 4.4 and Proposition 4.1 (c¢) proves Theorem 2.9.



12 MADELINE LOCUS DAWSEY, DERMOT McCARTHY

5. PROOF OF THEOREM 2.2
We start with Theorem 2.1 and consider
7 Z 3y (7] )5 (5.1)
{E(Zk)F)

Many of the summands in (5.1) can be simplified using the reduction formulae (3.7)-
(3.12) described in Section 3.2. There are ten distinct cases which we will deal with in
turn. Case 1 (t; = 0): We start with the terms which have t; = 0. These terms can be

reduced using (3.7) as follows.
)
q

k—1 t t
2 F g, X]fa st
q Z 342 tq ts

t2,t3,t4,t5=0 Xk Xk
k—1 to—t t3—t
_ 9 I Xe hoxg t 1 X2\ (xE
=4 Z _62 1 ts—t4 n ts
to,t3,ta,t5=0 Xk q Xk Xk
k—1 XtQ tq th tq
k ’ k — —tr
= ) —q2F1< - 1) +J0G2 X)) TOG8 XE™)
to,t3,ta,t5=0 Xk q
k—1 to t3
X X
=—¢ > 2F1< o 1) + Jo(q, k)’
to,t3,tq,t5=0 Xk q

k-1 X
—ak Y ((25)dele? (using (3.10)

t2,t3,t5=0 k

==k > JOE X)) +To(g, k)

t2,t3,t5=0

=k Z J(XEx2) + Jolg, k)

t2,t3,t5=0

== JO(qa k)2 - k2 JO(qv k)v

where we have used the fact that yx(—1) = 1 in many of the steps.
Case 2 (t2 = 0): Next we reduce the terms which have to = 0 using (3.8), excluding the
t; = 0 terms which have already been accounted for.

k-1

t1 t3

2 Xk i €, Xk

q Z 312 ty s 1

t1,t3,t4,t5=0 X Xk q
t17#0
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k—1 t1—t ta—t t

) X? Xkl 4’ Xk:s 4 1 ng
=q Z o F1 P O

t1 ts—ta q ts

t1,t3,t4,t5=0 Xk Xk q Xk

t17#0

k—1
= Y O IR TN =06 aER)] (using (3.14))

t1,t3,t4,t5=0
t17#0

k—1 k—1

= > JOGLXEY) DD JOETXRT) = k(k — 1) Jol(g, k)
t1,t4a=0 t3,t5=0
t17#0

k—1 k—1
= > JNGLXEY) D TG XE) = k(k = 1) Jo(g, k)

t1,t4=0 t3,t5=0
t17#0
k-1
=Jo(q,k)* = Jo(q, k) Y J(Xh-e) — k(k — 1) Jo(q, k)
t=0
= Jo(q, k‘)2 — ((k - 1)2 +q—2)Jo(q, k) (using Prop 3.1). (5.2)

Case 3 (t3 = 0): Next we reduce the terms which have ¢t3 = 0 using (3.8) and (3.13),
excluding the t1,t2 = 0 terms which have already been accounted for.

k—1 t1 to
Xk X €
¢ Y 3F2< o 1)
q

ta ts
t1,t2,t4,t5=0 Xk Xk
t1,t27#0
k—1 t t
2 Xkla €, Xk2
—4q Z sF? b5 ot |1
t1,t2,ts,t5=0 Xk Xk q
t1,t27#0
k—1 t t k—1 t1
9 Xp> & Xp 9 Xp> & €
=4 Z sF? 5 oot | 1) T4 Z 3F? ts ot | L
t1,t2,t4,t5=0 X Xk q t1,t4,t5=0 Xk Xk q
t1#0 1170

using the previous case (5.2). Now, using (3.8),

k—1 t
2 Xklv &, €
q Z 3b2 ts ty 1
t1,ta,t5=0 X» Xk q
t17#£0
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k—1 ts t1—t — ¢
_ 2 XEN p o Xk T XEC |y L(e
=q t1 241 ta—ts - tg
X g 1 \Xg
k—1

t1dats=0 L Xk k
t1
= Z [J(Xzsaﬁtl) J (X&' 7X1;;1 by J(s,ﬂt“)] (using (3.14))
t1,t4,t5=0
t17#0

= Y IO I xg) —k(k—1)(@—k—1)  (using Prop 3.1)
t1,t4,t5=0
t1#£0

_JJO Q7 Z Jka ths,X?)*k(k*l)(q*k*l)

ta,t5=0

= JJo(q, k) + Z TR XM — (g —2)(g—k—1) —k(k—1)(g—k — 1)
t4t,5t;5£00
= JJo(q, k) + Jo(q, k) — (g —k = 1) (g + k> —k —1). (5.4)

So, combining (5.3) and (5.4) we get

k—1 t t
9 X Xis €
D Y 2 th s
t1,t2,ta,t5=0 Xk Xk q
tl,tQ?éO

=Jo(g, k)> = (k = 1)* + ¢ — 1) Jo(q, k) = Ido(a, k) + (g — k = D) (g + k* =k = 1).

We proceed in this fashion until we have evaluated all terms in (5.1) that can be reduced
using (3.7)-(3.12). Like the first three cases, which we have described above, these evalu-
ations are straightforward and use only basic properties of hypergeometric functions and
Jacobi sums from Sections 3.1 and 3.2. However, the evaluations do become more tedious
as we proceed, as we have to exclude successively more cases which have already been ac-
counted for, so we omit the details for reasons of brevity. The remaining cases summarize
as follows.

Case 4 (t1 = t4):

k—1 t t t:
2 Xkl’ X/fa X}g3
q Z 3F2 t1 ts 1
t1,to,t3,t5=0 Xi o Xg q
t1,t2,t37#0

=Jo(q, k)? — (2¢+ (k — 1) —4k) Jo(q, k) + (g — k — 1)(¢ — 3k + 1).
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k—1 t1 to 3
X Xgr» X
q2 Z 3Fy < k> k k

1>q

= Jo(q,k)*> — (2¢ + k* — 6k +4) Jo(q. k) — IJo(q, k) + 2¢* + (k* — 8k +2)q — k* + 5k* — 2.

ta t1
t1,t2,t3,t4=0 Xk Xk
t1,t2,t37#0
L1ty

k—1 t t i3

2 X];) X]fa X};
q Z 36 to 5]
t1,t2,t3,t5=0 Xgo Xk

1>
q
t1,t2,t370
t1#ta,ts

= Jo(q, k)*—(q+k*—6k+7) Jo(q, k) —2 IJo(q, k) +2¢°+(2k* — 10k +4) g— 2k +-8k* — 4k —2.

Case 7 (t3 = t5):

k—1 t t t:
2 Xk;l ) Xk2 ) X}g5
q Z b 121 %]
t1,t2,t3,t4=0 Xk Xk
t1,t2,t37#0
t17#t3,ta

)
q
toFta

= Jo(q, k)*—(2¢+k*—8k+10) Jo(q, k) —2 JTo(q, k) +3¢°+(2k* —15k+8) g—2k> +14k*—15k+1.

Case 8 (t2 = t5):

k—1 t1 t2 3

2 Xk; ) Xk ) Xk;

q Z 3F2 121 l2

t1,t2,t3,t4=0 Xk‘ ’ Xk
t1,t2,t37#0

1>
q
t1#t2,tg
toFts,te

= Jo(q, k)*—(2¢+k*—8k+12) Jo(q, k) —3 JTo(q, k) +4¢*+(3k*—20k+10)g—3k> +19k* —20k+2.

t t t:
2 Xkl ) Xk2 ) Xk;3
q Z 3% t3 ts
t1,t2,t3,t5=0 Xgo Xg
t1,t2,t370
t1,taF#tsts
t3#ts

1>q

= Jo(q, k)*—(2¢+k*—10k+18) Jo(q, k)—3 IJo(q, k)+4q*+(3k* —22k+16)q—3k>+25k* —40k+8.
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Case 10 (tl +to+13 =14+ t5)2

k—1 t1 to t3

2 P Xk X Xk 1

q § : 3472 tg t1+to+t3—t4
t1,t2,t3,t4=0 Xk Xk q

t1,t2,t370
taFtyta,ts
taFti+to,t1+t3,ta+t3

= Jo(q, k)*—(2q+k*—12k+24) Jo(q, k)—3 IJo(q, k) +4¢*+(3k* —24k+22)q—3k>+-31k* —60k+14.
The total of these ten reducible cases is

¢ Y s (] 1), = 10J0(q, k)* = 5(3g + 2k* — 12k + 15) Jo(q, k) — 151J0(q k)
te(Z)°\ Xy,
+ 21¢% 4 5(3k* — 21k 4 12)q — 15k% + 105k — 135k + 21.

Applying (3.3) and (3.4) yields

¢ Y 3R (T 1), = 10Rk(q)* + 5Rp(q) (¢ — 2k + 1) — 15Sy(q)
te(Zi)*\ X
+¢* — 5 (2k* — 3k + 2) ¢ + 15k — 10k + 1.

which completes the proof of Theorem 2.2.

6. ORBITS OF X; AND PROOFS OF COROLLARIES 2.3, 2.5, 2.7 AND 2.10-2.12

Now that we have established Theorem 2.2 we want to evaluate K4(Gx(q)) for specific
k. A major part of this is evaluating the hypergeometric terms in

Y s (7)), (6.1)

{ka

where Xy, := {(t1,t2,t3,%4,15) € (Zk)s | t1,ta,t3 # 0,t4,t5; t1 +ta+t3 # t4 +t5}. We first
note that

k—1 k—1
Xl = > > 1= (k—1)(k* — 9k + 36k% — 69k + 51). (6.2)
t1,t2,t3=1 tq,t5=0
ta,ts7t1,t2,t3
ty+tsF£t1+ta+13

Evaluating the sum in (6.2) is quite a straightforward counting exercise although it does
take some effort to unwind all the conditions. Table 1 below gives the values of |X}| for
small k. As you can see, even for small k, there are too many terms in (6.1) to yield
a compact formula for K4(Gg(q)), if we have to evaluate them all individually. Luckily,
many of the hypergeometric function summands in (6.1) are equal via the transformation
formulae (3.15)-(3.21).
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k|| Xk
211
3112
4193
5

6

1

424
1425

. Order of X,

To each of the transformations (3.15)-(3.21) we can associate a map on Xj. For example,

applying (3.15) we get that
" X g X o X2 T .
312 ta ts = 342 —ty ts—ts )
Xg o> Xk q Xg o Xk q
This induces a map 717 : X — Xj given by
Ty(t1,t2,13,t4,t5) = (to — tg,t1 — ta, 3 — tg, —ty, t5 — tg),

where the addition in each component takes place in Zs. Similarly, to the transformations
(3.16)-(3.21) we can associate the maps

To(t1,to, t3,ta, t5) = (t1,t1 — ta, t1 — t5, 81 — L2, t1 — t3);

(tl,tz,tg,t4,t5) (t2 —tg,t2,t2 — 5,19 — 11,12 —tg);
T4(t t2,t3,t4,t5) (t to,ts — 13,11 + to —t4,t5);
T5(t,t2,t3,ta,ts5) = (t1,ta — t2,t3,t4,t1 +t3 — t5);
TG(t to, t3, t4,t5) (t4 —1{1,02,t3,84,82 + 13 — t5) and

T7(t1) t27 t3a t4) t5) = (t4 - tl) 4 — t27 t37 t4a t4 + t5 - tl - t2)
respectively. We form the group generated by 11,75, - -- ,T%7, with operation composition
of functions, and call it Ty. We find that
Ty = (11, T2, T3, Ta, T5, Ts, Tr)
={To,T;,Tj o Ty, Tyo Ty, Ts 0 T3, T5 0 13, T1 0 Ty 0 T1|1 <i < 7,1 < j < 3,4 <L < T},
where Tp is the identity map, is a group of order 24 isomorphic to the permutation group
S4. Ty acts on Xj. Furthermore, the value of 3Fb (t ‘ 1)q . is constant for all ¢ in each

orbit. Therefore, we can reduce the evaluation of (6.1) to orbit representatives.
We can calculate explicitly the number of orbits for a given k, Ni. For T € Ty, let
Xr:={te€ Xy |T(t)=t}. Then, by Burnside’s theorem, the number of orbits is given

by
1
=21 > Xl
TET

We can evaluate each |X7| directly. For example,

Ty (t1,t2,t3,ta, t5) = (t1,t2,t3,t4,t5) <= t1 =t2,t4 =0,
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SO

Xy, ={te€ Xy | t1 =ta,t4 =0}
Then

k—1 k—1
|XT1| = Z Z 1

t1,t3=1 t5=0

ts#t1,t3,2t1+13
k—1 k—1 -1 —1
= > ) 1- 1 — 1
t1,t3=1 t5=0 t1,t3=1 t1,t3=1
t5#£2t1+t3 t1£—ts t3F#t)

210
_(k_l)s_(k_l)(k_z)_(k_Q){(k—l) if k odd,

(k—2) if k even,

K =5k + 9k -5 if k odd,
k3 — 5k +10k — 7 if k even.

The other cases are similar. In summary

B3 —5k2+ 9k —5 if k odd,

X :X = X o =
Xn| = |Xn| = [Xnor| {k3—5k2+10k—7 if k& even,

|XT2| = |XT3‘ = |XT4| = |XT5| = ’XT6| = |XT10T40T1|

(k= 1)(k—-3)? if k odd,
) (k—=1)(k—3)2+6(k—2) if k even,

| X7yomy| = |XT1OT5‘ = ’XTIOTG‘ = ’XT2OT7| = ‘XT30T7| = [X7yom |
0 if £ odd,
=< (k—-1) if k=2 (mod 4),
(k—3) if k=0 (mod 4),

| X1pors| = [ X101 = [ XTy015] = [ X101y | = | XT5015| = | XT3075 | = [ X350 ] = | XT35073

{k—l if 31k,

3(k—3) if 3|k,
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and, of course, |X7,| = |Xi| = (k — 1)(k* — 9k + 36k% — 69k + 51). So, the number of
orbits, by Burnside’s theorem, is

r (

0 if k=1,5,7,11 (mod 12), |
16k — 64  if k=3,9 (mod 12),
45k — 84 if k= 2,10 (mod 12)
Np = — | k® — 10k* 4+ 54k3 — 162k + 245k — 128 + ’ ’
Y 45k — 96 if k = 4,8 (mod 12),
61k — 148 if k=6 (mod 12),
61k — 160 if k=0 (mod 12).

Table 2 below gives the number of orbits for small k. So, for small k, the number of

k|| Xg| | Nk
211 1
3112 1
4193 11
51424 |28
6 | 1425 | 92
TABLE 2. Number of Orbits

hypergeometric terms that need evaluating has been reduced to more manageable levels.
We also note that, and we will see some evidence of this later in the proof of Corollary
2.7, there are other transformations which can be applied on an ad-hoc basis to reduce
these numbers even further. We now prove Corollaries 2.3, 2.5 and 2.7.

Proof of Corollary 2.3. We apply Theorem 2.2 with k& = 2. Now Ra(q) = Sa2(q) =
as there are no indices that satisfy the conditions of the sum in each case. Also, ¢
(1,1,1,0,0) is the only element of Xs. Therefore

-1
K4(Ga(q)) = ‘1<2qg3) [q2 —20q + 81 + q23F2( ¥ ‘5’ f ‘ 1) ] . (6.3)
’ q

Combining [11, Thm 4.37] and Proposition 3.2 we get that
q23F2( w, @, ) 1> _ 7 [<X4> <><4> N <><4> (mﬂ
& ¢ q /) \X4 v/ \X4
= '](X4a X4)2 + J(ﬂv ﬂ)2,
where x4 is a character of order four of F;. So, by Lemma 3.5(2),

q23FQ< A ‘ 1) — 922 — 2y% — 4g? — 2g = 2 — 4y, (6.4)
’ q

which is generalization of [24, Thm 4] to prime powers. Substituting (6.4) into (6.3) yields
the result. O
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Proof of Corollary 2.5. We apply Theorem 2.2 with k = 3. Note S3(q) = 0 as there are no
indices that satisfy the conditions of the sum. Also, X3 contains only one orbit of order
12 with representative t = (1,1,2,0,0). Therefore

Ka(C(q)) = 14— 1

5537 | 1ORs(9)* +5 (¢~ 17) Rs(q) +¢°

—55q+316+12q23F2< o X ? ‘ 1> ] (6.5)
’ q

Now Rs(q) = J(x3,x3) + J(X3,X3) = ¢ by Lemma 3.4. Substituting into (6.5) yields the
result. O

Proof of Corollary 2.7. Using Proposition 3.2 and Lemma 3.5(1) we get that

Ry(g) = 3(J (x4, xa) + J (X1, X1)) = —6. (6.6)

Using Propositions 3.2 & 3.3 and Lemma 3.5(2) we have
Sa(q) = 4q + J(xa, x4)* + J (X1, xa)* = 42 + 2. (6.7)
X, contains eleven orbits with representatives (1,1,1,0,0)°, (3,3,3,0,0)%, (1,3,3,2,0)*,

(3,1,1,2,0)%,(2,1,3,0,0)*%,(1,3,2,0,0)% (2,3,1,0,0)*%,(1,2,2,0,0)*!, (2,2,1,0,0)°, (1,1,3,0,0) "2,
and (2,2,2,0,0)!, where the superscripts represent the order of the orbit. Some of the
corresponding hypergeometric functions are equal and some can be reduced. In particular,

by definition,

Yy X4, X4 _ X4, X4, @ _ Y, X4, X4
3F2< e e ‘1>q—3F2< c 5‘1)(1—3FQ< P )1>qa (6.8)

_ Y P X4
1>q = 3F2< A ‘ 1>q. (6.9)
By [11, Thm 4.37], Proposition 3.2 and Lemma 3.6

2 X4, X4, X4 2 ﬁ> ﬂv ﬂ
(13F2< e e ‘1>q+q 3F2< e e ‘1>q
o X8\ (xs X2\ (X3 X5\ (x4 X2\ (@
=4 2 3] T2 7))t e 51T\ 6
X3 X8 X8 X8 X8 X8 X8 X8
= xs(—1) [J(xs, x8)J (X8, X3) + J (X2, x3)J (x5, X3)
+J(x& x8)J (& x8) + J (0 x8)J (x& x8)]
= 2xs(—1) Re [J(xs, x3)J (xs, X3) + J (X2, X2)J (x&, x8)]

=4 xs(—1) Re(J(xs, xs)) Re(J(xs, X%))
= —duz. (6.10)

and

X4, ¥, ¥,
3F2< g, g

Similarly

q23F2< X4, X4, X4 ‘ 1) +q23F2< X4, X4, X4 ’ 1) — —4ur. (611)
0, e 1), v, e 1),
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By [11, Thm 4.38(ii)], Proposition 3.2 and Lemma 3.6

— 5 5
) ) 8 8
e 7 ) =2 [0 G+ () )
& € q X8/ \Xg Xs/ \X8

= J(xs: x8)? + T (x3, x5)*
= (u+ V=2 + (u— vv-2)?

= 4u® — 2¢. (6.12)
Taking k = 4 in Theorem 2.2 and accounting for (6.4), (6.6)-(6.12) yields the result. O
We now also have all the ingredients to prove Corollaries 2.10-2.12.

Proof of Corollaries 2.10-2.12. We've seen above that Ra(g) = 0, R3(q) = ¢ and Ry(q)
—6x. Taking k = 2,3,4 in Theorem 2.9 yields the results.

ol

7. LOWER BOUNDS FOR THE MULTICOLOR RAMSEY NUMBERS

Let k > 2 and ni,ne,--- ,n; be positive integers. Let K; denote the complete graph
of order I. The multicolor Ramsey number R(ni,ng,---,ng) is the smallest integer [
satisfying the property that, if the edges of K; are colored in k colors, then for some
1 <4 <k, K; contains a complete subgraph K, in color i. If ny = ng = --- = ny, then we
use the abbreviated Ry (n1) to denote the multicolor Ramsey number.

Recall the generalized Paley graph of order ¢, Gi(g), for ¢ a prime power such that ¢ = 1
(mod k) if ¢ is even, or, ¢ = 1 (mod 2k) if ¢ is odd. Sy, is the subgroup of the multiplicative

group Fy of order qgl containing the k-th power residues, i.e., if w is a primitive element

of Fy, then Sy = (w). Then G(q) is the graph with vertex set F, where ab is an edge if
and only if a — b € Sj.

We now define subsets of Fy, Si; = WSy, for 0 < i < k — 1, and the related graphs
G,i(q) with vertex set F, where ab is an edge if and only if a — b € Si;. Each Gy ;(q) is
isomorphic to Gy 0(q) = Gi(q), the generalized Paley graph, via the map f : V(Gg(q)) —
V(Gr.i(q)) given by f(a) = w'a. Now consider the complete graph K, whose vertex set
is taken to be F, and whose edges are colored in £ colors according to ab has color i if
a—b € Sj;. Note that the color ¢ subgraph of K, is Gj ;(¢). Thus, this K, has a subgraph
K; in a single color if and only if the generalized Paley graph contains a subgraph K;.
Therefore, if K;(Gk(q1)) = 0 for some qi, then ¢; < Ry(1).

We start with the [ = 4 case. For a given k, we search for the greatest ¢ such that
K4(Gk(q)) = 0, thus establishing that ¢ < Rg(4). When k = 3 we search all ¢ < 230,
which is a known upper bound for R3(4) [28], and use Corollary 2.5 to confirm the value
of K4(Gk(q)). When ¢ = 127, ¢ = —20 and

& ¢ 127

Thus K4(G3(127)) = 0 and so 128 < R(4,4,4), which proves Corollary 2.6. When k = 4
we search all ¢ < 6306, which is a known upper bound for Ry(4) [28]. We apply Corollary
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2.7 with ¢ = 457. In this case x = 21, u = —13,

3F2< X4 X:’ X4 1) —290,  and 3F2< ¥ f’ X4 1) — —590.
) 457 ’ 457

Thus K4(G4(457)) = 0 and so 458 < R(4,4,4,4), which proves Corollary 2.8. Similar
searches for k = 5,6, using Theorem 2.2, yield 942 < R5(4) and 3458 < Rg(4) which fall
well short of known bounds [28, 29].

When [ = 3, Corollary 2.13 follows easily from Corollaries 2.10-2.12. We can use Theo-
rem 2.9 with £ = 5,6 to get 102 < R5(3) and 278 < R4(3), which again fall well short of
known bounds. In fact it is known that 162 < R5(3) < 307 and 538 < Rg(3) < 1838 [29].

8. CONNECTIONS TO MODULAR FORMS

When ¢ = p is prime, many of the quantities in Corollaries 2.3, 2.5 and 2.7 can be
related to the p-th Fourier coefficients of certain modular forms. Let z,y,c,d,u,v be as
defined in those corollaries.

Consider the unique newform f € S3(T'9(16), (=2)), which has complex multiplication
(CM) by Q(i), where

Mg

flz) =

s .
H 1—q¢'™ q = ¥,

n
Then [21, 23, 30], for p = 1 (mod 4), a(p) = 22> —2y? = 2p —4y?, and Corollary 2.3 yields
(

I
—

Corollary 8.1. Let p=1 (mod 4) be prime. Then

plp—1)((p—9)* - 2p+a(p))
293 '

Consider the unique newform ¢; € S3(I'0(27)), which has CM by Q(v/—3), where

=Y Bi(n)g —QH 1— ™)1 - ¢"™)2

Then [18], for p = 1 (mod 6), f1(p) = —c. Also consider the non-CM newform gy €
S3(To(27), (=2)) where

Ki(G(p)) =

o
z) = Zﬁg(n)q" = q+3iq¢* — 5¢* — 3i¢° + 5¢" — 3ig® + - --

Then numerical evidence [17] suggests that, for p = 1 (mod 6),
X3 ?
p23F2< X3, X3, X3 ‘1) 2 8y().
P

e, €

If so, then Corollary 2.5 yields, for p = 1 (mod 6),

K4(Gs3(p)) L pé};—;) [p2 — 5p(B1(p) + 11) + 10 B1(p)? + 85 B1(p) + 316 + 12 Ba(p) | -
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In the k = 4 case, we consider the following newforms:
2= nm)g" =g [T —¢") (1= ¢*")*(1 - ¢'%") 7% € S(T(64));
n=1 m=1
= Z'yg(n)q” = q+2i¢> — ¢" — 6ig"" — 6¢'7 + 2iq"? +5¢7° - - € S5(T'o(64), ¥1);
2) =Y (n)g" H (1=¢™?(1 = ¢*™)(1 = ¢"™)(1 = ¢*™)? € S3(To(8), (2)); and
n=1 m=1

oo
2) = yn)g" = q+4i¢® + 2¢° — 8iq" — 7¢° — 4ig" — 14¢" + - € S3(T(32), (=2)),

where ¥; is the Dirichlet character modulo 64 sending generators (63,5) — (1,—1), hy
has CM by Q(i), and, he and hz have CM by Q(v/—2).
When p = 1 (mod 4), v1(p) = 2z [18, 30]. When p = 1 (mod 8), v3(p) = 2u? — 40% =

4u® — 2p [9]. Further, numerical evidence [17] suggests that ~2(p) z —2u, when p = 1
(mod 8). It should be a relatively straightforward exercise to establish this relation using
Hecke characters and a similar construction to that in [9]. If p =1 (mod 4), then [20]

p23F2( X @ ‘1> = 7(p)-
e, €
P
If we let

4, X4 Xa
p23F2<X Xe X4 ‘1> = 75(p),

then it looks like 75(p) is a twist of the p-th Fourier coefficient of a newform hs(z) €
S3(T(128), Uy), where Wy is the Dirichlet character modulo 128 sending generators (127,5) —
(=1,—1). So, when p =1 (mod 8), we would expect

Ku(@ulp) 2 220, [ﬁ ~ p(157(p) +142) + 76 71(p)* + 4657 (p) + 801

+ 1071(p)y2(p) + 3073(p) + 3074(p) + 1275(p) | -

In general, establishing relations between finite field hypergeometric functions and co-
efficients of non-CM modular forms is not a straightforward exercise. The main method
used in the known cases is to apply the Eichler-Selberg trace formula for Hecke operators
to isolate the Fourier coefficients of the form, and then connect these traces to hyperge-
ometric values by counting isomorphism classes of elliptic curves with prescribed torsion
(see for example [1, 2, 6, 8, 15, 20]). This is a long and tedious process and, to date, has
been carried out on an ad-hoc basis in each case to accommodate the specifics of each
form. Relations with CM modular forms, however, are generally much easier to establish.
These usually reduce to evaluating Jacobi sums, as we have seen above (see also [22]).
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We can also express Corollaries 2.11 and 2.12, when ¢ is prime, in terms of coefficients
of modular forms using the connections outlined above.

Corollary 8.2. Let p=1 (mod 6) be prime. Then

_alg—=1)(g—Pi(p) —8)
2.31 '

Ks3(Gs(q))

Corollary 8.3. Let p=1 (mod 8) be prime. Then

[1]

2]

18]
[19]

[20]

_alg—=1(g—=3n(p) —11)

Ks3(Ga(q)) 7.3
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