EXTENDING GAUSSIAN HYPERGEOMETRIC
SERIES TO THE p-ADIC SETTING

DERMOT McCARTHY

ABSTRACT. We define a function which extends Gaussian hypergeometric series to the p-adic set-
ting. This new function allows results involving Gaussian hypergeometric series to be extended to a
wider class of primes. We demonstrate this by providing various congruences between the function
and truncated classical hypergeometric series. These congruences provide a framework for proving
the supercongruence conjectures of Rodriguez-Villegas.

1. INTRODUCTION

In [8], Greene introduced hypergeometric series over finite fields or Gaussian hypergeometric
series. Let IF, denote the finite field with p, a prime, elements. We extend the domain of all
multiplicative characters x of I, to I}, by defining x(0) := 0 (including the trivial character ) and

denote B as the inverse of B. For characters A and B of [y, define

(g) =B S 4B - 0.

p z€F,

For characters Ao, A1,..., Ay and By, ..., B, of F) and = € F),, define the Gaussian hypergeometric

r) .« — 1 (‘ 1[)X> (111X> e < 7LX> X( )

r < Ao, A1, ..., A
ntln Bi, ..., B,
where the sum is over all multiplicative characters x of F.

These series are analogous to classical hypergeometric series and have been used in character sum
evaluations [12], finite field versions of the Lagrange inversion formula [9], the representation theory
of SL(2,R) [10], formula for traces of Hecke operators [6, 7], formulas for Ramanujan’s 7-function
[6, 22], and evaluating the number of points over [, of certain algebraic varieties [2, 6, 24].

They have also played an important role in the proof of many supercongruences [1, 2, 13, 15, 16,
17, 21]. The main approach was originally established by Ahlgren and Ono in proving the Apéry
number supercongruence [2]. For n > 0, let A(n) be the the numbers defined by

=3 () ()

J=0

These numbers were used by Apéry in his proof of the irrationality of ((3) [3, 26] and are commonly
known as the Apéry numbers. If we define integers (n) by

o0 o0

S Am)g = a [0 =21 — g™,

n=1 n=1
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then Beukers conjectured [4] that for p > 3 a prime,

A (%) = y(p) (mod p?). (1.1)
For a complex number a and a non-negative integer n let (a),, denote the rising factorial defined
by
(a)g:=1 and (a),:=ala+1)(a+2)---(a+n—1)forn>0. (1.2)
Then, for complex numbers a;, b; and z, with none of the b; being negative integers or zero, we
define the truncated generalized hypergeometric series

ay, a2, ag, ..., Qr

rFs
bla b2a cee bs

] 53 (“12n(a2>n<a3>n;~<ar>n o

If we first recognize that

1 1
p—1Y\ _ 2 2

1] (mod p?)
p—1

then we can summarize Ahlgren and Ono’s proof of (1.1) in the following two results.

Theorem 1.1 (Ahlgren and Ono [2]). Ifp is an odd prime and ¢ is the character of order 2 of F},

then
1] E—p34F3<¢’ ¢7 ¢a d)
p—1

g, & €

N[ =
= N

1
27
L,

[ T

1) —p (mod p?).

Theorem 1.2 (Ahlgren and Ono [2]). Ifp is an odd prime and ¢ is the character of order 2 of Fy,

then
—P34F3<¢’ o & ¢ 1> —p="(p)-
p

g, €& €
It is interesting to note the analogue between the parameters in the hypergeometric series in Theo-
rem 1.1. “One over two” has been replaced with a character of order 2 and “one over one” has been
replaced with a character of order one. This approach of using the Gaussian hypergeometric series
as an intermediate step has since become the template for proving these types of supercongruences
and the analogue between the parameters of the generalized and Gaussian hypergeometric series
has also been in evidence in these cases.

In [23] Rodriguez-Villegas examined the relationship between the number of points over F,, on
certain Calabi-Yau manifolds and truncated hypergeometric series which correspond to a particular
period of the manifold. In doing so, he identified numerically 22 possible supercongruences. 18 of
these relate truncated generalized hypergeometric series to the p-th Fourier coefficient of certain
modular forms via modulo p? and p3 congruences. Two of the 18 have been proven outright [1, 13]
with three more established for primes in a particular congruence class and up to sign otherwise
[17], all using Gaussian hypergeometric series as an intermediate step. (We note that the case
proved in [1] had previously been established in [25] by other means.) We now consider one of the
outstanding conjectures of Rodriguez-Villegas. Let

f(2) = fi(2) + 5f2(2) + 20f3(2) + 25 f4(2) + 25f5(2) = D _ c(n)q" (1.3)

n=1
where fi(z) := n°74(2) n*(52) n*~1(252), n(z) := qi [1,2,(1 —¢") is the Dedekind eta function and
q := €2™=. Then f is a cusp form of weight four on the congruence subgroup I'g(25) and we have

the following conjecture.
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Conjecture 1.3 (Rodriguez-Villegas [23]). If p # 5 is prime and ¢(p) is as defined in (1.3), then

) )

i
= Ul
— Ot
— s

4F3

1] =c¢(p) (mod p?). (1.4)
p—1

9 )

Using the approach of Ahlgren and Ono we would expect to be able to relate the truncated hyper-
geometric series on the left hand side of (1.4) to the Gaussian hypergeometric series

1>,
p

where x5 is a character of order 5 of F,. However this series is only defined for p = 1 (mod 5)
which would restrict any eventual results. A similar restriction was also encountered by the author
of [17]. This issue did not affect the authors of [1, 13] as all top line parameters in their cases
were characters of order 2 thus restricting the series to odd primes which was all that was required.
Many of the other applications of these series also encounter these restrictions. For example the
results in [6] are restricted to primes congruent to 1 modulo 12. We would like to develop some
generalization of Gaussian hypergeometric series which does not have such restrictions implicit in
its definition. We achieve this by reformulating the series as an expression in terms of the p-adic
gamma function which we can then extend in the p-adic setting.

F<X57 X2, X3, xh
4143
e, & €

2. STATEMENT OF RESULTS

The Gaussian hypergeometric series which occur in the applications of the series referenced in
Section 1 have all been of a certain form. All top line characters, A;, have been non-trivial, all
bottom line characters, B;, have been trivial and the argument x has equaled 1. The Gauss-
ian hypergeometric series analogous to the classical series in the supercongruence conjectures of
Rodriguez-Villegas would also be of this form.

Therefore, our starting point for extending Gaussian hypergeometric series is to examine series
of this type. In a similar manner to [16, 17|, using the relationship between Jacobi and Gauss
sums, and the Gross-Koblitz formula [11], we can express the series in terms of the p-adic gamma

function. For a positive integer n, let mi, ma, ..., mp41,d1,ds,...,dys+1 also be positive integers,
such that 0 < 73—: < 1for1 <i<n+1. Let p be a prime such that p = 1 (mod d;) for each i
p—1

and let p; be the character of order d; of F} given by w 4 , where w is the Teichmiiller character.
Without loss of generality we can assume 0 ST SPE << ZZ":E < 1. We define r; := 2= L for

brevity. Then we also define mg := —1, myu40 :=p — 2 and do = dp+2 := p — 1 so that moro =-1
and my,4orp42 = p — 2. If I'y(+) is the p-adic gamma function, then we have

m m Mp41
(_1)npnn+1Fn< ,011, p2€2, ey pn_gl 1) (2 1)
9 ) p
-1 & TR N e Fp(m*.i - %1) s Fp(diigml - %1)
=—— (—pk WD (—1)r 1) i P i P
p-1 kzo jng;ml ) 1l Lo (G Iy (2)

Let |z] denote the greatest integer less than or equal to x and let (z) be the fractional part of
x,i.e. x — |x]. We then define the following generalization.
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Definition 2.1. Let p be an odd prime and let n € ZT. For 1 <i <n+1, let %i € QN Z, such
that 0 < %% < 1. Then define

—9 )

-1 . . 5 | i

G (B2, T e S (1T () ) L ()b
T e p-lig g 11_11 ()

We first note that , 411G € Z,. We also note that the function is defined at all primes not dividing
the d;. Combining (2.1) and Definition 2.1, one can easily see that we recover the Gaussian
hypergeometric series via the following result.

Proposition 2.2. Letn € Z* and, for 1 <i<n-+1, let Y € Q such that 0 < 3t < 1. Letp=1
p=1

(mod d;), for each i, be prime and let p; be the character of order d; of Fy, given by w % . Then

mi m2 Mp+1
G mi1 ma Mp+1 — (_l)n pn F p]_ 3 /)2 5 ceey pn_:]_ 1
n+1 di’ da """ dptr P ntlin g, ey €
p -

Using this proposition, the ,,+1G function can be used in place of Greene’s function in most ap-
plications and should allow results to be extended to a wider class of primes in many cases. We
demonstrate this here by considering its relationship with the classical series.

One of the main results offering congruences between generalized and Gaussian hypergeometric
series has been Theorem 1 in [17]. This theorem relates the same Gaussian hypergeometric series as
appears on the right hand side of Proposition 2.2 to a truncated generalized hypergeometric series
via a modulo p? congruence. Therefore, applying Proposition 2.2 to Theorem 1 in [17] we get the
following result.

Theorem 2.3. Let n € ZT and, for 1 < i < n+1, let € Q such that 0 < G+ < 1. Let
—1

p=1 (mod d;), for each i, be prime and let p; be the character of order d; of F,, given by G If
S =yl T>n—1andé = | an [,(1— %) when S =n —1 and zero otherwise, then

mi o ma Mnt1
Myt 1 _ di? de2’ " dppa 2
n+1G(%,%,...,d::1) = i1Fy : 1 40ep (modp?).
p y s
p—1

The main results of this paper establish 4 families of congruences between the ,11G function
and truncated generalized hypergeometric series which extend Theorem 2.3 to primes in other
congruence classes, as follows.

Theorem 2.4. Let 2 < d € Z and let p be an odd prime such that p = +1 (mod d). Then
QG(é, 1- é) =90
P

Theorem 2.5. Let 2 < d € Z and let p be an odd prime such that p = £+1 (mod d). Then

1
d’

1] (mod p?).
p—1

1 1 1
7 @ l—a
L,

3G(%, L1- é) =3k
p 1

1] (mod p?).
p—1

Theorem 2.6. Let di,dy > 2 be integers and let p be an odd prime such that p = +1 (mod d;)
- ~ p=1||p=1
and p = 1 (mod dg). If s(p) := I‘p(d—ll)l"p(d1 1)I‘p( 1 )Fp(d“zbl) = (—1)L 4 J L 2 J, then

dy da
i - @ -3
4G<i,1*i,%a1*£>pE4F3 ST T +sp (mod p?).
) ) p—1
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Theorem 2.7. Let r,d € Z such that 2 < r < d—2 and ged(r,d) = 1. Let p be an odd prime such
thatp = =1 (mod d) orp = £r (mod d) withr? = £1 (mod d). Ifs(p) := Tp(3)Tp(5) (550 (L2),
then

+s(p)p  (mod p*).

p—1

Theorems 2.4 and 2.5 extend Theorem 2.3, when n = 1,2, to primes in an additional congruence
class. However, the price of this extension is a loss in some generality of the arguments of the
series. In the case n = 3, Theorems 2.6 and 2.7 not only extend Theorem 2.3 to primes in
additional congruence classes but also to a modulo p? relation, which is a significant development,
as we will see in the next paragraph. Again this extension is accompanied by a loss in generality
of the arguments of the series. One of the consequences of the methods contained in this paper
is that the sum of the arguments of ,,41G in any extension will equal ”TH This means that the
condition on S in Theorem 2.3 will only be satisfied if n < 3. Therefore, extension of Theorem 2.3
to primes beyond p = 1 (mod d;) when n > 3 is not possible using current methods. Numerical
testing would also suggest that such a general formula does not exist.

The truncated generalized hypergeometric series appearing in Theorems 2.4 to 2.7 include all 22
truncated hypergeometric series occurring in the supercongruence conjectures of Rodriguez-Villegas
[23]. Furthermore, in each of these cases, the congruences in Theorems 2.4 to 2.7 hold for all primes
required in the conjectures, due to the particular parameters involved. Thus, these congruences
provide a framework for proving all 22 cases. In fact, in [19] we use Theorem 2.7 with d = 5 to
prove Conjecture 1.3.

Using Proposition 2.2, it is easy to see the following corollaries of Theorems 2.4 to 2.7.

Corollary 2.8. Let 2 < d € Z and let p be a prime such that p=1 (mod d). If p is the character
of order d of ¥ given by w%, then

—P2F1<'0’ g‘1> =oF
p

Corollary 2.9. Let 2 < d € Z and let p be a prime such that p =1 (mod d). If ¢ is the character
of order 2 and p is the character of order d of ), given by w’%l, then

P23F2<1/}’ P Z‘1> =3k
P

€,

1 r

1 1 o d’ d’
4G<37§71_§71_3) :4F3 1
p )

1 1
@ 1—q

1] (mod p?).
p—1

1 1 1
3 @ 173
1, 1

1] (mod p?).
p—1

Corollary 2.10. Let 2 < dy,dy € Z and let p be a prime such that p = 1 (mod d;) and p =1
p—1

(mod dg). If s(p) := Fp(d%)l’p(db—:l)l’p(%)ljp(dgl) = (—1)L%J+{WJ and p; is the character of

p—1

order d; of F}, given by w % , then

1 11 1
_ _ 1 41 1 q_1
3 P1, P1, P2, P2 — dy’ di’  dy’ da 3
P 4F3< . 1) = 4F3 . . ) 1 +s(p)p (mod p°).
p ) ) p*l
Corollary 2.11. Let r,d € Z such that 2 < r < d — 2 and ged(r,d) = 1. Let p be a prime such
T d

that p=1 (mod d). If s(p) := Fp(é)l“p g) p(%)rp(%l) and p is the character of order d of F),
p—1
given by w % , then

3 py PP oo 1o 13 3
—p° 4F3 A 1| =4F; L1 O 1+s(p)10 (mod p°).
p p—




We note Corollaries 2.8 and 2.9 are special cases of Theorem 1 in [17]. However Corollaries 2.10
and 2.11 are new and are the first general modulo p? results in this area.

The remainder of the paper is organized as follows. In Section 3 we recall some properties of
the p-adic gamma function and its logarithmic derivatives and we also develop some preliminary
results for later use. Section 4 deals with the proofs of Theorems 2.4 to 2.7.

3. PRELIMINARIES

3.1. p-adic preliminaries. We first recall the p-adic gamma function. For further details, see
[14]. Let p be an odd prime. For n € Z" we define the p-adic gamma function as

Lp(n) == (=1)" H J
0<j<n
pli
and extend to all x € Zj, by setting I',(0) := 1 and

Ip(x) :== lim I'p(n)

n—x

for x # 0, where n runs through any sequence of positive integers p-adically approaching x. This
limit exists, is independent of how n approaches x, and determines a continuous function on 7Z,
with values in Z;. We now state some basic properties of the p-adic gamma function.

Proposition 3.1 ([14] Chapter I1.6). Let z,y € Z, and n € Z*. Then

—zp(x) ifx e Z;
Hr 1) = v P
(1) Tylz +1) {—Fp(ac) otherwise.
(2) Tp(2)p(1 — 2) = (=1)™, where z9 € {1,2,...,p} satisfies o = x (mod p).

(3) If x =y (mod p"), then I'p(z) =Tp(y) (mod p™).

We also consider the logarithmic derivatives of I',,. For x € Zj,, define

Gi(x) = ll:zgg and Ga(x) = iigi;

These also satisfy some basic properties which we state below. Some of these results can be found
in [2], [5] and [13]. If not, we include a short proof.

Proposition 3.2. Let x € Z,,. Then

1/x if v € 7y,
0 otherwise.

(1) Gi(z+1) = Gi(z) = {
1/ if v € Zy,
0 otherwise.

(2) Gi(w+1)2 — Gale + 1) — G (x)? + Gala) = {

(3) Gl(a:) = Gl(l — .CL‘)
(4) Gl(l‘)Q — Gg(l‘) = —Gl(l — 17)2 + Gg(l — :E)

Proof. (1) and (3) are obtained from differentiating the results in Proposition 3.1 (1) and (2)
respectively, while (2) and (4) follow from differentiating (1) and (3). O

We also have some congruence properties of the p-adic gamma function and its logarithmic deriva-
tives as follows.
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Proposition 3.3. Let p > 7 be a prime, x € Z,, and z € pZ,. Then

(1) Gl(.%'), GQ(Z’) € Zp.

(2) Tp(x+2) =Tp(x) (1 + 2G1(x) + %GQ(I‘)) (mod p?).

(3) I(z + 2) =Tl (x) + 2l (x) (mod p?).

Proof. See [13] Proposition 2.3. O

Corollary 3.4. Let p > 7 be a prime, v € Zy, and z € pZy,. Then
(1) T)(x + 2) =T (x) (mod p).
(2) Ty(z 4 2) =Ty (x) (mod p).
(3) Gi(z + z) = G1(x) (mod p).
(4) Go(x + z) = Ga(x) (mod p).

Proof. By definition, I'y(x) € Z;. Thus, by Proposition 3.3 (1) and the definitions of G(z) and
Ga(), we see that T',(z) and T'j(z) € Zp. Observe that (1) then follows from Proposition 3.3 (3).

For (2), one uses similar methods to Proposition 2.3 in [13]. Finally, (3) and (4) follow from (1)
and (2) and the definitions of G1(z) and Ga(z). O

Corollary 3.5. Let p > 7 be a prime, x € Zy, and z € pZy,. Then

Gi(z) = Gi(z +2) + 2z (Gi(z + 2)% — Gy(z + z)) (mod ).
Proof. By Proposition 3.3, we see that
L(z)  Th(x+2) — 2 (x)
Fp(x) - Tplx+2) — 2T, (z)

Gi(x) = (mod p?).

Multiplying the numerator and denominator by I'y(x + 2) + 2T, (z) we get that
I (x4 2)p(z + 2) + 2 (T (2)0)(z + 2) — Tp(x + 2)0) (x))

Gi(z) =

Lp(z +2)?
_ F;)(l‘ +2)0p(x +2) + 2 (F;,(:c + z)F;(x +z) —Tp(z+ z)Fg(x + Z))
- NERSE

=Gi(z+2)+2(Gi(z+2)* = Ga(z +2))  (mod p?).

We now introduce some notation for a p-adic integer’s basic representative modulo p.
Definition 3.6. For a prime p and = € Z,, we define rep,(x) € {1,2,--- ,p} via the congruence
rep,(z) =z (mod p).

We will drop the subscript p when it is clear from the context. We have the following basic
properties of rep(-).

Proposition 3.7. Let p be a prime and let x € Z,. Then
rep(l1 —z) =p+ 1 —rep(x).
Proof. We first note that 1 — x € Z, and that p + 1 —rep(z) € {1,2,--- ,p}. We then see that
p+1—rep(z)=1—rep(z) =1—2 (mod p).



Lemma 3.8. Let p be a prime and let d € Z such that p = a (mod d) with 0 < a < d. Then
rep(%) = p— 27
and
rep(fge) = |27} + 1.
Proof. We first note that § € Z,. It easy to see that 2 <p — {plej < p and that
p— B =p-Pt =4 (modp)
Thus rep(§) =p — L%J. The second result follows from Proposition 3.7. O

We now use these properties to develop further results concerning the p-adic gamma function. We
recall the definition of the rising factorial (a),, in (1.2) and allow a € Z,,.

Proposition 3.9. Let p be an odd prime and let x € Z,. If 0 < j < p € Z, then

. (—1)7 Tp() (37)] if 0 <j <p-—rep(z),
p(z+j) = . 1 ) )
(=1) Tp(x) () (z + p — rep(x)) if p—rep(z) +1<j <p.
Proof. For j = 0 the result is trivial. Assume j > 0. For 0 <k <j —1,
r+k € pl, < rep(z) + k € pZ, <= rep(z) + k = p < k = p — rep(z). (3.1)
Using Proposition 3.1 (1) the result follows. O

For i, n € Z™, we define the generalized harmonic sums, HT(Li), by

g =3 L
P

and Héi) := 0. We can now use the above to develop some congruences for use in Section 4.
Lemma 3.10. Let p be an odd prime and let x € Z,. If 0 < j < p € Z, then
Tp(a + j) = (rep(a) +j — D=1 5 (mod p)
where
if 0 <j <p—rep(z),

5=
ifp—rep(z)+1<j<p.

W= =

Proof. By Proposition 3.1 (3) we see that

I'p(x+j) =Tp(rep(x) +j) (mod p).
Combining Proposition 3.1 (1) and (3.1) yields the result. O
Lemma 3.11. Let p > 7 be a prime and let x € Z,. If 0 < j <p—1€Z, then

Gz +j)—Gi(1+j) = HY

(1)
rep(z)—1+5 ~ 15 0 (mOd p)

where
if 0 <j <p—rep(x),
ifp—rep(z)+1<j<p-1

RNi= O
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Proof. By Corollary 3.4 (3) we see that

Gi(z+j) —Gi(l+j) = Gi(rep(z) +j) — Gi(1 +j) (mod p).
Combining Proposition 3.2 (1) and (3.1) yields the result. O
Lemma 3.12. Let p > 7 be a prime and let x € Zp. If 0 < j <p—1¢€ Z, then

Gi(w+])* = Ga(w+]) = Gr(1+ ) + Go(1+j) = Ho o~ HP =5 (mod p)

where

)=
L ifp—rep(z)+1<j<p-—1

Proof. By Corollary 3.4 (3) and (4) we see that
Gi(@+))" = Ga(w+]) = Gi(1+5)* + Ga(1 + )
= G (rep(z) +)° = Ga (rep(a) +j) = G1(1+)* + Ga(1 +)  (mod p).
Combining Proposition 3.2 (2) and (3.1) yields the result. O

Lemma 3.13. Let p > 7 be a prime and let x € Z,. Choose my € {x,1 — x} such that rep(my) =
max (rep(z),rep(l — x)) and set mo =1 —my. Then for 0 < j <rep(mi) € Z,

Lya+ )= +5) _ . (rep(mi) =145 (replm) ~1\
NETTEEy p () ()

. [1 - <rep(m1) - m1) (erlg(ml)—uj - erll))(mz)_lﬂ - 5)} (mod p?)

where

1 if0<j <rep(ms)—1, i B 0 if0<j<rep(msa)—1,
= . . an = . .
% if rep(me) < j < rep(my), Loy rep(mg) < j < rep(my).

Proof. We first note that, by Proposition 3.7, :
rep(mz) —p —mg = — (rep(m1) —m1) and rep(mz) —p =1—rep(m). (3:2)
Then by Proposition 3.3 (2) we get that
Ip(z + )Ip(1 =2+ j) =Tp(m1 + j)Ip(mz + j)
= [Tp(rep(m1) + j) — (rep(m1) — mq) T}, (vep(m) + j)]
- [Tp(rep(ma) — p +j) — (vep(ma) — p — ma) T}, (rep(m2) + )]
= [y(rep(mi) + j)Tp(1 — rep(m1) + j) — (vep(ma) — m1)
- [T}, (vep(mu) + 5) Tp(rep(ma) — p + j) — Ty, (rep(ma) + 5) Tp(rep(ma) + j)]  (mod p?).
Using Proposition 3.1 (3) we have
I, (rep(m) + j) Tp(rep(mz) — p + j) — I, (rep(ma) + j) Tp(rep(m1) + j)
= I'p(rep(mu) + j)Tp(rep(mz) + j) [G1 (vep(m1) + j) — G1 (rep(mz) + j)]

= Dp(rep(ma) + J)Tp(1 = rep(ma) + j) [G1 (rep(ma) + j) — G1 (vep(mz) + )] (mod p).
9



So
Lp(z+7)Tp(1 — 2+ j) = Tp(rep(mi) + j)Tp(1 — rep(mq) + j)

-[1 = (rep(m1) — m1) (G1 (rep(m1) + j) — G1 (rep(ma) + 7)) (mod p?).

By Proposition 3.2 (1),

G (vep(mn) + 5) — Gi (ep(ma) + ) = H) o\ = HO =B,

For j < rep(my), Proposition 3.1 gives us
['p(rep(mi1) + )
['p(rep(m1) — j)

_ (_1)\re (ml)—'(rep(ml) — 14 ) (a)
= (—=1)*P J rep(o) — 1= 7

I'p(rep(m1) + §)Tp(1 —rep(m1) + j) = (_1)rep(m1)*j

The result follows from noting that

(rep(my1) —1+35)!  [rep(myi) —1+j5Y\ [rep(m1) —1
(vep(m1) =1 = 5)1j%* ( j ) ( j )

and
Tp()Tp(1 — 2) = (—1)rPtm).
O

Lemma 3.14. Let p > 7 be a prime and let x € Z,. Choose my € {x,1 — x} such that rep(my) =
max (rep(z),rep(1 — x)) and set mo =1 —my. Then for 0 < j <rep(mi) € Z,

Gi(z+j)+Gi(1—z+75) —2G(1+j)=HY

(1) (1)
rep(mi)—1+j +H - 2H] -

rep(mi)—1—j
+ (rep(my) — my) (Hf:;(ml)_lﬂ — Hr(j;(mg)—ﬁj - B) (mod p2)
where

0 ZfOSJ Srep(mZ)_la 0 Zfogjgrep(mQ)_lv
a = and b=

if rep(ma) < j < rep(my), [% if rep(msg) < j < rep(my).

D=

Proof. Using Corollary 3.4 and Corollary 3.5 we see that
G1(m1 +j) = G1 (rep(ma) + J)
+ (rep(m1) —mq) <G1 (rep(m1) + )% — G (rep(mi) + j)) (mod p?)
and
G1(m2 +j) = G1 (rep(ma) —p +J)

+ (rep(mg) — p — mg) (G1 (rep(mg) +j)2 — Gl (rep(my) +j)) (mod p?).

10



Therefore, using Proposition 3.2 (3) and (3.2),
Gi(x4+j)+G1 (1 —x+))
= G1(m1 +j) + Gi(m2 + )

= G1 (rep(mq) + j) + G (rep(my) — j) + (rep(mq) — my) [Gl (rep(m) +j)2

~Ga (rep(m1) + J) = Gi (rep(ma) + j)° + Ga(xep(ms) + j)|  (mod p?).
By Proposition 3.2 (1), (2) we get that

Gi (rep(mi) +§) = Gr(L+j) = Hy o~ HY —a,
Gy (rep(ml) —i—j)2 — Gy (rep(my) +7) — Gy (rep(mg) + j)2 + G (rep(ms) + 7)
_ 72 (2) _B

~ rep(mi)—14j Hrep(m2)—1+j

and, for 0 < j < rep(my),

Gy (rep(mi) — ) — Gi(1+j) = HY -~ HD.

The result follows. O

3.2. A Combinatorial Technique. In this section we generalize a combinatorial technique from
[17] to produce Lemmas 3.15 and 3.16 below. We will use both of these lemmas in proving Theorems
2.4 to 2.7 in Section 4.

Lemma 3.15. Let p be an odd prime and let ay, az, - -+ ,an € ZT be such thatT =Y ; a; < 2(p —1).

Then
p—1T n

N (O N[ 2 J0 T <2(p 1),
1453 (HY, - HD) | = d p).
A (He >] {1 7 o1y, 04

Z brj".

P(j) :ICZ. [JH J+1),

i=1
Differentiating we see that

CZ.[JH j+1),

=1

[f[ j+1),

=1

ey (-]

So it suffices to show

p—1 .
fT <2(p—1
P(j {0 T <2p—1), (mod p).

= 1 ifT=20p—1),

For a positive integer k, we have

L .
Gk {—(1) (mod p) if (p —1)|k, (3.3)

f J (mod p) otherwise.

<.
Il

11



Consequently,

p—1 T p-1 0 ifT<p-—1,
ZP(j)EZkajkE —bp—1 ifp—1<T<2p-1), (modp).
=0 k=1 =1 —bp1 —byp_1y T =2(p—1),

By definition of P(j) we see that

which is monic with integer coefficients. Thus p | bp—1 for T > p — 1 and bap—1) = 2p — 1 if
T =2(p —1). Therefore b, 1 =0 (mod p) and by,_1) = —1 (mod p) in these cases. O

Lemma 3.16. Letp be an odd prime and let a1, as, - - - ,an € ZT be such that T := """ ; a; < 2(p — 1).
Then

p—1[ n
[H j+1),

7=0 Li=1

i=1

b G-y« 2 { (55 i)

Proof. We first recognize that

60 3o (- ) 5 (35 (2, - H§1>>)2 : i (52, - H;”>H

Then applying (3.3) in a similar fashion to that used in the proof of Lemma 3.15 yields the result. [

3.3. Binomial Coefficient-Generalized Harmonic Sum Identities. We now state two bino-
mial coefficient—generalized harmonic sum identities from [20] which we will use in Section 4.

Theorem 3.17 ([20] Thm. 2). Let m,n be positive integers with m > n. Then
(R () (kY (0 1 1 1 1
Z< k ><k>< k ><k>[1+k<H7(n—)|—k+Hqsl)_k+H()k—|—H() 4H1i)>]
k=0
m _1\k—n m+k m n+k E—1 P
e o (")) = e

k=n+1

12



Theorem 3.18 ([20] Thm. 3). Let [, m,n be positive integers with | > m > n > % and c1,c3 € Q
some constants. Then

" Ima+k m n+k n () ) M 0 "
Z( k )<k>< k >(k>{[1+k< mk T Hpy, k+H+k+Hn7k_4Hk>

k=0

: [Cl (ng‘—gn Higjr)z n— 1> +62(H/g—2m _ngr)z m— 1)] —k[ ( lg-)n _H/gr)l—n—l)

T o (Hgm_g,ggl . 1)]}+ i (—1)k_n(ml—:k> <7Z) <n‘]:k)/</€;1)

k=n+1
1 1 1 1
e (1 = ) e (1~ )| =0

4. PROOFS

The proofs of Theorems 2.4 to 2.7 proceed broadly along similar lines with the overall idea
being to expand the relevant ,,,1G function using properties of the p-adic gamma function and
its logarithmic derivatives, identify the contribution of the truncated generalized hypergeometric
series, and then use the results of Section 3.2 and 3.3 to simplify the remaining terms. In doing
this we extend significantly the methods in [2], [13] and [17]. For brevity we include only the proof
of Theorem 2.7 which is the most complex and uses all the additional methods developed for these
results. Full details of all proofs can be found in [18].

Proof of Theorem 2.7. Assume without loss of generality that r < d/2. We easily check the result
for primes p < 7. Let p > 7 be a prime which satisfies the conditions of the theorem. Let p = a
(mod d) with 0 < a < d. Then a € {1,r,d — r,d — 1}. We define s := ar — d |%| = d(%). It is
easy to check that {1,r,d —r,d — 1} = {a,s,d — s,d — a} for all possible a.

From Lemma 3.8 we know that rep(§) = p — L;IJ and rep(45%) = L%J + 1. It is easy to
check that rep(3) = p —r|[2= 1 - | % ]. Then, by Proposition 3.7, rep(%7%) = TL%J +1+ %]

Therefore {xep (}) .rep (5). rep( ) xep (431) } = {L%JHJ‘L%HH LG =BT -

| p— L%J }, where the exact correspondence between the elements of each set depends on the

choice of p. If we let my := §, mo 1= 5, m3 1= % and my = d%a then rep(m4) < rep(mg) <

rep(mg) < rep(mq).
We reduce Definition 2.1 modulo p? While using Proposition 3.1 (2), (3) to expand the terms

involved, noting that t := 1+ p +p®> = ﬁ (mod p?), to get

p—1
1 LT, (3 T (5 4 T (5 1 T (45 +51)
4G(8’§’17§’1ia)p: 1 r d—r d—1
=0 Ty (3)Tp(5)Tp (55T (44T, (1+J75)
p—1
e d S Tl )T )T 5 )Ty (4 )
=0 Fp(é)rp(g)rp(d%r)rp(d% r (1+J+Jp)




Central to the proof will be the relationship between the rep(my), for 2 < k < 4, and the limits
of summation of the individual sums in the expanded 4G above. These relationships are outlined
below and the reader may want to refer to them throughout the rest of the proof.

e rep(my) = L%J +1.

1 ifp=r (mod d) and 7> =1 (mod d),
e rep(ms) = V(pfjlw +1+4¢1 ifp=d—r (modd) and r?> = —1 (mod d),

0 otherwise.

1 ifp=r (mod d) and r?> = —1 (mod d),
1 ifp=d—1r (modd)and r> =1 (mod d),
1 ifp=d—1 (mod d),
0

otherwise.

e rep(mg) = |(d — T)(pgl)J +14

We now consider I' ( L+ jp) and Fp(d%'l + j). As rep(d%dl) =p+1-— rep(é) by Proposition
3.7, we have that
L+j+jp € ply < L+ j € ply, < rep () +7 € pZy <:>rep( )+j—p<:>j—rep(d7)—1.
Consequently, we see that the only time that % + j € pZ, for {TJ +1 <5< [(d=nr)t= L is
when p = 7 (mod d) with 7> = 1 (mod d) or p = d — r (mod d) with 7> = —1 (mod d) and in
these cases j = rep(mg) — 1 = L%J + 1. Therefore, using Proposition 3.1 (1) we get that for
[P +1<i<[([d=n)PF ),
1
d

Tolh+i) =R p=r (od ) 7 =1 (mod )
D4+ ) = { -1y (4 +4) if j = ["2Y | +1, p=d—r (mod d), r* = —1 (mod d),
—Fp(é +j) (% +j) otherwise,

and that
Up(Tt 4+ +p) = = (5 +7 +p) Tp(G +J + jp)
for L%J +1<5< L@J. Considering T’ ( dir 4 j) in a similar fashion, we get that

Dp(5- +3) == (5 +7) Tp(G +14)




for L%J +1<j5<|(d- r)pTJ Applying these results and substituting {my} for {1, 2, ;T, %}

12T 4 oy

Ly (muy + 7 + jp + jp?)

G(r1-21-1) = E || p s .
4 (d d d d)p = Pt Fp(mk)rp(l + 3 +Jp+]p2)

{T(Pgl)J 4
H Fp(mk +7J +jp)
I

k=1 p(mk)rp(l +j +-7p)

2] 4 o
Lp(my +j + jp)
5 Ty (me) Ty (14 + jip)

(3+7+ip)

(2 +7)

U )
it Lo (me) Tp (14 7)

H = Fp(mk’ +j)

it Do () T (1 + 5)

=7+

rep(ms)—1 4 )
t Z [H . ~ | (5+7)
j:V(p—l)JH k=1 L'y (mk)rp(l +J)

Fp(mk -I-j)
p () Tp (1 +5)

d
[(d=n) 2] 4
L 1 T

(a+3)(G+35)p (modp?),

where the second to last sum is vacuous unless p = r (mod d) and 72 =1 (mod d) or p =d —r
(mod d) and r?> = —1 (mod d). By Proposition 3.3 (2) we see that, for 1 < k < 4,

Ty (i + 5+ jp+ jp2) = Ty (mi+ 3) [1+ G+ %) Ga(mg + ) + 28 Galmic +5)| - (mod p?),
and also
T,(1+j+jp+ip?) =T, (1+5)* [1+(p+]p )Gi(1+ )+ 22 Gy (1—1—])}4 (mod p?).
Multiplying the numerator and denominator by
L—4(p +jp*) G1(1+J) = 25°p* (Ga(1+J) = 5G1(1+)%)
we get that

H[ (jp + jp* Gl(mk“‘j)‘F#GQ(mk‘F‘j)}
k=1

. 4
1+ Gp+ ) Ga(1+ ) + 2 Ga(1 + )]

=1+ (jp+jp*)A@) + 5°p*B(j) (mod p?),

where

4
= Z(G1(mk +7)—Gq(1 +])>
k=1
and

N
|l\'>
B

(G1me+3)* = Galmi + §) = Gr(1+ ) + Ga1 + )

15



We note that both A(j) and B(j) € Z, by Proposition 3.3 (1). Applying the above and noting
that T',(1 + j) = (—1)1174! for j < p, we get, after rearranging,

4 .
ry(m
@lpt-g-b),= 3 | TTHEpS
j=0 Lk=1 P )
e Eyloms )] &) )
_pP\R T J) Al p 1 .
o 3=0 kl;[l Ty (my) 5! ] [1+‘7A(“7)} +J’L§J+1 Ll;[1 Ty (mi) 5! [d*ﬂ
pEIJ [ 4 T ( AT
2 pmk+]) 1+ 92iA(i .QB‘
+p 2 k];[1 im0 ! | [ +25A(5) + (J)]
eI
p (Mg + r . . )
o xR ) )
j= i L
bl [ )
+ oy
m%ﬂ[,ﬂl e KAl
[ (d—r) 23" 4 . .
DY [HW [(5+3)(5+4)] ¢ (mod ). (4.1)
j=rep(ma) Lk=1 ~P

B RIS
L, L, 1 p—1  j=0 k=1 gt
rep(ma4)—1 4 rep(m3z)—1 4 .
I + r +
= Z [HW + [HW (m1+p—rep(m1))
Jj=0 k=1 p(mk) J: j=rep(ma4) Lk=1 p(mk) J

p
j=rep(ma)

rep(ma4)—1 [ 4

rep(mz)—1 4 Fp(mk+j)
P Fp(mk) 4!

(m1 +p — rep(m1))(ma2 + p — rep(ms))
=1
Z H Fp(mk +j)

j=rep(my) Lk=1 Pp(mk)j! <é)

(%) (5) (mod p?). (4.2)

Z HFP(mk-i-j) +p

§=0 i 1 (mx) J!

rep(ms)—1 [ 4

rep(ma)—1 [ 4 )
2 T (m + 5)
TN

j=rep(ms) Lk=1 J:

This last step uses the fact that, by definition,

mi +p—rep(mi) = G +p— (p— L%J) =qt+tir=

16
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and

my +p —rep(mz) =

g4 rera) 4 jar| o

Therefore, combining (4.1) and (4.2), it suffices to prove

repg—l Lﬁl W [1+54)] +J§:(§Z) Lﬁl Flfp(?::k;;')
sl UE s
" Zp:mJ [gm [(3+4)(1+54) +]
T e (s
sz[n%)) ()] L2500 o

(4.3)

We note that the terms inside the braces in (4.3) need only be considered modulo p and can be
rewritten as follows.

rep(maq)—1 [ 4
k=1 Ly

j=0
rep(ms)—

_I_
i=|"
L(d— T)pTIJ ! 4

(p—l)

—+

> I
j=rep(ms) Lk=1
rep(ma)— 4
S

rep(m3) k=1

Fp(mk+3)

I
Fp(mk —I—])

Fp(mk +])
Fp(mk) j'

() 5!

1+ 2jA3) + 2B()| +

mk"‘])-

mk J'

Bl

D

j=rep(my) L
vep(ms)—1

-i-A0|+ X

j=rep(ma) L

il

We now consider the first, fourth and last terms of (4.4). Define

rep(m4)—

>

=0

X(j) -

rep(ma)—1

D>

J=rep

i

k=1

4 . rep(ms)
Lp(my + 2

1) oy vstan] >

(ma) LE=1 p(mk)J rep(ms)

Fp(mk + j)
Fp(mk) 4!

|1+ 2AG) +5*BG)]
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We will show X(j) = 0 (mod p). We start by examining A(j), B(j), Hk 1 Tp(my +7) and
i, I’y (my) modulo p. Define, for t € {1,2},

0 if0<j<rep(ms)—1, 1 if0<j<rep(my)—1,
5 & rep(m) < <rep(ms) =1, and 4o L if vep(my) < j < rep(ms) — 1.
o if rep(mg) < j < rep(ma) — 1, o> if rep(mg) < j < rep(ma) — 1.

Then using Lemmas 3.11 and 3.12 we see that, for j < rep(msg) — 1,

4
A(j) = Z(Hﬁ;;(mk)_lﬂ — Hj@) — 91 (mod p) (4.6)

and

4
>~ (G (mi+5)” = Ga (i +5) = G (1+5)° + G (14 5))
k=1

4
_ 2) 2)
= Z(Hrep(mk)+j_1 — H; ) — 3y (mod p). (4.7)

1
Using Lemma 3.10 we get that, for j < rep(msg) — 1,
4

4
H r, (mk +j) = [H (rep(my) +75 — 1)! (_1)rep(mk)+j] -y (mod p)
k=1

k=1
and by Proposition 3.1 (2) we see that

2
H F mk H rep(mk _ (_1)rep(m1)+rep(m2) = +1.
— k=1

Substituting for A(5), B(4), [Tr_, Iy (my + ) and Hk 1 T'p(mi) modulo p into (4.5) we have

> [+ 30 )

. 4 4
+]22< Z(Hrfﬁ(mk)_w ](1)> Z( rep(my) 1+j—H](2)))]

k=1 k=1

2 (1)
2j +j Z( vep(mi)—1+5 — H; )—p]

rep(ma4)—1
+X(j) =

(]

4
H j + 1 Yep(mk
k=1

rep(ms 4
+ H (j + 1)rep(mk)71

)
j=rep(my) Lk=1 i

rep(ms)—1

4 oo
+ Z H (] + 1)rep(mk)—1 12] []2

(mod p).
rep(ms) Lk=1 i _p

We can simplify this expression by combining the three terms into one single summation. For

rep(my) < j <rep(ms) — 1 we note that Hi 1 (J+ Dyepmy)—1 € PZLp. Also, we see from (4.6) and

g (1) H? (2 1 :

(4.7) that S4_y (HD oy 1yy — ) =2 € Zyand Sy (B 1y~ B ) = & €2, for

in the same range. Similarly, for rep(ms) § j < rep(mg) — 1 we have that [[;_, (j + 1)
18

rep(my)—1 €



gD 1) g® (2) 2
2Z[)7 Zk 1( rep(mk) 1+] — H_] ) — = € Z a.nd Zk 1( rep(mk) 1+] - ] ) - 2 c Zp COHSQ—
quently,
rep(ma)—1 4
. 1
:tX(j)E Z [H .7+1rep 1+2]Z( rep(mg) 1+j_HJ( ))
7=0 k=1

4
> N

k=1

( rep(myg)—1+j

=

Note we can extend the upper limit of this sum to j

1)))2_

)
Hj

4
> (Hr(j;(mk)—lﬂ -

k=1

))] (mod p).

4 .
=p—1las Hk:l (-] + 1)rep(mk)fl € p3Zp for

rep(mz) < j <p—1. By Lemmas 3.15 and 3.16 with n = 4 and a; = rep(m;) — 1 for 1 <i <4 we

get that
X(j) =

Accounting for (4.8) in (4.3), via (4.4) and (4

+(1-1)

=0

(mod p). (4.8)

.5), means we need only show

r(p—1)
rep(ma)=1 [ 4 (i + 5) {TJ 4 (i + )
— | |1+ jA PRI

JZ::U Ll;[l Ty (m) 5! [ T ()} ]_rezp(:m) Lgl Ty (my) 5! M

rep(mz)—1 [ 4 Fp(mk+])- ) {T(Pdfl)J 4 Fp(mk —|—]) 1 (1 e
o R Bl 2 | | ()0 520

j=| N 41 BRE - j=rep(ms) Lk=

B B N e 1 I i B (mi+3) | 171 L+
B R ol B L] )

Jj= % +1 =°= - j=rep(ms =

rep(ma)—1 4 T (m .

- ] (06 = e "

j=[(d-r) 22 |+1

We now convert these remaining terms to an expression involving binomial coefficients and harmonic

sums and then use the results of Section 3.3 to simpl

ify them. First we define

Bin (j) := (fep(ml)‘— 1 +J> (rep(m}) - 1) (rep(mz)‘— 1 +]> (rep(m?) - 1>
J J J j :
)= HY () () ® ()
,H(]) = Hrep(ml)71+j + Hrep(ml)flfj + Hrep(m2)71+j + Hrep(m2)717j — 4Hj ,
) (1) (1)
AG) = (repmo) —mi) (B s = H 1)
(1) (1)
+ (rep(mz) - m2> (Hrep(mg)—l-i-j — Hrep(m3)_1+j> )
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and

B(j) = <rep(m1) — ml) (H(z) g 1+j>

rep(mi)—1+4j rep(ma)—

+ (rep(mg) — m2> (H(Q) 1T q? 1+j) .

rep(mz) rep(ms)—

By Lemma 3.13 we see that for j < rep(mz)

f[ mkﬂ) _ [ﬁ (rep(mz‘)‘—lJrj) (rep(m;)—l)] .

i=1 J J

. [1 = (replm) = ) (2 rey = H D 1y @.)]

=1

1

2
=Bin(j) - a- [1 —A(j) + Z(rep(mi) - mZ)BZ] (mod p?), (4.10)
i=1
where
1 if0<j<rep(my)—1,
if0<ij< ) -1,
a=101 if rep(ms) <j<rep(ms)—1, and fi= {0 if0 < j < rep(ms—)

1
p?

if rep(ms_;) < 7 < rep(m;).
if rep(mg) < j < rep(ma), P p(ms—i) <j p(m;)

Again for j < rep(mg), Lemma 3.14 gives us

2
L 0 0 N,
AQ) = Z (Hrep< o-117 T Hrepmy—1-5 — 2H; ) @

i=1
2
2) 2)
+ Z (rep(m;) —m;) (Hrep(mi)—l'i‘j B Hrep(m57i)—1+]' B ﬁ;)
i=1
2
=H(j) — o +B(j Z (rep(m;) —m;) B (mod p?) (4.11)
i=1
where
if 0 <j <rep(ma) —1,
/
o =

0 f0<s< V=1
if rep(m4) < j < rep(mg) _ 1’ and Bé _ { 1 ~7]=> rep(m5 Z) y

1. .
= if rep(ms_;) < 7 < rep(m;).
if rep(mg3) < j < rep(ma), P? p(ms—i) < j p(m;)

[T |I= O

Reducing (4.10) and (4.11) modulo p respectively we see that for j < rep(mz),

& Fp(mk: + ]) Ny
——— > =Bin(j) -a (mod 4.12
I1 3 it =B+ (mod) (112
and
A(j) =H(j) —a’  (mod p), (4.13)
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as rep(m;) — m; € pZy,. Therefore, using (4.10), (4.11), (4.12) and (4.13), we see that (4.9) is
equivalent to

N LT(F*UJ
p(f Bin() (1= AG)] [+ 57G) +3BG)] + 5 R 1 - AG) 4 et
= j=rep(ma)
wim)1 bl |
S a5 ]
J‘:{@JH j=rep(ma)
rop(ms)—1 I el at
DI E SRR ORI R DI &S IFICR)]
e j=rep(ms)
rep(ma) 1

-y [BPLZSJ)} [(5) <a) +j2} =s(p) (mod p?). (4.14)

j=](d-r) 22 |+1

We now consider

rep(mz)—1 rep(mz)—1
S Bn()[1+HG)| + Y BinG)[jBU) — AG) — JAGIHG)|  (mod p?).
j=0 j=0

For 0 < j < rep(m4) — 1 we see that
Bin(j) |1 — AG)| [1 + 7MG) +iBG)|
= Bin(j) |1+ jH) + B) = AG) = JAGIH(G)|  (mod p?), (4.15)
as A(j)B(j) € p*Z, for such j. For rep(m4) < j < rep(m3) — 1 we note the following facts:
e Bin(j) € pZ,, which we can see from (4.12);
o H(j) - 3 € Zyp, from (4.13);
o A(j) — (rep(mq) — ml)% € pZy; and
o B(j) — (rep(m1) —m1) 5 € pZy.

The last two properties come directly from their definitions, noting that rep(m;) — m; € pZ, by
definition. Therefore, for j in this range, we have

Bin () [1 + M) + iB() — A(j) — JAU)HU)]

—_

= Bin (j) {1+ jH() + jepmg=m — seplmom 1 (4(j) — el )

el (jy(j) - 1) 4 el |

P p?
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= Bin [(1+g%

v

( __rep(mi)—my m1 ) _,'_QJWZM_%A(J‘)] (mod p2)
Recall that m := §, where p = a (mod d) with a < d, and rep(m1) = p — |

rep(my) —my =p— [P = §=p-P5" —§=p(1- 7). (4.16)
Therefore, for rep(my) < j < rep(mg) 1,

Bin () |1+ () + JBG) — AG) ~ JAGHE)

=Bin(j)| (1) (1+HG) - £) + (£) (1 - AG) + =22=) | (mod p?).  (4.17)

Similarly, for rep(ms) < j < rep(msz) — 1,

Bin () |1+ 7H() +iB() — AG) — jAGHG)| =BinG) |][7(3+5)] (mod p?).  (4.18)
Accounting for (4.15), (4.17) and (4.18) in (4.14), it now suffices to show

rep(mz)—1 rep(mz)—1
> Bn()[L+HG)|+ Y Bin() [BG) - AG) - JAGHG)]
j=0 Jj=0

rep(ma)—1

S {0 (- 0+ ) i ] -3
=" h
rep(ma)—1
- Y BnG)[E 2+ (3)(5) +i(h+5)] =s0) (mod ). (419)
T

Recall that the third sum above is vacuous unless p = r (mod d) and r? =1 (mod d) or p=d —r
(mod d) and 72 = —1 (mod d). In these cases the sum is over one value of j = rep(m3) — 1 =

LT(P%;UJ + 1 and so (é +j) = 2. Also rep(my) —my = (1 — 7) So we get

rep(ms)—1

> Bin(j)[[;ﬂ] [(£) (1= AG) + meptmlm ) 1 4 () — 4] —;]
j:LT(P;1>J+1
vep(ms)—1 |
= Y BmG)[BHG) - 5AG) + -]
j:LT(Pgl)J
Note Bin(j) € pZ, for j = rep(mg) — 1. Thus Bin(j)pH(j) = Bin(j)p (%) (mod p?) and
Bin (4).A(j) = Bin (j) SRm="1 = By ( )9=L (mod p?) for this value of j, and

P
rep(ms)—1 A rep(ms)—1
Z Bin (j )[WH( ) — dA(j)-i—%dT—F%—%] = Z Bin(j)[%] =0 (mod p?).
g=[ e g=| e
So the third term of (4.19) vanishes modulo p?. Next we examine the last term of (4.19),
rep(mz)—1 rep(mz)—1
SIIE OIC RUTERE) S ST | D ICASS)
j=[(d-r) 22 |+1 j=[(d-r) 22 |+1
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modulo p?. Recall that this sum is vacuous unless p =d — 1 (mod d), p = (mod d) and r? = —

(mod d) or p = d —r (mod d) and > = 1 (mod d). In these cases the limits of summation are

equal and the sum is over one value of j = rep(mg) — 1 =p — TL%J — %] — 1. Now

porlPel =[] - 1=p-r () - [F] - 1=p (- D) + () - 1.
Thusif p=d—1 (mod d),
j=p(-3)+ -7 -1=p(-3)+1-4-1=p(1-3 -7

Then

and
G+a)=p(-3)—G+37€Z
If p=7 (mod d) and 72 = —1 (mod d),
i=p(l=§) () -1=p(-g)+ 5 -1=p(1-5) - %

If p=d—r (mod d) and r?2 =1 (mod d),

2

F=p(1=5) ) -1 =p (1= 5+ 1= (1-5) - &

Then, in both cases,
and

Therefore,

rep(ma)—1

> B [[(G+3)(+5)]=0 (modp?),

j=[(d—r) 22 |41

as Bin(j) € p?Z, for j = rep(ma) — 1.
Finally, we examine the two remaining terms of (4.19). Taking m = rep(mi) — 1 and n =
rep(mz) — 1 in Corollary 3.17 we get that

rep(ms)—1

Bin(j) |1+ jH(j)] = s(p) (mod ),
j=0

and taking [ = p, m = rep(my) — 1, n = rep(mga) — 1, ca = rep(m1) — m; and ¢; = rep(msg) — ma
in Corollary 3.18 we get

—1
|5
j=0

as required. N
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