THE NUMBER OF F,-POINTS ON DIAGONAL
HYPERSURFACES WITH MONOMIAL DEFORMATION

DERMOT McCARTHY

ABSTRACT. We consider the family of diagonal hypersurfaces with monomial deformation
Daxp:ai+a8 4+t —dxalal? . alr =0

where d = h1 + ha + - -+ + hyn, with ged(hi, he, ..., hn) = 1. We first provide a formula for
the number of Fg-points on Dg x5 in terms of Gauss and Jacobi sums. This generalizes a
result of Koblitz, which holds in the special case d | ¢ — 1. We then express the number of
F4-points on Dg,x,p in terms of a p-adic hypergeometric function previously defined by the
author. The parameters in this hypergeometric function mirror exactly those described
by Koblitz when drawing an analogy between his result and classical hypergeometric
functions. This generalizes a result by Sulakashna and Barman, which holds in the case

ged(d,qg — 1) = 1. In the special case hy = hg = --- = hp, = 1 and d = n, i.e., the Dwork
hypersurface, we also generalize a previous result of the author which holds when g is
prime.

1. INTRODUCTION

Counting the number of solutions to equations over finite fields using character sums
dates back to the works of Gauss and Jacobi. A renewed interest in such problems followed
subsequent important contributions from Hardy and Littlewood [10] and Davenport and
Hasse [3]. In his seminal 1949 paper, Weil [19] gives an exposition on the topic up to that
point (as well as going on to make his famous conjectures on the zeta functions of algebraic
varieties). Specifically, he develops a formula for the number of solutions over F,, the finite
field with ¢ elements, and its extensions, of agzy® + a1z]* + -+ + apz* = 0, in terms
of what we now call Gauss sums and Jacobi sums. The techniques involved have since
become standard practice and can be found in many well-known text books, e.g. [1, 11].
Since then, many authors have used and adapted the techniques outlined in Weil’s paper
to study other equations, e.g. [4, 5, 13]. Of particular interest is the work of Koblitz [13]
where he examines the family of diagonal hypersurfaces with monomial deformation

Dgxn :a:f—i—xg—i—--'—&—xfl—d)\x]flx’f...xﬁn =0 (1.1)

where h; € Z*, with ged(hy, he,...,h,) =1, and d = hy + ha + - -+ + hy,. Koblitz’s main
result [13, Thm. 2] gives a formula for the number of Fy-points on Dy » p, in the terms of
Gauss and Jacobi sums, in the case d | ¢ — 1. Using the analogy between Gauss sums and
the gamma function, he notes that the main term in his formula can be considered a finite
field analogue of a classical hypergeometric function. The purpose of this paper is to study
Dy, more generally, i.e., when the condition d | ¢ — 1 is removed. Firstly, we generalize
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Koblitz’s result and provide a formula for the number of Fy-points on Dy 5, in terms of
Gauss and Jacobi sums without the condition d | ¢ — 1. We then express the number of
Fy-points on Dy y ;, in terms of a p-adic hypergeometric function previously defined by the
author. The parameters in this hypergeometric function mirror exactly those described
by Koblitz when drawing an analogy between his result and classical hypergeometric func-
tions. This generalizes a result of Sulakashna and Barman [18], which holds in the case
ged(d, g — 1) = 1. We also examine the special case when hy = hy = -+ = h,, = 1 and
d = n, i.e., the Dwork hypersurface, and generalize a previous result of the author, which
holds when ¢ is prime.

2. STATEMENT OF RESULTS

Let ¢ = p" be a prime power and let I, denote the finite field with ¢ elements. Let ﬁg
denote the group of multiplicative characters of Fy. We extend the domain of x € I/F\Z to I,
by defining x(0) := 0 (including for the trivial character £) and denote X as the inverse of
x. Let T be a fixed generator of I/FE. Let 0 be a fixed non-trivial additive character of F,

and for x € Fg we define the Gauss sum g(x) = >_,cp, X(#)0(z). For x1,X2,...,xk € E‘\;,

we define the Jacobi sum J(x1, x2,---, X&) := Ztiqu,t1+t2+-~-+tk:1 x1(t1)x2(t2) - - - xk (t)-
We consider the family of diagonal hypersurfaces with monomial deformation described
n (1.1). Let ¢t := ged(d, g — 1) throughout and define

W=Aw = (w1,wa,...,wy) EZ" : 0 < w; < t,Zwi =0 (modt)}. (2.1)
i=1

Define an equivalence relation ~; on W by
w ~p w' if w—w' is a multiple modulo ¢ of h = (hy, ha, ..., hy). (2.2)

We denote the class containing w by [w]. If h = (1,1,...,1) we write ~;. We note, in this
case, that each class contains a representative w where some w; = 0, for 1 <7 < n. We
will write [w,] to indicate that we have chosen such a representative for a particular class.

Our first result provides a formula for the number of Fg-points on Dg ) in terms of
Gauss and Jacobi sums, without the condition d | ¢ — 1. We will use A™(F;) and P"(FF,)
to denote the affine and projective n-spaces, respectively, over F,. We denote the subset
of elements in these spaces where all co-ordinates are non-zero by A"(F;) and P™(Fy).

Theorem 2.1. Let Ny(Dg ) be the number of points in P"‘l(lﬁ‘q) on Dgxn. Then

-1 g-1 g1 g1
Ny(Dan) = ——— =Y (T T T
q- ~
+ 1 Z g(Twlqt;l_'_hlS)g(Tqujil—i_hQS) ce g(Twnqt;l—i_hns) Tds(d)\)
q—14= 9(T%)
where the first sum is over all w* = (w1, wa,...,w,) € W such that 0 < w; < t for all i,

q;l — 1} and all w = (w1, wa,...,w,) € W.

and the second sum is over all s € {0,1,...,
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Theorem 2.1 generalizes Koblitz [13, Thm. 2|, which holds in the case d | ¢ — 1. Using
an analogy between Gauss sums and the gamma function, Koblitz notes that the second
summand in his formula, which corresponds to the second summand in Theorem 2.1 above
with ¢ = d, can be considered a finite field analogy of the classical hypergeometric function

oo [ i vERRRRE dih I
HF(%)-dFdl[ LY g | AR ] (2.3)
i=1 d d - d
where the top line parameters range over alli = 1,...,n and, for each 4, allb; = 0,...,h;—1.

The main purpose of this paper is to express Ny(Dg ) in terms of a p-adic hypergeo-
metric function previously defined by the author, whereby the parameters in this p-adic
hypergeometric function mirror exactly those described by Koblitz in (2.3) above.

Next, we rewrite Theorem 2.1 in a way more amenable to manipulation when we pass
to the p-adic setting.

Corollary 2.2.

N,(Daxn) ¢ -1 1 ) |n| (T )
= — 1 t
q(Dan p— 9

weW i=1
some w; =0

1 . E i S —as S
a1 > [Lo@ e g(r=®) T (=dn)

s,w i=1
where the first sum is over all w = (w1, wy, ..., w,) € W such that at least one w; = 0, and
the second sum is over either all s € {0,1,..., q;tl —1} and all w = (wi,wa, ..., w,) € W

orall s € {0,1,...,q—2} and all w = (w1, wa, ..., wy) € W/ ~p. In the latter case, the
sum is independent of the choice of equivalence class representatives.

We now define our p-adic hypergeometric function. Let Z, denote the ring of p-adic
integers, Q, the field of p-adic numbers, Q, the algebraic closure of Q,, and C, the com-
pletion of Q,. Let Z, be the ring of integers in the unique unramified extension of Q, with
residue field Fy. Recall that for each x € [}, there is a unique Teichmiiller representative
w(z) € Z; such that w(z) is a (¢ — 1)-st root of unity and w(z) =z (mod p). Therefore,
we define the Teichmiiller character to be the primitive character w : Fy, — Z; given by
x — w(z), which we extend with w(0) := 0.

Definition 2.3. [15, Definition 5.1] Let ¢ = p" for p an odd prime. Let A € F,, m € Z*
and, for 1 <7 <m, a;,b; € QN Z,. Then define

ai, a2, ..., Qm L —1 _1\8m —s
me[bl, by, .. bm’)\]q'_ Z( D™ e ()

x ﬁﬁ Tp({(ai = g20p") To({(=0i + 2Z1)p") (=) L@P") b 4
i Fp(<@ipk>) Fp(<—bz’pk>)
We note that the value of ,,,G,,[ - -] depends only on the fractional part of the a; and b;

parameters, and is invariant if we change the order of the parameters. Our main result
expresses Ng(Dg ) in terms of this function.
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Theorem 2.4. Let g =p" for p an odd prime. Then, for ptdhy ...hy,,

Ny(Dan) = qnq_l —1_ > Cw)

-1
q weWw
some w; =0

+ (—1)71 Z C(w) G ...... ZUTZZ + /% ...... ‘ ()\dhhl hhn)_l
g S PR U A= et
[w]eW/~p, d d d a
where the top line parameters in 4Gy are the list L% + ,% |i=1,...,n;6; =0,1,...h; — 1}
and
n r—1 )
C(w) == [T TT T (((5)p") (=p) {77, (2.4)
i=1a=0

As we can see, the parameters of ;G4 in Theorem 2.4 mirror exactly those in (2.3) (when
d|q—1 and so t = d) up to inversion of the argument )\dhil“ ...hIn. This inversion is a
feature of the definition of the function ,,G,,. Because we are summing over W/ ~p,, we
can remove this inversion while also swapping the top and bottom line parameters, which
gives a more natural representation, in the opinion of the author. This can be seen more
clearly later, in Corollary 2.9, where we get an all integral bottom line parameters.

Corollary 2.5. Let ¢ = p" for p an odd prime. Then, for p{dhy ...hy,,

Nq(Dd,A,h)zqnq_l__ll—(_;)n S Cw)

weWw
some w; =0
=4 I v h
* > ] LT st |
q WeW/my Lot th FRERREE q

Ideally, in Theorem 2.4 and Corollary 2.5, we would like to combine both sums into a
single hypergeometric term. In general, it seems that this is not possible. However, it
can be achieved in two special cases as we see in the next two results. The first is when
ged(d, g — 1) = 1 and the second is when all h; = 1, i.e., the Dwork hypersurface.

Corollary 2.6. Let g = p" for p an odd prime. If ged(d,q—1) = 1 then, forptdhy ... hy,

qnfl 1 1 2 d—1
— d d - d
Ng(Dan) = T (=1)"4-1Ga—1 b Apl o pln }
q— . 1711 e q
where the bottom line parameters in 4_1Gq_1 are the list [,% li=1,...,n;6; =0,1,... hj—

1] with exactly one zero removed.

Corollary 2.6 is Theorem 1.2 of [18].

When hy = hy =---=h, =1 and d = n in (1.1), we recover the Dwork hypersurface,
which we will denote D, i.e.,

Dy:al+xy 4+ 4z, —nAzizay... 2y = 0.
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We now provide formulas for the number of F,-points on D), first in terms of Gauss
and Jacobi sums, and then in terms of the p-adic hypergeometric function. For a given

w = (w1, ws,...,w,) € W, define ny to be the number of k’s appearing in w, i.e., ny =

Hwi |1 <i<n,w; =k}|. Wethenlet S, :={k|0<k <t—1,n, =0} and S denote its

complement in {0,1,---,¢—1}. So the elements of S,, are the numbers from 0 to t — 1,
inclusive, which do not appear in w. We define the following lists

Ap: [EE ke S,JU[L]0<b<n—1,b#0 (mod 2)]; (2.5)

By, ¢ [ repeated ny, — 1 times | k € S5 . (2.6)

We note both lists contain n — |SS | numbers.

Corollary 2.7 (Corollary to Theorem 2.1). Let N,(D.,) be the number of points in P"~1(F,)
on Dy. Lett = ged(n,q —1). Then, for A # 0,

qn—l -1
N(Dy) =L —~
q( ) qg—1
k1= +s ng—1
g T kT k9L —ns\ mns
+——= T (1) q| g(T™™) T (—nA)
e 1) Z; kg W= kL,S)
where the sum is over either all s € {0,1,..., q% — 1} and all w = (wy,wa, ..., w,) € W

oralls € {0,1,...,q—2} and all w = (wy,ws,...,w,) € W/ ~y. In the latter case, the
sum is independent of the choice of equivalence class representatives.

Theorem 2.8. Let ¢ = p" for p an odd prime. Let Ny(Dy) be the number of points in
P"~1(F,) on Dy for some X € F;. Let t = ged(n,q — 1) and let C(w) be defined by (2.4).
Then, for ptn,

D S USTC B P

[wol€EW/~1

Theorem 2.8 generalizes Theorem 2.2 in [16] which holds for ¢ = p. Finally, if we let
ged(n,qg — 1) = 1 in Theorem 2.8, or we let hy = hy = -+ = h,, = 1 in Corollary 2.6, it
easy to see that we arrive at the following result.

Corollary 2.9. If ged(n,q — 1) =1 then, for pin,
q”_l —1 " |: ..ol
LS ]

R T U ,

Corollary 2.9 generalizes Corollary 2.3 in [16] which holds for ¢ = p.

3=
Sho

Nq(DA) =

3. PRELIMINARIES

We start by recalling some properties of Gauss and Jacobi sums. See [1, 11] for further
details, noting that we have adjusted results to take into account £(0) = 0, where ¢ is the

trivial character. We first note that G(¢) = —1. For x € @,

x(—1)g x#e,

) T (3.1)

GG = {
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For x1,x2,---, X% € @ and o € Fy, we define the generalized Jacobi sum

Ja (X1, X2, Xk) = > x1(t)xa(t2) - - xw(te)-
t;€F g b1 +ta+ -+t =a

When o = 1 we recover the usual Jacobi sum as defined in Section 2.

Proposition 3.1. For x1,x2,---, Xk € I/Fg,

((q - 1)k - (q - 1) J(Xla X2y - - 7X/€) if X1, X251 Xk all tT”L'U'L'CLl,
—(g—1)J(x1,X25 - Xk) if x1x2 - Xk trivial but at least
JU(Xl?X?:"'uXk): L.
one of X1,Xx2, - - -, Xk non-trivial,
0 if x1x2 - xk non-trivial.
Proposition 3.2. For x1x2- - Xt trivial but at least one of x1, X2, - - -, Xk non-trivial then

J(x1:x25 -+ 5 Xk) = =Xk (=1)J (X1, X25 - - s Xb—1) -
Proposition 3.3. For x1,x2,.-.,X& all trivial,
J(Xh X2y 7Xk’) = [(q - l)k + (_1)k+1]/q

Proposition 3.4. For x1, x2,..., Xk not all trivial,

G(x1)G(x2) - .- G(xk)
G(xixz - Xk)

~Gx)G(x2) - - - Gxk) NiXa Xk =
q

We now recall the p-adic gamma function. For further details, see [12]. Let p be an odd
prime. For n € Z™ we define the p-adic gamma function as

ry(n) == (—1" ] j
0<j<n
Pl
and extend it to all x € Z, by setting I',(0) := 1 and I'y(z) := lim,_,, I',(n) for = # 0,
where n runs through any sequence of positive integers p-adically approaching x. This
limit exists, is independent of how n approaches x, and determines a continuous function
on Zj, with values in Z,. The function satisfies the following product formula.

Theorem 3.5 (Gross, Koblitz [9] Thm. 3.1). If h € Z*, pf h and 0 < z < 1 with
(¢q— 1)z € Z, then

X1X2 " Xk 7 €
J(X17X27 ce 7Xk) =

r—1h—1 r—1 h—1
IT I T ((50™) = w(h=D%) TT To(ap®) T To((2p%)- (3:2)
a=0 b=0 a=0 b=1

We note that in the original statement of Theorem 3.5 in [9], w is the Teichmiiller character

of F},. However, the result above still holds as w Fx is the Teichmiiller character of F},.
The Gross-Koblitz formula allows us to relate Gauss sums and the p-adic gamma func-

tion. Let € C, be the fixed root of zP~! 4 p = 0 that satisfies 7 = (, — 1 (mod (¢, — 1)?).
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Theorem 3.6 (Gross, Koblitz [9] Thm. 1.7). For j € Z,
r—1
. _ r—1 ﬂ . a
g(@) = =D 0ol HFP<<£1>>'
a=0

We now recall some results of Weil [19], Koblitz [13] and Furtado Gomide [5]. Note
that the definitions and notation used for characters and for Gauss and Jacobi sums vary
among those papers and differ from what’s defined in this paper. So, we have adjusted the
statement of their results accordingly. For d € Z™, let D, denote the diagonal hypersurface

Dg:af+af+ - +2%=0.
Theorem 3.7 (Weil [19]). Let N;‘(Dd) be the number of points in A™(F,) on Dgy. Let
t:=ged(d,q—1). Then
N Da) = q" " = (q= )Y I T )

w

where the sum is over all w* = (wy,wa, ..., wy) € W such that 0 < w; < t.

Using similar methods to those in [19] and [13, Thm. 2] it is easy to see that
Theorem 3.8. Let N(;l’*(Dd) be the number of points in A™(Fy) on Dy Let t := ged(d, q —
1). Then
—1 —1 —1
N (D) = Y Jo(r™ % 72" T ),
weW
The next result appears in [13] in the homogenous case, and in general in [5]. We note that
[5] contains a minor error. A term is omitted in the determination, but is easily fixed.

Theorem 3.9 (Furtado Gomide [5], Koblitz [13] Thm. 1). Let N(;A’* be the number of
points in A"(F7) on

,
E a;xy eyt =0
i=1

0y Mji € Z>q, such that for a given i, mj; are not all zero. Then

Nt = ="+ (1 =)
—(q— 1" T (ag) T (ag) . T (ap) T (T, T, .., TO)

for some a; € F

where the sum is over all @ = (o, 2, ..., o) # 0 satisfying 0 < a; <g—1, > ;=0
(mod ¢ — 1), and, >,y mjio; =0 (mod ¢ — 1) for all j € {1,2,...,n}.

A key step in proving the main results of this paper is to adapt Theorem 3.9 to Dg » 5.
Corollary 3.10. Lett :=ged(d,q—1). For X #0,

N (D) = 3 J(I0 T e poatitas o T hos) T4 (d)
S, w

where the sum is over all s € {0,1,..., q%l — 1} and all w = (w1, we,...,w,) € W.

Corollary 3.10 generalizes Corollary 1 in [13], which holds in the case d | ¢ — 1.
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4. PROOFS

Proof of Corollary 3.10. We taker = n+1;a; = 1,fori =1,...,n,and a, = —d\; mj; =d
if i = j and zero otherwise, and, mj, = h;, for all j = 1,...,n, in Theorem 3.9. This yields

N;‘%(Dd,)\,h) — % [(q _ 1>n n+1 Z T—ocn+1 d/\ J(To‘l,TO‘Q, o 7Tozm—l) (4.1)

where the sum is over all &« = (a1, o, ..., apt1) # 0 satisfying 0 < a; < q 1, Z"+11 oa; =0
(mod ¢ — 1), and, doj + hjapi1 =0 (mod g—1)forall j=1,2,.

The condition da;j + hjop41 = 0 (mod ¢ — 1), for all j € {1,2,...,n}, implies ¢ =
ged(d,q — 1) divides hjapq1 for all j € {1,2,...,n}. If [° is a prime power dividing
t but not 41, then ! divides h; for all j € {1,2,...,n}. This is a contradiction, as

ged(hy, ... ,h ) = 1. Therefore, I divides aj+1, which implies ¢ divides a,+1. So @ €

{0,1,. —1}. Let s = — (%)71% (mod %71) such that s € {0,1,..., 9+ — 1}.

Then s runs around {0,1,..., % — 1} as 2= does.

We now express the conditions on « in terms of s. Firstly,
daj=—hjoptr (mod g —1)

= %aj = —h; O‘“t“ (mod %)

= aj =hjs (mod 7).
So a; = hjs—i—qu;—l for w; € {0,1,...,t =1}, for j € {1,2,...,n}. Also,

2= (4)s (mod )

= apy1 = —ds (mod g—1). (4.2)
Using the fact that ZT'Z:' hj = d, it is easy to see that

Zw] Z r (o —hys) = 5 <]Z: aj — ds>. (4.3)

J=1
Combining (4.2) and (4.3) we get that
n n+1
Zw]E (mod t) <= ZO{,L'EO (mod g —1).
J= (=

1
Substituting for «, (4.1) becomes
N (Dgan) = % (¢ — D)™+ (=)
— Z T (—d\)J(TW T s, Ton T s p=ds) - (4.4)

where the sum is over all s € {0,1,..., q;tl — 1} and all w = (w1, ws,...,wy,), such that

0<w;<tand ) ! ,w; =0 (mod t), and such that not all of s, w1, ws,...,w, are zero.
Noting that, as Y » , wi% + his —ds =0 (mod ¢ — 1), by Proposition 3.2 we have

g—1 g—1 _ g—1 g—1 _
J(Twl S +hls’”"Twn S +h"s,T dS):_J(Twl 7 +hls"”,Twn 7 +h"S)T dS(_l)’
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and by Proposition 3.3 we have
JTOT0,.. T = L[(g = 1) + (—1)"]

n times

completes the proof. O
Proof of Theorem 2.1. We follow Koblitz [13, Thm. 2] and note that
Ng(Dan) = Ny (Dapn) = Ng(Daop) = Ny (Daon)- (4.5)
We know
Nt (Dg) =1 _ gt —
qg—1 qg—1

Ny(Daon) = - ZJ (T T T (46)

by Weil’s result, Theorem 3.7 above;

N;(Dd,/\,h) = qil Z J(Twlq*;l-‘rhls, Tw2q;f1+h287 o ,TIUn%-i-hnS) Tds(d)\)

when A # 0, by Corollary 3.10; and

q—1

N (Daop) = Ny — Z Jo(T™ 5 Te2s . Ton i)
by Theorem 3.8.
Using Propositions 3.1, 3.3 and 3.4, we get that for A # 0,
(g=1) (N;(Daxn) — N; (Dgopn))
— ZJ Twli-i-hls Tw2 +h28 . Twnq%l—i-hns) Tds(d)\)
S, w
s;ﬁO
+ ZJ (W, et et ZJO (T, et et
— Z J TwlTJrhls TwquflJrhgs o Tw"TJrh”S) Tds(d)\)
S,w
s#0
+qZJT““ TV T ) (el e) — (q— 1)
w;é()
— Z J(T’wl%-{-hls Twzq%l-i—hzs o Twnq%l—i—hns) Tds(d)\)
S,w
s#£0
+qZJT“’1 TR T ) 4 (—1)n
Twl——i-hls ng +h2$ Twnﬂ—i-hns
:Zg ¢ ) ( ) g( ¢ )Tds(d)\) (47)

9(T%)

Combining (4.5), (4.6) and (4.7), which trivially holds for A = 0 also, yields the result. [J
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Proof of Corollary 2.2. Applying (3.1) and Proposition 3.4 to Theorem 2.1 we get that

qn_l -1 1 - Lq—1 1 n g—1
Nu(Dars) = T L T - LS Lo
1 _
e S [ g (@ 7 o) (%) T (~dn)
s#£0
¢ rt—1 1 - 1
S I - A e (1)
q q w* =1 w =1 q
1 n
1 ZHQ TwI T L hs (deS)TdS(_dA)
C] o s,w =1
-1 1 S P
— _ g T i
¢=1 9 sz H
some w; = 0
n
1 Z H g Twl +h18 (T—ds) Tds(—d)\)
q - s,w =1
where the last sum is over all s € {0,1,..., q;tl — 1} and all w = (wy,we,...,w,) € W, as
required. To get the alternative summation limits, we note that
!
Z Z Hg Twl 7 +hzs (T_dS)TdS(—d)\)
weW i=1
L1
_ g(T(wﬁ-]h )= Lih, S)g<T—dS) Tds(—d/\)
5=0 =0 [w]eW/~
14
= g(T TN g (T ) T (~d))
s=0 j=0 [w]eW/~
q—2 n -
= [T o(@ e thio)g(T=%) 7% (—dn). (4.8)

This sum is independent of the choice of equivalence class representatives [w], as changing
representative can be countered by a simple change of variable in s. O

Proof of Corollary 2.7. We start from Corollary 2.2 with h = (1,1,...,1) and d = n, and
re-write using the notation described in Section 2, i.e.,

ni

Ny(Dy) = q—il_i Z H ngq

weW keS¢,
0€Ss,
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a2 I o e ysg@ ) 75 n) (49)

s,w keS¢,

where ¢t = ged(n,q — 1), and the second sum is over all s € {0,1,..., q;—l — 1} and all
w € W. We proceed in the same fashion as the proof of Theorem 2.2 in [16]. By (3.1) it
is easy to see that

-1 g(Tr )t -1
> o=y - | T o]
0ese FESH oese, LFESE 9T ) kESH\{0}

We now focus on the second sum in (4.9). If THT+5 = ¢ then kq +s=0 (mod ¢ — 1),
which can only happen if s = 0 (mod T), in which case s = 0. So, if s # 0 then
T+ # e. Again using (3.1), we see that, for A # 0,

330 T a7 e yg(r=s) 775 (=)

weW s=0 keS¢,

t (qu +s)nk 1

— Z Z H g - Tk%-&—s(_l)q g(T—ns) Tns(_n)\)

q=1_
T |kese 9(TF779)

weW s
ThI g1 _
YT S| | T T e
wew |kese, 9T ") keSS \ {0}
q—1
¢ qu—_lJrs np—1
S| IT S I ey g | g1 T ()
wew s=0 |kese, (T T 77)
qu;l nk—l _ _
£ 3 T2 S| | TE 7 e T 7
wew |kese, 9T +) e keSe\ {0}

+S)nk—

g qu k1= Lis —ns\ qms(_
—ZZ [1 7 iy T " a) o) T

weW s=0 | keS¢,

nkl

ng fed=t
+@-1> |11 II 777 (-1q|. (4.11)

resg, 9T~ ) keSe\{0}
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-1 —1
q_l Z Z H g(T mT= 1 quT-l—s(_l)q g(T™™) T (—nA).

—s
weW s=0 [ keS¢ )

To get the alternative summation limit, proceed in the same manner as in (4.8). O

Proof of Theorem 2.4. We start from Corollary 2.2, which we rewrite as

=1 1 - g1 1
Ny(Daan) = % - - Z Hg(Twlqt ) + 1 Z Ry (4.12)

where
q—2 n )
w; = +h;s —ds s
Ry =Y [ o(@ = t1o)g(T=%) T%(—d)).
s=01i=1

We note Ry, is independent of the choice of equivalence class representative.
We now let T' = @ and apply the Gross-Koblitz formula, Theorem 3.6, to both summands
n (4.12). From the first summand we get that

n n r—1
Hg(Twi%) = (—1)"(—p) Zi=r Zaso(CFp OTITT o (((2)p™) = (=)™ C(w).  (4.13)
i=1 i=1a=0

The second, Ry, yields

— r—1 n r—1
Rpu = (- "“Z ITIITH( >“>>] [Hrp(«q_d;m“»] (—p)” @™ (—d)

s=0 La=0i=1

r—1 n

WY +z

a=0 i=1

r—1 n r—1

=2 > (% ’
a=0 i=1 a=0 a=0 1

r—1 n r—1 n r—1

=St = 3> [+ et | =3 | (5t ez

a=0 i=1 a=0 i=1 a=0

as > . hi=dand > ; w; =0 (mod t).
We will now use Theorem 3.5 to expand the terms involving the p-adic gamma function
n (4.14). Let k € Z such that

R L
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Then 0 <z := 3 his (g — 1)z € Z. So, by Theorem 3.5, with h = h; and
p 1 hi,
r—1h;—1
T IT oo (Ge + 355 + 5Ew)
a=0 b=0
+h r—1 h;—1
=w(h T T TT T (s + 25)p) TT T (((2)p")
a=0 b=1

As{b|b=0,1,...,hi—1}={b—k|b=0,1,...,h; — 1} (mod h;) we have

r—1h;—1
I IT oG + 2255 + 2™)
a=0 b=0
e r—1 h;—1
=w(h Y TT T (% + 25)p) T Do) (415)
a=0 b=1

Similarly, with k € Z chosen such that 0 <z := % — k < 1, we apply Theorem 3.5 to get
that

r—1h;—1 ., r—1 h;—1
IT T tr(ce + 2p™) =w(r™ ) T Tp(2)p™) T Tr(((2)p™).  (4.16)
a=0 b=0 a=0 b=1

Combining (4.15) and (4.16) we have, for p 1 h;,

r—1 . r—1h; 11-\ 7+T+L)pa>) r—1 . ,
TT s + =11 11 = <1w7+1£)” ) LT T (% )p™) @ (h)).
a=0 a=0 b=0 th; h; a=0
(4 17)
A final application of Theorem 3.5, this time with k£ € Z such that 0 <z :=k — 25 <1
and p { d, we get, after some simplification, that
r—1 r—1d— IF ;_ _)pa>)
IBNGEYEIINE d w* (d79). (4.18)
a=0 a=0 b=0 )p )

Accounting for (4.17) and (4.18) in (4.14) and maklng the change of variable s — (¢—1)—
we get that

n r—1 q—2 n h;—1r—1 Fp ((th _|_i_q%) a>
R[w] _ n+1HHF wT Z(_l)sd [H H (Fp h<z( wi.h—z’_ i) 1 §) )]

i=ta=0 5=0 i=1 b=0 a=0
d—1r—1 I‘p(<(_7b+q_71)pa )] . ) n ) 1
- —p)!w ([A°] | A" 4.19
LH)EIO n Gy | AT @a9)
where
r—1 n r—1 n 1
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and we have used the fact that w(—1) = —1. Let

re [SE S - m  +E 3 5|

Using the fact that |mz| = >}, ! |z + J we get that

r—1 n r—1 n h;—1 r—1d-1

yoe= X - (G -+ - X X [
a=0 i=1 a=0 i=1 b=0 a=0 b=0
n r—1h;—1 . r—1d—1 .
F D [dG ) =+ 3@+
i=1 a=0 b=0 a=0 b=0
As ged(p,d)=1,{b|b=0,1,...,d—1} ={bp* | b=0,1,...,d — 1} (mod d) and so
d-1 . d—1 ) d—1 d—1
ST+ 2 =3 [ + 25| =3 [+ 2 =Y |4+ 2
b=0 b=0 b=0 b=0
Similarly, as ged(p, hi) = 1,
hi—1 . hi—1
Sl ) - 25 = 3 [t + ) - 2]
b=0 b=0
hi—1 .
=3 |Grow + = |G+ | - 25
b—
hi—01 hi—1
=3 |G- o+ ] - 3 |Gt +
b=0 b=0
hi—1
=3 G = o+ | - L)
b=0
S0 -1 -1 —1
y—z=> > (4" =Y > [(%t] =D (5%
a=0 i=1 a=0 i=1 a=0 i=1
Thus
1 -1 q—2 n h;i—1r—1 Fp(<(ﬁl.+;?—sl)]9a>)]
Ry = (—D)"C(w —1)%d i 4
g—1 (et = q_lszo( ) [11;[1 b=0 a=0 FP(«t%""hi)pa»
d—1r—1 Fp(<(_db+qi1>pa>)] ; n A
—p)7@* (AT nl
ATy ) el
B N IR e hi ...... o o1
= (=1)"C(w) de[ L1 o2 i1 ((A it hyt) ] (4.20)
d d q

Substituting for (4.13) and (4.20) in (4.12), we get the required result. O
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Proof of Corollary 2.5. In Theorem 2.4, we make the change of variables w — —w (mod t),
which is a bijection on W/ ~, and s — (¢—1) — s in the expansion of ;G4 by definition. O

Proof of Corollary 2.6. If t = gcd(d,q — 1) = 1 then w = (0,0,...,0) is the only element
in W and C(0) = 1. So, by Corollary 2.5

n—1 _ 1 —1)" 0 12 N —1
Ng(Daxn) = d -1 + ( q) <—1 + de[ ‘e b; Tl xR b } -
q

The first bottom line parameter in 4Gy is h% = 0. We will “cancel” the zero from both top
and bottom to get the required 4_1G4_1. From Definition 2.3 we see that the contribution
to the summand of the top and bottom line zero is

w®(—1)q if s #0,
1 if s=0.

We also note that when s = 0 the summand in Definition 2.3 equals 1. Therefore,

AL

as required. O

0, ag, ..., Qp
0, by, ..., by

Qn

Gy A] =1+q'd—1Gd—1[22’ Y b
q 2 sy n

Proof of Theorem 2.8. We start from Corollary 2.7 and proceed in the same fashion as the
second half of the proof of Theorem 2.2 in [16]. We let T' = @ and apply the Gross-Koblitz
formula, Theorem 3.6, to get

n—1
q —1 1
Ny(Dy) = + > Ry (4.21)
—1 -1
9 q(q ) [w]eW/~1
where
q—2 r—1
Ry =Y (=)™ (=p) @™ (—n) [] To(((G2)p™)
s=0 a=0
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with

v_znkk‘z an_lzz(lﬂli 7)paJ

keS¢, keS¢ '
r—1 r—1
Y e - G
keS¢ a=0 a=0
As ptn we derive from (4.18) that
t—1 n—1
[Ir0G =00 I Bl = 320p)
r—1 r—1 k=0 n
I (Gm) = I S & (n)
= i [T (r")

el W ((E V). T, (5 4 )™

H J;[O Fp(<%pa>) |:k]€:515, al;[] Fp(<_%pa>)nk—l F[w]
b#0 (mod %)
(4.22)
where

r—1 -1 r—1 ) q )

Flw] := {H Hrp(<(f)pa>)] {H Hrp ((Bp*))™~ ] |:Hw et ]
keS¢ a=0 keSE, a=0 keS¢

Applying the Gross-Koblitz formula, Theorem 3.6, in reverse and (3.1) we get that

- - r—1,=ky 4 k
IT T (@@ wms(tm) = T] a7 o 5
]'CESC a=0 k‘ESﬁ)

(—1)7156\{0}] H G(—1)k

keSe,

Thus

Flw] = (—1)"1%M0H ¢18ul 5

Dl TT Hr : (4.23)

keS¢ a=0
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If we let
r—1
—e= Y (DY [ + 2

kesSg, a=0

r—1 n—1

+ 30> k) - 25 ]+ (2o - 25,
keSy a=0 b=0
b#0 (mod 2)

then, after a lengthy but straightforward calculation, we find that

n r—1
v—z=—r[SE\{0H + Y ) (Hp). (4.24)
i=1 a=0
Accounting for (4.23) and (4.24) in (4.22), and then (4.21), yields the result. O

5. CONCLUDING REMARKS

When d | ¢ — 1 it is possible express the results of Koblitz, and those in this paper, in
terms of hypergeometric functions over finite fields, as defined by Greene [8], or using a
normalized version defined by the author [14]. For example, see [7, 16, 17] for related
results. To extend these results beyond ¢ = 1 (mod d) it is necessary to move to the p-
adic setting as we have done in this paper. Other results where the p-adic hypergeometric
function, ,,,G,, is used to count points on certain hypersurfaces, which are special cases of
the results in this paper, can be found in [2, 6].
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