Math 4606. Fall 2006.
Solutions to Exam 1

1. (20 points) Let X and Y be two non-empty sets and let f be a

one-to-one function from X to Y. Let A be a subset of X. Show that
f(X\ A) is a subset of Y\ f(A4).
Solution. Let y € f(X \ A), then y = f(z) for some z € X \ A. Suppose
y € f(A). Then thereis z’ € A: y = f(z'). Since A and X \ A are disjoint,
x # a'. Therefore y = f(x) = f(2') with & # 2’ which contradicts f
being one-to-one. Thus y & f(A), which means y € Y \ f(A4). Hence
F(XNA) Y\ f(A).

2. (20 points) Let f be a function from R? to R given by

[P i@y £ 0.0,

Does the limit ( %im(o 0 f(z,y) exist? Why? Find the limit if it does.
z,y)—(0,

Solution. For c € R, x #£ 0,

2cx? 2c

[, cx) = =

2 +5ctzt 1+ bcta2.

Hence lim,_,o f(x, cx) = 2¢. Note that lim,_,o(z, cx) = (0,0) for all c. Let
¢ =1, we have lim,_,¢ f(z,2) = 2. Let ¢ = 1, we have lim,_,¢ f(z,22) = 4.
Thus we obtain two different limits as (x,y) aproaches (0,0) along two
different lines, hence lim ;) (0,0y f(,y) does not exist.

3. (20 points) Let f,g and h be three real-valued functions on R"
satisfying
g(x) < f(z) < h(z) for all z € R™.

Let a € R™ and L € R and suppose that

lim g(x) = lim h(xz) = L.

Prove that lim,_,, f(z) = L.
Solution. Let ¢ > 0. Since lim,_,, g(x) = L, there is §; > 0 such that

—e < g(z) — L < & whenever 0 < |z — a| < §;. (1)
Similarly, there is d2 > 0 such that

—e < h(z) — L < € whenever 0 < |z — a| < ds. (2)



Let 6 = min{d1,d2}. Let = be in R™ such that 0 < |z — a| < §. We have
0 < |z — a| < 41 and hence by (1):

flz)—L>g(x)—L> —¢.
We have 0 < |z — a|] < d2 and hence by (2):
fx)—L<h(x)—L<e.

Thefore |f(x) — L| < e. Thus lim,_,, f(z) = L.

. (20 points) Show that the set
S ={(z,y) €R*: xy>5andy+x?+ 3z < 13}
is an open set in R2.
Solution. We write S = AN B where
A={(z,y) €R?*: zy>5}, B={(v,y) €R*:y+a*+ 3z <13}.

Let fi(z,y) = zy and fo(x,y) = y+ 2% + 3x. We know that f; and f are
continuous on R2. Since A = f;((5,00)) and (5,00) is open, we obtain
A is open. Similarly, B = f; '((—o0,13)) is open. Therefore S is open,
for being an intersection of two open sets.

. (20 points) Find the limit

. —3K3 48k —Tk+11
lim .
k—oo 4k‘3 — ki2 + 5

Solution. Divide the denominator and numberator by k*, we have

—3k3 4+ 8K =Tk +11  a

4k3 — k2 +5 by
where 8 7 11 1 5
=34 - — 4+, by=4—>+—.
@k TEr T o R
We have limy_, o, ax, = —3 and limg_, o, b, = 4 # 0, hence
fim —3k% + 8k — Tk 4+ 11 gy @ 3
k—o0 4k3 — k2 +5 T koo b g



