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1. Introduction

m Darcy’s and Forchheimer's flows
m PDE for compressible Forchheimer flows
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Darcy’s and Forchheimer's flows

Fluid flows in porous media with velocity v and pressure p:

@ Darcy’s Law:
av=-Vp,

@ Forchheimer's “two term” law
av + Blv|v==Vp,
@ Forchheimer's “three term” law
Av +Blv|v+C|v|?v = —Vp.
@ Forchheimer's “power” law
av+ c"|v|"tv = —Vp,

Here «, 3, a,¢,n, A, B, and C are empirical positive constants.

L. Hoang (Texas Tech) Studying nonlinear fluid flows in heterogeneous porous media UMBC 12.4.2017



Generalized Forchheimer equations

[Aulisa-Bloshanskaya-H.-Ibragimov 2009]
Generalizing the above equations as follows

g([v))v=-Vp.
Let G(s) = sg(s). Then G(|v|]) = |[Vp| = |v| = G71(|Vp|). Hence
Vp
v=——————=v=—K(|Vp|)Vp,
S(G1(VP)) e
1 1

K() =K = = =¢.
(g) g(f) g(S) g(G_l(é))’ Sg(S) &'
Class FP(N,@). Let N>0,0=ap < a1 <az <...<ay,

FP(N,d) = {g(s) = 29s™ + a1 + as + ... + aNsa’V},

where ag,ay > 0, a1,...,any—1 > 0. Notation: oy = deg(g),
ay
= € (0,1).
2= (0,1)
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Works on Forchheimer flows

Darcy-Dupuit: 1865
Forchheimer: 1901
Other nonlinear models: 1940s—1960s

Incompressible fluids: Payne, Straughan and collaborators since
1990's, Celebi-Kalantarov-Ugurlu since 2005 (Brinkman-Forchheimer)

@ Derivation of non-Darcy, non-Forchheimer flows: Marusic-Paloka and
Mikelic 2009 (homogenization for Navier—Stokes equations), Balhoff
et. al. 2009 (computational)
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Works on generalized Forchheimer flows

@ 1990's Numerical study

o [2-theory: Aulisa-Bloshanskaya-H.-Ibragimov (2009), H.-Ibragimov:
Dirichlet B.C. (2011), H.-lIbragimov Flux B.C. (2012),
Aulisa-Bloshanskaya-lbragimov total flux, productivity index (2011,
2012).

@ [*-theory: H.-lIbragimov-Kieu-Sobol (2015)

o L=, WLP-theory: H.-Kieu-Phan (2014).

o Wh_theory: interior H.-Kieu (2017), global H.-Kieu
(2015-accepted).

@ Heterogeneous porous media: Celik-H.(2016,2017).

@ Isentropic gases: Celik-H.-Kieu (2017-in press, 2017-submitted).

@ Mixed pre-Darcy, Darcy, Forchheimer flows: Celik-H.-lbragimov-Kieu
(2017)

@ Two-phase flows: H.-Ibragimov-Kieu (2013,2014)

e Numericals: Kieu (2016,2017) Ibragimov-Kieu (2016)

Note: there are more works on Forchheimer flows (2-term or 3-term).

L. Hoang (Texas Tech) Studying nonlinear fluid flows in heterogeneous porous media UMBC 12.4.2017 7



PDE for compressible Forchheimer flows

Let p be the density. Continuity equation
dp
(bE—l-V-(pv)—O.

For slightly compressible fluid:
ldp 1

pdp &

where k > 1. Then
d
05 = rV - (K(Vp|)Vp) + K(IVp)) | Vpl.

Since k > 1, we neglect the last terms

6% — v (K(Vp)p).
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Degeneracy

Lemma

Let g(s, a) be in class FP(N,d). One has for any £ > 0 that

Gi(a) Ca(a)
Trep = 1 +o)

G(3) (€77 - 1) < K(€,3)8* < G(a)e* .

(§,3) <

L. Hoang (Texas Tech) Studying nonlinear fluid flows in heterogeneous porous media UMBC 12.4.2017



2. Flows in heterogeneous media

m Mathematical model

m Energy estimates

m Gradient estimates

m Continuous dependence
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Mathematical model

[Celik-H. 2016, 2017]
Generalized Forchheimer equation for heterogeneous porous media

g(x,s) = ap(x)s™ + a1(x)s™ + - -- + an(x)s*N, s>0,

where aj(x), az(x), ..., an—1(x) > 0, and ap(x), an(x) > 0.
Then
V= _K(Xa |Vp|)Vp,

where the function K : U x Rt — R™ is defined by

K(x,&) = forx e U, £ >0,

g(x;s(x,¢))

with s = s(x, £) being non-negative solution of the equation sg(x,s) = ¢&.
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Degenerate/Singular parabolic equation and IBVP

The initial boundary value problem (IBVP) of our interest is

ap

5602 = - (K(x.|Vp)Tp) on U x (0.50).
p=1v¢ on 09U x(0,00),
p(x,0) = po(x) on U,

where po(x) and 1 (x, t) are given initial and boundary data.

Let W(x, t) be an extension of (x, t) from AU to U.
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Weight functions

M(x) = max{aj(x) : j=0,..., N}, m(x) = min{ag(x), an(x)},

NM(x)
m(x)an(x)!=2"

Lemma

Wi(x) = an(x)?

= INM(x) and Wh(x) =

For & > 0, one has
2Wi(x) < K(x,€) < Wa(x)
ga e aN(X)a ga
and, consequently,
_ an(x _
W)€ — 2 < ke, €16 < a9
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Two-weight Poincaré-Sobolev inequality

Let p = p — W, then we have

60052 =V (K(x, IVp)VP) 6}V on U x (0,%),

p=0 onT x(0,00).

Assume the following two-weight Poincaré-Sobolev inequality

1

(/U M%(X)dx)é <cp </U Wl(X)IVu|2—adX> o

for functions u in certain classes that satisfy u =0 on T.
Example, under Strict Degree Condition

deg(g) < % (SDC)
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Energy estimates

Let B, = max{l, Tu aN(X)dx},

G(t) = GIW](t) &£ B, +/Uao(x)—1\vw(x, £)Pdx

2—a
+ / Wa(x)[ VW (x, t)[*~%dx + ( / We(x, t)|2¢(x)dx> o
U U
Let M(t) = M[V](t) be a continuous function on [0, c0) that satisfies
M(t) is increasing and M(t) > G(t) Vt > 0.
Denote

A= ANV 2L imsup G(t) and B = B] 2L lim sup[G'(t)] .
t—00 t—o0
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Theorem (Celik-H. 2016)

(i) Ift > 0 then

/132(X7 t)p(x)dx S/ 2(x,0)p(x)dx + CM(t )%
U U

(ii) If A < oo then

Iimsup/ B2 (x, t)o(x)dx < CAZS.
U

t—00

(iii) If B < oo then there is T > 0 such that for all t > T
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Idea: Differential inequalities

Let y(t) = [, B*(x, t)¢(x)dx and v = (2 — a)/2. Then

y'(t) < —cay(t)? + G(t).

Lemma
Assume y(t), f(t) >0, h(t) > 0, and v > 0 satisfy

y'(t) < —h(t)y(t)” +f(t), t>0.

Then ye
y(£) < y(0) + [Env(f(e)/h(1)| .

Also, if [;° h(t)dt = oo, then

limsupy(t) < [Iim sup (f(t)/h(t))} 1/7.

t—00 t—00

UMBC 12.4.2017
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Gradient estimates

We use of the function
52

H(x, &) :/ K(x,/s)ds forx e U, £>0.
0
We have the comparison

K(x,8)& < H(x,€) < 2K(x,£)&?
Then

Wi(gr — 2 < () < 2Wa()E>

Key relation:

K(x, Vb6, D)V plx, £) - Ve, ) = 5 2 Hx, V60, 1))
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We define
Gi(t) = Gl[lli](t)g/ 20(x) VW (x, £) 2.
U

Theorem (Celik-H. 2016)

Fort > 0,
/ Wi (x)|Vp(x, t)[>?dx < etllt/ H(x, |Vp(x,0)|)dx
U u
2 & 1
+o( [ P 0ptd+ M (D) + [ e HEDGyrar).
U 0
Fort>1,

/ WA()IV(x, B2 ax < C / B2 (x, 0)6(x)dx + M(t) 75
U U

+ /ttl Gl(T)dT).

v
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Large time estimates

Theorem (Celik-H. 2016)
If A < oo then

t
Iimsup/ WA()IVp(x, )P ~2d < € (A +|imsup/ Gi(7)dr).
U

t—o0 t—o0

If B < oo then there is T > 1 such that for allt > T,

/ WAG)IVp(x, B)-2d < C(BTS + G(1)5 + / Gi(r)dr).
U
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Continuous dependence

Let p1(x, t) and pa2(x, t) be two solutions with boundary data 1 (x, t) and
1o (x, t), respectively. Denote

P=p1—py, =V; -V, and P=p —po=P— 0.
Then

602 = (K [T Tr = K (. [Tz Vz) = ()0

P=0 onT x(0,00).

Lemma (Monotonicity)

For any y,y’ € R", one has

(K(x lyly = K Y DY) - (0 = y) = (1= a)K(x, max{|yl, |y'[Dly — y'I*.
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1

D(t):/Uao(x)1|V¢(x, £)Pdx + (/Uao(x)1|vq>(x, Pax)’

+ (/U\q>t(x, t)\2¢(x)dx) .

Theorem (Celik-H. 2016)

N[

Fort >0,
IP()lIEy < e o Ml(T)iﬁdTH/B(O)Hfz
+C/ —da [ Ma(r)” 2 adTMl(s)% D(s) ds.
0

In particular, for any T > 0,

" T
sup POy < IPO)IE, + CMDE [ D(0)r.

telo,
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Asymptotic dependence

2 2
A= AWl =} limsup GIWi](¢),
i=1 =1 '

2 t

Gi1 = Zlimsup Gi[Vi](T)dT.

i—1 t—00 t—1
The asymptotic behavior of ®(x, t) as t — oo will be characterized by

D = limsup D(t).

t—o0

Theorem (Celik-H. 2016)

If A and Gy are finite, then

limsup | P()[% < C(A?5 + G1)™D.
t—00 ¢
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3. Flows of mixed regimes

m Models

m Estimates for solutions

m Continuous dependence on the boundary data
m Structural stability
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Different regimes

@ Darcy:
v=—kVp.

@ Pre-Darcy: When |v| is small,
lv|™%v = —kVp,a € (0,1).
@ Post-Darcy:

(ap + a1|v|** + ...+ an|v|*™)v = =Vp.
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Unified form

[Celik-H.-lbragimov-Kieu 2017]

G(v) = —Vp,
where

c(v):{guvnv v R (o)

where g(s) is a continuous function from (0, c0) to (0, 00) that satisfies

li =0.
S@)sg(s) 0
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Solve for v

Taking the modulus both sides, we have

G(Ivl) = IVel,
where
G(s) = {sg(s) if s> 0,
0 if s=0.
We assume

@ G(s) is strictly increasing on [0, 00),
e G(s) » oo as s — oo, and
@ the function 1/g(s) on (0,00) can be extended to a continuous
function kg(s) on [0, 00).
Then
v = —K(|Vp)Vp,
where

K(€) = kg(GT1(€)) foré&>0.
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Two models of g

Model 1. Function g(s) is piece-wise defined:

— def —a
g(s) = 8(s) = as “L(g.6)(s) + 21, 5,1 (5) + 8F(5)1(s,00)(5) for s >0,
Continuity condition:
as; ¥ = o = gr(s).
def

K(&) = K(&) == M1 15 7))(€) + Maliz, 2,)(€) + Kr(€)1(2,,00)(€)-
Model 2. Function g(s) is smooth on (0, c0):

g(s)=gls )—fa 15 “+ag+ as™ 4 -+ ays fors>0, (1)
where N > 1, a € (0,1), apy > 0,

a_i,ay>0anda; >0 Vi=0,1,...,N—1.

def 5(§)a
KO = K s @ + ms @ + -+ ans(@
with G(s(€)) = ¢

L. Hoang (Texas Tech)
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Two direct models of K

v =—K(|Vp|)Vp.
Note: K (&) behaves like 51 for small £, and like (1 + ¢)~%2 for large &,

o (0% o a N
h=1"g =51
Model 3. 5
K(E) = R(€) < 2

(1 + beP)(1 + cP)’

Model 4. More precisely, K(¢) is close to M1&5 when ¢ — 0, and to
Ke (&) when & — co. Then we choose

. k&b
KO = Kul©) L Ke(9)

where k = My /Kg(0) > 0.
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Initial Boundary Value Problem

Let K(£) be one of the functions K(€), Ki(€), K(&), Ku(€).
After scaling the time variable (to simplify ¢), we obtain the IBVP:

pe = V- (K(Vp)Vp) in Ux (0,00),
p(x,0) = po(x), in U
p = ¥(x,t), on 9U x (0, 00).

Let W(x, t) be an extension of 1) from x € AU to x € U.
Let p=p— V. Then

Bo =V - (K(IVp)Vp) — W in U x (0,0),
5(X70)ZPO(X)_W(X7O)7 in U
p=0, on 9U x (0, 00).
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Degeneracy

Lemma

Then there exist dp, d3 > 0 such that

dr&P d3&P
T+ e < MO < Ty gem %20

Consequently, for all m > B> and § > 0,

1) B1+B2
d2<1 n 5) (£ —6mP) < K(E)EM < ds€™ R WE > 0.
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Energy estimates

Theorem (Celik-H.-lbragimov-Kieu 2016)

(i) There exists a positive constant C such that for all t > 0,

2

1B(8)I12 < I(0)]1? + C[1 + Env(F())] 77,

where

F(£) = FIVI() L [DU(O) + we(e) 7%

(ii) Furthermore,
2
limsup [|p(t)[|> < C(1 + limsup f(t))>F.
t—o0 t—o0
(i) If lim—oo |[VW(2)] = limesoo [[We(t)|| = O, then

Jim [[()] = 0.
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Gradient Estimates

Theorem (Celik-H.-lbragimov-Kieu 2016)

For all t > 0,
/ IVp(x, t)[>Pdx < C(l + [|p(0)|| + e-z/ IVp(x,0)|>P2 dx
v U

t
+ [Env(f(t))]z—zﬁz+/ e HED) VW ()| 2d7 ).
0
Furthermore,

Iimsup/ IVp(x, t)|>P2dx < C(1 + limsup Gy(t)),

t—o0 t—o0

where s
Gi(t) = GL[V](t) Z= F(£) 7% + [ VW(2))%
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Theorem (Celik-H.-lbragimov-Kieu 2016)

If

[T = lim [We(t) [9we(t)] =0

lim | = lim
t—o0 t—00

then

t—o0

im / Vp(x, )2 dx = 0.
U
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Improvements for large t

Theorem (Celik-H.-lbragimov-Kieu 2016)

(i) If t > 1 then

2 2 = f° 2 1

[ 1Vp(x )2 2 < C(L+IPOPHEMNT+ [ [90:(7)|Pdt
v t—1

(ii) One has

lim sup/ |Vp(x, t)|>P2dx
U

t—o00

t
< C(1+limsup F(£)7 P —|—|imsup/ |VWe(r)|2dr).
t—1

t—00 t—00

(iii) Moreover, lim¢_,oo [, |Vp(x, t)]*P2dx = 0 provided
limesoo [|[ VU (2)]| = limessoo [We(t)]| = limesoo [5 4 [VWe(7)]|2dT = 0.

v
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Continuous dependence on the boundary data

— A~

e We consider K(&) = K(&), Ki(§), K(&), Km(§).

e For i = 1,2, let pi(x,t) be a solution with boundary data (x, t), let
W;(x, t) be an extension of 1;(x, t) to U x [0,00), and p; = p; — V; .

e Denote

d=V; -V, and P=p1—po=p1—po— .

5 =V (K(IVp1])Vp1) = V- (K(|Vp2|)Vp2) —®: on U x (0,00),

P=0 on dU x (0,00).
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e Set

Yo=1+ Y (IBOIP + IV(0)I37%, ).

=12
5 2
V(t)=Yo+ Y [Env(F[Wi](t))]>
i=1,2
+ 0 e=3(t7) Yic12 IVVie(n)|Pdr  if0<t<1,
ft—l i=1,2 ||V\V:,t(7')||2d7' if t > 1.

o et
D(t) = [|De(t)]| + V() 25, + [ VO(E) |51/

e For asymptotic estimates, we use

< Z limsup F[WV;](t ))2 &

i—1,2 t—o0
t
=t Y timsup [ 90, (0|4
i—1,2 t—o0
D = limsup D(t).

t—00
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Theorem (Celik-H.-lbragimov-Kieu 2016)

Fort >0,

B1+82 2
2

1B < 1O + c{ Env[F(e) =5 +E D ()] } 7.

If K < oo then

_ _ Bi+By 1 =2
limsup ||P(1)? < C{(l +K) 21—522+2D}2+61.
t—o00
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Structural stability

e Consider K(§) = Kj(&,a) and study the dependence of the solutions
on the coefficient vector J.

@ Let N > 1 and the exponent vector @ = (—«, 0, a1, ..., ap) be fixed.
@ Denote the set of admissible &

S={a=(a-1,a0,...,an) : a_1,an > 0, ap, a1,...,any—1 > 0}.
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Lemma (Perturbed Monotonicity)

For any coefficient vectors 81, 3 € S, and any y,y’ € R", one has

cely — /2
K o5y, K 5(2) Ay — > 6
(Kily'l, 22" = Killyl, 850) - & =) 2 o o e

— K (ly| v Iy'),3& A FD) (ly v Iy 18D - d@) |y — ),

where dg = dg(a"), 3?)) and d7 = d7(81), 5)) are positive constants
defined by

. 1— P :
W1+1ﬂﬂN+Q)ma{Law:i:—lﬂw.wN,jzlﬁﬂﬂﬁl
g N+1
(1 —a)min {3(12,3(21),3,\/ ) (2)}
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[ IVV(r)|2dr  if0<t<l,

V(e = Yo i [Env(F(DI=7 + { JEL V() Pdr e 1,

t—o0 t—o0

1 t
A= limsup F()7% and K:A2+Iimsup/ VW (7)|Pdr.
t—1

Theorem (Celik-H.-lbragimov-Kieu 2016)

(i) For t > 0, one has
/ |P(x, t)]?dx < / IP(x, 0)2dx+ C[Env(V(£))] =7 | 5D — D) |75
u u
(il) If K < oo then

imsup [ [P, )20k < €1+ k)7 30 — 407,
U

t—o0
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THANK YOU!
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