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Introduction

Navier-Stokes equations (NSE) in R with a potential body force
0
a—:+(u-V)u—1/Au: —Vp— Vo,
div u =0,
u(x,0) = u°(x),

v > 0 is the kinematic viscosity,

u = (u1, up, uz) is the unknown velocity field,
p € R is the unknown pressure,

¢ is the potential of the body force,

u® is the initial velocity.
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Let L > 0 and Q = (0, L)3. The L-periodic solutions:
u(x + Lej) = u(x) for all x e R3j =1,2,3,

where {e1, &, €3} is the canonical basis in R3.
Zero average condition

Throughout L =27 and v = 1.
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Functional setting

Let V be the set of R3-valued L-periodic trigonometric polynomials which
are divergence-free and satisfy the zero average condition.

We define
H = closure of V in L?(Q)* = H(Q)3,
V = closure of V in H(Q)?,
D(A) = closure of V in H*(Q)3.
Norm on H: |u[ = [|ul| 2(q).
Norm on V: |ju| = |Vu],

Norm on D(A): |Aul.
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The Stokes operator:

Au = —Au for all u € D(A).

The bilinear mapping:
B(u,v) = P(u-Vv) for all u,v € D(A).

Py is the Leray projection from L?(Q) onto H.
Spectrum of A:

o(A) = {|k[%,0 # k € Z3).

If N € o(A), denote by RyH the eigenspace of A corresponding to N.
Otherwise, RyH = {0}.
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Functional form of NSE

Denote by R the set of all initial data u® € V such that the solution u(t)
is regular for all t > 0. The functional form of the NSE:
du(t)
dt

+ Au(t) + B(u(t),u(t)) =0, t >0,

u(0) = u® € R,

where the equation holds in D(A) for all t > 0 and u(t) is continuous from
[0,00) into V.
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Poincaré—Dulac theory for ODE

Consider an ODE in R” of in the formal series form:

d
d—); + Ax+ ol (x) + oBl(x) +... =0, x e R,
@ A is a linear operator from R" to R”

o each ¢l is a homogeneous polynomial of degree d from R” to R”

Then by an iteration of particular formal changes of variable, there exists a
formal series y = x + "5, Wldl(x), where Wl is a homogeneous
polynomial of degree d from R"” to R", which transforms the above ODE
into an equation

% +Ay +0P(y) +ePFl(y) +... =0, y e R",

where all monomials of each ©!9 are resonant.
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Poincaré—Dulac normal form for NSE

Functional form of NSE:

%—i—Auﬂ—B(u,u):O.

A differential equation in E*

a8 S oll(6) —
dt+A§+dZ;q> (&) =0 (*)

is a Poincaré-Dulac normal form for the NSE if

(i) Each ol € H(E=) and oldl(¢) = S ol (¢), where all

d>£<d] € HIN(E>) are resonant monomials,

(ii) Equation (%) is obtained from NSE by a formal change of variable
u=300, Wl(¢) where Wil ¢ Hld(E>0).
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Asymptotic expansion of regular solutions

For up € R, the solution u(t) has an asymptotic expansion: [Foias-Saut]
u(t) ~ qu(t)e™" + qa(t)e > + g3(t)e > + .,

where q;j(t) = W;(t, u°) is a polynomial in t of degree at most (j — 1) and
with values are trigonometric polynomials. This means that for any
NeN, meN,

N
lu(t) = > qi()e 7 | um(@) = O(e”N+9)%)

Jj=1

as t — 00, for some e = ey, >0

Texas Tech University, Feb. 9, 2011
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Normalization map

Let
W(u®) = Wi(u®) @ Wa(u®) @ -- -,

where W;(u®) = R;q;(0), for j = 1,2,3... Then W is an one-to-one
analytic mapping from R to the Fréchet space

SA=RRHORHS---.
Also, W/(0) = Id meaning

WO =R R e R .
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Constructions of polynomials g;(t)

If u® € R and W(u®) = (&,&,...), then gj's are the unique polynomial
solutions to the following equations

j+(A=Jj)gi+ 8 =0,
with R;q;(0) = &, where §;'s are defined by
fr=0and for j > 1, 8 = Z B(qk, qi)-
k+1=j

Explicitly, these polynomials g;j(t)’s are recurrently given by

a(6) = [ Ri(r)dr

F YDA - R0 - R)S;
n>0

where [(A—j)(/ — R-)]*”*l (%) = X ke qrpgrrre™™, for
u(x) = X k2 ake*x e V.
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Normal form in Sy

The Sa-valued function £(t) = (&n(t))02, = (Wh(u(t)))52, = W(u(t))
satisfies the following system of differential equations

D) | a (e =0,
PN 4 ag(e)+ 30 RBIPUEW). PUED) =0, n>1,

kt1=j

where P;(&) = q;(0,€) for £ € Sa. This system is the normal form (in Sx)
of the Navier—Stokes equations associated with the asymptotic expansions
of regular solutions.

The solution of the above system with initial data ¢€0 = (¢9)>, € Sy is
precisely (Rnqn(t,£%)e™)2 ;. Then the algorithm producing the
polynomials g;j(t) yields the normal form and its solutions.
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Main Result

Notation: For any polynomial @ in £ regardless if it depends on t, we
denote Q!9 for d > 0, the sum of all its monomials of degree d, i.e., the
homogeneous part of degree d of Q.

Ford > 1, let
p[d](g) ij[d] Z [d]
j=d
For d > 2, let
B =Y Bl =>" Y 3 RrRB(P"©.P"©).
Jj=1 j=1 k+Il=j m+n=d

Rewrite the normal form:

d oo
= [y =
dt§+A§—|—dEZB (&) =0o.

Luan Hoang - Texas Tech A Poincaré-Dulac normal form for NSE Texas Tech University, Feb. 9, 2011



e Convergence of P[d](ﬁ), B[d](f)?

@ What is the framework for the normal form: Sobove spaces, space of
smooth functions, ...7?

@ Is it a Poincaré-Dulac normal form, that is, the power series form of
which each monomial is resonant? If so, what is the change of
variable u = T(§) that transforms (formally) the Navier—Stokes
equations into its normal form?
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Answers

Let E°° be the Fréchet space C*°(R3,R3)N V.
Then the above normal form is a Poincaré—Dulac normal form in E* for
the Navier-Stokes equations obtained by the formal change of variable

u=¢E+) PU).

d=2

Along the way, Pl(¢), Bl9l(¢) are proved to converge in appropriate
Sobolev spaces (depending on d).

Texas Tech University, Feb. 9, 2011
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Utilities
Set of (general) indices: GI = |J>2; GI(n), where for n > 1,

Gl(n) = {a = (ak)izq, ak € {0,1,2,...}, ay =0 for k > n}.

For & € GI, define

oo o
6] = ok and [|a]] =) ka.
k=1 k=1

For d, n > 1, define the set of special multi-indices:
Si(d,n) = {a = (k) € G1,1a| = d, a]| = n};

note 1 < d < n hence SI(d, n) C GI(n). Also, for n > d > 1 and
n > d >1 we have

Si(d,n) + SI(d',n")y C SI(d +d',n+n').
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Homogeneous gauge

Let £ = (gk) —1 € Saand a = (ak) °1 € G/(n) define
[€]% = ||t |ealo2 ... [&a] .

For n > d > 1, define

1/2 1/2
usnd,n< 3 [f]z"‘) ( > [5]2“) :
aesi(d,n) |&|=d,||&||=n

We have the following properties

[€]%[€]™ = [£]™*7,
[g]ra:([f]a) for r=0,1,2,.
[€]%% = leP.

|a|=d

telan< (X [e) 7 <ipe

&eGl(n),|a|=d
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Multiplicative inequality

leté € Sp,n>d>1andn’ >d >1. Then

[[f]]d,n ‘ [[f]]d/,n/ < el [[f]]d+d/,n+n’ )

Note: The constant on the RHS is independent of n, n'.
Proof.

(e, Ml = X @) X [

aesSl(d,n) a’eSl(d’,n’)
2(a+a’
_ Z [f] (a+a')
aesl(d,n),a’eSI(d’,n’)

For above @, @', the index ¥ = & + &' belongs to SI(d + c_/’, n+n'). We
need to compare the above sum to Z"YESI(d+d',n+n/) [g]m'
Let ¥ = (W), € SI(d+d',n+1').
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Suppose 7 € SI(d, n) + SI(d’, n"). We count the number of ways to write
each 7 as the sum @+ &' If k > nor k > n’ then a) =0, ) = 7 or
o) =0, ax = 7k, hence one way.

Let k < min{n, n'}. Counting via a: the set of possible values for ay is
{0,1,2,...,vk}, hence at most vy, + 1 values. Thus the number of
repetition of § as the sum @ + @' is at most

N=N®H)=m+1(r+1)...(9n+1) < (11 +1)(12+1) ... (Yntw +1).

By generalized Young's inequality:

e (it + e+ D)+ + (new +1) nn
- n+n'

C(dtd 4+ o\

N n+n

N\ n+n’
:<1+d+d) <edtd [
n-+n
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Poincaré inequality for homogeneous gauges

For any £ € Sp, any numbers ai,s > 0 and n > d > 1, one has

(A%l < (ﬂ) [[A*¢]],, < (ﬂ) -

Proof. For |&| = d and ||&|| = n we have

5 N kS 20
135 ~ITiaF :1:[|k§k‘
L lkee (A€ :
([Tx koe)?s ([Tx koe)?s
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Let ko = max{k : ax # 0}. Then n=> kay < ko(D_ ak) = kod. Hence
ko > n/d and

[Tk > ko' = ko > n/d.

k
Therefore

(€177 < (d/ny>[ A€]*.

Summing over & € S/(n, d) one obtains
[(E1la,n < (d/n)* [[A%€ ]l < (d/n)*|PaA%E|.

Then replace £ by A%€. O
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Simple nonlinear estimate

Lemma

For o > 1/2 one has

A B(u, v)| < KA 2y] | Ax+1/2y),

for all u,v € D(A*t1/2), where K > 1.

Note: This inequality is symmetric in v and v.
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Degrees in t and &

Write
Jj-1 J J J
qum(ﬁ =Y > @ ="
m=0 d=1 d=1

where gj (&) is a polynomial in &, and q[ ](f) and qj[d](t,f) are
homogeneous polynomials in £ of degree d

Also, qj[d](t,é) = lal=d qj[d]’(a)(t,f), where & = ()32, € Gl and

q}d]’(a)(t,ﬁ) is the sum of all monomials of qJ[d](t,f) having degree ay in
&k for all k > 1. Similarly,

j—2 -2 J
DEDIEHOCED IPILEOLED SR
m=0

m=0 d=1 d=1

where S1.m(€) = B17(€) = B (t,€) = 0 for all m,d, t and ¢,
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Bim(&) = D Y. Bla (&), arr(&)),

I+I'=j r+r'=m

o= 3 Z B(q1(£). ab 1 (€)).

I+I'=j r+r'=m s+s'=

for j>2and 0<m<j—2 B(t,6) =5 5_g B V(1,€), where

[d] (Oé) (t,6) = Z Z Z [k] 7) t,€), q/['k] 7)(t ).

I1+I'=j k+k'=d y+7'=a
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Lemma

(i) deg, q;(t,€) <j — 1, deg, g/ (t,€) < d — 1.

(ii) If g £ 0 then & € SI(d, ).

(iii) Consequently, for each (non-zero) monomial of P;(£), j > 1, having
degree a in &, k > 1, one has & = (a )32, belongs to SI(d,j) where
d = |a|. Also, for each (non-zero) monomial of B(Pm(§), Pn(€)), having
degree av in &k, k > 1, one has & = ()52, belongs to SI(d, m + n)

where d = |a| .

Convention 0/0 = 0, shorthand notation
j}d = min{j,d — 1} for all j,d.

It is clear from the above Lemma that qJ[fﬂ, =0form>(j— 1)‘d, and
,BJ[ffr]n =0form>(j— 2)|d_1.
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Recursive formulas

For m = 0:

j—=2

n+1
Rigjo = Rigj + Z( Y nfll (/—Rj)ﬁj,n);

n=0

form=1,....j—2:

j—2—m
ReRiBim-1 ’ (=)™ (m+n)!
Rigjm = —0mL 7y ((k_j)n+1 ~ L R(l _Rj)ﬁj,mﬂ,);

n=0

and for m=j — 1:
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Recursive formulas for homogeneous polynomials in &:

n+1n|

Req = Rl + Z <(k e Rell Rﬂﬁ}ﬂ)

(J—Z)Id_1

_ p cldl (—1)"+1”' [d]
=Rg®+ > <W (1= R)BIT),
n=0
d
Regl = _ FeRimes
m
Jj—2—m n+1 (m+n)
[d]
T Z ( k— )l ml Ri(l — R )/BJ m+,,)
N T 2 (kj)—nmuﬁ’?k(’ R)BL)
: 4 ReRiBL
form:l,...,(1—2)‘d,andqu = T
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Recursive estimates

Forj>2,d>1,a>0and& € Sy, one has

(G—2)|g—1
A2 < 2an)(d - D(|AEM R+ D 1A - R)BINOR);

n=0

A /3}",1, Gk

A ()2 < (an)(d - 1)1

1 (=2)|a—1 .
toE X AU~ R)BIE)P)
B . o (] |A*R;BI_,(¢)2
form=1,...,(j—2)|, and |A%q qj i 1(5)] W

Texas Tech University, Feb. 9, 2011
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Estimates of homogeneous polynomials

Forj>d>1and0<m<(j—1)|,, one has

d’

4G ()] < ela, d) | [ A3 |

)

d.j
for all ¢ € Sp and a > 1/2, where the positive number c(a, d) is
c(a, d) = (Mg)(*+7)0D),

with
My = K + d%*9(d)? and 74 =(d—1)/2.

In particular, when m = Q one has

AP < clord) || A3V |
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By induction in j and the use of Multiplicative Inequality:

[[f]]d,n : [[f]]d/,n/ < el [[f]]d+dl,n+n’ :
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Convergence of homogeneous polynomials

Theorem

Let « >1/2, d >1 and £ € D(A*34/2),
(i) Then Pl(&) converges absolutely in D(A“) and satisfies

APl < S 1A (€)] < M(a, d)| A2t 24,
j=d

where M(a, d) > 0. Moreover, Pl9(¢) is a continuous homogeneous
polynomial of degree d from D(A*39/2) to D(A®).

(if) Similarly, Bl9(€), d > 2, is a continuous homogeneous polynomial of
degree d in & mapping D(A*139/2) into D(A®) for all o > 1/2, and
satisfies

’AQB[d](£)| < Z |AaBLd](€)‘ < C(a, d)|Aa+3d/2§|d.

n=1
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3

Zl A% [d] Z c(a, d) HAaJr(a/z)(d_l)EHdJ

Jj=d

-E%g

7
Q.

d\3/2 « —
(a’d)(j‘) |A +(3/2)(d 1)+3/2£|d

M(a, d)|Aa+3d/2§|d‘
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Explicit change of variable

Formally, u = 37, 34 ¢/7(0,€) = 34 32 ¢¥(0,€), hence

) e+ Z Pie) = > Pl
d=1

Note that this expansion, in fact, is the formal inverse of the normalization
map W and hence is our natural choice.
This power series has the formal inverse of the form

¢=Pu)LLu+ ZP[‘” =3Pl
d=1

where each P[d](

), , is a homogeneous polynomial of degree d,
particularly, P ()

dZ
=pl (u):u.
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Let Pl be a symmetric d-linear mapping representing Pl

d
Pl = -3 (Y AIEEl,. . Blly))

m=2 ki+.. —‘rkm*d

— _pldy Z ( S pimiplaly,. 775[km]u))

m=2 ki+...+km=d

for d > 2. In particular, when d = 2, PP(u) = —PPl(u).

Proposition

All 75[d](u), d > 1, are continuous homogeneous polynomials of degree d
in E°°.
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NSE under the change of variable

Let u(t) be a regular solution of Navier—Stokes equations. Then
u(t) € E* for all t > 0. We make a formal change of variable using

u=P(&), or equivalently, ¢ = P(u) = u+ 3.5, Pldl(u). Taking the
derivative in t formally, we obtain

d
—5 —tu + Z ppld (u u (then use U= —Au — B(u, u))

= —A¢f — ZAp[d] i B(PH(¢), Pl (&) —

d=2 k,i=1

here, notation D denotes the Fréchet derivative operator. We then derive

where each Q[d](f), d > 1, is a homogeneous polynomial of degree d.
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Computing Q(¢)

Obviously, we have Q(¢) = A¢. Up to degree d > 2 in ¢,
knowing the differential equation for £, we formally calculate

d |4 (ml(ey &
dacl T dtg + n; bp (g)dtg
=AY Q)| - " oPH(e) (s + Y QM(9)).
d>2 k>2 1>2
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Therefore we obtain the recursive formula for d > 2:

Q) = HPP(6) + S B(PH(¢), Pl(¢))

k+I=d

- > prPHE©@QM()),

2<k,I<d—1
kti=d+1

where H{Pl(¢&) = API (&) — DPI(&) A (H is the Poincaré
homology operator).

Now the Navier—Stokes equations after the change of variable is

d oo
Bl [dl(ey —
dt§+A§+ E Q&) =0,

d=2

where the polynomials QIl(¢), d > 2, are given explicitly.
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Poincaré’'s homology operator

Fora > 1/2, d > 1, then H'Pl(.) maps D(A*+39) into D(AY) and

one has

HOPE(E) = Y (A—j)P(¢), for all ¢ € D(A*+3),
j=1

Luan Hoang - Texas Tech

A Poincaré-Dulac normal form for NSE Texas Tech University, Feb. 9, 2011



Resonant monomials

Denote by #!9(E>) the space of homogeneous polynomials on E> of
degree d.

Definition
Let Q € HIU(E>). Then Q(¢) (£ € E® and & = Ri¢, j€N), is a
monomial of degree a. > 0 in & where i =1,2,...,m,

Qg + ...+ ak, =dand ki < ko < ... < kp , if it can be represented as

Q(ﬁ) = é(gklv" '75/(1761(2)' "75/(27"' 7€km7"'7§km)7
————

N~ N~

Qg Ok, Qe

where Q(¢W, £@) . (@) is a continuous d-linear map from (E>)? to
E®.

The monomial Q(&) with degree d > 2, is called resonant if

Z:—ll Oék'.k,' :j and Q = R_,Q 75 0.
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Partial symmetric representation

By the symmetrization of @ in each group of variables, specifically, o,
variables of £1) ¢ ¢ oy, variables of glan+1) glog+2)
glmtan) o and oy, variables of £(9-%mt1) gld-ain+2)  e(d) we
will always assume without loss of generality that Qis symmetric in each
of these groups of variables.

Texas Tech University, Feb. 9, 2011
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Compare the normal formal

d [e.o]
el ldl(ey —
dt§+A§+dE:28 & =0

with the NSE under an explicit change of variable

d " ]y
i Ae 30 o
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Desired relation

QI(¢) = BIN(€) for all € € E® and d > 2.

Proof. Let d > 2. It was proved previously by Foias-Saut:

(A + Y B(Pu(£), Pi(€)) = (DPi())O_ B(€)).

k+I1=j k=2

Collecting the homogeneous terms of degree d in & gives

A-)Pe+ Y Y 8P, PFe))

m+n=d k+I=j

- Y pPe)Bie)) = RiBUE).

2<m,n<d-1
m+n=d+1
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Summing in j we obtain

Bl(E) = HaPE©) + 3 B(PIMI(Q), PI(€))

m+n=d

- > |pPe)B©) |

2<m,n<d-1
m+n=d+1

Compare with

QE(e) = HOPE) + Y B(PI(e), Pl(¢))

m+n=d
- Y |pPME)RM(e))
2<k,I<d—1
m+n=d+1
For d = 2:
BA(¢) = HPI(¢) + B(PII(6), PI())) = QP(¢).
Then prove by induction in d. O
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Summary

Theorem
The formal power series change of variable
u=¢+> P,
d=2

where £ € E* = C®(R3,R3) N V, reduces the Navier-Stokes equations
to a Poincaré-Dulac normal form

d o
il E [dl(e) —
dt§+A§+d:2[>’ (&) =0.
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THANK YOU FOR YOUR ATTENTION!
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