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Introduction

o Darcy's Law:
au = —Vp,

@ the “two term” law
au+ Blulu=—-Vp,

@ the “power” law
c"ul"tu+ au= —Vp,

@ the “three term” law
Au+ Blulu+Clu?u= —Vp.

Here o, 5, ¢, A, B, and C are empirical positive constants.
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General Forchheimer equations

Generalizing the above equations as follows

g(lu)u=—Vp.
Let G(s) = sg(s). Then G(|u|) = |Vp| = |u| = G~}(|Vp]|). Hence

_ Vp _
v =gy - KUVRDVR

where
KO = K600 = 25 = qrerey: @ =€

We derived non-linear Darcy equations from Forchheimer equations.
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Equations of Fluids

Let p be the density. Continuity equation
dp
F__y.
™ (pu),
For slightly compressible fluid it takes
dp 1

dp &

)

where k > 1. Substituting this into the continuity equation yields

dpdp _

dp
d—pdt =—pV.-u——u-Vp,

dp

dp
— =—kV-u—u-Vp.
dt P
Since k > 1, we neglect the second term in continuity equation
dp

E:—/@V-u.
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Combining the equation of pressure and the Forchheimer equation, one
gets after scaling:

dp
P
Consider the equation on a bounded domain U in R3. The boundary of U
consists of two connected components: exterior boundary [, and interior
(accessible) boundary I';.
e Dirichlet condition on I'1: p(x, t) = 9(x, t) which is known for x € T';.

@ On Ty

V- (K(IVp|) Vp).

op
N = —— =0.
u O@aN 0
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Class FP(N, &)

We introduce a class of “Forchheimer polynomials”

Definition
A function g(s) is said to be of class FP(N, @) if

N
g(s) = aps™ + a1s™ + aps™ + ... + aysN = g ajsY,
Jj=0

where N >0, 0= < a1 <az <...<aypy, and
ap,ay > 0,a1,...,ay—1 > 0. Notation ay = deg(g).
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Let N > 1 and & be fixed. Let
R(N) = {5: (80,31,...,31\/) C RN+1 1 ag,aN > 0,81,...,3,\/,1 > 0}

Let g = g(s,d) be in FP(N, &) with & € R(N). We denote

N a ay
= € (0,1 b= — € (0,1),
a aN+1 (7)7 2_ 3 aN+2 ( )
1 1
X(5) = max{ao,al,...,aN,f77} > 1.
ap an

Many estimates below will have constants depending on x(3).
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Lemma
Let g(s, d) be in class FP(N,&). One has for any £ > 0 that

G 'x(@) 1
(1+¢)°

and for any m > 1, § > 0 that

Cox(3)' "

<K(&a) < 47

58
(1+9)2

CO—IX(E)—I—a (Em—a o 5m—a) < K(£,3)£m < COX(3)1+a£m_a,

where Co = Co(N, an) depends on N, ay only.
In particular, when m =2, § =1, one has

2—aC0—1X(5)—1—a(£2—a . 1) S K(£’§)£2 S C0X(§)1+a£2—a.
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The Monotonicity

(i) For any y,y’ € R", one has

(K(lyl, 3)y — K(IY',3)y') - (v — ') > aKk(ly| vV Y], 3)ly — v'|*.

(i) For any functions p; and p, one has
| (K(9p1l. 391 = K(IVp2l, V2) - (Vo1 — Vpa) e
]

> a </ K(IVp1| V [Vp2l, 3)|Vpr — szlex>
U
2

2—a _
> G ( /U |Vp1—var“dx) (14 [Vprllizsoy V [ Vo2l i2ogey) s

where G5 = Gs(N, deg(g), x(3))-
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Poincaré-Sobolev inequality

Let f(x) and &(x) be two functions on U with f(x) vanishing on 'y and
&(x)>0. Then

([ 17601 ) ™ < o [ K(etx). 19700 P0n)

< (14 /U H(E(). 3 ) .

where (2 —a)* = n(2 —a)/(n— (2 — a)) and Cs = Gs(N, deg(g), x(3), U).
Subsequently, when deg(g) < 4/(n — 2) one has

a

[ 0P < Gl [ K. DIV Ra) (1+ [ Hiee. a) .

where Gz = G/(N, deg(g), x(3), U).
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Degree Condition (DC)

4 2 n(2 — a)
S n—(2-a)
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Extension of the boundary data

Let W(x,t), x € U, t € [0,00) be an extension of 9(x, t) from I'; to U.
For instance, one can use the following harmonic extension W of :

AV =0 on

= =0.
M 1/} P

We denote such W by H(v). Then the Sobolev norms of H(v)) on U can
be bounded by the Sobolev or Besov norms of ¥ on ;. In particular, we
have

HB HW ’2( ) 8 1/} W’2( 1)
IOI k—0,1,2,l —O,l
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Shift of solutions

Shifted solution: Let p = p — V, then p satisfies

%:V-(K(’Vp‘)Vp)—\Ut on U x (0,00),

p=0 on I3 x(0,00).
Define:

52
H(E, 3) = /0 K(y/s,3)ds.

We denote H(x, t) = H|[p|(x,t) = H(|Vp(x, t)|, 8).
Constants in estimates below depend on x(3).
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A priori Estimates - I(a)

Lemma
One has

1d )

—— | p°(x,t)dx < —C [ H(x,t)dx + CGi(t),
where

Gl(t):/U|V\U(x, t)|2dx—|-(/u|\llt(x, t)|r°dx)")%laa)+(/u|\lit(x, )] dx)

with ry denoting the conjugate exponent of (2 — a)*, thus explicitly having

the value
n(2 — a) (24 ay)

T (2-a(n+l)—n nt2+an

n

S=
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A priori Estimates - I(b)

Corollary

One has for t > 0 that

/f@gws/fmmw+mmy
U U
where

mm:fgmw

In the case deg(g) < 4/(n — 2) one has

/ﬁ@gwg/f@@w+m¢%
U

U

where N\y(t) = (1 + Env(Gl)(t))%a, with Env(Gy)(t) being a continuous,
increasing envelop of the function Gi(t) on [0, c0).
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A priori Estimates - |: Proofs

@ No Degree Condition: minimal information

@ With Degree Condition: Sobolev-Poincare inequality and non-linear
differential inequality (weaker than the usual Gronwall's)
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Non-linear differential inequality

Lemma

Suppose
y < —Ay® + f(t),
for all t > 0, with A, > 0 and y(t), f(t) > 0.

Let F(t) be a continuous, increasing envelop of f(t) on [0,00). Then one

has
y(t) < y(0) + ATYF(8)le,

vt > 0.
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A priori Estimates - lI(a)

For any € > 0, one has

d/ H(x, t)dx+/p§(x, t)dxgg/ H(x, t)dx + C.Gy(t),
dt Juy U U

where C. is positive and

Gg(t):/U]V\Ut(X, t)|2dx+/U|\Ut(x, £)2dx.

Consequently, one has

jt[/u H(x, t) + B*(x, t)dx}—i—/upf(xa t)dx < _C/UH(X’ t)dx+ CGs(t),

where G3(t) = Gl(t) a4 Gz(t).
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A priori Estimates - II(b)

Corollary

(i) Given 6 > 0, there is Cs > 0 such that for all t > 0 one has

t
/ H(x, t)dx < et / H(x,0)dx + Cs / =) Gy(7)d.
U U 0

(ii) For t > 0, one has

t
/H(X, t) 4+ p°(x, t)dx + / /[_J%(X,T)dXdT
U 0 JU

) t
S/UH(X,O)—l—p (x,O)dx-i-C/0 Gs(7)dT.
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A priori Estimates - II(c)

Corollary

For t > 0, one has

/ H(x, t)dx <e- lf/ H(x, 0)dx + c/ e Db
0] U
4 c/ ) (My(r) + Go(r) ) -
In case deg(g) < 4/(n — 2), one has for t > 0 that
/H(x, t)dx ge_clt/ H(x,0)dx + C/ﬁZ(x,O)dx
U U U
t
e / &G (M) + Go(7)) .
0
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A priori Estimates - 11(d)

Lemma

Suppose deg(g) < -%5. Then

/Uﬁz(x, t)dx < Ch(t)(/UH(x, t)dx+/U|VW(Xa f)|2dx)’

(/U52(x, t)dx)zga < c(1+/UH(x, t)dx ) + C/U\W(x, )[2dx,

where

a

h(t) = (1+/UH(X, t)dx)g.

Luan H. - Texas Tech Forchheimer Equations - Il Applied Math. Seminar, Sept.15&22.2010



A priori Estimates - lI(e)

4

Suppose deg(g) < -=5. One has the following two estimates

/ H(x, t)+ﬁ2(x,t)dx§e‘qﬁ’t"_l(”‘”( / H(x,0)+52(x,0)dx)
U U

g t g, —
+ C/ e~ G/t 1(9)d9G3(7')d7',
0

and

/H(X’ 0+P(x, t)dXS/ H(Xa0)+52(X,0)dx+C(1+Env(G3)(t))z%a'
v U
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A priori Estimates - llI(a)

Let g = pt, § = P

One has for t > 0 that

i/q?dxg —c/ K(IVp|)|Vadx + c/ |V\Ilt|2dx+/ W e .
dt Jy U U U

Note: May happen
lim sup/ P2 (x, t)dx = oo.
U

t—0

Luan H. - Texas Tech Forchheimer Equations - 111 Applied Math. Seminar, Sept.15&22.2010



A priori Estimates - IlI(b)

One has for t > tg > 0 that

/Up%(x, t)dx <ty [/U H(x,0) + p%(x, 0)dx + C/Oto G3(T)d7’]

+ C/Ot{/U\V\IIt(x,T)|2dx+h(T)</U|th(x,7')\r°dx)%}dT.

If deg(g) < %5, then for t > to > 0 one has

G ff L
/ Po(x, t)dx < t; e 1 Jy w9 [/
U

U

t t
+ C/ eclffhfe)d"(/ |V1Ut(x,7-)|2dx+h(7)/ ywtt(x,T)Fdx)dT.
0 U U

v

to
H(x,0)+p(x,0)dx+C / Gs(7)dr
0
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A priori Estimates - 1V(a)

Suppose deg(g) < 4/(n— 2).
(i) For any t > ty > 0 one has

[ Hxt) + B ) + B )k < (14 51)e™ o O [ i 0)
U U

to t o
+P°(x,0)dx + C / G3(T)d7'] +C / e QL hT O Gy (1ydr,
0 0

where Gy(t) = G3(t) + [, W2(x, t)dx.
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A priori Estimates - IV(b)

Proposition (continued)
(ii) Assume, in addition, that
Mo g/ e~ Gt=7) (/\g(t) + G3(t)> dr < oo.
0

Then there is dy > 0 depending on the initial data of the solution and the
value My above so that

/H(X, t) + B2(x, t) + P2(x, t)dx < (1-|-t0_1)e_d°(t_t°)[/ H(x,0)
U u

to t
+P%(x,0)dx + C / G3(T)dT] +C / e~ %=1 Gy (7)dr,
0 0

forall t > t5 > 0.
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A priori Estimates - IV(c): No condition on h(t)

Suppose deg(g) < ni2' One has for t > tg > 0 that

/U H(x, t) + B2(x, t) + P2(x, t)dx

<(1+th /u H(x,0) + p*(x,0)dx + C(1 + Env(G4)(t))ﬁ.
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A priori Estimates - V(a): Uniform bounds

Suppose deg(g) < 4/(n — 2). Assume that

SUP (s ) llwrzry), [SUP e (s ) lwrary) < oo

0,00

Then

sup / H(x,t) + p?(x, t)dx < 4/ H(x,0) + p*(x,0)dx + C<1+
[0,00) JU

2
Sup) ias t)H%/Vl’z(rl)_'—[gup) e (- )HLZ(I’ )_|_[5up [[9e (-, )H%/Vl,z(ﬁ)) o

, OO
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A priori Estimates - V(b): Uniform bounds

Theorem (continued)
If, in addition,
sup [|[9ee(: t)ll2¢ry) < 00,

[0,00)

then for any ty > 0 one has

sup / H(x,t) + p?(x, t) + p*(x, t)dx < C(1 + to_l)/UH(x,O)

[t07oo)

+ 20 0)d+ Gt [ 0,0 do+ € (1+ s 190 Oy
1 ,O0

2

+ sup [|¢e(, )||L2(r )+[SUP [l (-, )”%/\/1,2(5)"‘[8“[))||1/Jtt(',t)||i2(r1))“-

[0,00)
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Dependence on the boundary data

Let p1(x, t) and pa(x, t) be two solutions of the IBVP with the boundary
profiles 11(x, t) and ¥o(x, t), respectively. Let Wy (x,t) be an extension of
Yi(x, t), for k =1,2.

We denote

z(x,t) = pi(x, t) — pa(x, t), W(x,t) = WVi(x,t) — Va(x,t),
Ek:pk_w/ﬂ k:1727 E:ﬁl_ﬁ2zz_w'

Let Hi(x,t) = H[pk]|(x,t) = H(|Vpk(x, t)

d a
Recall that a = ;=8&) and b= 52, = ;€l&)

We will establish various estimates for Z(t) def [y Z2(x, t)dx, for t > 0.
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First, we derive a general differential inequality for Z(t).

Lemma
One has for all t > 0,

1d [ _ oa . \ T3 _
2dt/ 2dx < - C /yvz|2 ) ™7 (14 Ml + [ Fall )
CL+ [|Hllx + [Hall ) =PIV W -
1Hllx + 1 Hall2) 2 VW 2

<(
b
CA+[1Hll + 1H2ll)” [WellZn,

where ry is the conjugate of (2 — a)*.
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Let Gj[W,], k =1,2,j =1,2,3,4, denote the quantity G; for
corresponding solution px with boundary data extension W. Similarly, let
Ai[Vi], k = 1,2, j = 1,2, denote the corresponding quantity A; defined for
Let m(t) = m1(t) + m2(t), where for k =1,2,
mi(t) = eClt/ Hk(x,O)dx+/ P2 (x,0)dx
u U

v /O -Gl (Al[wk](T) + G3[\Uk](7)) dr.
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Estimate for finite time interval

One has for all t > 0 that

/UE2(X, £)dx < /Uz2(x,o)dx+ C/Ot (V¥ -

T RTW )iz + (L )P, 7)o )

Consequently, for any given T > 0,

~+
~

sup / 22(x, t)dx < 4/ Z2(x,0)dx+6 sup ||W(-, t)[|2,+CT sup ||[V¥(.,
[0,T]/U U [0, 7] [0,7]

+ CT(L+ A, + Do(T))*(sup VW 1)z + sup Wil D) ).
[0,7] [0,T]

v
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Above, § = max{1/2, b},

A*:/ H1(x,0)dx+/p%(x,0)dx+/ Hz(x,O)dx—i—/p%(x,O)dx,
] ] U U

2 t
DT) = sup /0 e G (MW7) + GalWil(r) ).

= [0.7]
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Corollary
Suppose for both k = 1,2 and t > 0 one has

2—a

VW, Oz + 1(Vie(, Ol 7 < C(1+1)"

and
IV (W)e(s O)lIF2 + [1(Wi)e( )lIF2 < C(1+ 1),

where r1,rp > 0. Let 3 =1+ max{ri +1,rn}. Then

/Uz2(x, t)dx§/z2(x,0)dx

U

t
+C(1+ A*)/ L+ )2V )2 + (L + )P, 1) dr
0

where A, is defined previously.
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Estimate for all time under the Degree Condition

Using appropriate estimates of fU Hi(x, t)dx, we denote

my(t) = eclt/ Hk(x,O)dx—l—/pi(x,O)dx
U U

+ /0 t e G(t=7) (Az[wk](f) + G3[\Ilk](r))d7, k=1,2.
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Theorem

Suppose deg(g) < 4/(n— 2). Then for all t > 0 one has
/EZ(X, t)dx < e_CIS(O’t)/Ez(X,O)dX
U U

t
+C/ e—cls(T,t)(Hv\u(.ﬁ)uih
0

+ m(T)2([ VW, )|z + (14 m(7)) P We (-, T)Hfro)dr-

v
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Corollary

Suppose deg(g) < 4/(n — 2). Assume that
2
3 ( sup Aa[Wi](t) + sup G3[\Uk](t)> < .
k=1 [0,00) [0,00)

Then one has

sup / 22(x, t)dx < 4/ Z(x,0)dx + C sup ||W(-,t)||%
U

[0,00) JU 0,00

b+3
+ C sup (AZIVW(, 6)[3ms + ALZ IV, Dlliz + AW )]0 )

0,00

where

2
=13 ( ] 197l =245, 0 sup ALVl (0)+ sup G
k=1 ,00 ,00

V.

~
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Corollary

Suppose deg(g) < 4/(n — 2). Assume that

tIL[r;O 5(0,t) = oo,

Jim (1+ m(O)*2[VU(, 1)]12 =0, fim (14 m(e) Wl €)]n = 0.

lim
t—00

Then lim;_o0 fufz(x, t)dx = 0.
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Dependence on the Forchheimer polynomials

Let the boundary data ¢ (x, t) on '} be fixed. For each coefficient vector
3, we denote by p(x, t; 3) the solution of

op
pe =V - (K(Vp)Vp), plrp=v¢, —-
with K = K(¢, 3).
Let g1 = g(s,3() and g» = g(s, 3®)) be two functions of class FP(N, &).
Let px = pk(x, t; 3("))) for k =1,2. Let p = p1 — po, then

%:V-(K(Wpﬂ,i(l))Vm)— V- (K(IVp2|, 3@V ).

Multiplying this equation by p and integrating by parts over the domain
yield

sai | P == [ (KUVALE) Vo K(Vpal, 30) T pr) (V1T o)
tJu U
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Perturbed Monotonicity

Let 3 and 3 be two arbitrary vectors. We denote by 3V 3 and 3 A 3 the
maximum and minimum vectors of the two, respectively, with components

(3vd); =max{aj,a;} and (FA3F); =min{a;a}.

Then component-wise one has 3A 3 < 3,3 <3V 3.
Define x(3,3) = max{x(3), x(3")}. Note that

x(@vad), x(3nd) <x(3E,3),

X(t3+(1-1)3) < x(3.3) Vtelo1].
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Perturbed Monotonicity

Lemma

Let g(s,3) and g(s, d) belong to class FP(N,d). Then for any y,y’ in
R", one has

(K(lyl, @)y = K(Iy',3)y) - (y —y") = @=a)K(ly| VIy'|,aVv )|y — y'|?
— Nx(3,3)a—3|K(lyl VIy'l,ana) Iyl vV Iy'Dly =¥,

where a € (0,1).
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Let

Me(t) =1+ [ [Tpi(c,0)2 o+ [ pi(x,0)ox
U U
t
+/ e~ AT (A (1) + G3(7))dT, k=1,2,
0
and M = M; + M. One has

/ K(IVpil, 30 A 32V dx<c+c/w *dx < T,
U

where C depends on x (31 A 33)) and x(3).
Denote Hy(x,t) = H(|Vpk(x, t)],ak)) for k = 1,2.
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Finite time estimate

First, we obtain the continuous dependence for finite time.

Proposition

For t > 0 one has
/ 1P1(x, ) — palx, £) 2dx < / 11(x,0) — pa(x, 0)Pdx
U U

t
+ CJF — 5@ / Wi(r)dr,
0

where C > 0 depends on N, ay, and x(31), 3?). Consequently, the
solution p(x, t; ) depends continuously (in finite time intervals) on the
initial data and the coefficient vector 3 € R(N).
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Large time estimate under the Degree Condition

Under the Degree Condition, [, |Vpk(x, t)|> ?dx is bounded by CMj(t)

where
My (t) = 1+e—C1f/ yvpk(x,0)|2—adx+/pi(x,O)dx
U U
t
+/ e~ ) (A (7) + Ga(7))dT, k=1,2,
0

and M(t) = My(t) + Ma(t).
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Proposition

Suppose ay < 4/(n—2). Then for t > 0,

/ 1p1(x, t) — pa(x, t)Pdx < e G lo M b(T)dT/ |p1(x,0) — pa(x, 0)[>dx

+ Gla) — 5 / e~ LI MOTOD M(r)d.
0
Assume, in addition, that My def SUP[0,00) M(t) < oo then

/ |p1(x, t) (x,t)Pdx < e Clt/MO/ |p1(x,0) — pa(x,0)2dx
+ G C1M§+b|_’(1) — 39

for all t > 0, and consequently

Iimsup/ p1(x, t) — pa(x, t)[2dx < GG METP|ED — 3.
U

t—00
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Uniform estimate in the coefficients

Let D be a compact set in R(N). Define
X(D) = max{x(3), 3 € D}.
Note that {(D) € (0,00) and for any & € D, one has

(D) < x(@) 7 < x(3) < R(D).
Let 3% belong to D for k = 1,2. Set

2
ao=2+ 3 ([ 1vmutn 020+ [ B 0)ox)
k=1

At) =1+ /t e~ AT (A (1) + G3(7))dT,
0

At)=1+ /t e~ CG(t=7) (/\2(7) + G3('r))dT,
0

where C; depends on N, an and {(D).
Then M(t) < AA(t), M(t) < AN(t).
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Theorem

Assume, additionally, that ay < 4/(n — 2).
(i) One has for t > 0 that

—b pt _
/ 1P1(x, £) — pa(x, £)Pdx < e~ GAT" J§ M) bz / 1p1(x, 0) — pa(x, 0)2dx
U U

t
+ QA 30 [ e aA D0 0 (g
0
(ii) Assume, in addition, that My det SUP[0,00) A(t) < 00. Then

/ [P1(x, ) — pa(x, t)Px <e=Git/(A:Mo* / 1p1(x,0) — pa(x, 0) P
U U
+ GG (AM)HP1FD — 52,

Consequently

limsup [ |p1(x,t) — pa(x, t)]2dx < GG (AMp) P13 — 32,

%) . .
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Next Semester - Spring 2011

Forchheimer Equations in Porous Media - Part IV

@ Boundary Flux condition

@ Refined asymptotic estimates: limsup estimates for nonlinear
differential inequalities, uniform Gronwall inequality, ...

@ Continuous dependence for pressure gradients and velocity

Applied Math. Seminar, Sept.15&22.2010
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Next Semester - Spring 2011

Forchheimer Equations in Porous Media - Part IV

@ Boundary Flux condition

@ Refined asymptotic estimates: limsup estimates for nonlinear
differential inequalities, uniform Gronwall inequality, ...

@ Continuous dependence for pressure gradients and velocity

THANK YOU!
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