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Introduction

Navier-Stokes equations (NSE) in R3 with a potential body force

%—i—(u-V)u—uAu:—Vp—l-f,

div u =0,
u(x, 0) = uo(x),

v > 0 is the kinematic viscosity,

u = (u1, Uz, u3) is the unknown velocity field,
p € R is the unknown pressure,

f(t) is the body force,

ug is the initial velocity.
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Navier boundary conditions

On the boundary 09:
u-N=0,
v[D(u)N]an = 0,

where N is the outward normal vector, | - Jtan denotes the tangential part,

D(u) = %(Vu + (Vu)*).

We assume: v = 1.
Note: if the bounadry is flat, say, part of x3 = const, then the
condiontions become the free boundary condition

usz = 0, (93U1 = 33u2 =0.

Works by Temam-Ziane, primitive equations.
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Thin domains

Q=Q° = {(x1,x,x3) : (x1,%) € T?, h5(x1,x2) < x3 < h§(x1,x2)},

where ¢ € (0, 1],
hg = £80, hi = €81,
and go, g1 are given C* functions defined on T?.

The boundary is ' =g U1, where g is the bottom and I'; is the top.
We define

1 m
Moo(x') = = o J, P(x', x3)dxs,
0

MU = (Moul, MoUQ, 0)
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Main results
Theorem (Global Existence Theorem)
There are k > 0 and g > 0 such that if 0 < e <eqg, ugp € V and f :

k2e L ||I\7lu0]|%2 < K2,

IA

luo |

_ (1)
IPF Iz < K27 [M(PF)|focse < &2

then there exists a unique, globally defined strong solution u = u(t) of the
Navier-Stokes equations, with u(0) = up:

u € CO([0,00); H(27)) N L>((0,00); HY(27)) N L, ([0, 00); H(€27)).
Also, one has

lu(t)|Zp < et (M2 e 2 + 13), for all t > 0,

where My, L1, > 0.

v
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Theorem (Global Attractor)

Suppose f is independent of t, and f satisfies the above condition. Then
the global attractor A for the above strong solutions also attracts all
Leray-Hopf weak solutions of the Navier-Stokes equations .
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A Green's formula

/Au-vdx:/[_z(ou;Dv)+(v-u)(v-v)] dx
Q Q

+ [ {2((Du)N)-v —(V-u)(v-N)}do.
o

If uis divergence-free and satisfies the Navier boundary condition, v is
tangential to the boundary then

—/Au-vdx:Z/(Du:Dv)dx.
Q Q

L. Hoang-G. Sell (University of Minnesota) NSE with Navier boundary conditions April 9, 2007 8 /18



Uniform Korn inequality

Let Ho = {(a1, a2,0) : 21018 + ax02g = 0}, where g = g1 — go.
Lemma

Let u € HY(QF) N Hy-, u is tangential to the boundary of Q. Then
Gllull < [Dullz < Go|ul| e,

for e € (0,1], and Gy, G, are positive constant independent of e.
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Boundary conditions

Lemma

Let 7 be a tangential vestor field on the boundary. If u satisfies the Navier
boundary conditions then

ou oN

ar Nt =0
ou __, ON
an T e

Combining with the trace theorem on the thin domain:
lus]| 2 < Cellul

103wl < Cellullpe,  [[03u2]l2 < Cellul| e
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The Stokes operator
Leray-Helmholtz decomposition

[2(Q°)} = H® Hy ® Hi- = Hy @ Hy',
where H{- = {V¢ : ¢ € H(Q°)}.

D(A) = {u € H*(Q°) N H : u satisfies the Navier boundary conditions}.
Let P denotes the (Leray) projection on H. Then the Stokes operator is:
Au= —PAu, ueD(A).

Lemma
If € is small and u € D(A) then

[Au+ Aul2 < Gl Vull 2 + [Jull2),

Gl Aul 2 < llullpe < G| Aull2,

where C1, Co, C3 are independent of ¢.
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Also, if u € V = D(AY?) then

ClAYull2 < Jlullm < Gol|AY2ul| 2.
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Non-linear estimate
Proposition
For any € € (0,1], u € D(A) and 3 > 0, one has
[{(u- V)u, Au)| < Blul}e + Ce2|lullpnlule
+ Coe HlullZ2llullFa,

where C > 0 is independent of 3 and ¢; and Cg > 0 is independent of €
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Non-linear estimate

Proposition

For any € € (0,1], u € D(A) and 3 > 0, one has

[((u- V), Au)| < B [lullte + Ce*/2|ullpallulFe
+ Coe [lullZlullin,

where C > 0 is independent of 3 and ¢; and Cg > 0 is independent of e.

v

Corollary

There is €, € (0, 1] such that for any € < e, u € D(A) and any > 0 we
have

((u- V)u, Au)| < BI|AulZ: + C/2| AY2u] | Aul,
+ Coe ™ ullf 4/ 2ul?
where C > 0 is independent of 3 and €; and Cz > 0 is independent of €.

V.
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Sketch of the proof

Averaging operator:

Mu = (MOUL Mouz, (Mouy, Mous) - 1/1>,
where 1) is determined so that Mu € H; whenver u € Hj.
Let v=Muand w=u—v.

Establish Ladyzhenskaya inequality for v.

Establish Agmon, Poincare, Ladyzhenskaya, Galiardo-Nirengberg, Sobolev
inequalities for w.

(u-Vu,Au)y = (w-Vu,Au) + (v-Vu,Au+ Au) — (v - Vu, Au).
Integration by parts: —(v - Vu, Au) = h + I3, where

I3—/(v V) u—da
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Proof (continued)

Let b= (V . V)u = bi11 + by + b3N.

ou

8
<
8N| |biu - ] Ce|v||Vull|ul.

|by7y -

ou
< .
|bsN 8N| < Clbs||Vul
Noting that v = vimq + vo1o,

oN oN

|bs| = [(Vu)v- N = | = (VN)v-u)| = Ju-(vig— -5, )| < elullv].

Hence

I ge/|u||v||vu|da.
r
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Global sotutions

Note ||(/ — M)ul|;2 < Ce|lul| .
L2-Estimate.
[(F,u)| = [((1 = M)PF, (I = M)u) + (MPf, Mu)]
= Ce||Pf| 2]l ull s + [ MPF]| 2] u] 2.

Then J
EHUH@ + 20| AY2u|[3, < C|MPF|3, + CE|PFI2.

w022 = [Muol[22 + [|(1 — M)uo|22 < [Muo|22 + C<2|luo| 3.

t+1
(O, [ 1A 2ulfds < Cit(e 2t 4 1)
t
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H-estmimate
1d 1/2 412 2 2 1/2 2 —1y(,.012 2
5 g AUl AUl < Bllullie+Cemullmllullie+Coe™ llullzz | ullin+|
d

a||A1/2UIlfz+(1—C61/2IIA”QUHLz)IIAUIIfz < CeH|ulf2.]|AY2u|| 2+ C | PFII3

As far as 1 — Ce/?||AY2u| 2 < 1/2, say in [0, T) then by the Uniform
Gronwall Inequality one has for 1 < t < T:

t
1AY2u(t)|12, 5/ Ce|ull22 | A2 |24 C || PFI| 32+ | A2 2 ds < CrPe™
t—1
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