Chapter 4 Laplace Transforms

4 Introduction

Reading assignment: In this chapter we will cover Sections 4.1 —4.5.

4.1 Definition and the Laplace transform of simple functions

Given f, a function of time, with value f(¢) at time ¢, the Laplace transform of f which is
denoted by L(f) (or F) is defined by

E(f)(s):F(s):/oooe_Stf(t)dt s > 0. (1)
Example 4.1. 1. The Laplace transformis linear: L(af(t)+8g(t)) = aL(f(t))+BL(g(t))

/OOO e (af(t) + By(t)) dt = a/ooo e 5 f(t) dt+6/ooo e *tg(t)dt.

3. f(t)=e" = fors>a

(o] o0 1
F(s) = / e Stet dt = / e~ gt = — e~ (5=}t
0 0

4. For a positive integer n, f(t) =t" =

S
_ ( > e—sttn ldt
0



So we find that £(t") = (g) L(t""'). We can now use this formula over and over to

successively reduce the power of ¢ to obtain

ey = (%) £ = (@) L{2) = = (;’) L) = (Sfﬁl) |

5. f(t) = cos(at) = To compute the Laplace transform we will use the Euler formula

described in the notes for Chapter 3.

" = cos(f) + isin(f) (2)
which implies that
ei@ + ei@
0 pu—
cos(0) 5
Also, using i? = —1 we can write

(s +ib)(s —ib) = s* — (ib)* = &% + b*.

Combing the above we can write

(
(o)
(e

(

So we arrive at



6. Given a function f(¢) we can find £(f'(t)) by applying integration by parts as follows

cuwnzlmaﬁfwﬁ:fmfﬂ?—ewémeﬁﬂwﬁ:saﬂm—f@

or

L(f'(t)) = sL(f (1)) — f(0)

7. Given a function f(t) find £(f”(t)) can be easily computed by using the previous

formula

L(f"(t) = sLUS'(1) = F(0) = s(sL(f(8)) = f(0)) = ['(0) = s*L(f (1)) — 5f(0) — '(0).

So we have

L(f"(t) = s"L(f (1)) — s£(0) = f'(0).

8. To compute the Laplace transform of f(¢) = sin(bt) we will use two of the previous

formulas.

L(sin(bt)) :_Tlﬁ(cos(bt)')

:_Tl [sL(cos(bt)) — cos(0)]

—1 S
:Ff(@+wo‘q

-1 52
ICEGE 1}

—1[s?—(s*+ bz)}

b | (s2+1?)

b

(2 +0?)

Therefore
b

Let us consider a few examples of finding Laplace transforms.

L(sin(bt) =

2 x4l 48
$ 5

Example 4.2. 1. £(2t%) =



2
2. L(t + 6t — 3) = £(t2) + 6L(t) — 3L(1) = = + & — >,
S S S
2s

3. L(2cos(3t) + 3sin(2t) — 3e” ™) = 2L(cos(3t)) + 3L(sin(2t)) — 6L(e” ") = oy

6 6
$2+4  (s+7)

2 n 6
(s+1) (s=3)
Example 4.3. Find the Laplace transform of f(t) = (1 + ¢*)2. To do this we first note that

4. L(2e7" +6e) =

f(t) =1+ 2e* + e* so we have

L(f(t) = L(1+2e* + ') :§+ (532) + (sill)'

Example 4.4. Find the Laplace transform of f(¢) = (cos(t) + sin(t))?. To do this we first
note that
f(t) =1+ 2sin(t) cos(t) = 1 + sin(2t)

SO we have

£U@D=£@+$N%D=§+@£%5

In order to do the next example we need one of the addition formulas from trig
sin(a £ §) = sin(«) cos(f) = sin(B) cos(a)

cos(av £+ B) = cos(a) cos(B) F sin(«) sin(f)

Example 4.5. Find the Laplace transform of f(¢) = sin(t + 7/2).
f(t) = sin(t) cos(m/2) 4 sin(7/2) cos(t) = cos(t).

Therefore

4.2 The Inverse Laplace Transform

Given a function f(t) the operation of taking the Laplace transform is denoted by £(f(t)) =

F(s) and the inverse process is denoted by £ *(F(s)) = f(t). The process of computing

4



the Laplace transform of a function turns out to be more challenging than most students
like. It involves lots of algebra and using a table of Laplace transforms backwards. For

example, if we were asked to find £71(3/s®) we would write
L(3/s%) = gcl(z/SB) _ gﬂ

since we know that £(t*) = 2/s* and we can adjust the constants to work out. Most

generally this process will require the use of the method of partial fractions.

Partial Fractions

These notes are concerned with decomposing rational functions

P(s) apsM +apy_1sM T+ ais +ag
Q(s) sN +by_1sV L4+ bis+ by

Note: We can (without loss of generality) assume that the coefficient of sV in the denom-
inator is 1. Also in our intended applications we will always have M < N.

By the fundamental theorem of algebra we know that the denominator factors into a
product of powers of linear and quadratic terms where the quadratic terms correspond to

complex roots. Namely, it can be written in the form

(5 — 7)™ oo (5 — 7)™ (8% — 2015+ af + BI)P -+ (8% — 20ys + af + 7)),

k L
where Y “m; +2) p;=n.
j=1 j=1

The process referred to as Partial Fractions is a method to reduce a complex rational

function into a sum of much simpler terms of the form

c or cs+d
(s —r)d (s2 —2as + a2 + (2))

The most important point is to learn how to deal with certain types of terms that can
appear. But first there is a special case that arises and is worth a special attention. This

is the case of non-repeated linear terms.



|. Nonrepeated Linear Factors

IfQ(s) =(s—ri)(s—r2)---(s—ry) andr; #r; fori #j

P(S): Ay + A 4+t An
Q(s) (s—r) (s—r) (s —7n)

Il. Repeated Linear Factors

If Q(s) contains a factor of the form (s —r)™ then you must have the following terms

A A A,
(s—r) (s—r)?2 (s —r)m

. A Nonrepeated Quadratic Factor

If Q(s) contains a factor of the form (s? — 2as + a? + 8%) = (s — a)? + 5% then you
must have the following term

Als + Bl
(s2 — 2as + a2 + 5?)

IV. Repeated Quadratic Factors

If Q(s) contains a factor of the form (s? — 2as + a? + %)™ then you must have the

following terms

Als + Bl i AQS + BQ i i AmS + Bm
(2 —2as+ a2+ (2)  (s2—2as+ a2+ [3?)? (s —2as 4+ a? 4 52)m

Lets consider some examples of computing inverse Laplace transforms:

|
Example 4.6. 1. Find £! ( ! ) = lﬁ—l (2—> = %t?

53 21 §3

2. Find£‘1<1_28) ~L! (12—1) —t-1.
S S S

3. Find £7* <<38 i 7>> =3L7" ( ° 4 r 4 ) = 3 cos(4t) +£sin(4t).

s2+16 S2 442 ' 452 442



(s+1)3
54

Example 4.7. Find £! ( ) We need to first expand the numerator to get

(s+1)7? s*+3s*+3s+1 1 3 3 1
= =+

st st s sz s3 s
So we have
£ (s+1)° ol (UL ARG AL N A L
s n s 0§23 s 2 6
Example 4.8. Find £} ((43 - 1)). We have
1 1 1 1
-1 s N I S RO e
£ ((45+1)) i~ <(s+1/4)> VA

25— 6
(s249)

L <(ij - 3)) —or! (ﬁ) — oL ((52 i 9>) = 2cos(3t) — 2sin(3t).

4s
(s2+42s—3)

Example 4.9. Find £! ( ) For this example we have

Example 4.10. Find £7* (

(s +3)(s— 1) so we have

e (@rae) =t (Grae):

In order to carry out this inverse Laplace transform we must use partial fractions. Since

). For this example we first note that (s*>+2s—3) =

the denominator consists of non-repeated terms we can use the first box (in the formulas

for partial fractions) to write

4s A B

(s2+2s—3) B (s+3)+(s—1)'

To find A and B we can use the “cover-up” method to find that A = 3 and B = 1 so that

wram) =< (i) e (Gmg) o




Example 4.11. Find £! ((S — 2)(52—53)(5 — 6)) for this we need to do partial fractions.
Namely we have
25 A B c 1) —2 1

G-2D(-3)(-6 (-2 =3 -6 -2 -3 G-

So f(t) = et — 2e3 + b,

5
s34+ 5s

Example 4.12. Find £* (

have

) for this we need to do partial fractions. Namely we

5 _A Bs—l—C_l —38

$3+5s s * s2+5 _s+52—|—5'

So f(t) =1 — cos(v/5t).

(2s —4)
s(s+1)(s2+1)

Example 4.13. Find £ (

we have

) for this we need to do partial fractions. Namely

(25 — 4) A B Cs+D

G+ s 4D 4D
A(s+1)(s*+ 1)+ Bs(s* + 1)+ (Cs+ D)s(s + 1)
s(s+1)(s2+1)
(A+B4+C)s*+ (A+C+ D)s>+ (A+ B+ D)s+ (A)
s(s+1)(s®2+1)

A+B+C =0

A+C+D =0
A+B+D =2
A =—4

Using A = —4 these equations become

B+C =4
C+D =4
B+D =6



Taking —1 times the first equation added to the third gives

C+D =4
—C+D =2

and adding these together gives 2D = 6 so that D = 3. Butthenwe have C =4 —- D = 1.
Sowe have A = —4, C =1 and D = 3 so we can finally find B from the first equation as
B=-A-C=4-1=3

Thus we have
—4 3 s+3

s +(S+1)+(82—|—1>

SO f(t) = —4 + 3e~" + cos(t) + 3sin(t).

Now lets solve an initial value problem using the formula for the Laplace transform of

a derivative. In these examples we will use the shorthand notation Y = L(y).

Example 4.14. Find the solution of ¢ — y = 1 with y(0) = 0. First we take the Laplace
transform of both sides (using Y = L(y)) to get

L)~ L) = £(1) = (Y ~0) Y =~ SRy

So to find y we need to take the inverse Laplace transform which requires we do partial

fractions.

R ) R G A (=) R

Example 4.15. Find the solution of ¢” —y = 1 with y(0) = 0, ¥'(0) = 1. First we take the

Laplace transform of both sides (using Y = L(y)) to get

1 1 s+ 1 s+ 1 1
2 2
° ° s (s ) s * s s(s2—1) s(s—1)

So to find y we need to take the inverse Laplace transform which requires we do partial



fractions.

== () =2 (5) e () e

Example 4.16. Find the solution of " + 5y’ + 4y = 0 with y(0) = 3 and ¢/(0) = 0. First we

take the Laplace transform of both sides (using Y = L(y)) to get
LN +5LY)+4Ly) =0 = (s°Y —3s) +5(sY —3) +4Y =0

Solving for Y we get

3(s+5) _ 3(s+5)
45514 TGt

So to find y we need to take the inverse Laplace transform which requires we do partial

fractions.

P Al 3(s+5)
y=L7) =L (@+®@—n)

- (5rn) < (o)

= —e % 4 4e7t,

Example 4.17. Find the solution of y” + 5y’ + 6y = 6 with y(0) = 1 and y'(0) = 1. First we
take the Laplace transform of both sides (using Y = L(y)) to get

Ly") +5L(>Y)+6L(y) =L(6) = (s°Y —s—1)+5(sY —1)+6Y = g

Solving for Y we get

s>+ 6s+6 s>+ 6s+6

~ 5(s2+ 55+ 6) - ~s(s+2)(s+3)

So to find y we need to take the inverse Laplace transform which requires we do partial

fractions.
s24+6s+6 1 1 1

s(s+2)(s+3) g+(s—|—2) (s+3)

10



y=L1Y)=14+e -

Example 4.18. Find the solution of 3" +y = /2sin(v/2t) with y(0) = 10 and ¢/(0) = 0.

First we take the Laplace transform of both sides (using Y = £L(y)) to get

2
L") + L) = LV2sin(VE) = (7Y —103) +Y = 5~
2 1033+203+2 1033+208+2
Y = +10s = Y = .
(S + ) 82+2+ Os (82—|—2) = (52—|—2)(52+1)

So to find y we need to take the inverse Laplace transform which requires we do partial

fractions (this time | give the answer and let you do the work)

10s® +20s+2 105+ 2 2

C(s242)(s24+ 1) (s241) (s242)

y = 10 cos(t) 4 2sin(t) — v/2sin(V2t).

4.3 The Shift Theorems

Two of the most important and useful results we need to discuss are the first and second

shift (or Translation) theorems.

Theorem 4.1 (First Shift Theorem). If L(f(t)) = F(s) then L(e™ f(t)) = F(s — a) for any

real number a.

Proof.

Lets consider some examples.

Example 4.19.
2

53 (s—3)3

L(#e) = L()]

Example 4.20.
2

L(e ' sin(2t)) = L(sin(2t))],, = Gr1red

11



Example 4.21.

£(63t(t+1)2> :ﬁ(t2+2t+1)‘5—3: (8—23)5 + (8—23)2 + (si?))

Example 4.22.

[,(t(et +62t)2) — ﬁ(t(@Zt +2€3t +64t))

= L(te®) + 2L(te™) + L(te™))

1,
(=22 T(s-3)7 (s—4)

Next we consider some examples of inverse Laplace transforms using the shift theo-
rems.

. 1 .
Example 4.23. Find £ ! ( ———— ]. We note that the denominator does not factor
s2+2s+5
since the discriminant is (2)* — 4(1)(5) < 0 so we know the result will involve sines and

cosines. We proceed by completing the square in the denominator.

1 1 2 1 2 1
il (R — S (S 0 (I, )
(32+23+5) 2 ((s+1)2+22> ¢ L g ) T2 @

Example 4.24. Find £! _28+5
s2+6s+ 34

not factor since the discriminant is (6)% — 4(1)(34) < 0 so we know the result will involve

. Once again we note that the denominator does

sines and cosines. We proceed by completing the square in the denominator.

= 25+ _ 25+ 5
s2 +6s + 34 (s+3)2+52)"
So we see that the denominator has a shifted s value but the numerator does not. To fix

this we write

2s+5=2[(s+3)—3]+5=2(s+3)— 1.

So we have
= 25+ 5 _ 2(s+3)—1
s?+6s+ 34 (s +3)% + 52

12



— oL (%) - %El (ﬁ)

1 5
_ 93t -1 S e |
¢ av5) 3¢ L \aye

1
2¢ 7% cos(5t) — ge_3t sin(5t).

The Second Shift (Translation) Theorem

Consider finding the following Laplace transform

e foro0<t<l1
ft)=

0 fort >1

The only way to do this up to this point is to apply the definition

L(f)= /OOO e S f(t) dt = /01 e Stem 2 dt

1 —(s+2)t) |1
_ / e
0 —(s+2)

0
1— e—(s+2)

(s +2)

We will ow introduce one of the most important tools in this block of material that gives
a much simpler way to do the above problem. Namely we will introduce the second shift
theorem. In order to present the second shift theorem we first need to discuss the unit

step function (or Heaviside function)

0 t<0
u(t) =
1 t>0.
or the shifted unit step function
0 t<a
u(t —a) =
1 t>a

13



With this we can state the second shift theorem

Theorem 4.2 (Second Shift Theorem). If L(f(t)) = F'(s) then

L(u(t —a)f(t —a))=e*F(s) forany a>0.

Proof.

L(u(t —a)f(t —a))

/OO e Su(t —a)f(t —a)dt = /00 e f(t—a)dt
0 a
/ e s f(7) dr = e_as/ e T f(r)dr
0 0
—as —st d — —asF )
e /0 e f(r)dt=e (s)

(sett=t—a)

]

A very useful modification of the second shift theorem shows how to take the Laplace

transform of a unit step function times a function that is not shifted.

Theorem 4.3 (Modified Second Shift Theorem).

L(u(t —a)g(t)) =e *“L(g(t+a)) forany a>0.

Proof. Let f(t) = g(t + a) then we have f(t — a) = g(t) and we can use the second shift

theorem to write

L(u(t —a)g(t)) = L(u(t —a)f(t —a)) = e L(f(t)) = e L(g(t + a)).

]

One of the most important things you need to come to grips with is the use of the unit

step function to express a function defined in pieces. Let me give a very generic example.

Example 4.25. Suppose you want to take the Laplace transform of a general function

14



given by

.

f1<t>, 0St<t1

fO) =9 L), t<t<ty:

f3(t), t=1y

\

The first step is to express this function using the unit step function as follows

F@) = f1(t) +ult = 02)(f2(t) = (1) + ult — 2)(f5(t) — fa(t)).

Then you could proceed to compute the Laplace transform by applying Theorem 4.3.
Here is an example

(
2, 0Zt<3
fA) =3¢t 3<t<4.

et, t>4

\

The first step is to express this function using the unit step function as follows
ft)=24u(t —3)(t —2) +u(t —4)(e" —t).
So we need to find
L(f(t)) = L£(2) + L(u(t = 3)(t — 2)) + L(u(t — 4)(e' —1)).

Let us do these transforms one at a time

2. For the second term we use Theorem 4.3 with ¢(t) = ¢t — 2 and a = 3 which gives

g(t+3) =t +1so we have

Lut—3)(t—2))=e > L(t+1)=e" ( = + 1) :

s2 s

3. For the third term we could use Theorem 4.3 but it is easier to break it up into two

15



problems. We have
L(u(t —4)(e" —t)) = L(u(t —4)e") — L(u(t — 4)t).
For the second term we use Theorem 4.3 to get

CL(u(t — 4)t) = —eL(t 4 4) = —e (l N ‘_1)

s s
where we have used ¢(t) =t and g(t +4) =t + 4.

For the remaining term we apply the first shift theorem (Theorem 4.1) as follows.

—4(s—1)

s—1 (s—1)

Lu(t — 4)et) = L(u(t — 4))|

Finally then we have

Example 4.26. Find the Laplace transform of

t, 0<t<1
f(t) = '
0, t>1

First we write f(t) =t — u(t — 1)t and then compute

e o] = L e [i 4 1}

52

Example 4.27. Find the Laplace transform of

0, 0<t<m

sin(t), t>m

16



First we write f(t) = u(t — 7) sin(¢) and then compute

L(f(t)) = L(u(t —7m)sin(t)) = e " L(sin(t + 7))
1
(s2+1)

=e ™L(—sin(t)) = —e "

where we have used the addition formula

sin(a + ) = sin(«) cos(B) + sin(B) cos(a)

to get sin(f + m) = sin(¢) cos(m) + sin(w) cos(t) = —sin(t).

Example 4.28. Find the Laplace transform of

sin(2t), 0<t<m
ft) =
sin(t), t>m

First we write f(t) = sin(2t) + u(t — 7)(sin(¢) — sin(2t)) and then for the first term we

compute
2

L(sin(2t)) = PERE

and for the second term we apply Theorem 4.3. Namely we set

g(t) = (sin(t) — sin(2t)) and we need ¢(t + 7) = (sin(t + 7) — sin(2(t + 7)))

Applying the addition formula

sin(a + ) = sin(«a) cos() + sin(S) cos(a)

we get

sin(t + ) = sin(t) cos(m) + sin(7) cos(t) = — sin(t)

and

sin(2(t + 7)) = sin(2t + 27) = sin(2t) cos(27) + sin(27) cos(2t) = sin(2t)

17



So we have

cwa—m&m@—ammm=rw”%®m®+ﬁM%”:‘f”(gil+§i4)'

Finally then the answer is

[0 = o — e (et
= —— —¢ )
s2+4 s2+1 s244

Example 4.29. Find the Laplace transform of

First we write f(t) = 2 — 4u(t — 3) and then compute

LU®) =2~ ac(—3) =2 4"

S S S

Example 4.30. Find the Laplace transform of f(¢) = u(t—1)e*t. Use the first shift theorem

to get rid of the e* and then apply the second shift theorem

L(f(1)) = L{ult = 1)e*t) = L(u(t = )] ,_,,

= [e*L((t+1))] }(5—2) = 7 {(5 _12)2 + (s i 2)] '

—S

Example 4.31. Find £ <2€—+) Since this function of s contains an exponential e=**
S S
we know the inverse Laplace transform must involve the second shift theorem. Namely

€’ e s 1
£ (82+8)—£ (6 82+S)

So by the second shift theorem backwards we have

af e’ 1 1
= —1
= (s2+3) ut )L ( 52—|—3)

we have

18



In order to continue we need to use partial fractions to simplify matters

—1 1 a1 1 —t
- - —1-et
£ (32+$ £ s (s+1) c

Combining these results we have

£ (;;S) —u(t—1)[1—e ],

5s
4). Since this function of s contains an exponential e~*¢

se

Example 4.32. Find £ ( Ty
S
we know the inverse Laplace transform must involve the second shift theorem. Namely

we have

c (jf:) . (e—s o 4) — u(t — 5) cos(2(t — 5)).

Now lets solve an initial value problem.

Example 4.33. Solve vy’ —y = 2u(t — 1) and y(0) = 4, ' (0) = 2. First we take the Laplace
transform of both sides (using Y = £L(y)) to get

2e78

! 26—8
L)L) =" = (Y —ds—4) -V ==

Solving for Y we get
27 (45 +2)
s(s2—1) (s2—1)

Y =

So to find y we need to take the inverse Laplace transform which requires we do partial
fractions. But since partial fractions only applies to rational functions we need to do two

separate partial fractions. Namely

2 A B C

s(s—1)(s+1) s+(s—1)+(s+1)'

We easily find A = —2, B=1and C = 1. We also need to do

(45 4 2) D E

G-De+D) (-1 G+1)

Once again this is very easy and we get D = 3 and £ = 1. So we have
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o o 2¢ 8 (4S+2)
e -2 (i )

- () (o) e (7 )
N (331) * (sin
=u(t—1) [e D 4770 2] 43¢ 47",

Example 4.34. Solve 3" + 4y = —4u(t — 1) and y(0) = 4, y'(0) = 2. First we take the

Laplace transform of both sides (using Y = L(y)) to get
—4 e® —4 e°

= (Y —4ds—2)+4Y =
S S

L(y") +4L(y) =

Solving for Y we get
 —de n 4s + 2
Cos(s244)  s2+4

So to find y we need to take the inverse Laplace transform which requires we do partial

fractions on the terms multiplying e=*. Namely

—4 _A Bs+ C

s(s2+4) s * (s2+4)

We easily find A = -1, B=1and C = 0 so we have

—4e? ds + 2
— r-1 V) = -1
y=L-(¥) =L (3(32+4)++52—|—4)

P —_1+ s +43+2
B s (s244) s?2+4

=u(t —1)[—1+ cos(2(t — 1))] + 4 cos(2t) + sin(2t).

Example 4.35. Solve y" — 6y’ +9y = 27t and y(0) = 0, ¥/(0) = 1. First we take the Laplace
transform of both sides (using Y = L(y)) to get

L") — 6L0/) 4+ 9L(y) = 20 = (7Y — 1) — 6(sY) + 9V = =0

52 52

20



Solving for Y we get something that requires a partial fraction with repeated terms

y_ $420 A B C D
Cs2(s—3)2 s 82 (s—3) (s—3)2

After a bit of tedious work (which | suggest you do for practice) we get

2 3 -2 4

s+32+(3—3)+(s—3)2

y=LNY) =243t — 23 + 4te™.

Example 4.36. Solve y”’ —y' = 2¢! cos(t) and y(0) = 0, ¢'(0) = 0. First we take the Laplace
transform of both sides (using Y = L(y)) to get

2(s—1)
(s—1)2+1

2(s—1)

= (s —3)Y = m

Ly") - L(Y) =

Solving for Y we get something that requires a partial fraction. Namely

v — 2(s—1) B 2
Cos(s—1)(s2—25+2)  s(s2—25+2)
A Bs+C

s +52—25+2
A(s* —2s+2) +s(Bs+ O)

s(s? —2s+2)
_ (A+B)s>+(—24+C)s+ 24
B s(s? — 2s + 2)

From this we see that 2A = 2 so that A = 1. Then —24 + C' = 0 so C' = 2. And finally
A+ B =0s0 B =—1and we have

1 -2
y—-_-_°*""=
s s§2—25+2

Next we need to find the inverse Laplace transform. The first term is very easy but for
the second we must use the First Shift Theorem ( Theorem 4.1). First we use completing

the square to write the problem as
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Notice that
! —(S — 1) = ¢’ cos
e )= ctesto

s—1)2+1

and

L (ﬁ) = e’ sin(t)

So after applying Theorem 4.1 we obtain
y=1—c'cos(t) — e’sin(t).
Example 4.37. Next consider an example of computing an inverse Laplace transform

= 25 +5
s2+6s+ 34

To do this we will apply the First Shift Theorem ( Theorem 4.1) after completing the square

using Theorem 4.1. Find

in the denominator and using the adding zero trick in the numerator. Namely we have

£ 25+ _ 25 +5
24+ 6s+34) (s+3)2 + 52

1 [(s+3)—3]+5
(s +3)2 4 52

< (s+3)—1

1(3 +52)

“<s+3+3+52)—%ﬁ (rw)
(5

t).

Il
l\:

= 2¢ % cos(5t) — 56 " sin

4.4 Additional Operational Properties

In this section we cover several very useful theorems for Laplace transforms.

Theorem 4.4. If L(f(t)) = F(s) then L(t" f(t)) = (—1)”%]?(5).
Proof.
L (1)) = /O Tty ) di = /0 et £ ()] dit = —;—Sz(ﬂnn (1),



Repeating this calculation n times we arrive at

Lt f(1) = L £ f(t))

ds
= ()P L( ) 7 (1)
= (—U”%ﬁ(t(o) f(t) = (—1)”%17(3).

O

Example 4.38. Find the Laplace transform of f(¢) = ¢sin(2t). Applying Theorem 4.4 we

have

cesin) =5 () =~ (1) ~weam

Example 4.39. Find the Laplace transform of f(¢) = te* cos(t). In this case we first apply

the first shift theorem to write

L(f(t)) = L(te* cos(t)) = L(t COS(t))‘(S,Z)-

So we next need to compute L(t cos(t)) and for this we apply Theorem 4.4 to obtain

-5 ()~ (S) - 55

Finally then we arrive at

L) = o

s+ 2
s—5

Example 4.40. Find the inverse Laplace transform f(t) of F'(s) = In ( ) We use

Theorem 4.4 as follows:

drr  d 1 1
= " s (In(s +2) —In(s — 5)) =

s+2 s—5

SO we have

1 1

s+2 s—5H

L) =~ = - ( ) L ()= e
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or

s+ 2
s—5

Example 4.41. Find the inverse Laplace transform f(t) of F/(s) = In ( > We use

Theorem 4.4 as follows:

dF d 1 1

— = 2) —1In(s — 5)) = -

ds ds(n(s+) n(s —5)) s+2 s-—5H
so we have

dF 1 1
= —_——— — J— t t:5t_ —2t
clef) =-S5 = (5 o05) = 0=
or
ePt _ o2t
ft) =

~

1
Example 4.42. Find the inverse Laplace transform f(¢) of F(s) = tan™! (E) We use the

above theorem as follows:

so we have

or
sin(t)

(t) =

vl

==
i f(T)dT) zéF(s).

f
Theorem 4.5. If L(f(t)) = F(s) then L

Proof. Let g(t) = /tf(T) dr so that ¢'(t) = f(¢t).
0

Therefore, dividing by s we have

e(f ) i) = £lolt) = TL(0) = ().
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Example 4.43. Find the inverse Laplace transform f(¢) of F(s) = ———. Using the

previous result and the fact that ¢ = £71(1/(s — 5)) we have

(wmn) =< (o)

~—

Convolutions and their Applications

Definition 4.1 (Convolution). Given two functions f(¢) and ¢(t) we define the convolution

product by
( %9t /f glt —7)d @)

Theorem 4.6 (Two Important Properties). 1. (f x g)(t) = (g * f)(t), i.e., Convolution

multiplication is commutative.
2. IfF(s)=L(f(t)) and G(s) = L(g(t)), then L(f * g)(s) = F(s)G(s).
Proof. 1. To show that (f % ¢)(t) = (g = f)(t) we begin with the definition

(NW@ZAme—ﬂW

(Letw=t—7 = dw=—dr, T=t—w)
= [ = wig(w) (=du)
:/0 [t —w)g(w)dw = (g * f)(t).

2. If F(s) = L(f(t)) and G(s) = L(g(t)), then we want to show that L(f * g)(s) =
F(s)G(s).
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F(s)G(s) = ( /0 e i) d7> ( /O T e o) dw)
([ o) o [0 ([ <o) o

(Lett=74+w = dt=dw and w=t—71)

/ f(r (/ e gt —7) dt) dr

( Change the order of integration)

/ (/f gt —7)d )dt:ﬁ((f*g)(t)).

]

Remark 4.1. The second part of the theorem gives a very simple proof of an earlier result.

L (/O f(7) dT) = L((1x f)(t) = L)L () = —F(s).

This result can be useful in finding inverse Laplace transforms since

()~ e

. . 1
Example 4.44. Find the inverse Laplace transform of EEy and T

For the first problem we have

_ /Ot sin(7) dr = — cos(7)|;

=1 — cos(t).

And, using the above we can solve the second problem as follows

e R
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:/0 (1 —cos(7))dr = (T—Sm(T))}g

=t — sin(t).
Example 4.45. Show that
£ 2—1{;3 = sin(kt) — kt cos(kt) 4)
(s2+k2)2) '
For this problem will use one of the addition formulas from trig:

cos(a + b) = cos(a) cos(b) F sin(a) sin(b)

which implies that

sin(a) sin(b) = % [cos(a — b) — cos(a +b)].

By our main property of the convolution we have

(2 e () ()

= 2k (sin(kt) * (sin(kt)) = /0 sin(k7) sin(k(t — 7)) dr

t
s / cos(k(27 — 1)) — cos(kt)] dr
0
1
=k [E sin(kt) — tcos(t)} = sin(kt) — kt cos(kt).
Example 4.46. Let us consider an example of finding a convolution by two different meth-

ods. The first method will be to use the definition of convolution. Let f(t) = ¢ and g(t) = €

and find h(t) = (f % g)(t). Recall the f x g = g x f so we have



t t

0

() ]

= ¢t [—ve‘”

{—te_t +

TS —

et e’ dv]
0
=e! [—te F—(e' = 1)]

=—t—1+¢

Next we compute the same result using Laplace transforms. We have h(t) = (f * g)(t)

so that

We use partial fractions to find

0= () e (2424 )

We easily find A=-1,B=-1,C =1

e G I
=L (s+s2+(s—l)

=-1—t+¢

Example 4.47. Consider another example of finding a convolution. Let f(¢) = sin(¢) and
g(t) = cos(t) and find h(t) = (f * g)(t). One way to compute the resulting integral is to use
a trig identity

sin(a £ b) = sin(a) cos(b) £ sin(b) cos(a)

which, upon adding the two equations (one for plus and one for minus) together, implies

sin(a) cos(b) = = [sin(a + b) + sin(a — b)].

DO | —

So for this example we set a =vand b=t — v and

[ sin(t) + sin(2v — t)].

DO | —

sin(v) cos(t —v) =
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So we have

h(t) = (f*g)(t) = /o sin(v) cos(t — v) dv

o\ﬁ_
N =

[sin(t) + sin(2v — ¢)] dv
1. I

= —tsin(t) + = [ sin(2v —t)dv
2 2 J,
Letu=2v—-t = du=2dv

1t'(t) l/ts'()d
— S f—
B 1n —|—4 7t1nu U

1
= - ¢sin(t
5 sin(t)

since the second integral is 0.
If we try to compute the same result using Laplace transforms. We have h(t) = (f *

g)(t) so that
S

H(s) = F(s)G(s) = £6m(0)Lleos(t) = 1

This is already in partial fractions form so partial fractions will not help. The only way out
here is to use a formula in the book (Example 1, page 221, Cullen and Zill, “Advanced

Engineering math, 4th Ed.)
2ks

L(tsin(kt)) = [CENEI

In the present case we then have (with £ = 1)

o s I P 2s 1
h(t) =L (—(32 n 1)2) = 2[, (—(32 n 1)2) =3 tsin(t).
Example 4.48. Let us consider an example solving an initial value problem.
y'+y=2cos(t), y(0)=0, y(0)=0.

Applying Laplace transforms we get

2s
s2+1

(s> +1)Y =
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or
B 2s

pcaa

To solve the initial value problem we need to find the inverse Laplace transform

This problem is related to the above Example 4.47. Indeed we have

y=L! ((322781)2) — 2(sin(t) * cos(t))
—9 /0 “sin(t — 1) cos(r) dr

_ /0 [sin(t) +sin(t — 27)] dr

= tsin(t)
where on the third we have used the addition formula

sin(a) cos(b) = = [sin(a + b) + sin(a — b)]

N | —

with e =t — 7 and b = 7 to write
2sin(t — 7) cos(7) = sin(t) + sin(t — 27)

and on the last step we have
t
/ sin(t — 27)dr =0
0

as above.

Volterra Integral Equations
Laplace transform methods are particularly useful in solving Volterra Integral equation.

An example of a Volterra equation is an equation in the form

y(t) = F(t) + / Kt — 1) y(r) dr.
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Notice that the the integral term is a convolution, so if we apply the Laplace transform to
this equation with Y'(s) = L(y), F(s) = L(f) and K(s) = L(k) we have

Y(s)=F(s)+ K(s)Y(s)

which implies that
F(s)

Y(s) = 1——K(s)

So to find y(t) we only need to take the inverse Laplace transform of the right hand side

of the above equation.

Example 4.49. Consider the equation

y(t) = —t+ /Oty(t — 7)sin(7) dr.

Applying the Laplace transform we have

which implies

VoD 11

4 s2 s

Applying the inverse Laplace transform to both sides we get

yt)=—-L" (5—12) — L (é) = —t— ét?’.

Example 4.50. Consider a mixed integro-differential equation

y'(t)=1- /Oty(t —7)e ¥ dr, y(0)=1.

Applying the Laplace transform we have
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which implies

s+2

<s+ ! )Y(s):1+1

or

s+ 2

(52+25+1)Y:s—|—1
s

Solving for Y and noting that s* + 2s + 1 = (s + 1)* we arrive at

(s+1)(s+2) (s+2) 2 1

s(s +1)2 s(s+1) s s+1
So we have
2 1
Y(s)=—-— )
() s s+1

Applying the inverse Laplace transform to both sides we get
y(t) =2—e".
Example 4.51. Consider the equation
t
y(t) =2t — / y(t — 7)€’ dr.
0

Applying the Laplace transform we have

which implies

or

or
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Applying the inverse Laplace transform to both sides we get
y(t) =2t — 12,
Example 4.52. Consider the equation
t
y(t) =2t — / y(t —7)e” dr.
0

Applying the Laplace transform we have

which implies

or

s 2
Y =—=
(s—l) s2

Y(S):2(5—1):3_3

53 52 83

or

Applying the inverse Laplace transform to both sides we get

y(t) = 2t — t°.

Example 4.53. Consider the equation
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which implies

or ,
(s ;1) ¥(s) 25_12
or
1
Yis) = 241

Applying the inverse Laplace transform to both sides we get

y(t) = sin(t).

Example 4.54. Consider the equation

o)~ [ otrir =

Applying the Laplace transform we have

Y(s) + éY(s) - - ! .

which implies

or

or

Y(s) = = +

(s+1)(s—2) s—1 s—2

Applying the inverse Laplace transform to both sides we get

y(t) = 2e* — ¢’
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Example 4.55. Consider the equation

which implies

or

or
s+1 S 1

32+1:s2+1+32—|—1'

Y(s) =

Applying the inverse Laplace transform to both sides we get

y(t) = cos(t) + sin(t).

Periodic Functions

Theorem 4.7. If f(t) is a periodic function with period T' > 0, i.e., f(t+T) = f(t) for all
t > 0 then

£l - IO

Proof. Assume that f(t) is a periodic function with period 7" > 0, i.e., f(t + T') = f(t) for

all t > 0. Then we have



(Sett=7+T = dt =dr)
T 00

= / et f(t)dt + / e f(r 4 T)dr
0 0

T [e’e)
= / e St f(t) dt + e_ST/ e T f(r)dr
0

0

:/0 et f(t)dt + e TL(f(1)).

From this we obtain ’
Jo e f(t)dt

1 —esT

L(f(t) =
O

1, for0<t<1
Example 4.56. Consider the function f(t) = and f(t+2) = f(t) for

0 for1<t<2
all t. Then f(t) is periodic with period 7' = 2 and we have

2 st
Jo e tdt
1—e2

L(f(1) =

In order to evaluate the integral in the numerator we need to use integration by parts

2 1
/ e f(t)dt = / e dt
0 0

_-e)

0

efst

—S

S

So we have
l—e 1
(1 —e2) - s(1+e9)

L(7(1) = -

1, for0<t<1
Example 4.57. Consider the function f(t) = and f(t+2) = f(t) for

-1 for1<t<?2
all t. Then f(t) is periodic with period 7' = 2 and we have

[Zesttat

1—e28 °

L(f(1) =

36



In order to evaluate the integral in the numerator we need to use integration by parts

2 1 2
/ et f(t)dt = / e "t dt — / e *tdt
0 0 1

—st |1 —st |2 —s —s —2s
€ 1 S € (&

e

(1 —e*)?
s((1 —e=2s)

1 S S

So we have
(I—e)?  (1-e)

L(f(t) = s(I—e2)  s(l+es)

Example 4.58. Consider the function f(t) =t for 0 <t < 2 and f(t +2) = f(¢) for all ¢.
Then f(t) is periodic with period 7' = 2 and we have

[Zesttdt

1—e 2~

L(f(t) =
In order to evaluate the integral in the numerator we need to use integration by parts
2 2 —st\ /
/ e_Sttdt:/ <e ) tdt
0 0 =S
_st 2 2
s 1
—t(e > +—/ et dt
—s )1y SJo
2e % 1 (e‘“)
= — + —
S S —S

s 52 S
1 —2se7%5 — 728
So we have
1 —2se728 — 2%
‘C(f(t)) - 82(1 . 6_28)
. _ sin(t), forO<t<m
Example 4.59. Consider the function f(t) = and f(t+2m) = f(t)

0 form <t <2m
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for all t. Then f(t) is periodic with period 7" = 27 and we have

[Zesttdt

1—e 28 °

L(f(t) =
In order to evaluate the integral in the numerator we need to use integration by parts

2m T
/Oe f(t)dt:/oe sin(t) dt

To do this integral we need to use integration by parts:

™ ™ —st\/
/ e sin(t) dt :/ (6 ) sin(t) dt
0 0 -

™

_ i <e_j> cos(t) : _ /Oﬁ (i:) (—sin(t)) dt}
1 1

=—(1+e™)— 9/0 e sin(t) dt

So

So we have
 (I+e™) 1
- 32(1 _ e—?ﬂs) - 32((1 _ 6—71'8)'

4.5 The Dirac Delta Function

In this section we cover applications of Laplace transforms involving the Dirac Delta Func-
tion. The first thing you should know is that the “Dirac Delta Function” is not a function.

This will become clear from its defining property. What is it? It is a limit of functions in a
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special sense which we now describe. Let a > 0 be given and define

(
0, O0<t<a

on(t—a)=<Sn, a<t<a+1l/n-

0, t>a+1/n
\

Then we define the Dirac Delta Function supported at ¢t = a, (¢t — a), applied to a

continuous function f(¢) by the formula

/ 5(t—a) f(t)dt = lim [ 6,(t — a) f(¢) dt.

n—oo

Theorem 4.8. For any continuous function f(t) we have

/ 5(t — a) F(t) dt = f(a).

Proof. We need to show that

To this end we first define
t
Flt) = / F(r)dr
0

Then, from the fundamental theorem of calculus we have F'(t) = f(t).

We also have

a+l/n
lim [ 6.t —a) f(t)dt = lim n / F()dt

n—oo n—oo
~ lim F(a+1/n)— F(a)
n—00 1/n

= F'(a) = f(a).

]

Example 4.60. Consider a few integrals involving the delta function which are easily com-
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puted using the definition and property that §(¢ — ¢) is zero everywhere except at c.

f(e), ifcé€la,b

0, if c & la,bl.

1. /Oo(t2 —1)d(t)dt = —1

o0

2. /OO sin(3t)6(t — 7/2) dt = sin(37/2)
3. /OO e 25(t—1)dt = e ?

4, / (t* +2)d(t — 2) dt = 0 because t = 2 in not in the interval [3, 00) and (¢ — 2) is
3
zero everywhere except at t = 2.

Now we consider the Laplace transform of the delta function.

Theorem 4.9.
L(6(t—a))=e".

Proof. We only need to apply the result of Theorem 4.8
t
Lt —a)) = / eyt —a)dt =e .
0

]

Example 4.61. Consider the differential equation v" + y = 6(t — 7) with y(0) = 0 and
y'(0) = 0. Applying the Laplace transform we have

1
2y_ _0 Y: —Ts YI —TSs )
(s 0s —0) + e = e (32 n 1)
Applying the inverse Laplace transform and using the second shift theorem we have

y(t) = u(t — m)sin(t — 7) = —u(t — «) sin(¢).
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Example 4.62. Consider the differential equation y” + 5y’ + 6y = e %6(¢t — 2) with y(0) = 2
and y'(0) = —5. Applying the Laplace transform we have

(s°Y — 25 +5) +5(sY —2) +6Y = 26D = (52 4 55+ 6)Y = (25 + 5) + e 26T,

Note that (s?Y — 2s +5) = (s + 2)(s + 3) so we have

(2s +5) e~ 2st1)
(s+2)(s+3) (s+2)(s+3)

Next we apply partial fractions to each term to get

(2s+5) 1 Ly 1 11
G+2)(5+3) (542 (513 512)(s+3) (5+2) (s+3)

Applying the inverse Laplace transform and using the second shift theorem we have
y(t) = (e + &%) +u(t — 2) (2072 — 73043

Example 4.63. Consider the differential equation y" + y = §(t — 7/2) + 6(t — 37/2) with
y(0) =1 and ¢/(0) = 0. Applying the Laplace transform we have

(Y —s)+Y =e ™2 4 o732 o (P24 1)Y =s+e /2 432

So we get

s 1 1
Y = —7/2s —37/2s ]
52+1+e (52+1>+€ s2+1

Applying the inverse Laplace transform and using the second shift theorem we have
y(t) = cos(t) +u(t — 7 /2)sin(t — 7/2) + u(t — 37/2) sin(t — 37/2).

Example 4.64. Consider the differential equation y” + 4y’ + 5y = 6(t — 27) with y(0) = 0
and y'(0) = 2. Applying the Laplace transform we have

(5 —2) +48Y +5Y =e 2™ = (s°+4s5+5)Y =2 +e 2™,
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2 6—27rs

B (52—1—43—1—5)—{—(52—1—45—1—5)'

We need to complete the square: (s*> + 4s +5) = (s + 2)? + 1 so we have

2 e—27rs

BN CE PN R P

Applying the inverse Laplace transform and using the first and second shift theorems we
have
y(t) = 2e 2 sin(t) + u(t — 2m)e 22 sin(t — 27).
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Table of Laplace Transforms

f(t) fort >0

Foeth= [ e
10
s
1

1
e s—a
n Sﬁl (n=0,1,..)
sa F(:a::l) (a>0)
o T
cos bt %M?
(1) SL() ~ (0
711 L)~ /(0) ~ 1'0)
£ 1) SL(F) = U F(0) = 50D 1(0) = -~ FOD(0)
1) 1)
et f (t) L(f)(s—a)

e L(f)(s)

—as

(fxg)(t)= [ f(t—T7)g(r)dr

L(f*g)=L(f)L(g)
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