Chapter 3

3 Introduction

Reading assignment: In this chapter we will cover Sections 3.1 — 3.6.

3.1 Theory of Linear Equations

Recall that an nth order Linear ODE is an equation that can be written in the form

dr dn—l dl
(1) T2 + (@) 4+ (@) + ao(@)y() = g(a). (1)

Recall that we say (1) is homogeneous if g(x) = 0 and nonhomogeneous if g(x) # 0

The Initial Value Problem (IVP) is given by (1) together with a set of n initial conditions

y(o) = y1, ¥'(x0) =12 -+, ¥ (20) = Y- (2)

Theorem 3.1 (Existence Uniqueness for Linear IVPs). If the functions {a;(x)}}_, and g(z)
are continuous on an interval I = {z : a <z < b} and a,(x) # 0 forallxz € I and z, € I,

then there is a unique solutiony = ¢(x) for all x € I.

Example 3.1. Consider the initial value problem (z — 2)y” + 3y = x with ICs y(0) = 0 and
y'(0) = 1. Here the leading coefficient is a; = (x — 2) which satisfies as(z) = 0 when z = 2.
Now the initial =, = 0 lies to the left of + = 2. So by Theorem 3.1 we see that a unique

solution exists on the interval —oco < = < 2.

Remark 3.1. It is sometimes useful to use the following notation. Let D = d/dx denote

the derivative thought of as an operator. This notation allows us to define an operator
L = (a,(z)D" + ap_1(z)D" ' + - + a1(z) D + ag(z))

which we can use to write (1) as



With this notation we can write, in a very simple form, the important defining property
of a Linear equation. If f(z) and g(z) are two functions and « and /5 are two constants

then we have

L{acf(x) + Bg(x)) = aL(f(x)) + BL(g(x))-

As a result of the linearity expressed above we can state the Principle of Superposition

for linear equations as follows: If y1, s, - - - , y, are n functions satisfying the homogeneous

problem Ly = 0 then y = cyy1 + coy2 + - - - + ¢y, IS @lSO a solution.

Definition 3.1. A set of functions v, 4»,--- ,v, are called Linearly Independent on an

interval I = (a,b) if
ay(x) + cye(z) + -+ epyp(x) =0V z€l & cg=c=-=¢,=0.

If the functions are not linearly independent then we say they are Dependent. This means

that there must exist a set of constants ¢, ¢,, - - - , ¢, not all zero so that
cyi(z) + coya(x) + -+ cpyn(z) =0 V z € 1.

Example 3.2. 1. The functions 1,z,22%,--- , 2™ are linearly independent since a linear
combination

c1+cr+ -+ cpa”

is a polynomial of degree n which can have at most n real roots so it cannot be

identically 0 in any interval unless ¢c; = ¢, =--- =¢, = 0.

2. The functions z, |z| are linearly independent on R = (—o0, o0) but not on the interval
(0, 00).

3. To show the functions y; = sin(z) and y, = cos(z) are linearly independent we
consider ¢, sin(x) + co cos(x) = 0. If we suppose (by way of contradiction) that ¢; # 0

then we can divide by ¢; and divide by cos(z) to write

tan(x) = ——



but notice that the left side is the well known function tan(x) which is not constant,
while the right hand side is a constant. This is a contradiction, which implies that
our assumption that ¢; # 0 is false so we must have ¢; = 0 . But then we are left
with ¢, cos(z) = 0 for all = which again is only possible if ¢, = 0. We conclude that

¢1 = ¢o = 0 and trhe functions are linearly independent.

The above examples suggest that deciding whether functions are dependent or inde-
pendent can be difficult. We now present a simple method for deciding linear dependence

or independence.

Definition 3.2. Given a set of functions y1, vs, - - - , y,, we define the Wronskian by
Y1 Y2 Yn
i Ys Yn
W:W<y1,y2>"' 7yn): . (3)
ygnfl) yénfl) y7(1n71)

Here the above notation denotes the determinant of the n x n matrix.

Theorem 3.2. [Wronskian Test for Independence] If yi,ys,- -+ ,y, are n solutions to an
nth order linear homogeneous equation on an interval 1. Then the functions are linearly

independent < W (y1,y2, - ,yn)(x) # 0 forevery x € I.

Remark 3.2. More generally, if the Wronskian of any set of n functions is not zero on an

interval I then the functions are linearly independent on the interval /.

In the case n = 2 the Wronskian of two functions v, i, is

Yyr Y2

W= W(yuyz‘) = = Z/lyé - yzyi-

/

n yé

In the case n = 3 the Wronskian of three functions y1, s, y3 is

U1 Y2 Y3
W =Wy, y2,u3) = o) v |-

1! /! !
Y Y Y3



More generally, determinants are defined in Chapter 8 Section 4 where they describe
the concepts of minors and cofactors. As an example we give the expansion by expansion

by minors and cofactors using the first row. Consider the determinant of a 3 x 3 matrix

a1 aiz2 A3

A= Q21 A2z (23

a31 dasz2 G33

First cover the row with plus and minus signs beginning with a + in the (1, 1) position and
then alternating signs. Then take the sum of the products of the sign, the element of the
row and the determinant of the 2 x 2 matrix obtained by deleting the row and column that

intersect in that particular element.

+ -+
Ay Qrp Ggg
det(A) = Qo1 Q22 Q23

a31 azz2 33

Q22 A23 21 Qa23 21 Qa22
= a1 — ais + ais

as2 As3 as1 ass as1 sz
If the functions are solutions of a linear homogeneous ODE then the functions are

linearly independent on an interval I if and only if the wronskian is not zero at a single

x € I (and therefore for all x € I).
Example 3.3. Show that y; = ¢=3* and y, = ¢** are linearly independent for 2 > 0

6—31’ €4$
W =W(y1,y2) = = 4e” + 3e” = Te” £ 0.

_ 9,3z 4z
3e 4e

Example 3.4. Let us reconsider showing y; = sin(z) and y, = cos(z) are linearly indepen-

dent

W =Wy, y2) = sin(a) CO'SCC) = —sin®(z) — cos?(x) = —1 # 0.
cos(x) —sin(z)



Example 3.5. Show that y; = e=3% and y, = ¢** are linearly independent for all x

6—3:1: e4x

W =W(yi,y2) = = 4e” + 3e” = Te" # 0.
—3e73% 4etw

Example 3.6. 1. Consider the three functions (1 + z), x and z*:

(1+z) =z 2°
W=l 1 1 22| =2((14+2z)—x)=2+#0.
0 0 2

So we conclude they are linearly independent.

2. Consider the three functions z, z? and 4z — 322:

r 2 (4 — 32?)
W=|1 2 (4—6z)|=0.
0 0 —6

So we conclude they are linearly dependent.

3. Consider the three functions e*, e=® and x. Show they are linearly independent for

x > 0: (expand by 3rd column)

= 2" *[(1) — (=1)] = 0 = 2ze" = 22 # 0 forx > 0.

So we conclude they are linearly independent for = > 0.

Definition 3.3. A linearly independent set of functions v, 4., - - - , v, of n solutions to an

nth order linear homogeneous equation is called a Fundamental Set.



Further, if y1, 49, - - , y,, is @ fundamental set then the General Solution is given by

y(x) = cryn (@) + caya(e) + -+ + cnyn(2)

where ¢, co,- -+ , ¢, are arbitrary constants. The general solution of the homogeneous

problem is often denoted by y, or, in our book, y. which is called the Complementary

Solution.

Example 3.7. The functions y; = e™*, yo = ¢® form a fundamental set for the differential
equation y” — y = 0. To see this you can easily check the y; and y, satisfy the equation

so we need to show they are linearly independent.
€ €
W:W(yby?): _ :27&0

so we conclude that y = cie™* 4 c€” is a general solution.

For the initial value problem

we use the general solution and the initial conditions to obtain a unique solution as follows.

We have y = cie™* + cpe” which implies ' = —cie™ + c2e” S0

0=1y(0) =cre® +ce’ = c1 + ¢y

2=19(0)=—cre 4+ e’ = —c; + ¢
Now we solve the 2 x 2 system of equations

Cl+02:0
—Cc1+cy =2

Adding the two equations together we obtain 2¢, = 2 which implies ¢, = 1. Substituting



this into the first equation we find ¢; = —1. Finally then we obtain the unique solution

y=e"—e "

Example 3.8. The functions y; = z, y» = xIn(x) form a fundamental set for the differential

equation z%y” — xy/ + y = 0. Use this to solve the initial value problem
oy —xy +y=0, y(1)=3, /(1) =1.
The general solution is y = ¢z + cox In(x) which implies y' = ¢; + ca(In(z) + 1) so

3:y(1)201+020261

1:y,(1) =cC1+C=cC1+Cy
Now we solve the 2 x 2 system of equations

01:3

Cl—l—ngl

Adding the two equations together we obtain ¢; = 3 which implies ¢, = —2. Finally then
we obtain the unique solution

y = 3z — 2z In(z).
The Non-homogeneous Problem

Theorem 3.3. Consider the non-homogeneous problem Ly = g where
L = (an(2)D" 4 ap_1(2)D"' + - + a1(2) D + ag(x)).

If y, is any Particular solution and y. is the complementary solution, then the general

solution of the non-homogeneous problem is y = y,, + y..

This follows from the following simple observation. If y, and y, are two particular

solutions of the non-homogeneous problem, i.e., Ly, = ¢ and Ly, = g, then by the

7



superposition principle we have

L(Yp = yp) = L(Yp) = L(yp) =9 — 9 =0,

i.e., (Y — yp) is a solution of the homogeneous problem. But all solutions of the homo-
geneous problem are contained in y. so we must have y, — y, = y. or, in other words,
Yp = Yp + Y. INn this way we see that every particular solution is given by finding any one

particular solution and adding it to y..

Example 3.9. Consider the non-homogeneous IVP
y' +y=1+2% y(0)=-2, y(0)=1
The general solution of the homogeneous problem ¢ +y =0 is
Yo = acos(x) + bsin(x)

and a particular solution of the non-homogeneous problem is y, = 2? — 1.
Use this information to solve the IVP. The main thing we know is that the general

solution of the non-homogeneous problem is y = y. + y, SO we have
y = acos(z) + bsin(z) + 2> — 1.

To solve the IVP which we use this function and the initial conditions to find the the arbi-

trary constants a and b. Differentiating y we get
y' = —asin(z) + bcos(x) + 2.
Therefore from y(0) = —1 and 4’(0) = 1 we have
acos(0) + bsin(0) — 1 = -2 and — asin(0) + bcos(0) +0 =1

or

a=-1, b=1



So the unique solution to the IVP is
y = — cos(z) + sin(x) + 2% — 1.
Example 3.10. Consider the non-homogeneous IVP
' —y=1-2zx—2% y(0)=1, y(0)=4.
The general solution of the homogeneous problem " —y =0 is
Yo = ae” + be” "

and a particular solution of the non-homogeneous problem is y,, = 22 4+ 2z + 1.
Use this information to solve the IVP. The main thing we know is that the general

solution of the non-homogeneous problem is y = y. + y, SO we have
y = ae” +be " + 2* + 22 + 1.

To solve the IVP which we use this function and the initial conditions to find the the arbi-

trary constants a and b. Differentiating y we get
Yy = ae® —be " + 2z + 2.
Therefore from y(0) = 1 and y/(0) = 4 we have
a+b+1l=1landa—0b+2=14
or

at+b=0
a—b=2

If we add the two equations together the b’s drop out and we have 2a = 2 so that

a=1 b=-1



So the unique solution to the IVP is
y=e"—e "+ +2zx+1.
Example 3.11. Consider the non-homogeneous IVP
y' — 4y +4y =4x +4, y(0)=0, y'(0)=0.
The general solution of the homogeneous problem y” — 43/ + 4y =0 is
Yo = ae®® + bre*™

and a particular solution of the non-homogeneous problem is y, = = + 2.
Use this information to dove the IVP. The main thing we know is that the general

solution of the non-homogeneous problem is y = y. + y, SO we have
. 2x 2x
y = ae” + bre™ + x + 2.

To solve the IVP which we use this function and the initial conditions to find the the arbi-

trary constants a and b. Differentiating y we get
y = 2ae** + b(1 + 2z)e* + 1.
Therefore from y(0) = 0 and 3'(0) = 0 we have
a+2=0and2a+b+1=0

or

a=-2, 2a+b+1=0

which implies that a = —2 and b = 3. So the unique solution to the IVP is

y = —2* + 3z + 2 + 2.

10



3.2 Reduction of Order

Suppose that y; is a solution to the problem

Y +p(x)y +q(z)y =0 (4)

Our goal is to find a second linearly independent solution ..
The motivation for this approach is the method of variation of parameters seen earlier

in the class. We seek a solution in the form
ya(z) = v(z)y1 (2).
Taking the derivative this implies that
Yo = vy + oy,
and, taking the second derivative we have
vy = 0"y1 + 20'y) + vy .
Substituting these expressions into (11) gives
[0"y1 4+ 20"y, + vyl ] + p(z) [y + oyy] + q(z) [vys] = 0.
Collecting the terms multiplying v we get
v(yl +p(@)yy + q(@)ys) =0

so the equation for v simplifies to

y10" + (2y; + p(x)y)v" = 0.

11



Thus we obtain
’UH + (2y/1 +p($)y1>vl
Y1

—0. (5)

(2y; + p(@)y1)
Y1

Setting w = ¢ and

/
LI p(x) this equation reduces to the first order
Y1

linear equation

/
w' + (2& +p(x)> w=0
Y1

with integrating factor

v z) | dx
= Bf (2 1 +p( )) d _ 62111(3/1)-|—fp(ac) de __ 6ln(y%)efp(ac) dr _ y%efp(x) da:‘

Which gives us
pw] =0 = pw=C=C

for an arbitrary constant C'. So we end up with

e~ [ p(x) da:‘

w(zr) = Cyl BE

m@:c/(%ggﬁ)w.

Finally then a second linearly independent solution

wi) = onte) | (L) "

yi(x)?

Therefore

At this point we note that we can take any constant C' we want. We usually choose it to
obtain the simplest answer. In particular it is usually chosen so the constant in from is a

plus one.

Example 3.12. The function y; = ¢?* is a solution of the equation

y' — 4y +4y =0.

Find a second linearly independent solution 5.

12



Applying the formula from reduction of order we have
p(z)=—-4 = e~ [p@)de _ Az

and we have

= Cre*

The simplest answer would be 3, = ze?* taking C = 1.

Example 3.13. The function y; = cos(4xz) is a solution of the equation y” 4+ 16y = 0. Find
a second linearly independent solution 5.

Applying the formula from reduction of order we have
p(z)=0 = e~ J0dr
and we have

= (' cos(4x) / m dx = cos(4x) /sec2(4x) dx

= C’cos(4x)% tan(4x) = C’i sin(4x).

The simplest answer would be y, = sin(4z) taking C' = 4.

Example 3.14. The function y; = In(x) is a solution of the equation zy” + ¢ = 0. Find

a second linearly independent solution y,. We must first rewrite the equation in the form

Yy +py +qy = 0:

13



Applying the formula from reduction of order we have

1
p(ZL‘) = = 6—fp(x)da: — ZE_I
X

and we have

n=cuto) [ (555)

x ! - dx
- o) [ o= [ iy
= C'In(z) / CZL—Z (use u=In(z), du = dz/x)

= Cln(x) /u_2 du = —In(z)u™' = —C'ln(x)(In(z)) ' = -C

So the simplest answer would be y, = 1 taking C = —1.

Example 3.15. The function 3, = z* is a solution of 22y” — 72y’ + 16y = 0. Find a

second linearly independent solution y,. We must first rewrite the equation in the form

y'+py +qy=0:
7 16
y// _ _y/ + _Qy —0.
X X

Applying the formula from reduction of order we have

=7
plr) = — = e IP@de — 47
T

and we have

7
:C’x4/ x dx = Cz* d_x

()2 x

= Oz*In(2)

So the simplest answer would be y, = z* In(x) by taking C = 1.

Example 3.16. The function y; = zsin(In(x)) is a solution of z?y” — zy’ + 2y = 0. Find

14



a second linearly independent solution y,. We must first rewrite the equation in the form

y' +py +qy =0
1 2
y"——y'+—2y=0.
xr s

Applying the formula from reduction of order we have

-1
plz) = — = e JP@dr — 4
x

and we have

X

= Czsin(In(z)) / de

= C'sin(In(z)) / w dr (use u=lIn(x), du = dx/x)
= Czsin(In(x)) /CSCQ(U) du = Czsin(In(x))(— cot(u))

== Cwsin(Iln(x))(— cot(In(x))) = —Cx cos(In(x))

So the simplest answer would be y, = x cos(In(z)) by taking C' = —1.

3.3 Homogeneous Linear Constant Coefficient Equations

The Second Order Case
Consider a Second Order Homogeneous Linear Constant Coefficient Equation

ay’ +by +cy=0

Substituting y = €"* into the equation we arrive at the so-called Characteristic Equation

ar®* +br+c=0 has roots r;, r, by the quadratic equation

—b+ Vb? — 4dac
r = )
2a

An important number is the Discriminant. A = bv* — 4ac. From College Algebra you may

recall there are Three Cases depending on the sign of the discriminant:

15



1. A > 0 Real distinct roots r; #r, = (general solution) y = cie™* 4 cpe™”
2. A =0 Real double root 7o =71 =7, = (general solution) y = c1€™% + coxe™
3. A <0Completroots r = a£i = (general solution) y = c;e®® cos(fx)+coe™ sin(fx)

Here only the first case is obvious. If we have real distinct roots r; and r, then each
gives a solution e¢™* and e¢™* which are linearly independent so they form a fundamental
set and the general solution is y = c1e™* + cye™".

In case 2, we know one solution is ¢"°* so we appeal to the reduction of order formula
to find a second linearly independent solution . In the case of a double root the equation

can be written in the form y” — 2roy’ + rjy = 0. Here so
px) = =2y = e JP@ds _ s

So we have

627‘0:E
= 0% dr = e dz
(eroaz)Q

= ze'”

Therefore the general solution is y = ¢1€"°* + cyxe’* as we have above.

For case number 3 we encounter complex roots. Here we first introduce a very useful
thing to remember. If a quadratic equation with real coefficients has complex roots they
must be complex conjugates, i.e., r = a £ i where «, g are real. From this and the factor
and remainder theorem (from College Algebra) we find that the characteristic equation

can be written as follows:

0=[r=(a+if)][r - (a=if)] = [(r —a) =ifl[(r — a) +if)]
=(r —a)® - (iB)* = r* = 2ar + (a® + B?).

This can be very useful in finding the roots and, in particular, « and £.

16



Another tool that is particularly useful is the famous Euler Formula

¢ = cos(f) + isin(f) (6)
which also implies (since cos is even and sin is odd)
e = cos(f) — isin(h) (7)

An important side result from the Euler formulas are the following formulas. Adding
the formulas (6) and (7) together and dividing by 2 we arrive at

ei@ + ez’@

cos(f) = 5

Next we subtract the formulas (6) and (7) and divide by 2i to arrive at

ot _ it

21

sin(f) =

While we will not use the above results at this time they are nevertheless important.
Returning to the solution in the case of complex roots, since we found the roots r =

a £ i we should be able to write the general solution as
Yy = GreletiBle L 7 pla—ib)r — paw [Elewz + b}e‘iﬁﬂ.
Now we can use the Euler formulas (6), (7) to obtain

€7 [&,6177 4 Gpe™P7]
¢ [&1{cos ) + isin(Bz)} + & {cos(Be) — isin(Bx)}]
I

[

¢1 + o) cos(Bx) + (¢1 — ¢a)i sin(ﬂx)}

e[y cos(Bz) + ey sin(fx))

where we have set

C1 = (El -+ 52), Cy = (51 — EQ)Z

17



and since ¢; and ¢, are arbitrary constants then so also are ¢; and cs.

Example 3.17. Consider y” — 3y’ — 6y = 0 with characteristic polynomial 72> —r —6 = 0. The
discriminant is positive and quadratic factors giving two real roots, namely, r*> —r — 6 =

(r+2)(r — 3) = 0sor = —2,3 and the general solution is y = c;e™** + c,e*.

Example 3.18. Consider y” — 41/ +5y = 0 with characteristic polynomial 72 —4r+5 = 0. For
this example the discriminant is negative so there are complex roots » = o + i5. In order
to find o and /3 we write the characteristic polynomial in the form 2 — 2ar +a? + 32 = 0
which gives r? — 2(2)r + (2)? + (1)? = 0 and we can read off that « = 2 and 3 = 1 so the

eneral solution is y = c;e%* cos(z) + cpe®* sin(x).
Yy

Example 3.19. Consider y” + 8y + 16y = 0 with characteristic polynomial 72 +8r +16 = 0.
The discriminant is zero so there is a double root. The quadratic factors 72 + 8r + 16 =

(r+4)> = 0sor = —4,—4 and the general solution is y = c;e™*® + cox e~**.

Example 3.20. Consider the IVP y” + 16y = 0 with y(0) = 2 and y'(0) = —4. The
characteristic polynomial is > + 16 = 0. The discriminant is negative so there are two
complex roots r = 4i, —4i and the general solution is y = ¢; cos(4x) + cosin(4x). Next
we differentiate to get v/ = —4c¢; sin(4x) + 4cp cos(4x). Applying the first IC we get ¢; = 2
and applying the second IC we get 4C; = —4 so that C, = —1 and the solution is y =
2 cos(4x) — sin(4x).

The Higher Order Case

This completes our discussion of the second order case. We now turn to the more
general case of a homogeneous linear differential equation with constant real coefficients

of order n which has the form
any™ 4 a1y - Fagy = 0. (8)

. . d . .
We can introduce the notation D = o and write the above equation as

P(D)y = (anDn + an,lD(”*l) + .+ ao) Y= 0.

18



By the fundamental theorem of algebra we can factor P(D) as

an(D —1r1)™ - (D — 7)™ (D* = 200D + af + 2)P* --- (D* — 204D + af + 37)",
k 14
where Y “m; +2) p;=n.
P =1

There are two types of factors (D — r)* and (D? — 2aD + o? + %)% :

1. The general solution of (D — r)*y =0 is

y=(cr+com+ -+ ca® D) e

2. The general solution of (D? — 2aD + o? + 3?)fy =0 is

Yy = (61 + coxr 4 -+ ckx(k_l)) e cos(fx) + (d1 + dox + -+ -+ dkx(k_l)) e sin(fx).

Finally then the general solution of (8) contains one such term for each term in the

factorization.

Rather than use D notation we can also argue as before and seek solutions of (8) in

the form y = e¢"* to get a characteristic polynomial

™ + ap ™Y 4 ag = 0.

In either case we find that the general solution consists of a sum of n expressions
{y;};—, where each of these functions has one of the following forms like z*, z*e™,
zFe?® cos(Bz) or zFe® sin(Bz). The y; are linearly independent and the general solution is
Y =c1y1 + CYys + - - - + CpYn.

The best wy to learn what to do is by working examples so let’s consider some exam-

ples of higher order homogeneous problems with constant coefficients.
Example 3.21. Consider 3" —4y” — 53’ = 0 with characteristic polynomial 73 —4r% —5r = 0.

19



This cubic polynomial factors in r(r — 5)(r + 4) = 0 and we have roots r = 0,5, —4 so the

general solution is y = ¢; + ¢ + cze™42.

The Rational Root Test which states that if p(r) = a,r™ + ap_ 17" + -+ + a1r + ag

with integer coefficients, » = p/q is a rational root in lowest terms (i.e., p and ¢ have no
common factors) of p(r) = 0, then p divides evenly into a,, and ¢ divides evenly into a,.
We also employ the factor and remainder theorem and synthetic division. Please

consult a college algebra or pre-calculus book for more details.

1. The Factor Theorem states that (r — a) is a factor of p(r) if and only if p(a) = 0.

2. The Remainder Theorem states that if a polynomial p(r) of degree n is divided by a

factor (r — a) then the remainder (which is a number) R = p(a). Here we have by

the division algorithm

= p(r)=(r—a)q(r) + R

where R is the remainder and ¢(r) is the quotient polynomial of degree (n — 1).

Example 3.22. Consider v — 5" + 3y’ + 9y = 0 with characteristic polynomial r3 — 5r2 +
3r +9 = 0. This is a cubic polynomial and it factors but it is not obvious how. We apply
the rational root test to find that the only possible rational roots are » = +1,4+3,+9. We

try synthetic division to synthesize (r — 1) divided into r® — 5r% + 3r + 9,

1 -4 -1 8

From this we see that » = 1 is not a root since the remainder is R = 8. Next we try

synthetic division to synthesize (r + 1) divided into r* — 51 + 3r + 9




We see that R = 0 so that r = —1 is a root and also the quotient polynomial is a
quadratic ¢(r) = r* — 6r + 9 which factors into (r — 3)? and has a double root r = 3, 3.

So the roots in this case are » = —1, 3, 3 and the general solution is

- 3 3
Yy =cie ¥+ e + cyx, e

Example 3.23. Consider v + 3y” + 3y’ + y = 0 with characteristic polynomial 73 + 3r? +
3r+1 = 0. This is a cubic polynomial and it factors but it is not obvious how. We apply the
rational root test to find that the only possible rational roots are » = +1. We try synthetic

division to compute (r — 1) divided into 7% + 3r% + 3r + 1.

1 3 31
1 1 47

1 4 7 8

From this we see that » = 1 is not a root since the remainder is R = 8. Next we try

synthetic division to compute (r + 1) divided into 73 — 572 + 3r + 9

We see that R = 0 so that » = —1 is a root and also the quotient polynomial is a
quadratic ¢(r) = r* + 2r + 1 which factors into (r +1)? sor = —1 a double root r = —1, —1.

So the roots in this case are r = —1, —1, —1 and the general solution is

y=cie " + cowe™" + czxie ",

Sometimes a higher order equation can be factored as the following example demon-

strates

Example 3.24. Consider y*) +13y” + 36y = 0 with auxiliary polynomial r* 4 13r% + 16 = 0.
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We can factor this as follows
M+ 132+ 16 = (r* +9)(r* +4) = 0

The terms (r?+9) = 0 and (r* +4) = 0 each have complex roots r = 0+ 3i and r = 0 4 2i

so the general solution is
y = ¢1c08(3x) + cosin(3x) + 3 cos(2z) + ¢4 sin(2x).

Here is another similar example

Example 3.25. Consider 16y +24y" 49y = 0 with auxiliary polynomial 16r*+24r%+9 = 0.

We can write this as follows
(4r*)2 + (2)(4r?H)(3) + 3% = (4r* +3)* = 0.

Notice this equation is 4th order so it has to have four roots. We find that 4r% 4+ 3 = 0 has
roots r = ++/3/2i so the double roots are 0 + v/3/2i,0 4+ /3/2i and 0 — v/3/2i,0 — v/3/2i.

We obtain the general solution
y = (1 + ca2) cos(V3/2x) + (¢35 + cu) sin(v/3/2z).

Example 3.26. Consider v — 3/ = 0 with initial conditions y(0) = 0, ¥/(0) = 2, ¥”(0) = 2.
To find the general solution we consider the auxiliary polynomial r* — » = 0 which factors
to r(r—1)(r+1) = 0 with roots » = 0, —1, 1 and the general solution is y = ¢; +cae™* +cze”.

Then we also need ¢y = —coe ™ + c3e” and iy’ = coe™® + c3e”. Applying the ICs we get

01+CQ+03:O
—Cotc3=2

CQ+03:2

Notice we can solve the last two equations for ¢, and ¢;. Adding the equations together

we get 2¢3 = 4 so that ¢3 = 2. Then from the last equation we must have ¢, = 0. Finally
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plugging in these values into the first equation we find ¢; + 0+ 2 = 0 so that ¢; = —2.

Therefore the unique solution of the IVP is
y=—2-+2e".

Let’s try one a little harder

Example 3.27. Consider 4 + 13y” + 36y = 0 with initial conditions y(0) = 0, %/(0) = 30,
y"(0) = 0, ¥(0) = 0. To find the general solution we consider the auxiliary polynomial
r* 4+ 13r% + 36 = 0. Notice that this equation cannot have any real roots. This expression
factors to (r? + 4)(r* +9) = 0 with roots r = 0 + 24,0 — 2,0 + 3i,0 — 3: and the general

solution is y = ¢; cos(2x) + ¢y sin(2x) + ¢3 cos(3x) + ¢4 sin(3z). Then we also need
y = ¢1 cos(2x) + cosin(2x) + 3 cos(3x) + ¢4 sin(3z)

y' = —2c; sin(2z) + 2¢5 cos(2z) — ez sin(3z) + 3¢y cos(3x),
y" = —4ey cos(2x) — deg sin(2x) — 9es cos(3x) — 9y sin(3x),

and
y" = 8¢y sin(2z) — 8cq cos(2z) + 27c3 sin(3x) — 27¢y4 cos(3).

Applying the ICs we get

c1+0cy+c3+0cy =0
001 +262+OC3+3C4 =30
—401+002—903+OC4:0

001 — 802 + 003 — 2704 =0
Consider the first and third equations together
Cc1+c3 = 0

—4c1 —9c3 =0
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which gives ¢; = ¢3 = 0. Now consider the second and forth which give

202 + 364 =30

—8cy —27cy =0

Adding 4 times the first equation to the second, the ¢, drop out and we have 12¢, — 27¢4 =
120 or —15¢4 = 120 which gives ¢, = —8 and using this value in either equation we find

co = 27. Therefore the unique solution of the IVP is
y = 27sin(2x) — 8sin(3z).

Example 3.28. Consider y*) —81y = 0 with initial conditions y(0) = 2, %/(0) = 6, y"(0) = 0,
y"(0) = 0. To find the general solution we consider the auxiliary polynomial »* — 81 = 0.
This expression factors to (72 — 9)(r? +9) = 0 with roots r = 0 + 34,0 — 34, 3, —3 and the

general solution is y = ¢; cos(3x) + 3 sin(3z) + c3e 3% + c4e3*. Then we also need

y = ¢ cos(3x) + cosin(3x) + cze > + c4e”

Y = —3cysin(3z) + 3¢z cos(3x) — 3cze " + 3eue,
y" = —9c; cos(3x) — ey sin(3z) + Ieze ™ + 9cye™”,

and
y" = 27c; sin(3x) — 27cy cos(3x) — 2Tcze ™" + 27cye™.

Applying the ICs we get
01+002+03+C4:2
Ocy +3cg —3c3+3c4 =6

—9c1 +0cs +9c3+9¢4 =0

061 - 2702 — 2703 — 2704 =0
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This simplifies to

cr+c3+cy =2
302—303+3C4:6
—9Cl+903+904:0

— 27cyg — 273+ 27c4, =0

Now divide the second equation by 3, the third by 9 and the last by 27 to get

Cl—|—03+04:2
02—03+C4:2
—61+C3—|—C4:0

—cp—c3+cy =0

Subtract the third equation from the first and the c¢; + ¢, drops out to give 2¢; = 2s0 ¢; = 1.
Next in the big system above subtract the fourth equation from the second to get
2cy = 2 so that ¢, = 1.

Plugging these values in to the big system we then have

1+03+C4:2
1—C3+C4:2
—1+C3+C4:0

—1—c3+cs=0

Lets look at the first two equations which simplify to

cs+cy=1

—cte=1

Adding these equations together we find 2¢, = 2 so ¢, = 1 and then this implies ¢3 = 0.

These same values satisfy the third and fourth equations above so we have ¢; =1, ¢, = 1,
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cgs=0and ¢, = 1.

Therefore the unique solution of the IVP is
y = cos(3x) + sin(3z) + .

Example 3.29. Consider " — 4y + 7y" — 6y’ + 2y = 0 with initial conditions y(0) = 2,
y'(0) =0, y"(0) = =3, ¥"(0) = —6. To find the general solution we consider the auxiliary
polynomial r* — 4r3 + 7r? — 6r + 2 = 0. Notice that the only possible rational roots are +1
and +2.

Therefore » = 1 is a root. But it might be a double root so we try it again on the quotient

polynomial

And, we see that » = 1 is a root once again. Therefore » = 1 is a double root. At this
point the quotient polynomial is quadratic so we only need to find the roots of r? — 2r + 2
and a quick check of the discriminant shows it has complex roots. Namely we have
r? —2(1)r + (1) + (1)% which implies that » = 1 & 4. Finally then the 4 roots are 1,1,1 + .

Then we can write the general solution as

y = 1" + caze® + cze” cos(x) + cue” sin(z).

We need to find the constants ¢, ¢y, 3, ¢4 SO that the initial conditions are satisfied. This

requires us to compute ¢/, v’ and y”’. We have

Y = c1e” + (1 + x)e” + cze”(cos(z) — sin(z)) + c4e”(sin(z) + cos(z))

= (c1+ o+ coz)e” + (c3 + cq)€e” cos(x) + (—c3 + ¢4)e” sin(x).
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Y = [ca 4 ¢1 + o+ cax]e” + (3 + cq)e(cos(x) — sin(z)) + (—c3 + ¢4)e”(sin(z) + cos(x))

= (1 4+ 29 + co)e” 4 (2¢4)€” cos(x)(—2c3)e” sin(z).

y" = [c1 + 3 + cox]e” 4 (2¢4)e” (cos(x) — sin(x)) + (—2c¢3)e” (sin(z) + cos(z))

= [c1 + 3ca + cax]e” + (—2¢3 + 2¢4)€” cos(x)(—2¢5 — 2¢4)€” sin(x).

From the initial conditions we have

4.

5.

6.

cL+c3=2
61+CQ+03+C4:0
Cl+262+2C4:—3

C1 +302 —203 +2€4 =—0

. From the first equation we have ¢; =2 — ¢4

Replacing ¢; by 2 — ¢; in the second equation we have ¢, + ¢, = —2 which implies

that ¢y, = —2 — c».

Substituting ¢, = —2 — ¢, into the third equation we have [¢; = 1]

Usingc; =1, c3 =2 — ¢y and ¢y = —2 — ¢, in the fourth equation we have
But then by item 1 above we have |c; = 1].

And, finally, by item 2 we have ¢, = —1]|

Therefore the unique solution of the IVP is

3.4

y=e" —xe® + e cos(z) — e sin(x).

Method of Undetermined Coefficients

Non-Homogeneous Problem:
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We now turn to the hardest part of Chapter 3, finding the general solution to the non-

homogeneous problem:

Ly = (a,D" + ap 1 D" ' + -+ ag)y = f(x) (9)

As we have already mentioned, the general solution is obtained as y = y.+y, Where

1. y. is the general solution of the homogeneous (or complementary) problem, i.e.

Ye = C1Y1 + C2Y2 + - -+ + cuy, Where yy, - - -y, are n linearly independent solutions of

Ly = (a,D" + a, 1 D" '+ -+ ag)y =0

with the Characteristic Polynomial

(an™ + a4 ag) = 0 (10)

2. y, is (any) particular solution of the non-homogeneous problem (9).

The main problem then is to find y,.

Remark 3.3. We will be mostly concerned with the general solution in case the left hand

side is a second order equation

ay” + by + cy = f(x).

Method of Undetermined Coefficients
The method of undetermined coefficients is only applicable if the right hand side is a

sum of terms of the following form

p(z), px)e®™, p(x)e* cos(fx), p(x)e® sin(Lx) (11)

where we denote by p(z) = ¢, 2™ + ¢, 1™ 1 + - - - + ¢y @ general polynomial of degree m.

For a right hand side function consisting of a sum of terms like these, y, will be a found
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as a sum of such terms. Each of the individual terms are computed using the following:

BOX 1:
ay”" + by +cy =px)e™® = y,=a(Apx" + -+ Az + Ag)e’”®

1. s =0if ry is not a root of ar? + br + ¢ = 0.

2. s = (ifryis aroot ¢ times of ar? + br +c =0 (here { = 1 or 2).

N.B. The above case includes the case r, = 0 in which case the right side is p(z).

BOX 2:
p(x)e* cos(Bx)

ay’ + by +cy = or =
p(z)e*® sin(fx)

Yp = 2 (Apa™ 4 - -+ A1z + Ap)e®® cos(Bz) + 2°(Bpa™ + - - - + Bix + By)e™ sin(fx)

1. s =0if ry = a + 48 is not a root of ar? 4 br + ¢ = 0.

2. s=1ifrg=a+ipisarootof ar? +br +c=0.

Remark 3.4. It can happen that the function f(z) on the right hand side is a sum of several

functions each of which must be handled separately. For example

f(@) = fi(@) + fo(x) + -+ ful2)

where each f;(x) is of the form described in BOX 1 or BOX 2 but with different r, or «
and . Notice that if one of the terms is a polynomial, e.g., 3z% + 22% + x + 1, then this
is to be considered as a single function corresponding to o = 0 and not several different
functions.

So let us consider Ly = ay” + by’ + cy and the associated non-homogeneous problem

Ly = fi(x) + fox) + -+ + ful2)
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To find y, for a situation like this we simply find n particular solutions y,, satisfying

Ly,, = f; and add them together. Namely we have

Yp = Ypi T Ypo ="+ YUp,-

The reason this works is that the problem is linear:

Lyp=L(Yp, + +Yp,) = L(yp)) + -+ Lyp, ) = [+ + fu=T.

In the following examples you are asked to find a candidate for a particular solution.
This means we give the form of the particular solution but do not find the values of the

coefficients themselves.

1. 4" —2y'+2y = 2¢" cos(z) = Forthe homogenous problem we have y"—2y'+2y = 0
=72 —2r+2=0= r=14is0we have y. = cie® cos(z) + coe”sin(x). The right
hand side has p(z) = 2 (a polynomial of degree 0, i.e., a constant), ro = 1 + ¢ which
is a root once of the characteristic polynomial. So we look at BOX 2 with s = 1 we
have

yp, = Aze®sin(x) + Bxe® cos(t)

2.y — 2y +y=2¢" = Forthe homogenous problem we have v — 2y +y =0 =
12 —2r4+1=0= r=1,1is adouble root. So we have y, = c,e® + cze®. The right
hand side has p(x) = 2 (a polynomial of degree 0, i.e., a constant), r, = 1 which is a
root twice of the characteristic polynomial. So we look at BOX 1 with s = 2 and we
have

y, = Ax’e”

8.y —4y +3y =2 +2—1+sin(z) =

For the homogenous problem we have 3" —4y' +3y = 0= r*—4r+3=0= r = 3,4
so we have y. = ¢;e3* + cye?®. Following the discussion in Remark 3.4 we see that

the right hand side has two parts:

(a) For the first we have p(x) = z? + =z — 1 (a polynomial of degree 2, i.e., a
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quadratic), and r, = 0 which is NOT a root of the characteristic polynomial.

So we look at BOX 1 with s = 0 and we have y,, = (Az* + Bz + O).

(b) For the second part we have p(z) = 1 (a polynomial of degree 0, i.e., a con-
stant), and rq = 0 + i. We note that r is not a root of the characteristic polyno-

mial so s = 0 and we have y,, = Dsin(x) + E cos(z).

Adding these together we arrive at

Yp = (Az® + Bz + C) + (Dsin(z) + E cos(x))

4. y" 4+ 9y =sin(2z) = y, = Asin(2x) + B cos(2x)
5 ¢ =3y +2y=¢" = y,=Axc"
6.y -y =x+1 = y,=As>+ Bx

Let us turn now to the problem of actually finding a particular solution. We will present

a few simple examples.
Example 3.30. Find the general solution for 3" + 3y’ + 2y = 6.

1. First we solve the homogeneous problem y” + 3y’ + 2y = 0 by finding the roots of the
characteristic equation r? + 3r + 2 = 0 which gives (r + 2)(r 4+ 1) = 0 which implies

r=—1r=—2sowe have y. = cie™® + coe” 2.

2. Next we need to find y, so we first need to find a candidate for a particular solution.
The function on the right hand side is from BOX 1 with m = 0 (a polynomial of
degree zero) and r, = 0 which is not a root of the characteristic equation. So we
have y, = Ae" = A. To find y, we now need to find A and we do this by plugging

this y, into the given equation and solve for A.

We have y, = A, y, = 0, y, = 0 s0 we obtain
(0) +3(0) +2(A) = 6.

This gives 24 = 6 which implies A = 3. So y, = 3.
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3. Finally then the general solution for this problem is

Y=Yt Yp= cre” "+ 026_23C + 3.

Example 3.31. Find the general solution for " + 3y’ + 2y = 40e3°.

1. First we solve the homogeneous problem y” + 3y’ + 2y = 0 by finding the roots of the
characteristic equation r* + 3r + 2 = 0 which gives (r + 2)(r + 1) = 0 which implies

r=—1r=—2s0wehave y. = cie™® + cre 2%,

2. Next we need to find y, so we first need to find a candidate for a particular solution.
The function on the right hand side is from BOX 1 with m = 0 (a polynomial of
degree zero) and r, = 3 which is not a root of the characteristic equation. So we
have y, = Ae*. To find y,, we now need to find A and we do this by plugging this y,

into the given equation and solve for A.

We have y, = Ae®, y, = 3A¢e*, 37 = 9Ae> so we obtain
(9Ae3) + 3(3Ae™) + 2(Ae®") = 40Ae.

This gives 20A = 40 which implies A = 2. So y,, = 2¢.
3. Finally then the general solution for this problem is

Y=Y+ yp=cie "+ Coe 2% 4 2637,

Example 3.32. Find the general solution for ¢/ — /' = 4x.

1. First we solve the homogeneous problem 3" — ¢/ = 0 by finding the roots of the
characteristic equation r? — r = 0 which gives r(r — 1) = 0 which impliesr =07 =1

so we have y. = ¢; + ce”.

2. Next we need to find y, so we first need to find a candidate for a particular solution.
The function on the right hand side is from BOX 1 with m = 1 (a polynomial of

degree one) and r, = 0 which is a root of the characteristic equation once. So we
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have y, = 2(Ax + B). To find y, we now need to find A and we do this by plugging

this y, into the given equation and solve for A and B.

We have y, = Az> + Bz, y, = 2Az + B, y; = 2A so we obtain

(2A) — (2Az + B) = 4.
This gives 2A — B = 0 and —2A = 4 which implies A = —2 and B = —4. So
yp = —22° — 4.

3. Finally then the general solution for this problem is

Y=Y+ Yp = Cleix + 0267233 — 2.1'2 — 4.

Example 3.33.
Find the general solution for " + 3y’ + 2y = 10sin(x).
1. First we solve the homogeneous problem y” + 3y’ + 2y = 0 by finding the roots of the

characteristic equation r? + 3r + 2 = 0 which gives (r + 2)(r 4+ 1) = 0 which implies

r=—1r=—2sowe have y. = cie ™ + coe” 2.

2. Next we need to find y, so we first need to find a candidate for a particular solution.
The function on the right hand side is from BOX 2 with m = 0 (a polynomial of
degree zero) and r, = 0 + ¢ which is not a root of the characteristic equation. So we
have y, = Acos(z) + Bsin(z). To find y, we now need to find A and B which we do

by plugging our candidate for y, into the given equation and solve for A and B.

We have y, = Acos(x)+Bsin(x), y, = —Asin(z)+B cos(z), y, = —Acos(z)— B sin(z)

SO we obtain
(—Acos(x) — Bsin(z)) + 3(—Asin(x) + Bcos(z)) + 2(Acos(z) + Bsin(z)) = sin(z).
Now collect the sine and cosine terms on each side of the equation.

(A+3B)cos(z) + (—3A + B) sin(z) = sin(z).
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Equating the like terms on each side we find

A+3B=0
—3A+B=10

Taking 3 times the first equation added to the second we get 10B = 10 which implies
B = 1. with B = 1 in the first equation we get A = —3 so we have y, = —3cos(z) +

sin(z).

. The general solution for this problem is

Y=Y+ yp=cre "+ ce”* — 3cos(x) + sin(z).

. Consider y" + ¢ — 2y = 18z¢” — 4x = For the homogenous problem we have
V' +y —2y=0=1r+r—-2=0= r =1,-2. Sowe have y. = c;e® + cre .
Again following the discussion in Remark 3.4 we see that the right hand side has

two parts:

(a) For the first we have p(z) = 18z¢” (a polynomial of degree 1), and r, = 1 which
is a root once of the characteristic polynomial. So we look at BOX 1 with s = 1

and we have y,, = x(Ax + B)e".
y,, = (A2® + (2A + B)z + B)e®, yo = (Az® + (4A + B)z + (2A + 2B))e".
Substituting these into the equation and dividing both sides by e* gives
(Az® + (4A+ B)x + (2A + 2B)) + (Az* + (2A + B)z + B) — 2(A2* + Bx) = 18z
Notice that the =z terms all cancel out and we have
6Ar =18xr = A=3.

2A+3B=0 = B=-2.
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So we have y,, = z(3z — 2)e”.

(b) For the second part we have p(z) = —4z (a polynomial of degree 1 ), and
ro = 0. We note that r( is not a root of the characteristic polynomial so s = 0

and, we look at BOX 1, which gives y,, = Cz + D.

SO we have

which implies
—20=-4 = C=2,andC—-2D=0=>D=1

so that y,, =2z +1

Adding these together we arrive at

Yp = Ypy + Up, = 2(Az+ B)e* + Cor+ D = 2(3x — 2)e” + 22 + 1.

Example 3.34. Find the general solution for 3 +y = 2. Then solve the IVP y(0) = 2 and
y'(0) = =3.

1. First we solve the homogeneous problem 3" + vy = 0 by finding the roots of the
characteristic equation 2 + 1 = 0 which gives r = 0 4 i S0 we have y. = ¢, cos(z) +

o sin(x).

2. Next we need to find y, so we first need to find a candidate for a particular solution.
The function on the right hand side is from BOX 1 with m = 3 (a polynomial of
degree 3) and r, = 0 which is not a root of the characteristic equation. So we have
Y, = (Az® + B2® + Cx + D). To find y, we now need to find A and we do this by

plugging this y, into the given equation and solve for A.

We have y, = (Az® + Bz + Cx + D), y, = (3Az® 4+ 2Bx + (), ) = (6Az + 2B) so
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we obtain
(6Ax + 2B) + (Az® + Bx* + Cx + D) = 2°.

This immediately gives A = 1 and B = 0. Then we have 6A+C =0and D+2B =0

so we have C' = —6 and D = 0. So then we have y, = 2* — 6z.

3. Then the general solution for this problem is

Y = Yo+ yp = ¢ cos(x) + cysin(z) + 2 — 6.

4. For the IVP we have y(0) =2 and ¢/(0) = —3
y = c1 cos(x) + cysin(z) + 2° — 6z, = ¢ =2,

y' = —cysin(z) 4 cpcos(zx) =6, = c—6=-3, = c3=3.

Finally we have
y = 2cos(x) + 3sin(z) + 2* — 6.

Example 3.35. Find the general solution for v — 2y + 2y = 2x. Then solve the IVP
y(0) =0 and y/(0) = 0.

1. First we solve the homogeneous problem y” — 2y’ + 2y = 0 by finding the roots
of the characteristic equation > — 2r + 2 = 0 which gives » = 1 4+ i so we have

Yo = c1€” cos(x) + co€” sin(x).

2. Next we need to find y, so we first need to find a candidate for a particular solution.
The function on the right hand side is from BOX 1 with m = 1 (a polynomial of
degree 3) and r, = 0 which is not a root of the characteristic equation. So we have
v, = (Az + B). To find y, we now need to find A and we do this by plugging this y,

into the given equation and solve for A.

We have y, = (A + B), y, = A, y, = 0 s0 we obtain

0—2A+2(Ax + B) = 2x.
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This immediately gives A =1 and B = 1. So then we have y, = = + 1.

3. Then the general solution for this problem is

Y=y +y, = 1€’ cos(z) + c2€” sin(z) + = + 1.

4. For the IVP we have y(0) = 2 and ¢/'(0) = —3

y = cie®cos(z) + ce®sin(z) +r+1, = +1=0, = ¢ =-1,

Y = —cre”(cos(x) —sin(x)) +ee”(sin(z)+cos(z))+1, = (c1+e)+1=0, = ¢ =0.

Finally we have

y=—e"cos(x) +x+ 1.

3.5 Variation of Parameters

In this section we consider a second order homogeneous problem (not necessarily con-
stant coefficient).

The general second order linear equation has the form

az(2)y" + a1 (x)y" + ao(z)y = g(z).

Under the assumption that a,(x) is not ever zero, we can divide by a,(z) and obtain the

required form for the following computations

Y +p(x)y + qlz)y = f(x). (12)

Suppose that y; and y, form a fundamental set for the homogenous problem

y' +p(@)y +q(x)y =0

so that the the complementary solution is y. = c1y1 + coys.

Our goal now is to find a particular solution y,. In the method of Variation of Parameters
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we seek a particular solution by “varying” the two constants in the general solution of the
homogeneous problem. This is a bit vague but the general idea is this. We seek a partic-
ular solution in the form

Yp = Uy + vy (13)

for some unknown (to be determined) functions « and v.

z)f(x 1(x) f(x Y Y2
(o) = —un(a) [ DI 4y gy [ DI 40w ) = s (14)
N Y

To obtain this formula we proceed by substituting v, = uy; + vy, into the equation (12)

and then solving for « and v as follows:
Yp = Uy Ty = Y, =uy) +u'yr + vy + 0y,
At this point we make an assumption that
Wy +v'ys = 0. (15)

There is nothing wrong with making such an assumption as long as we end up finding u
and v for which the assumption holds. With this assumption our formula for y;, simplifies
to

Yp = uth + oy, (16)

which can differentiate again
Yp = (wyh +vys) = wyf +u'yy +oys + V1. (17)

We now substitute the right hand side of (13) for y,, the rhs of (16) for y, and the rhs
of (17) for y, into the equation (12). This gives

f(@) =y" + p(x)y + q(x)y

=(uy) +u'yy +vyy +v'yy) + p(x)(uy; + vys) + q(x) (uys + vys)
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=u(yy +p(x)y; + q(x)yr) + v(ys + p(x)ys + q(2)y2) + (u'yy + v'ys)
=u(0) +v(0) + (u'yy + v'y5)

=(u'yy + V')
So we end up with two equation in the two unknowns «’, v'.
u'y; +0'y2 =0
uy 'y = f

This system can be solved using Cramer’s rule (see any college algebra book). The

system is solvable due to the fact that the Wronskian of y; and y, is not zero.

yi(@) ya(z)
W(z) = det

vi(z) ys(x)

and we get
U
o 0 e (@) f(@)
W@ W)
and
hn
,_ 1 S@] @) f (@)
TTOWe) T W
Integrating these results we arrive at
_[me@iE@) @@
o= [ | B 1o

and we immediately arrive at the formula (14).

Example 3.36. Consider 3" + y = sec(z). The homogeneous problem y” + y = 0 has
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solution y. = ¢; cos(x) + ¢y sin(z) so we set y; = cos(z) and yo = sin(z).

cos(x)  sin(z)

W(x) = det = cos*(z) + sin®*(z) = 1.
—sin(z) cos(x)
, —sin(x)sec(x)  —sin(z) [ sin(@) - = Tn(cos(x
. 1 ~ cos(x) T / cos(x) dz = In(cos(x)).
o cos(z) sec(x)

1

1, = U:/ldx:x.

yp = cos(z) In(cos(x)) + x sin(x).

So we have

Example 3.37. Consider " — y = 1/x. The homogeneous problem y” — y = 0 has

r> —1 = 0sor = £1. A fundamental set of solutions for the homogeneous problem is
y1 = e * and y, = e* and the solution y. = cie™* + ce”.

The point of this exercise is that the integrals

er e *
— n
/22: dx and / o dx

cannot be computed in closed form. In other words you cannot compute these integrals

using any methods from calculus. So the answer has to be given in this form

. ez . e X
Yp = —¢€ /%dx—i-e/zx dz.

Example 3.38. Consider 3" — 2y’ +y = 6ze”. The homogeneous problem " — 2y +y = 0
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has > —2r +1 = 0 sor = 1,1 (a double root). A fundamental set of solutions for the

homogeneous problem is y; = e* and y, = xe® and the solution y. = ¢1e” + coze®.

er re®

W(x) = det
e’ (1+x)e”

2x

I
o

re*bre”®
u = — ., = u=— [ 62%dx = —2a°.
€2x

e*bxe”
V' =— = v:/6xdx:3x2.
e i

Y, = (—22°)e" + (3z%)we” = 1’e”.

Example 3.39. Consider 3" + y = 2sin(z). The homogeneous problem y” + y = 0 has
solution y, = ¢; cos(x) + co sin(x) so we set y; = cos(x) and y, = sin(x).

cos(z) sin(z) , L,
W(z) = det = cos”(x) + sin“(x) = 1.

—sin(z) cos(x)

o _2sm(x)181n(x) — osin®(a),
.o 2 L.
u= —2/8111 (x)dx = B /(1 —cos(2x))dr = —x + 3 sin(2x).
,  ~cos(z)sin(x) _ . .9
v = Qf = 2sin(z) cos(z), = v = /QSln(:v) cos(x) dx = sin“(z).
So we have

yp = (—z + lSim(Qx)) cos(z) + sin®(x) = —z cos(z) + sin(z).

Notice that sin(z) is part of y. so we could take y, = —x cos(z).

Example 3.40. Consider ¢’ + y = tan(z). The homogeneous problem y” + y = 0 has
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solution y. = ¢; cos(x) + ¢y sin(z) so we set y; = cos(z) and yo = sin(z).

cos(z)  sin(z) ‘
W(x) = det = cos*(z) + sin®*(z) = 1.
—sin(z) cos(x)

Yp = — Cog(gj) / M dx + sin(x) / COS(.%‘)ltan(x) d.

/sin(m) tan(r) /sinz(m) . /(1—cos2(a:)) i

1 cos(x) cos(x)

= /(sec(x) — cos(z)) dz = In(| sec(x) + tan(zx)|) — sin(z).

/ M di — / sin(x) da = — cos(x).

So we have

yp = —(In(| sec(x) + tan(x)|) — sin(z)) cos(z) — sin(z) cos(x)

= —In(|sec(x) + tan(x)|) cos(z).

Example 3.41. Consider 3" —41/ +4y = 10e**. The homogeneous problem y” —4y'+4y = 0
has 72 —4r +4 = 0 so r = 2,2 (a double root). A fundamental set of solutions for the

homogeneous problem is y; = 2% and y, = ze?* and the solution y. = ¢,e** + cyxe?®.

6293 erw

W(x) = det = '
2" (1 +2x)e*

2x 2x 2x 2x
xre“*10e e“*10e
Yp = —er / — 0 dx + xegm/ " dz.
e e

2:1:1 2
/udleo/xdx:5x2.

64a:

2x102x
/e - dx—lO/ldac—le
eilf
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So we have

Yy, = —ba?e*” + 102%e* = 5%e*".

In the next example we compare the use of undetermined coefficients and variation of

parameters.

Example 3.42. Consider v — y = 2z + 4. The homogeneous problem 3" — y = 0 has
r?—1=0so0r = —1,1. A fundamental set of solutions for the homogeneous problem is

y1 = e~ 7 and y, = e” and the solution y. = cie™* + cpe”.

(2 4 (2 4

2 2
/de:/ex(xjtﬂdx
JECE Py

We will compute both of these integrals at once using integration by parts. With £ = +1

we consider

So we have

yp=—€ “[(x +2)e" — €]+ e’ [—(x+2)e " —e ] = —2(x +2).

3.6 Euler - Cauchy Equations

So far in this chapter almost all of our work has been applied to constant coefficient

equations. We now turn to a class of problems that are not constant coefficient but can
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be handled using those methods after a substitution. We consider the so-called Euler-
Cauchy Equations
ar®y” +bxy +cy=0 for x #0. (19)

One simple approach to studying these problems is to look for solutions in the form y = z".
In this case we have y' = ra"~! and y” = r(r — 1)2"~2. Plugging these into the equation

(19) we have
0=az?[r(r — 1)a" 2]+ bz [ra" ]+ c[z"] = (ar(r — 1) + br + c)a".
Since = # 0 we can divide by x to get something like a “characteristic polynomial”
ar* +(b—a)r+c=0 (20)

This equation has roots r;, r; just like the constant coefficient case and there are cases:

1. Real distinct roots r; # r, = (general solution) y = ciz"™ + cox™
2. Real double root ro =7 =ry, = (general solution) y = ;2™ + ¢3 In(z)z™

3. Completroots r = a+if = (general solution) y = ¢,z cos(f In(x))+coz® sin(f In(z))

Only the first case is obvious. In the case of a double root or complex roots it is per-
haps easier to see the big picture by taking a slightly different approach. Let us consider
a change of variables that will transform the problem (19) to a problem with constant coef-

ficients. We set x = €' which is equivalent to = ¢ = In(z). Using this change of variables

we have
dy _dydt _1dy
de dtdx zdt’
Py _d (ldy) _ _1dy 1y
dz?2  dx \zdt )  22dt 22 de?’

Substituting these expressions into the differential equation (19) we arrive at
1 [(d?y dy 1dy
2 — —_—— — —— p—
“ Lc? (dt2 dt)} b L dt} +ley] = 0.
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Notice that all the powers of = cancel and we end up with

Ly
e

d
+(b—a)d—gt/+cy20.

To solve this constant coefficient equation we look for solutions in the form y = ¢ and
we get characteristic equation ar? + (b — a)r + ¢ = 0. The general solution is therefore
determined by the discriminant Discriminant: A = (b — a)* — 4ac. From College Algebra

you may recall there are Three Cases depending on the sign of the discriminant:

A. A > 0 Real distinct roots 7, #r, = (general solution) vy = ce™" + cye™

B. A =0 Real double root 7y = r; =7, = (general solution) y = c;e"" + coxe™"

C. A < 0Completroots r = a+i3 = (general solution) y = c;e® cos(St) + coe® sin(St)

But we do not want the answers in terms of ¢ so we must convert these formulas back to
z using x = e (and ¢t = In(z)). Doing so gives exactly the formulas above in 1., 2. and 3.
In particular

y = cre™ + e = cia™ + con'?,

y = c1e"™" + cyre’ = 12" + ¢y In(x) 2"

and

y = c1e™ cos(Bt) + coe™ sin(Bt) = c1x® cos(B1n(x)) + cox® sin(B1n(x)).

Example 3.43. Consider z°y” — 2y = 0 which implies a = 1, b = 0 and ¢ = —2 so the
characteristic polynomial is 72 —r —2 = 0 which has roots » = —1, 2 so the general solution
is

Y= clxz + cga:’l.

Now solve the IVP with (1) = 6 and /(1) = 3: We have ' = 2c,z — o272 S0

Cl—|—02:6

201—02:3

sothat3c; =9 = ¢, =3 = ¢, = 3 and we have y = 322 + 3z~ L.
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Example 3.44. Consider z%y” + zy/ + 4y = 0 which implies « = 1, b = 1 and ¢ = 4 so the
characteristic polynomial is 2 + 4 = 0 which has roots » = 0 & 2i so the general solution
is

y = ¢y cos(2In(x)) + cosin(2In(x)).
Example 3.45. Consider x?y” — 3z’ + 4y = 0 which implies a = 1, b = —3 and ¢ = 4 so
the characteristic polynomial is > — 4r + 4 = 0 which has a double root » = 2,2 so the
general solution is

y = c12” + cpIn(x) 2°.

Example 3.46. Consider z%y” + 32y’ + 2y = 0 which implies a = 1, b = 3 and ¢ = 2 so the

characteristic polynomial is 7 + 2r + 2 = 0 which can be written as
r? —2(=1)r+ (=1)*+(1)2=0

so it has complex roots with « = —1 and 5 = 1 so that » = —1 4+ ¢ and the general solution
is
y = cix “ cos(In(x)) + cox ™" sin(In(z)).

Example 3.47. Suppose we are give 2°y” + 23/ +y = sec(In(x)). First we consider the

homogeneous problem z%y” + zy' + y = 0 so that the auxiliary equation is > + 1 = 0
so that » = 0 + 7. In this case we can take y; = cos(In(z)) and y, = sin(In(z)) so the
complementary solution is y. = ¢; cos(In(x))+c, sin(In(x)). Next for variation of parameters
we need to write the equation in the correct form by dividing by 22 to obtain

1 sec(In(x))

/" 1 /
v+ -y + Sy = 3
Xz Xz xz

In this way we see that f(z) = sec(In(x))/x*. Next we compute the Wronskian

W () = det cos(In(z)) sin(In(z)) _ cos?(In(x)) + SiHQ(ID(LC)) _ i

—sin(In(z))/z cos(In(x))/x) v

. —sin(In(z)) sec(In(z)/2?) — sin(ln(x))7 Lo _/ sin(In(z)) 4z = In(cos(in(z))).

u = 1z - z cos(In(z)) x cos(In(x))
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, cos(In(z)) sec(In(z) /2?)

1
v 1z Jx, = w /x dx = In(z)

So we have
yp = cos(In(z)) In(cos(In(z))) + In(x) sin(In(z)).

Example 3.48. Suppose we are give z*y” — 21/ + y = 2x. First we consider the homoge-
neous problem x?y” — zy’ + y = 0 so that the auxiliary equation is > — 2r + 1 = 0 so that
r = 1,1. In this case we can take y; = = and y» = xIn(x) so the complementary solution
is y. = c1x + cowIn(x). Next for variation of parameters we need to write the equation in

the correct form by dividing by 22 to obtain

, 1, 1 2
vy + Sy =—.
T i T

In this way we see that f(z) = 2/x. Next we compute the Wronskian

r  xln(x)
W(x) = det =x.
1 1+In(x)

Yy = _x/wdx—i—xln(x)/x@/x) dx

T T
— _QI/ln(m) dw+mln(x)2/@
T

X

(in the firstintrgral set u = In(z) = du = dz/x)

) / wdu + 22(In(2))? = —u2 + 22(In(2))? = —a(In(z))? + 22(In(z))?

= 2(In(z))?
Example 3.49. Suppose we are give 2%y — 3zy' 4 3y = 22*e” with y(1) = —4 and /(1) =
2¢!. First we consider the homogeneous problem z%y” — 32y’ 4+ 3y = 0 so that the auxiliary

equation is r2 — 4r + 3 = 0 so that » = 1, 3. In this case we can take y;, = z and y, = 2® s0

the complementary solution is y. = ¢,z + 2. Next for variation of parameters we need
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to write the equation in the correct form by dividing by z? to obtain
y// . §y/ + %y — 21‘2696.
X X
In this way we see that f(z) = 2z°¢”. Next we compute the Wronskian

€T IS

W(x) = det = 227,
1 322

213 213

:—x/:czeg”d:c—l—x?’/emdx

= —x(2? — 22 + 2)e” + 13e” = (227 — 22)€”,

y __x/x3(2x26$) dx+x3/x(2x26$) i
= ol il ok Sl

where above we have applied integration by parts twice to compute [ z?¢* dx:
/xQex dr = /xQ(ex)'dx = 2" — /Qxez dx
= 2%e" — Q/x(e””)'da: = 2% — 2 {xe”” — /ex dx} = (2° — 27 + 2)€"
Therefore the general solution is
y = c11 + ez’ + (227 — 21)e”

and so
y = ¢ + 3cor? + (227 + 22 — 2)e”.
Applying the initial conditions we have

C1+CQ+2:—4 Cl+02:—6

or ’
c1 4 3co + 2e! = 2e! c1+3co =0
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Multiplying the second equation by —1 and adding to the first equation we have

—2c9 = —4 = ¢y =2. sothenc¢ = —6.

Therefore the unique solution of the IVP is y = —6x + 223 + (22 — 2z)e”.
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