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CHAPTER 4

The Laplace Transform

4.1. Definition of the Laplace Transform

Summary. Formulas (2), (3), and table on page 215.

Definition:
L =Fs) = [ e
0
Linear property:

L{af + Bg}(s) = aL{f}(s) + BL{g}(s).

Factorials:
o=1, 1=1, 21=1(2)=2, 3!=1(2)(3)=6,...

nl=mn-1n=12)...(n—1)(n).

4.2. The Inverse Laplace Transform and Transforms of Derivatives

Example:

Summary. Theorem 4.2.1, formula (1), Theorem 4.2.2, also Remark on pages 223 and
224.

4.2.1. Inverse Laplace transforms. Partial fractions: Prof. Gilliam’s notes.

EXAMPLE 4.1.

4s 4s A B
F(s) = — = = + .
$2+2s—3 (s+3)(s—1) s+3 s-—1
Then
LYF} = Ae™™ + Be'.
Find A, B.



(a) Direct method:
4s _ A(s—1)+ B(s+3)

(s+3)(s—1) (s+3)(s—1)

Then
4s = A(s — 1) + B(s + 3).

Either equate coefficients or select values.
For the latter method:
s=—3: 4(—3) = A(—3 —1), hence A = 3.
s=1: 4(1) = B(1+3), hence B = 1.
(b) Cover-up:
4s A B

(s+3)(s—1) s+3+3—1'

For A, take s = —3:

A=) g
(=3-1)
For B, take s =1,
B = 4(1) =1.
(1+3)
EXAMPLE 4.2.
5 5 _é+Bs+C’_A(82+5)+(Bs+C’)s
s$$+5s  s(s2+5) s 8245 s(s?2+5) '

Then
5=A(s*+5)+ (Bs+O)s.

Take s =0: A=1.

Take s=1: 5=6A+B+C, B+(C = —1.
Take s=—1: 5=6A—- (C—-B), B—C = —1.
Hence C =0, B = —1.

EXAMPLE 4.3.

2s A B C
F<S):(s—2)(s—3)(s—6):5—2+s—3+s—6'

Then
LHF} = Ae* + Be® + Ceb.



Cover-up method:

EXAMPLE 4.4.

F(s) = 2s —4 _é+ B +C'5+D
Cos(sH+1)(s24+1) s s+1 0 s241°

Then
L HF}=A+ Be™" + Ccos(t) + Dsin(t).
Find A, B,C, D. We have
25 —4=A(s+1)(s* + 1)+ Bs(s* + 1) + (Cs + D)s(s + 1).

Take s =0: —4 = A.
Take s = —1: —6 = B(—1)(2) = —2B, then B = 3.
Take s = 1:

—2=—4(2)(2) +3(1)(2) + (C+ D)(1)(2) = =16+ 6 +2(C + D) = —10+ 2(C + D),
then
C+ D=4
Take s = 2:
0=—4(3)(5) +3(2)(5) + (2C 4+ D)(2)(3) = =60 + 30 + 6(2C + D) = =30 + 6(2C + D).
Then
2C+D =5.

We obtain C'=1, D = 3.
Another way, after A, B.
For s3: 0=A+ B+ C=—-4+3+C. Then C = 1.
Fors: 2=A+B+D=—-4+3+D. Then D = 3.



4.2.2. Laplace transform of derivatives.
L{fY(s) = sL{f}H(s) —1- F(0),
L{f"}(s) = SLLYs) — - £(0) = 1- £/(0),
LU} (s) = SLUYs) = 57 F(0) 5+ F(0) = 1- f7(0),

LUOY(s) = S"LATYH(s) = "1 f(0) = "2 f(0) — ... — s+ f2(0) — 1- f V().

Application to solving ODE.

Ay + By + Cy = f(t), y(0)=yo, ¥'(0)=u.

Setp 1. Let Y(s) = L{y}(s), F(s) = L{f}(s).
Applying L to the ODE gives

L{AY" + By + Cy} = L{f(t)},

AL{Y"} + BL{y'} + CL{y}} = F(s),
A(s*Y — sy(0) — 4/ (0)) + B(sY — y(0)) + CY = F(s),

(As2 + Bs+ C)Y — A(syo + 1) — Byo = F(s).

Setp 2. Solve for Y(s).
Setp 3. Solution of the ODE is y(t) = L7{Y'}. Calculatte y(t).

4.3. The Shift/Translation Theorems

Summary. Theorem 4.3.1, formula (1), Definition 4.3.1, Theorem 4.3.2, formula (14),
(15), (16).
Let

LLF@)}(s) = F(s).



4.3.1. Shift in s-variable. Then
L{e" f(t)}(s) = F(s — a),
L7HF(s —a)}(t) = e f(1).

EXAMPLE 4.5.
3!
L{F} () = .

Then
5t,3 _ 3 _ 3
L{e"*} (s)=L{t’} (s—5) = G
—2t,3 _ 3 _ 3
Li{e ) (s)=L{t’} (s+2) = G
EXAMPLE 4.6.
L {cos(2t)} (s) = o
Then
3t _ . (s=3)
L {e* cos(2t)} (s) = L{cos(2t)} (s — 3) = Go3rid
o B o (s+4)
L{e " cos(2t)} (s) = L{cos(2t)} (s +4) = Graiid
EXAMPLE 4.7.
: )
L{sin(5t)} (s) = T
Then
£ e sin(50)} (s) = £ {sin(50)} (s — 1) = Mﬁ
L£{e ™sin(5t)} (s) = L{sin(5t)} (s + 7) = R

EXAMPLE 4.8.

P +25+5=5"+2s+1>—1°+5=(s+1)>+4.

§2 465+ 34 =52 + 65+ 32 — 32 + 34 = (s + 3)2 + 25.

F(s) 2545 2((s+3)—=3]+5 2(s+3)—6+5 2(s+3)—1
S) = = = =
(s +3)2+ 52 (s +3)2 + 52 (s +3)2+ 52 (s +3)2+ 52
2(s+3) 1 5

(s+3)22+52 5 (s+3)2+5%



Then
1
LF} (t) = 2¢ " cos(5t) — 5673"/ sin(5t).

4.3.2. Shift in ¢-variable. Unit step/Heaviside function u(¢t — a). Then

L = a)ult —a)}(s) = e L{f(£)}(s),
L{f(D)u(t —a)}(s) = e L{f(t + a)}(s),

L e F(s)}t) = f(t — a)u(t — a).

Note

6—(15

Llut = a)}(s) = e L{1}(s) =

EXAMPLE 4.9. f(t) =2+ u(t — 3)(t — 2) + u(t — 4)(e' — t).
We have
2

L{u(t =3)(t=2)}(s) =e ™ L{(t +3) =2} (s) =e LAt + 1} (s) = <S_12 + %) ,

Clu(t—a)(et — 1)} (s) = e L L™ — (t+4)} (s) = e~ (645 (e — L {t} — AL {1})

Hence,

2 (1 1 w14
E{f}(s):g—Feg<?+E)+€4<8_1+8—2—g).

EXAMPLE 4.10.

Let




Then
LHE(s)} (t) = u(t — 2)g(t — 2) = u(t — 2)% sin(3(t —2)) = %u(t — 2)sin(3t — 6).

ExaMPLE 4.11 (Example 4.35 in Prof. Gilliam’s notes).

v _ s?+ 27 _é+§+ C N D As(s—3)?+ B(s—3)*+ Cs*(s — 3) + Ds?
Cs2(s—3)2 s 82 s—3 (s—3)2 s2(s — 3)2 ’
then
s 4+ 27 = As(s — 3)> + B(s — 3)* + Cs*(s — 3) + Ds>.
Take s = 0:
97 =9B, B=3.
Take s = 3:
94+27=9D. D=4
Take s = 1:
28=4A+4B-2C+D=4A+12-2C+4, 2A-C=6.
Take s = —1:
28=—-16A+16B—-4C+ D = —-16A+48-4C' +4, 4A+C =6.
Hence A =2, C' = —2. Thus,
2 3 2 4
y=242_ .
5+52 8—3+(S—3)2
EXAMPLE 4.12 (Example 4.36 in Prof. Gilliam’s notes).
v 2 B 2 _é_i_B(s—l)—{—C_A[(S—1)2+1]+8[B(s—1)+(]]
Cos(s2—25+2) s((s—1)2+1) s (s—1)2+1 s((s—1)2+1) 7
then

2=Al(s—1)>+1] +s[B(s—1)+C].

Take s =0: 2 =2A, then A = 1.
Take s = 1:
2=A+C=1+C, C=1.

Take s = 2:

2=24+2(B+C), 1=A+B+C=2+B, B=-1.



Then
y_l_o_ G- ! :
s (s—=12+1 (s—12+1

Solution

y(t) = L7H{Y} (t) =1 — e’ cos(t) + e’ sin(t).
4.4. Additional Operational Properties

4.4.1. Derivative of the Laplace transform.

UM =3 [T et = [T ne a0} o),

Thus,
DLW () = ~L (D)} ).
Then
LU0 = 5 (SLUONO) =~ C a0} ()
= (L) () = 1 £ {EFD) (5).
Therefore,

DLUMY () = L{2FD} (9)

Repeating this gives

DLW (5) = (L (D) (5),

LA} (5) = (C1)" LT} (5)

4.4.2. Laplace transform of integrals.

e{ [ rmrb o = ey o

Later, we can use convolution:

{/f dT} = L1 fy = £} LU = L {0 (9)
Convolutions.
(f * )t /1f gt —7)d

(f % 9)(t) = (g # )t /)ft—f

We have



Also,

(fxg)xh=fx(gxh).

Let F(s) = L{f} and G(s) = L{g}. Then

L{fxg}=F- G,
LY F-G}=fxg

EXAMPLE 4.13.

“Hermea) e )

:14.5—1{ i2}*£—1{ 15} = 1472 x 2
S S —

t ¢
= 14/ e 2 S dr = 14e5t/ e Tdr
0 0

14e .,

= —(e

—1) = —2(e™* — ™).

Trigonometric identities.

cos(a) cos(b) = (cos(a + b) + cos(a — b));

sin(a) sin(b) = = ( cos(a — b) — cos(a + b)),

N~ N~ N~
/N 7 N

sin(a) cos(b) = = sin(a + b) + sin(a — b))



ExXAMPLE 4.14 (Example 4.48 in Prof. Gilliam’s notes).

1 5 o s 1
£ {(52+1)2}_£ {s2+1 52—1-1}
_ S _ 1 .
— 1{82+1}*£1{82+1}=(Cost)*(smt)

t 1 t
= / cosTsin(t — 7)dr = 5 / (sint + sin(t — 27))dr
0 0

= 1zf sint — l/t sin(27 — t)dr
2 2 ),

= l75 sint + L 1008(27' — 1) =
2 2 2 =0

= 1zf sint + 1(Cost — cos(—t))
2 4

= §t sint.

EXAMPLE 4.15.

2 2
£t :
{52+4 52—1-4}

2 2 1
-1 -1 oL :
L {$2+4}*£ {82+4}—4sm(2t)*81n(2t)

t 1 1 t
sin(27) sin(2(t — 7)dr = i 5/ (cos(4T — 2t) — cos(2t))dr
0
T=t
= sin(47 — 2t) — tcos(Zt)}
7=0

[sin(2t) — sin(—2t)] — ¢ cos(2t)}

I
Q= 0ol 0ol il =
N

—— — =
[ S

sin(2t) — tcos(2t)} .

1 1 2 1 1 2 1
1) bV _taa)e _tea1) 2 -1
£ {33(s+3)} 2£ {53 3+3} 2£ {33}*£ {3—1—3}
1 _



Using integration by parts

alternate sign | derivative in 7 | anti-derivative in 7

+ T2 6_3(t_7)

- 2T %673("/77)

1 -3(t—7

+ 2 se (t—7)

1 ,-3(t—7

- 0 ﬁe (t—=7)

Then
1 1 1 T=t 1 =t 92 r—t
,C*l [ — 2_673(t77) -9 _673(7&77) + _673(75,7-) —0

{ 83<S + 3) } {T 3 7=0 T9 r=0 27 =0

2
1 (2 2t 2
i o= (1= —3t ]
2{3 g topll—e )}
EXAMPLE 4.17.
1 1 1 2 1 1 2
£—1 - — _£—1 . — _£—1 - E—l e
{32(32+4)} 2 {32 52—1—4} 2 2" s2+4

1 I
= —t xsin(2t) = - / (t — 7)sin(27)dr
2 2/,

Using integration by parts

alternate sign | derivative in 7 | anti-derivative in 7
+ t—1 sin(27)
- -1 —3 cos(27)
+ 0 — 2 sin(27)
Then
1 1 T=t 1 T=t
-1 . .
L {m} = {—§<t—7') COS(QT) 7—:0_ —SlIl(QT) 7——0+0}

|~ DN

{%t - i(sin(Zt) - O)} .
Volterra Integral Equations.
EXAMPLE 4.18. Solve for y(t):
t
y(t) = —t+ / y(t — 7)sin(7)dr.
0

Write
y(t) = —t + y(t) = sin(t).



Take Laplace transform of the equation:

Y = L{y(t)} = —L{t} + L {y(t) #sin(t)} = _3_12 + L {y(t)} £ {sin(t)} = —é +Y 1+ -

Solve for Y (s). Then solution is y(t) = L~ {Y} (¢).

ExXAMPLE 4.19. Solve for y(t):

y(t) + /Ot(t —7)y(r)dr =1t.
Write
y(t) +g(t) xy(t) = ¢,

where g(t —7) =t — 7. Then g(t) = t. Thus,

y(t) +txy(t) =t,

Take Laplace transform of the equation:

LAy} + £ {0y} = L1},
Y+ L{ £y} = o,

1 1

Solve for Y (s). Then solution is y(t) = L7 {Y} (¢).

4.4.3. Laplace transform of periodic functions. Suppose f is T-periodic, that is
f(t+T)= f(t) for all t > 0.
Define function fr by

fb), o<t <T,
fr(t) =
0, ift>T.

Then
fr(t) = f(t) —u(t =T)f(t).
We have

L{fr()} = LA} —e LA+ D)} = L{f()} —eL{f(D}.

Therefore,

WAO0)

1—eTs

LD} (s)



Note that £ {fr(t)} (s) = [} e ' f(t)dt, then

L{F(1)} (s) = %

However, we will calculate £{fr(t)} in (4.1) by different ways, rather than use the the
integral in (4.2)). (Read also another proof of (4.2]) in the textbook or Prof. Gilliam’s notes.)

(4.2)

EXAMPLE 4.20. f(t) =t for 0 <t < 2 and has period 7' = 2. Let

t, if0<t<?2,

fr(t) =
0, ift>2.
Then
L{FB}(s) = E{lff(—?}(s)

Now calculate £{fr(t)} (s). We have
Fr(t) =t —tu(t — 2).
Then

L{fr(0)} (5) = 812 e L2} (s) = 812 e (l + 3) |

s2 s

Therefore,

(1,2
LU = T (+)

1 —e2s

EXAMPLE 4.21. Function f(¢) has period T" = 2, and

1, ifo<t<l,
ft) =
-1, ifl<t<?2.
Let
1, ifo<t<l,
f(t), if0<t<2,
fr(t) = =q-1, ifl<t<?2,
0, ift>2
0, if t > 2.
Then

L{FB}(s) = c{ﬁ(_z)}()



Now calculate £ {fr(t)} (s). We have

frt)=1—2u(t—1)+ 1 u(t—2).

Then
LU} () =22 4
S) = — —
T S S s
Therefore,
—s —2s
1 o€ n e
LU0 ) = 52

EXAMPLE 4.22. Function f(¢) has period T' = 2w, and

sin(t), if0<t<m,

ft) =
0, ifr<t<2m.
Let
sin(t) if0<t<m,
f(t), if0<t<2m, sin(t) if0<t<m,
fr(t) = =140, ifr<t<om =
0, ift > 27 0, ift>m.
0, if t > 27
Then
LA{fr@®)}(s)
L{f(#)}(s)= ﬁ-

Now calculate £ {fr(t)} (s). We have

fr(t) = sin(t) — sin(t)u(t — 7).

Then
LU} (5) = — e ™ L {sin(t + 1)} = ——— + e ™ L {sin(t)}
T 8—52+1 (& 11 T _32—|—1 e 1n
B 1 + e—ﬂ's B 1 + e—TI'S
s24+1 241 241 °
Therefore,
14e™ 14e™ 1

L{F}(s) = - -

(P+ DA —e?)  (P+DA—e™)(1+e™) (411 —e™)



4.5. The Dirac Delta Function

DEFINITION 4.5.1. The Dirac delta function §(t) is chracterized by the following two

properties.
(i)
0, ift #0,
oo, ift=0.

5(t) =

(i)
/ " F0)s(e)dt = £(0),

for any function f which is continuous on an open interval containing 0.

In fact, 6(¢) is not a function, but rather a generalized function.
Let a € R. Shifting in ¢ by a, we have §(t — a). Then, similarly,
(i)
0, if t # a,
§(t—a)=
oo, ift=a.
(i)
| st - e = sa)
for any function f which is continuous on an open interval containing a.

For a > 0,
L{5(t—a)}(s) = /0 T et — a)dt = e,
When a = 0, we have
L{5(1)}(s) = 1.

In general,

LLF@I(E—a)} (s) = / e (B8 — a)dt = fla)e. (4.3)

0

EXAMPLE 4.23. Find £ {e %4(t — 3)} (s).

Solution 1: Using translation in ¢,

L{e 5t —3)}(s) = L{o(t —3)} (s +2) = e 3612,



Solution 2: By definition,
L{e5(t—3)}(s) = /000 e SteT2S(t — 3)dt = e 3023,

Solution 3: By using ,

L{e?5(t—3)} (s) = e 2B 38,
EXAMPLE 4.24.

L{5(t—1)—6(t—3)}=e"*—e 3,
LAto(t—1)}=1-¢"",
LA{o(t —m)sint} = (sinm)e ™,
or directly,

LA{(t —m)sint} = /000 e sin(t)d(t — m)dt = e ™ (sin ).

ExAaMPLE 4.25 (Example 4.62 in Prof. Gilliam’s notes).

25—|—5 672(s+1)
— -

(s+2)(s+3) (s+2)(s+3)

1 n 1 g _25{ 1 1 }
= e ‘e _ = )
s+2 s+3 s+2 s4+3

Solution is
y(t) = L7H{Y}

I 2){6—2(t—2) _ 6—3(1&—2)}‘

Remarks.

(a) Consider ODE:
ay” +by +c=0(t), y(0)=0=1y"0),

where a, b, ¢ are constants.

Let Y = L{y(t)} (s). Then we have

as’Y +bsY +cY = L{5(t)} = 1,

1
as? 4+ bs+ ¢



Set
1

as® +bs + ¢’
(H is called the transfer function.)

Then Y = H and

H(s) = h(t) =L *{H}.

y(t) =LY} = h(t).
The solution h(t) is called the reponse to the inpulse §.
(b) Now, consider ODE:

ay’ + by +c= [f(t), y(0)=0=yY(0),

where a, b, ¢ are constants.

Let Y = L{y(t)} (s). Then we have

as®Y +bsY +cY = L{f(t)} = F(s),
1

Y= — . F(s)
as?+bs+c (5)
Set
_ 1 _ -1
He) = g re MO=£ 1A}

Then Y = H - F and
y() = LY} = £V {H - F} = ht) « £(0).

The solution y(t) is the convolution of the reponse h(t) and the forcing function f(t).
If initial data is y(0) and 3'(0) are not specified, then solution

yp = h(t) * f(1)
plays the role of a particular solution. Recall the general solution is
Y="Yp+Ye
(c) Finally, relation between unit step function and Dirc delta function is

u(t—a)=0(t—a).






APPENDIX A

Some problems

Review p. 18. Find

Solution. Let

Then
ﬂozuu—2mmp_m_h@_m)
Calculations
g(t) = 5t
h(t) =L {?S%Qis} = 2¢' cos(3t) + get sin(3t).
Then

ﬂw—u@—Qm%@—m2—%f%%@@—2»—2&2gmat_mg.
HW 9, pb 13. Solve equation

16, 0<t <3,
y" + 16y = y(0) =3, (0)=4.
0, 3<t

Solution. Write equation as

y" + 16y = 16 — 16u(t — 3).
23



Denote Y = L {y(t)}. Taking the Laplace transform of the equation gives

16 ~3s
(s2Y — 35 —4) + 16Y = — — 165
S S

1 —3s
(s2+16)1/:35+4+—6—166
S

Y

bl

_3s+4 16 16e~3
C 52416 s(s2+16)  s(s2 + 16)
_ 3s+4

2416

+G(s) — G(s)e ™,

where
16
Gls) = s(s? +16)°
Let
0 =L G = £
a = B s(s2+16) |-
Solution is
3s+4

52 +16

mwzc]{Y}zcl{ }+mw—u@—3m@—a

= 3cos(4t) + sin(4t) + g(t) — u(t — 3)g(t — 3).

Using partial fraction:

Gls) = 16 _é+Bs+4C _ A(s*416) + (Bs +4C)s
Cos(s24+16) s 82416 s(s% 4 16) '

Then

16 = A(s* 4 16) + (Bs + 4C)s.
Take s = 0: 16 = 16A. Then A = 1.
Take s =1: 16 = 17TA+ B + 4C', hence B 4+ 4C = —1.
Take s = —1: 16 = 17TA — (—B + 4C), hence —B + 4C = 1.
Solving for B, (' gives C =0, B = —1.
Thus,

g(t) =L~ {

Therefore, the solution is

é Bs + 4C

=A+B 4 in(4t) =1— 4t).
St 52+16} + B cos(4t) + C'sin(4t) cos(4t)

y(t) = 3cos(4t) + sin(4t) + 1 — cos(4t) — u(t — 3)(1 — cos(4(t — 3)))

=1+ 2cos(4t) + sin(4t) — u(t — 3)(1 — cos(4t — 12)).



HW 10, pb 5. Solve equation
y(t) + 9/t(t —v)y(v)dv = —3t.
0
Solution. Write equation as
y(t) + 9t x y(t) = —3t.
Denote Y = L {y(t)}. Taking the Laplace transform of the equation gives

L{y®)} +9L{t*y(t)} = -3L{t},
Y +9L{t) £{y} = —3L {1},

9 3
et =-g
s2+9 3

s2 Y:_?’
L 3
249

Solution is

s249

y(t) = LY} = —£! { ; } — _sin(31).






APPENDIX B

Corrections for Review Notes

These are corrections for typos/misprints in the Review Notes (posted on line.)

e Page 2 last line and page 3 first line: 323 should be 3z3dz.

e Page 8: ignore the example for part 5 (homogeneous equations). It is done in more
details on page 11.

e Page 13: Part B, it should be written more explicitly as follows.

When 2 is not a root:
Y= (Apt™ + Ap 1t At Ag)e™ cos(Bt)
+ (Bpt™ 4 By 1t™ ' 4 .. 4 Byt + By)e™ sin(St).
When z is a root:
Y=t (Apt™ + Ay t™ 4+ At + Ag)e® cos(Bt)
-t (Bpt™ + B t™ ' 4.+ Byt + By)e® sin(Bt).

e Page 19, last line: the first term on the right-hand side T% should be 7'3%.
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