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Formulas Cullen Zill AEM Chapters 3

(Linear, Homogeneous, Constant Coefficients)

ay’ +by +cy=0| = try |y=e"| Characteristic Equation |ar?+br+c=0| has

roots r1, r9. Discriminant: A = b?> — 4ac. Three Cases:

1. A > 0 Real distinct roots r; # 1y = (general solution) [y = c1e™" + cpe™*

2. A =0 Real double root 7 =71 =ry = (general solution) |y = cie"™ + coze’™

3. A < 0 Complet roots r = a£ifS = (general solution) | y = c1e** cos(Sz) + cae™” sin(fx)

(Euler Equation, = > 0) ar®y’ +bxy +ey=0| = try |y==x

Characteristic Equation [ar? + (b —a)r + ¢ = 0| has roots r1, ro.

Three Cases:

1. Real distinct roots 71 # 7o = (general solution) |y = c1z™ + cox™

2. Real double root r =171 =ry = (general solution) |y = c1z2" + c2In(x)z"

3. Complet roots r = a£ifl = (general solution) | y = c12% cos(fB1n(x)) + cox® sin(S In(z))

(Nonhomogeneous Linear) |y” + P(z)y’ + Q(z)y = R(z)| General solution: [y = y. + yp

Yc is the general solution of Yp is any particular solution of

and

y"' + P(x)y' + Q(x)y =0 y" + P(x)y' + Q(x)y = R(x)

There are two methods:

A. (Undetermined Coefficients) Guess the form of y, from R(x). This method requires that

P and Q to be constants and R is a sum of terms of the form z¥, zFe®®, 2Fe®® cos(fx) or

2*e sin(Bz).
B. (Variation of Parameters) Look for a particular solution in the form y, = uy; + vys.
This approach leads to
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(Reduction of Order) Suppose that y; is a solution of y” + p(z)y’ + q(z)y = 0. A second

1 X
solution can be found in the form |yo = 11 /2() exp <—/ p(x) ds) dx |.
yi\x




A homogeneous linear differential equation with constant real coefficients of order n has the form

y(n) + an_ly(nil) 4+ -4 agy = 0. (*)

d
We can introduce the notation D = e and write the above equation as
x

P(D)y = (D" Ya, D™V 4.4 ao) y = 0.

By the fundamental theorem of algebra we can factor P(D) as

(D —7r1)™ - (D —r)"™ (D* = 201D + af + B1)P* -+ (D? — 204D + o + B3P,

k l
where ij —1—2ij =n.
J=1 Jj=1

There are two types of factors (D — r)¥ and (D? — 2aD + o? + B?)F -

The general solution of (D — )y =01is y = <01 +cepx 4+ Ckl'(k_1)> e’

The general solution of (D? — 2aD + o? + %)Fy = 0 is

Yy = (cl +cor + -+ ckm(k_1)> e cos(fx) + (dl +dox+ -+ dkx(k_1)> e sin(fx).

The general solution contains one such term for each term in the factorization.

We can also argue as before and seek solutions of (x) in the form y = €™ to get a characteristic
polynomial
rn + anfl’l“(n_l) + N _|_ ao — 0

In either case we find that the general solution consists of a sum of n expressions {y;}7_; where
each like %, 2Fe™®, 2% cos(Bx) or 2% sin(Bx). The y; are linearly independent and the general
solution is y = c1y1 +coy2+ - - - + cnYn. In the case n = 3 the Wronskian of three functions y1, y2, y3
is

Yi Y2 Y3

W=W(y,y2ys) = [y1 ¥ Y5

i vs s
If the functions are solutions of a linear homogeneous ODE then the functions are linearly inde-
pendent on an interval I if and only if the wronskian is not zero at a single x € I (and therefore
for all z € I).



Nonhomogeneous Linear Equation with Constant Coefficients

Our goal is to find the general solution of ay’ + by +cy = f(x) (*)

The general solution of (x) is obtained as |y =y, +y,| where

1. y. is the general solution of the homogeneous problem, i.e. y. = c1y1 + coys where y1, yo
are two linearly independent solutions of ay” + by’ + cy = 0.

2. y, is (any) particular solution of the nonhomogeneous problem ().

The main problem then is to find y,,.
Remarks on the Method of Undetermined Coefficients

Remark:
1. The general solution of the homogeneous problem is given as a sum of numbers times terms

of the form
p(x), p(x)e®, p(x)e** cos(Bz), p(x)e*®sin(fz) (1)
where p(x) is a polynomial in z. No other types of solutions are possible!
2. This remains true for the nonhomogeneous problem (%) provided the right hand side f(x) is
also given as a sum of terms of the form (1).
3. The main thing is to find y, and here we consider the case of f(x) in the form (1).

We consider p(x) = Cz™ + -- - is a polynomial of degree m.

ay” + by +cy =px)e* = y,=a(Ana™ + -+ Az + Ag)e™”

1. s = 0 if rg is not a root of the characteristic polynomial |ar? + br +c=0 ()|

2. s =1if rg is a simple root of ().

3. s =2 if g is a double root of (}).

N.B. The above case includes the case rg = 0 in which case the right side is p(z).

p(x)e” cos(fBx)
ay” + by +cy = or = yp= T (Apa™+ -+ A1z + Ag)e®® cos(Bx)
p(x)e*” sin(fz) +2*(Bpa™ + - - - + Bix 4+ Bp)e** sin(fx)

1. s=0if ro = a +if is not a root of (}).

2. s=1if rg = a+if is a simple root of (}).




