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Abstract. Let R be a commutative noetherian local ring with completion bR.
When R has the approximation property, we prove an approximation result

for complexes with finitely generated homology. This is used to investigate

descent of semidualizing complexes from bR to R. We show that, if R has

the approximation property, then there is a bijective correspondence between

semidualizing bR-complexes and semidualizing R-complexes. In particular, we

recover a result of Hinich and Rotthaus stating that every ring with the ap-

proximation property has a dualizing complex.
As an application of the descent theorem, we prove a new version of a clas-

sical result on uniform annihilation of homology modules of perfect complexes.

Finally, we resolve the finiteness question for the set of isomorphism classes of
semidualizing R-modules, when R is Cohen–Macaulay and equicharacteristic.

1. Introduction

Let (R,m) be a commutative noetherian local ring with m-adic completion R̂.
Grothendieck and Hartshorne [18, 19] introduced the notion of a dualizing complex
as a tool for studying cohomology theories. Not every local ring has a dualizing
complex. In fact, a local ring R admits a dualizing complex if and only if it is
a homomorphic image of a Gorenstein ring [24]. In particular, Cohen’s Structure
Theorem implies that R̂ admits a dualizing complex.

One may not need to go all the way to R̂ to find a flat R-algebra with a dualizing
complex. For instance, if R is excellent, then there is a dualizing complex for Rh,
the Henselization of R. Indeed, the ring Rh has the approximation property, so the
conclusion follows from a result of Hinich [21]; see also Rotthaus [29].

The notion of a semidualizing R-complex generalizes that of a dualizing R-
complex; see (4.1) for definitions. Semidualizing complexes arise naturally in the
study of local ring homomorphisms and exhibit properties similar to those of du-
alizing complexes [5, 10]. For example, semidualizing complexes ascend along the
completion map. In fact, an R-complex X is (semi)dualizing for R if and only if
R̂⊗RX is (semi)dualizing for R̂.
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This paper is concerned with the following descent question: Given a semidua-
lizing R̂-complex C, when does there exist a semidualizing R-complex B such that
R̂⊗R B is isomorphic to C in the derived category D(R̂)? That the answer is not
“always” follows from the discussion above: If R is without a dualizing complex,
then there is no semidualizing R-complex B such that R̂⊗RB is dualizing for R̂. See
also Example (5.1). Searching for settings where this descent question has a posi-
tive answer, the aforementioned work of Hinich and Rotthaus pointed us to rings
with the approximation property. One main results of this paper is the following:

(1.1) Theorem. Let R be a local ring with the approximation property. There is a

bijective correspondence, given by R̂⊗R−, between the sets of (shift-)isomorphism

classes of semidualizing complexes in the derived categories D(R) and D(R̂).

The proof is given (5.2), and the remainder of Section 5 is devoted to conse-
quences of the theorem. In Corollary (5.4) we recover the fact that any local ring
with the approximation property has a dualizing complex. In Corollary (5.8) the
ring R is only assumed to be excellent: We prove that all semidualizing R̂-complexes
descend to the Henselization Rh and, moreover, that any finite collection of semi-
dualizing R̂-complexes descends to a flat R-algebra essentially of finite type, in
fact, to a pointed étale neighborhood of R. This allows us to prove a new version
of a theorem due to Roberts [27] on uniform annihilation of homology modules of
perfect complexes; see Corollary (5.9).

If the set of shift-isomorphism classes of semidualizing R̂-complexes is finite, then
the entire set descends to some pointed étale neighborhood of R. The finiteness of
this set has been verified for certain classes of rings, see [30], and we add to this
with the next result which is contained in Theorem (6.2). The formulation uses
the fact that, over a Cohen–Macaulay local ring, every semidualizing complex is
isomorphic in the derived category to a module.

(1.2) Theorem. An equicharacteristic Cohen–Macaulay local ring has only finitely
many semidualizing modules up to isomorphism.

Our proof of Theorem (1.1) fuses together techniques employed by Hinich and
Rotthaus. As in [21] we utilize the fact that Koszul complexes KR and K

bR have
differential graded algebra structures, but we replace the decent-datum technology
with explicit equations that can be solved using the approximation property as in
[29]. Consult Section 2 for definitions and notations. Our approximation argument
gives rise to a result of independent interest.

(1.3) Theorem. Let R be a local ring with the approximation property. Let C

be an R̂-complex whose total homology H(C) is finitely generated as an R̂-module.

There exists a complex B of finitely generated free R-modules such that K
bR⊗RB

is isomorphic to K
bR⊗bR C in the derived category D(K bR).

In (5.1) we provide an example to show that this theorem may fail in absence of
the approximation property.

As to the organization of the paper, Section 3 is devoted to the proof of Theo-
rem (1.3); background material is given in Section 2. The proof of Theorem (1.1),
given in Section 5, relies on the discussion of semidualizing objects in Section 4.
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2. Algebra and module structures

Throughout this paper, let (R,m, k) be a commutative noetherian local ring
with m-adic completion (R̂, m̂, k). Set e = edimR, and let KR denote the Koszul
complex on a minimal set of generators for m.

(2.1) Complexes. We employ homological grading for complexes of R-modules

X = · · ·
∂X

n+2−−−→ Xn+1

∂X
n+1−−−→ Xn

∂X
n−−→ Xn−1

∂X
n−1−−−→ · · ·

and call them R-complexes for short. Let X be an R-complex and m an integer.
The m-fold shift of X is denoted ΣmX; it is the complex with (ΣmX)n = Xn−m
and differential ∂ΣmX

n = (−1)m∂Xn−m. The hard right truncation of X at m, denoted
X>m, is given by

(X>m)n =

{
Xn if n > m

0 if n < m
and ∂

X>m
n =

{
∂Xn if n > m

0 if n 6 m.

Hard left truncation is defined similarly.
A complexX is bounded ifXn = 0 when |n| � 0. The quantities supX and infX

are the supremum and infimum, respectively, of the set {n ∈ Z | Hn(X) 6= 0}. We
say that X is homologically bounded if H(X) is bounded and homologically degree-
wise finite if each module Hn(X) is finitely generated. A complex is homologically
finite if it is homologically both bounded and degreewise finite.

Isomorphisms in the category of R-complexes are identified by the symbol ∼=.
Isomorphisms in D(R), the derived category of the category of R-modules, are
identified by the symbol '. A morphism α between R-complexes corresponds to
an isomorphism in D(R) if and only if the induced morphism H(α) in homology
is an isomorphism or, equivalently, the mapping cone Coneα is exact; when these
conditions are satisfied, α is called a quasiisomorphism.
R-complexes X and Y admit semifree and semiinjective resolutions P '−−→ X

and Y
'−−→ I, respectively; see [3, sec. 1]1 and [6, sec. 7.3, 8.4, and 9.4]. Such

resolutions allow definition of derived tensor product and Hom functors − ⊗L
R −

and RHomR(−,−), as the functors P⊗R−, HomR(P,−), and HomR(−, I) preserve
quasiisomorphisms of R-complexes.

The Koszul complex KR is a bounded complex of finitely generated free R-
modules, in particular, it is semifree and so the functors KR⊗R − and KR ⊗L

R −
are naturally isomorphic. This fact will be used without further mention. If X is
homologically degreewise finite, then [11, 1.3] provides the (in)equalities

(2.1.1) infKR⊗RX = infX and supX 6 supKR⊗RX 6 e+ supX.

Hence, the complexes X and KR⊗RX are simultaneously homologically bounded.
It is straightforward to verify the following special case of tensor-evaluation [3,

lem. 4.4(F)]. For R-complexes X and Y there is an isomorphism in D(R)

(2.1.2) KR⊗RRHomR(X,Y ) '−−→ RHomR(X,KR⊗R Y ).

1 Where semiinjective resolutions are called DG-injective.
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(2.2) DG modules over Koszul complexes. The Koszul complex KR can be
realized as an exterior algebra, and the wedge product endows it with a differ-
ential graded (DG, for short) algebra structure that is commutative; see e.g. [8,
prop. 1.6.2]. That is, the product is unitary and associative, and it satisfies

uv = (−1)|u||v|vu and u2 = 0 when |u| is odd

∂K
R

(uv) = ∂K
R

(u)v + (−1)|u|u∂K
R

(v)

for all u, v in KR, where |u| denotes the degree of u.
A DG KR-module is an R-complex M equipped with a KR-multiplication: a

morphism of R-complexes KR⊗RM → M , written u ⊗m 7→ um, that is unitary
and associative and satisfies the Leibniz rule

∂M (um) = ∂K
R

(u)m+ (−1)|u|u∂M (m)

for all u ∈ KR and m ∈ M . A DG KR-module M is homologically finite if the
homology module H(M) is finitely generated over H0(KR) ∼= k, equivalently if M
is homologically finite as an R-complex.

One source for DG KR-modules was mentioned in (2.1): If X is an R-complex,
then KR⊗R X has a DG KR-module structure given by u(v ⊗ x) = (uv) ⊗ x.
Moreover, if X is a homologically finite R-complex, then KR⊗RX is a homologically
finite DG KR-module by (2.1.1) and [5, (1.2.1)].

A morphism of DG KR-modules is a morphism of R-complexes that is also
KR-linear. Isomorphisms in the category of DG KR-modules are identified by the
symbol ∼=. The derived category of the category of DG KR-modules is denoted
D(KR); isomorphisms in this category are identified by the symbol '. A morphism
of DG KR-modules corresponds to an isomorphism in D(KR) if and only if it does
so in D(R) and is then called a quasiisomorphism.

Any DG KR-modules M and N admit semifree and semiinjective resolutions
P

'−−→ M and N
'−−→ I, respectively; see [6, sec. 7.3, 8.4, and 9.4]. Such res-

olutions allow definition of derived tensor product and Hom functors, − ⊗L
KR −

and RHomKR(−,−), as the functors P ⊗KR −, HomKR(P,−), and HomKR(−, I)
preserve quasiisomorphisms of DG KR-modules.

(2.3) Local homomorphisms and Koszul complexes. A homomorphism of
local rings ϑ : (R,m, k)→ (S, n, l) is said to be local if ϑ(m) ⊆ n. The flat dimension
of ϑ is the flat dimension of the R-module S.

Let ϑ : (R,m, k)→ (S, n, l) be a flat local ring homomorphism such that mS = n

and the induced map k → l is bijective, e.g. the completion map R→ R̂. A minimal
set of generators for m maps to a minimal set of generators for n under ϑ, and this
induces an isomorphism of S-complexes and of DG KR-modules

(2.3.1) S⊗RKR ∼= KS .

Furthermore, ϑ induces a quasiisomorphism of R-complexes

(2.3.2) KR '−−→ KS

which also respects the DG algebra structures. In particular, every (homologi-
cally finite) DG KS-module is a (homologically finite) DG KR-module. Moreover,
KS⊗KR − is an equivalence between D(KR) and D(KS); it conspires with (2.3.2)
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to yield an isomorphism in D(KS)

(2.3.3) KS '−−→ KS⊗KR KS .

(2.4) The approximation property. The ring R is said to have the approxima-
tion property when it satisfies the following: Given any finite system of polynomial
equations with coefficients in R and any positive integer t, if the system has a
solution in R̂ then it also has a solution in R, and the solutions are congruent
modulo m̂t. By work of Popescu [26, thm. (1.3)], Rotthaus [28, thm. 1], and Spi-
vakovsky [31, thm. 11.3], the ring R has the approximation property if and only if
it is excellent and Henselian.

3. Proof of Theorem (1.3)

The proof of Theorem (1.3) is given in (3.2); it relies on the following lemma.
Recall that a complex P of free R-modules is minimal if ∂(P ) ⊆ mP .

(3.1) Lemma. Let R be a local ring with the approximation property. Let m be

a positive integer and P a minimal bounded complex of finitely generated free R̂-
modules such that Pn = 0 when n < 0 or n > m. There exists a minimal complex
A of finitely generated free R-modules such that An = 0 when n < 0 or n > m,

and K
bR⊗RA ' K bR⊗bR P in D(K bR).

Proof. We describe a finite system of polynomial equations with coefficients in R
such that the complex P gives rise to a solution in R̂. The approximation property
guarantees the existence of a solution in R, which in turn describes a complex A
with the desired properties. The proof is broken into steps (3.1.1) to (3.1.11).

(3.1.1) DG structures on KR and K
bR. Fix a basis ε1, . . . , ε2e for KR over R.

For each i = 1, . . . , 2e set ε̂i = 1 ⊗ εi ∈ K
bR, cf. (2.3.1). The elements ε̂1, . . . , ε̂2e

form a basis for K bR over R̂. The differential ∂K
R

n is given by a matrix of size(
e

n−1

)
×

(
e
n

)
with entries in R

KR
n

[dnij ]−−−→ KR
n−1.

Note that ∂K
R

n = [dnij ] = 0 when n < 1 or n > e. By (2.3.1) the matrix [dnij ] also
describes the nth differential on K bR.

Multiplication on the degree n component of KR by a basis vector εh is given
by a matrix of size

(
e

n+|εh|
)
×

(
e
n

)
with entries in R

KR
n

[thnij ]−−−→ KR
n+|εh|.

By (2.3.1) the matrices [thnij ] also describe multiplication by ε̂h on K bR.

(3.1.2) A resolution of K
bR⊗ bRP over KR. The DG K

bR-module K bR⊗bR P is a
homologically finite DG KR-module through (2.3.2). By [1, prop. 2], see also [6,
thm. 12.5.2], there exists a KR-semifree resolution F

'−−→ K
bR⊗bR P , such that the

differential of k ⊗KR F is 0 and F \ =
∐
i>0 Σi((KR)\)βi with βi ∈ N0. (Here F \
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denotes the graded R-module underlying the DG KR-module F .) Applying the
functor K bR⊗KR − yields a K bR-semifree resolution

K
bR⊗KR F

'−−→ K
bR⊗KR K

bR⊗bR P,
and (2.3.3) induces a quasiisomorphism of DG K

bR-modules

K
bR⊗bR P '−−→ K

bR⊗KR K
bR⊗bR P.

As K bR⊗KR F is K bR-semifree, [6, thm. 8.5.1, 8.6.1] provides a K bR-morphism

ϕ : K bR⊗KR F
'−−→ K

bR⊗bR P .
The proof will be complete once we construct a minimal complex A of finitely
generated free R-modules such that KR⊗R A ' F in D(KR) and An = 0 when
n < 0 or n > m.

Since ϕ is a map between semifree DG K
bR-modules, the induced map

k⊗K bR ϕ : k⊗K bR (K bR⊗KR F ) −→ k⊗K bR (K bR⊗bR P )

is a quasi-isomorphism; see [6, thm. 4.2 and cor. 5.3]. Each of these complexes has
zero differential (P is minimal), so k⊗K bRϕ is an isomorphism, hence the underlying
graded k-vector spaces have the same rank. The semifreeness of K bR⊗KR F and
K

bR⊗bR P over K bR implies

(3.1.2.1) rankR Fn = rank bR(K bR⊗KR F )n = rank bR(K bR⊗bR P )n

for all n. In particular, Fn = 0 when n < 0 or n > m+ e.

(3.1.3)DG structures on F and K
bR⊗KRF . For each integer n, set rn = rankR Fn

and fix an R-basis for Fn. The differential ∂Fn is given by an rn−1 × rn matrix

Fn
[unij ]−−−→ Fn−1

with entries in R. Note that [unij ] = 0 when n < 1 or n > m + e. There is an
isomorphism of DG K

bR-modules

(3.1.3.1) K
bR⊗KR F ∼= R̂⊗R F

cf. (2.3.1). In the R̂-basis induced by the R-basis for F , the nth differential on
K

bR⊗KR F is also given by the matrix [unij ].
For each basis vector εh ∈ KR, cf. (3.1.1), multiplication by εh on F is given by

matrices with entries in R

Fn
[vh

nij ]−−−→ Fn+|εh|.

By (3.1.3.1) the matrices [vhnij ] also describe multiplication by ε̂h on K bR⊗KR F .

(3.1.4) DG structure on K
bR⊗ bR P . For each integer n, fix a basis for the free

R̂-module Pn and set sn = rank bR Pn. The nth differential of P is then given by an
sn−1 × sn matrix with entries in R̂

Pn
[xnij ]−−−→ Pn−1
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which is zero when n > m or n < 1. In the basis on K
bR⊗bR P , coming from the

bases chosen for K bR and the modules P0, . . . , Pm, the differential

∂
K

bR⊗ bRP
n :

m⊕
p=0

K
bR
n−p⊗bR Pp −→

m⊕
q=0

K
bR
n−1−q ⊗bR Pq

is given by a block matrix

(3.1.4.1) ∂
K

bR⊗ bRP
n =

[b00nij ] · · · [b0mnij ]
...

...
[bm0
nij ] · · · [bmmnij ]

 = [bqpnij ]

where

(3.1.4.2) bqpnij =


d(n−p)ij if p = q

(−1)n−pxpij if p = q + 1
0 otherwise.

Note that ∂K
bR⊗ bRP

n = 0 when n < 1 or n > m+ e.
For each basis vector ε̂h ∈ K

bR, cf. (3.1.1), multiplication by ε̂h on K
bR⊗bR P

is given by the formula ε̂h(f ⊗ g) = (ε̂f) ⊗ g; see (2.2). In the chosen basis for
K

bR⊗bR P , multiplication by ε̂h on the degree n component is given by
m⊕
p=0

[th(n−p)ij ]⊗bR Pp :
m⊕
p=0

K
bR
n−p⊗bR Pp −→

m⊕
p=0

K
bR
n−p+|ε̂h|⊗bR Pp.

Hence, multiplication by ε̂h on K bR⊗bR P is given by matrices with entries in R

(K bR⊗bR P )n
[wh

nij ]−−−−→ (K bR⊗bR P )n+|εh|.

(3.1.5) First set of variables. We introduce a finite set of variables

{Xnij | n = 1, . . . ,m; i = 1, . . . , sn−1; j = 1, . . . , sn}.

The equality ∂Pn ∂
P
n+1 = 0 says that the elements xnij ∈ R̂ satisfy a system of

quadratic equations in the variables Xnij with coefficients 1 and 0, namely the
matrix equations

(3.1.5.1) [Xnij ][X(n+1)ij ] = [0] for n = 1, . . . ,m− 1.

For later reference, define [Bqpnij ] for p, q = 0, . . . ,m and n = 1, . . . ,m to be the
block matrix described by

Bqpnij =


d(n−p)ij if p = q

(−1)n−pXpij if p = q + 1
0 otherwise

cf. (3.1.4.1) and (3.1.4.2).

(3.1.6) The map ϕ. Since ϕ is a morphism, it satisfies the equation

(3.1.6.1) ϕn−1∂
K

bR⊗KRF
n − ∂K

bR⊗ bRP
n ϕn = 0

for each n. The K bR-linearity of ϕ is tantamount to

ϕ(ε̂hf) = ε̂hϕ(f)
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for all f ∈ K bR⊗KR F and h = 1, . . . , 2e. For each n, the map ϕn is between free
R̂-modules of rank rn, cf. (3.1.2.1); hence, it is given by an rn × rn matrix with
entries in R̂

(K bR⊗KR F )n
[ynij ]−−−→ (K bR⊗bR P )n

which is 0 when n < 0 or n > m + e. The K bR-linearity of ϕ can, therefore, be
expressed by commutativity of diagrams

(K bR⊗KR F )n
[ynij ]

//

[vh
nij ]

��

(K bR⊗bR P )n

[wh
nij ]

��

(K bR⊗KR F )n+|εh|
[y(n+|εh|)ij ]

// (K bR⊗bR P )n+|εh|

(3.1.6.2)

for n = 0, . . . ,m+ e and h = 1, . . . , 2e.

(3.1.7) Second set of variables. We introduce another finite set of variables

{Ynij | n = 0, . . . ,m+ e; i = 1, . . . , rn; j = 1, . . . , rn}.

By (3.1.6.1) the elements xnij , ynij ∈ R̂ satisfy a system of equations in the variables
Xnij , Ynij with coefficients in R. Namely, the matrix equations

(3.1.7.1) [Y(n−1)ij ][unij ]− [Bqpnij ][Ynij ] = [0] for n = 1, . . . ,m+ e.

By (3.1.6.2) the elements ynij satisfy a second system of equations in Ynij with
coefficients in R, namely the matrix equations

(3.1.7.2) [Y(n+|εh|)ij ][v
h
nij ]− [whnij ][Ynij ] = [0]

for h = 1, . . . , 2e and n = 0, . . . ,m+ e− |eh|.

(3.1.8) The mapping cone of ϕ. The complex Coneϕ consists of finitely gen-
erated free R̂-modules. In the basis for Coneϕ coming from the bases chosen for
K

bR⊗KR F and K bR⊗bR P , the nth differential is given by the block matrix

∂Coneϕ
n =

(
[bqpnij ] [y(n−1)ij ]
[0] −[u(n−1)ij ]

)
which is zero when n < 1 or n > m + e + 1. Since ϕ is a quasiisomorphism,
the mapping cone is an exact complex of free R̂-modules and bounded (below).
Hence, there exists a homotopy between 0 and the identity on Coneϕ, i.e. a degree
1 homomorphism σ on Coneϕ such that

(3.1.8.1) σn−1∂
Coneϕ
n + ∂Coneϕ

n+1 σn = 1Coneϕ
n

for every n. Each map σn is given by a matrix of size (rn+1 + rn) × (rn + rn−1)
with entries in R̂

(Coneϕ)n
[znij ]−−−→ (Coneϕ)n+1

which is 0 when n < 0 or n > m+ e.

(3.1.9) Third set of variables. We introduce a third finite set of variables

{Znij | n = 0, . . . ,m+ e; i = 1, . . . , rn+1 + rn; j = 1, . . . , rn + rn−1}.
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The equation (3.1.8.1) means that the elements xnij , ynij , and znij satisfy a system
of equations in Xnij , Ynij , and Znij with coefficients in R, namely the matrix
equations

(3.1.9.1) [Z(n−1)ij)]
(

[Bqpnij ] [Y(n−1)ij ]
[0] −[u(n−1)ij ]

)
+

(
[Bqp(n+1)ij ] [Ynij ]

[0] −[unij ]

)
[Znij ] = [δij ]

for n = 0, . . . ,m+ e+ 1, where δij is the Kronecker delta.

(3.1.10) Comment. The equations (3.1.5.1), (3.1.7.1), (3.1.7.2), and (3.1.9.1) de-
scribe a finite system of polynomial equations in the variables Xnij , Ynij , Znij with
coefficients in R. The construction of this system of equations does not rely on R
having the approximation property.

(3.1.11) Conclusion of the proof. As noted in (3.1.2) it suffices to construct a
minimal complex A of finitely generated free R-modules such that KR⊗R A ' F
in D(KR) and An = 0 when n < 0 or n > m.

The finite system of equations described by (3.1.5.1), (3.1.7.1), (3.1.7.2), and
(3.1.9.1) has a solution in R̂, namely xnij , ynij , znij . Since R has the approximation
property, the system also has a solution x̃nij , ỹnij , z̃nij in R. Furthermore, we may
assume that x̃nij ≡ xnij mod m̂. By minimality of P the elements xnij are in m̂,
so the x̃nij are in m.

For each n, let An be a free R-module of rank sn = rank bR Pn and fix an R-basis
for An; note that An = 0 when n < 0 or n > m. For each n let

∂An : An −→ An−1 be given by ∂An = [x̃nij ]

ϕ̃n : Fn −→ (KR⊗RA)n be given by ϕ̃n = [ỹnij ]

σ̃n : (Cone ϕ̃)n −→ (Cone ϕ̃)n+1 be given by σ̃n = [z̃nij ].

Since the elements x̃nij satisfy (3.1.5.1), one has ∂An ∂
A
n+1 = 0; so A is a complex.

Further, A is minimal as the x̃nij are in m. The elements x̃nij , ỹnij satisfy (3.1.7.1)
and (3.1.7.2), so the map ϕ̃ is a KR-linear morphism of R-complexes. Moreover,
the elements x̃nij , ỹnij , z̃nij satisfy (3.1.9.1), so the map σ̃ is a homotopy between
0 and the identity on Cone ϕ̃. In particular, the cone is exact, and therefore ϕ̃ is
the desired quasiisomorphism. �

(3.2) Proof of Theorem (1.3). Let C be a homologically finite R̂-complex. We
identify C with its minimal semifree resolution over R̂; see [6, thm. 12.5.1]. After a
shift, we may assume that Cn = 0 for n < 0. Set s = supC and m = s+2e+1. By
Lemma (3.1) there exists a minimal complex A of finitely generated free R-modules
such that An = 0 when n < 0 or n > m, and

(3.2.1) K
bR⊗RA ' K bR⊗bR C6m

in D(K bR). Augment A by a minimal R-free resolution of Ker ∂Am; this yields a
complex B of finitely generated free R-modules with supB < m and B6m

∼= A. In
particular, the isomorphism (3.2.1) can be rewritten as

(3.2.2) K
bR⊗RB6m ' K

bR⊗bR C6m.

Next we show that sup (K bR⊗RB) < m. Apply K bR⊗bR− to the triangle

C6m
γC

m−−→ C −→ C>m+1 −→ ΣC6m
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and inspect the long exact homology sequence

. . . −→ Hi+1(K
bR⊗bR C>m+1) −→ Hi(K

bR⊗bR C6m) −→ Hi(K
bR⊗bR C) −→ · · · .

The module Hi+1(K
bR⊗bR C>m+1) vanishes for i < m while Hi(K

bR⊗bR C) vanishes
for i > s+ e by (2.1.1). Hence

(3.2.3) Hi(K
bR⊗bR C6m) = 0 when s+ e < i < m.

The isomorphisms (K bR⊗RB)i ∼= (K bR⊗RB6m)i for i 6 m yield the first isomorphism
in the chain

Hi(K
bR⊗RB) ∼= Hi(K

bR⊗RB6m) ∼= Hi(K
bR⊗bR C6m) = 0 when s+ e < i < m

while the second isomorphism is by (3.2.2), and the vanishing is by (3.2.3). Since
the modules Hi(B) are finitely generated, Nakayama’s lemma implies that

Hi(B) = 0 when s+ e < i < m.

As supB < m it follows that supB 6 s+ e. Hence sup (K bR⊗RB) 6 s+ 2e < m.
Next we construct a commutative diagram in the category of DG K

bR-modules

K
bR⊗RB6m

α

'
//

K
bR⊗Rγ

B
m

��

K
bR⊗bR C6m

K
bR⊗Rγ

C
m

��

K
bR⊗RB ρ

// K
bR⊗bR C.

(3.2.4)

The top horizontal map exists by (3.2.2) as K bR⊗R B6m is K bR-semifree, see [6,
thm. 8.5.1, 8.6.1]. To locate a morphism ρ making the diagram commute, consider
the triangle

K
bR⊗RB6m −→ K

bR⊗RB −→ K
bR⊗RB>m+1 −→ ΣK

bR⊗RB6m

and apply the functor MorD(K bR)(−,K
bR⊗bR C) ∼= H0(RHomK bR(−,K bR⊗bR C)) to

obtain the exact sequence of abelian groups

MorD(K bR)(K
bR⊗RB,K bR⊗bR C)

ζ−−→ MorD(K bR)(K
bR⊗RB6m,K

bR⊗bR C)

−→ MorD(K bR)(Σ
−1K

bR⊗RB>m+1,K
bR⊗bR C).

Note that MorD(K bR)(Σ
−1K

bR⊗RB>m+1,K
bR⊗bR C) = 0 because

inf (Σ−1K
bR⊗RB>m+1) > m and sup (K bR⊗bR C) 6 s+ e < m.

Now ρ can be chosen as any preimage of (K bR⊗R γCm) ◦ α under ζ. The map ρ is a
quasiisomorphism, as the vertical maps in (3.2.4) induce isomorphisms on homology
in degrees less than m and Hi(K

bR⊗RB) = 0 = Hi(K
bR⊗bR C) for i > m. �

(3.3) Remark. By the existence of minimal semifree resolutions [6, thm. 12.5.2]
and the equality of infima (2.1.1), it follows that the complex B in Theorem (1.3)
can be chosen minimal and with Bn = 0 for n < inf C.
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4. Semidualizing objects

We open this section by recalling a few definitions and facts from [10]

(4.1) Semidualizing complexes. A homologically finite R-complex C is semi-
dualizing if the homothety morphism χRC : R→ RHomR(C,C) is an isomorphism
in D(R). The set of shift-isomorphism classes in D(R) of semidualizing R-complexes
is denoted S(R).

An R-complex D is dualizing if it is semidualizing and isomorphic in D(R) to a
bounded complex of injective modules; see [18, V.§2].

Let C be a semidualizing R-complex. A homologically finite R-complex X is
C-reflexive if RHomR(X,C) is homologically bounded and the biduality morphism
δCX : X → RHomR(RHomR(X,C), C) is an isomorphism in D(R).

(4.2) Ascent and descent. Let R → S be a local ring homomorphism of finite
flat dimension, and let C,C ′ be degreewise homologically finite R-complexes. The
complex S⊗L

RC is S-semidualizing if and only if C is R-semidualizing. Furthermore,
if C and C ′ are semidualizing R-complexes such that S ⊗L

R C ' S ⊗L
R C

′ in D(S),
then C ' C ′ in D(R); see [13, thm. 4.5 and 4.9]. In summary, there is an injective
map S(R)→ S(S) given by the functor S ⊗L

R −.
When R → S is flat with Gorenstein closed fiber S/mS, the complex C is R-

dualizing if and only if S⊗R C is S-dualizing; see [4, thm. (5.1)].

A crucial step towards Theorem (1.1) is to show that a semidualizing R̂-complex
C is extended from R if the DG K

bR-module K
bR⊗R C is so; see the proof of

Theorem (5.2). Semidualizing DGKR-modules provide a vehicle for that argument.

(4.3) Definition. A semidualizing DG KR-module is a homologically finite DG
KR-module M such that the homothety morphism χK

R

M : KR → RHomKR(M,M)
is an isomorphism in D(KR). The set of shift-isomorphism classes in D(KR) of
semidualizing DG KR-modules is denoted S(KR).

It is not our goal to study semidualizing DG modules for their own sake but as
a tool to be used in the proof of Theorem (5.2). To this end, the next two lemmas
establish the existence of an injective map S(R)→ S(KR) as in (4.2).

(4.4) Lemma. Let C be a degreewise homologically finite R-complex. The DG
KR-module KR⊗R C is KR-semidualizing if and only if C is R-semidualizing.

Proof. Set K = KR and recall from (2.2) that K⊗RC is homologically finite over
K if and only if C is homologically finite over R. In the commutative diagram

K ⊗RR

K⊗Rχ
R
C

��

∼=
// K

χK
K⊗RC

// RHomK(K ⊗R C,K ⊗R C)

'
��

K ⊗RRHomR(C,C) '
// RHomR(C,K ⊗R C)

the right-hand vertical isomorphism is by adjointness, and the lower horizontal one
is tensor-evaluation (2.1.2). This shows that χKK⊗RC

is an isomorphism in D(K) if
and only if K ⊗R χRC is so. The latter is tantamount to χRC being an isomorphism
in D(R); to see this apply (2.1.1) to Cone (K ⊗R χRC) ∼= K ⊗R ConeχRC . �
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(4.5) Lemma. Let C and C ′ be semidualizing R-complexes. If there is an isomor-
phism KR⊗R C ' KR⊗R C ′ in D(KR), then C ' C ′ in D(R).

Proof. SetK = KR and assumeK⊗RC ' K⊗RC ′ in D(K). The first isomorphism
in the following sequence is the homothety morphism

(1) K
'−−→ RHomK(K ⊗R C ′,K ⊗R C) '←−− K ⊗RRHomR(C ′, C)

while the second is the composition of adjunction and tensor-evaluation (2.1.2).
It follows that K ⊗R RHomR(C ′, C) is homologically bounded, and hence so is
RHomR(C ′, C) by (2.1.1). In the commutative diagram

K ⊗R C ′
δ

K⊗RC

K⊗RC′

'
//

K⊗Rδ
C
C′

��

RHomK(RHomK(K ⊗R C ′,K ⊗R C),K ⊗R C)

'

��

K ⊗RRHomR(RHomR(C ′, C), C) '
// RHomK(K ⊗RRHomR(C ′, C),K ⊗R C)

the right-hand vertical arrow is induced by the second arrow in (1); the lower hor-
izontal arrow arises similarly by composition of adjointness and tensor-evaluation.
The diagram shows that K ⊗R δCC′ is an isomorphism in D(K). An application of
(2.1.1) to Cone (K ⊗R δCC′) ∼= K ⊗R Cone δCC′ implies that δCC′ is an isomorphism in
D(R). This proves that C ′ is C-reflexive. Symmetrically, C is C ′-reflexive, and by
[2, thm. 5.3] and (2.1.1) it then follows that C ' C ′. �

(4.6) Remark. We close this section by comparing our definition (4.3) of semi-
dualizing DG KR-modules with two notions of dualizing DG KR-modules from
the literature [12, 21]. A straightforward comparison of definitions shows that a
DG KR-module that is dualizing according to [12, def. 1.8] is semidualizing. The
comparison with [21] merits a brief discussion.

Let Ω be a dualizing DG KR-module in the sense of [21, def. (2.3.1)]. It follows
from (2.3.2) that K bR⊗KR Ω is dualizing for K bR, still in the sense of [op. cit.]. Let D
be a dualizing complex for R̂; by [21, prop. (2.1.1)] the DG K

bR-modules K bR⊗bRD
and K bR⊗KR Ω are shift-isomorphic. Since D is semidualizing for R̂, it now follows
by Lemma (4.4) that K bR⊗KR Ω is semidualizing for K bR. Because K bR⊗KR− is an
equivalence between D(KR) and D(K bR), the module Ω is semidualizing for KR.

5. Proof and consequences of Theorem (1.1)

As noted in the introduction, the map S(R) → S(R̂) defined in (4.2) need not
be surjective. Theorem (1.1) says that it is bijective when R has the approximation
property. Before proceeding with the proof of (1.1) we supply an example to show
how badly surjectivity can fail in absence of the approximation property.

(5.1) Example. Let S0 be a field of characteristic zero. For n > 0 let [Vnij ] be a
2× 3 matrix of indeterminants and consider the complete normal Cohen–Macaulay
local domain

Sn = Sn−1[[Vnij ]]
/
I2(Vnij).

By [30, cor. 4.8(b)] there are exactly 2n distinct shift-isomorphism classes of semi-
dualizing complexes in D(Sn); by [10, cor. (3.7)] each class contains a module.
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For each n > 0 [20, thm. 8] guarantees the existence of a Cohen–Macaulay local
unique factorization domain Rn such that Sn ∼= R̂n. By [30, prop. 3.4] each ring
Rn has only one semidualizing complex up to shift-isomorphism. Hence, the map
S(Rn)→ S(R̂n) has trivial image.

In view of Theorem (1.3), the descent theorem (1.1) stated in the introduction
is a special case of (5.2) below. The example above shows that the assumption in
(5.2) is not vacuous.

(5.2) Theorem. Let R be a local ring. Assume that for every homologically finite

R̂-complex C, there is a homologically finite R-complex B such that K
bR⊗R B '

K
bR⊗bRC in D(K bR). The functor R̂⊗R− gives a bijective correspondence between

the sets of (shift-)isomorphism classes of semidualizing complexes in the derived

categories D(R) and D(R̂).

Proof. By (4.2) it suffices to show that every R̂-semidualizing complex is iso-
morphic in D(R̂) to a complex of the form R̂⊗R B for some homologically finite
R-complex B.

Let C be a semidualizing R̂-complex. Since C is homologically finite, there
exists by assumption a complex B of finitely generated free R-modules such that
K

bR⊗RB ' K bR⊗bRC in D(K bR). To see that this implies an isomorphism R̂⊗RB ' C
in D(R̂), note that there are isomorphisms

K
bR⊗bR (R̂⊗RB) ' K bR⊗RB ' K bR⊗bR C.

Since K
bR⊗bR C is K

bR-semidualizing, Lemma (4.4) implies that R̂ ⊗R B is R̂-
semidualizing. The isomorphisms above and Lemma (4.5) yield R̂⊗RB ' C. �

(5.3) Remark. Assume that R has the approximation property. Theorem (1.1)
says that the map S(R)→ S(R̂), see (4.2), is bijective. Here we mention a few im-
mediate consequences. Analogous statements hold for Corollaries (5.5) and (5.8)(a).

Faithful flatness of R̂ yields the equality ampB = amp R̂⊗RB, which shows that
the map S(R) → S(R̂) restricts to a bijection between the sets of isomorphism
classes of semidualizing modules over R and R̂.

One can employ reflexivity to endow the sets S(R) and S(R̂) with additional
structure. For instance, in [14, 1.7 and thm. 2.9] it is shown that each of these sets
admits an ordering and a metric. From [13, thm. 4.8] and [14, prop. 4.2] it follows
that the map S(R)→ S(R̂) is an isomorphism of ordered sets and an isometry.

The immediate corollary below recovers [21, thm. (4.1)]; see also [29, thm. 3.1].

(5.4) Corollary. Any local ring with the approximation property admits a dualiz-
ing complex. �

We next extend part of [14, prop. 4.2].

(5.5) Corollary. Let R be a local ring with the approximation property and
xxx ∈ m an R-sequence. There is a bijective correspondence, given by the func-
tor R/(xxx)⊗L

R −, between the sets of (shift-)isomorphism classes of semidualizing
complexes in D(R) and D(R/(xxx)).
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Proof. In the following display, the first commutative diagram consists of natural
local ring homomorphisms

R //

��

R̂

��

S(R)
(1)

//

(3)

��

S(R̂)

(2)

��

R/(xxx) // R̂/(xxx) S(R/(xxx))
(4)

// S(R̂/(xxx))

while the second commutative diagram is induced from the first using (4.2). The
maps (1) and (2) are bijective by Theorem (1.1) and [14, prop. 4.2], respectively.
The maps (3) and (4) are injective by [13, thm. 4.9], and a diagram-chase shows
that (3) and (4) are bijective. �

(5.6) Henselization. A pointed étale neighborhood of R is a flat local homomor-
phism of the form R → R′ = R[X]n/(f), where f is a monic polynomial whose
derivative is a unit in R[X]n, and n is a prime ideal lying over m. The set of
pointed étale neighborhoods of R forms a filtered direct system {Rλ | λ ∈ Λ}, and
the Henselization of R is the limit Rh = lim−→λ

Rλ.

(5.7) Remark. By unpublished examples of Nishimura an excellent local ring need
not posses a dualizing complex [25, exa. 6.1], and a ring with a dualizing complex
need not be excellent [25, exa. 4.2]. The next corollary shows that when R is
excellent, one need not go all the way to the completion to find a ring with a
dualizing complex.

(5.8) Corollary. Let R be an excellent local ring.

(a) For every semidualizing R̂-complex C there exists a semidualizing Rh-complex

B such that C ' R̂⊗Rh B.

(b) For each list of semidualizing R̂-complexes C1, . . . , Cn there exists a pointed
étale neighborhood R→ R′ and semidualizing R′-complexes B1, . . . , Bn such

that each Ci ' R̂⊗R′Bi. In particular, there exists a pointed étale neighbor-
hood R→ R′ such that R′ admits a dualizing complex.

Proof. (a) Because R is excellent, the Henselization Rh is excellent as well by
[16, cor. (18.7.6)], and hence Rh has the approximation property; see (2.4). The
conclusion now follows from Theorem (1.1).

(b) By (4.2) it suffices to verify the first statement. For each Ci adopt the
conventions from the proof of (5.2). Apply the arguments in (3.1.2)–(3.1.9) to Ci6mi

in order to produce matrix equations (3.1.5.1), (3.1.7.1), (3.1.7.2), and (3.1.9.1) with
coefficients in R. As commented in (3.1.10) the construction of this system does
not depend on R having the approximation property. The system has a solution in
Rh, because Rh has the approximation property. Therefore, there exists a pointed
étale neighborhood R → Rλi

such that Rλi
contains the solution from Rh. Apply

the construction in (3.1.11) and the argument in the proof of (5.2) to obtain a
semidualizing Rλi-complex B̃i such that Ci ' R̂⊗Rλi

B̃i.
Choose a pointed étale neighborhood R → R′ = Rλ where λ > λ1, . . . , λn.

Setting Bi = R′⊗Rλi
B̃i the isomorphisms

Ci ' R̂⊗Rλi
B̃i ∼= R̂⊗R′ Bi
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show that R′ and B1, . . . , Bn have the desired properties, cf. (4.2). �

We close this section with an application of Corollary (5.8)(b). When R is a ring
with a dualizing complex, the conclusion of the next result holds by [27, thm. 1].
In view of Remark (5.7) the hypothesis “excellent” is neither stronger nor weaker.

(5.9) Corollary. Let R be an excellent local ring of Krull dimension d. There
exists a chain of ideals bd ⊆ · · · ⊆ b1 ⊆ b0 satisfying the following conditions:

(a) For each i = 0, . . . , d there is an inequality dimR/bi 6 i.

(b) If F = 0 → Fr → · · · → F0 → 0 is a complex of finitely generated free R-
modules with lengthR H(F ) <∞, then bi annihilates Hj(F ) for each j > r−i.

Proof. By Corollary (5.8)(b) there exists a pointed étale neighborhood R → R′

such that R′ admits a dualizing complex. Note that dimR′ = d. By [27, thm. 1
and preceding prop. and def.] there exists a chain of ideals b′d ⊆ · · · ⊆ b′1 ⊆ b′0
in R′ such that: (a′) dimR′/b′i 6 i, and (b′) if F ′ = 0 → F ′

r → · · · → F ′
0 → 0

is a complex of finitely generated free R′-modules with lengthR′ H(F ′) < ∞, then
b′i Hj(F ′) = 0 for j > r − i.

For each i = 0, . . . , d set bi = b′i ∩R. It is not difficult to verify that dimR/bi =
dimR′/b′i 6 i. Let F be a complex satisfying the hypothesis of (b). The complex
F ′ = R′⊗RF satisfies the hypothesis of (b′). Indeed, the isomorphisms R′/mR′ ∼= k
and Hj(F ′) ∼= Hj(F )⊗RR′ guarantee lengthR′ H(F ′) <∞. The ideal b′i annihilates
Hj(F ′) for j > r − i and contains bi; hence the R-isomorphisms Hj(F ′) ∼= Hj(F )
implies that bi annihilates Hj(F ) for j > r − i. �

A classical application of Robert’s theorem [27, thm. 1] is to find uniform
annihilators of local cohomology modules Hj

m(R). For instance, Hochster and
Huneke [22, 23] do this when R is an equidimensional local ring that admits a
dualizing complex or is unmixed and excellent. Corollary (5.9) allows us to drop
the unmixedness condition, thus recovering a recent result of Zhou [32, cor. 3.3(ii)].

(5.10) Observation. Let R be an equidimensional excellent local ring of Krull
dimension d > 1. For each j the local cohomology module Hj

m(R) is a direct limit
of homology modules in degree d − j of Koszul complexes on powers of a system
of parameters. Thus, for each i = 0, . . . , d the ideal bi annihilates Hj

m(R) for j 6 i.
In particular, bd−1 annihilates Hj

m(R) for j < d and dimR/bd−1 6 d − 1. If R
is equidimensional, then bd−1 is not contained in any minimal prime of R. In
the terminology of [32], this means that bd−1 contains a uniform cohomological
annihilator for R.

6. Finiteness of S(R) for certain Cohen–Macaulay rings

When R is excellent and the set S(R̂) is finite, Corollary (5.8)(b) implies that
there exists a pointed étale neighborhood R→ R′ such that the map S(R′)→ S(R̂)
is bijective. The question of the finiteness of S(R) has been answered affirmatively
for certain classes of rings, see [30], but remains open in general. In this section we
verify finiteness for a large class of Cohen–Macaulay local rings. Without further
comment we use the fact that, when R is Cohen–Macaulay, every semidualizing
R-complex is shift-isomorphic in D(R) to a module; see [10, cor. (3.7)].
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(6.1) Lemma. If R is an equicharacteristic artinian local ring, then S(R) is finite;
i.e., there are only finitely many semidualizing R-modules up to isomorphism.

Proof. There exists a flat map of artinian local rings (R,m, k)→ (R′,m′, k′), such
that k′ is algebraically closed; see [15, prop. 0.(10.3.1)]. By (4.2) we may replace R
by R′ to assume that k is algebraically closed.

For an R-module N , we denote the minimal number of generators by βR0 (N).
Let C be a semidualizing R-module. Let ER(k) be the injective hull of k. Hom-
evaluation [9, prop. 5.3] and the semidualizing property yield an isomorphism
ER(k) ∼= C⊗RHomR(C,ER(k)). Hence, there is an inequality βR0 (C) 6 βR0 (ER(k)).
This yields the second inequality below; the first is from a surjection Rβ

R
0 (C) � C.

(1) lengthR C 6 βR0 (C) · lengthR 6 βR0 (ER(k)) · lengthR

By [17, proof of first prop. in sec. 3] there are only finitely many isomorphism classes
of R-modules M with Exti>0

R (M,M) = 0 and lengthRM 6 βR0 (ER(k)) · lengthR.
From (1) it follows that S(R) is a finite set. �

The next result contains Theorem (1.2) from the introduction.

(6.2) Theorem. Assume there are local ring homomorphisms

R
ϕ

// R′ Q
ψ

oooo
τ

// Q′

such that Q′ is Cohen–Macaulay and equicharacteristic, the maps ϕ and τ have
finite flat dimension, and the map ψ is surjective with kernel generated by a Q-
sequence. Then S(R) is finite; that is, there are only finitely many semidualizing
R-modules up to isomorphism. In particular, S(R) is finite when R is Cohen–
Macaulay and equicharacteristic.

Proof. In view of (4.2) we may, without loss of generality, assume that Q is com-
plete. The assumptions imply that Q, R′, and R are Cohen–Macaulay, see [7,
thm. (2.1)]. By factoring out a system of parameters, we may assume that Q′ is
artinian. By Lemma (6.1) the set S(Q′) is finite, and by (4.2) so is S(Q). By [13,
prop. 4.2] also S(R′) is finite, and finally S(R) is finite by (4.2). �

Theorem (6.2) applies to certain rings of mixed characteristic.

(6.3) Example. Set Q = Ẑ(p)[[X]]/I where X is a finite set of variables, and I is
an ideal such that Q is Cohen–Macaulay and p is Q-regular. Set Q′ = Q/(p) and
R′ = Q/(pn) for some n > 2. If R̂ ∼= R′, then S(R) is finite by Theorem (6.2).
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de schémas IV, Inst. Hautes Études Sci. Publ. Math. (1967), no. 32, 361. MR 0238860 (39

#220)
[17] Dieter Happel, Selforthogonal modules, Abelian groups and modules (Padova, 1994), Math.

Appl., vol. 343, Kluwer Acad. Publ., Dordrecht, 1995, pp. 257–276. MR 1378204

(97d:16016)
[18] Robin Hartshorne, Residues and duality, Lecture notes of a seminar on the work of A.

Grothendieck, given at Harvard 1963/64. With an appendix by P. Deligne. Lecture Notes

in Mathematics, No. 20, Springer-Verlag, Berlin, 1966. MR 36 #5145
[19] , Local cohomology, A seminar given by A. Grothendieck, Harvard University, Fall

1961, vol. 41, Springer-Verlag, Berlin, 1967. MR 0224620 (37 #219)
[20] Raymond C. Heitmann, Characterization of completions of unique factorization domains,

Trans. Amer. Math. Soc. 337 (1993), no. 1, 379–387. MR 1102888 (93g:13006)

[21] Vladimir Hinich, Rings with approximation property admit a dualizing complex, Math. Nachr.
163 (1993), 289–296. MR 1235073 (94h:13017)

[22] Melvin Hochster and Craig Huneke, Tight closure, invariant theory, and the Briançon-Skoda
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