TATE (CO)HOMOLOGY VIA PINCHED COMPLEXES

LARS WINTHER CHRISTENSEN AND DAVID A. JORGENSEN

ABSTRACT. For complexes of modules we study two new constructions, which
we call the pinched tensor product and the pinched Hom. They provide new
methods for computing Tate homology Tor and Tate cohomology E}R, which
lead to conceptual proofs of balancedness of Tate (co)homology for modules
over associative rings.

Another application we consider is in local algebra. Under conditions of
vanishing of Tate (co)homology, the pinched tensor product of two minimal
complete resolutions yields a minimal complete resolution.

INTRODUCTION

Tate cohomology originated in the study of representations of finite groups. It has
been generalized—through works of, in chronological order, Buchweitz [5], Avramov
and Martsinkovsky [3], and Veliche [T4]—into a cohomology theory for modules with
complete resolutions. The parallel theory of Tate homology has been treated in the
same generality by Tacob [9].

While these theories function for modules over any associative ring, the central
question of balancedness has yet to receive a cogent treatment. The extant literature
only solves the problem for modules over special commutative rings. The issue is
that if M and N are modules with appropriate complete resolutions, then there are
potentially two ways of defining Tate cohomology E/b?u*(M ,N); do they yield the

same theory? For Tate homology T&* (M, N) one encounters a similar situation,
and one goal of this paper is to resolve these balancedness problems.

Proving balancedness of absolute (co)homology, Ext and Tor, boils down to
showing that, say, Tor, (M, N) can be computed from a complex constructed from
resolutions of both variables M and IN; namely the tensor product of their projec-
tive resolutions. Our approach is similar, but for Tate (co)homology the standard
tensor product and Hom complexes fail to do the job, so we introduce two new con-
structions. We call them the pinched tensor product and the pinched Hom. They
resemble the usual tensor product and Hom of complexes, but they are smaller in
a sense that is discussed below. The central technical results are Theorems
and , which establish that Tate (co)homology can be computed from pinched
complexes. The balancedness problems are resolved in Theorems and .

As part of our analysis of the pinched complexes, we establish “pinched versions”
of standard isomorphisms for complexes, such as Hom-tensor adjunction. They
allow us to give criteria—Corollaries (£.10) and (5.9)—in terms of vanishing of
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Tate (co)homology, for when a pinched Hom complex Hom™ (T, U) or a pinched
tensor product T'®™ U of complete resolutions is a complete resolution.

This is of particular interest in local algebra since, if one starts with unbounded
complexes of finitely generated modules, then the pinched Hom and the pinched
tensor product are also complexes of finitely generated modules. Theorem
gives a criterion, in terms of vanishing of Tate (co)homology, for a tensor product
of minimal complete resolutions to be a minimal complete resolution.

1. STANDARD CONSTRUCTIONS WITH COMPLEXES

In this paper R, R, S, and S’ are associative unital rings; they are assumed to be
algebras over a common commutative unital ring k. The default k is the ring Z of
integers, but in concrete settings other choices may be useful. For example, if the
rings are algebras over a field k, then k = k is a natural choice. If R is commutative,
and R, S, and S’ are R-algebras, then k = R is a candidate.

Modules are assumed to be unitary, and the default action of the ring is on the
left. Right modules over R are hence treated as (left) modules over the opposite ring
R°. By an R-S°-bimodule we mean a module over the k-algebra R ®y S°. Note
that every R-module has a natural R—k°-bimodule structure; in particular they
are symmetric k-k°-bimodules. Modules over a commutative ring R are tacitly
assumed to be symmetric R—R°-bimodules.

Complexes. An R-complex is a (homologically) graded R-module M endowed
with a square-zero endomorphism O™ of degree —1, which is called the differential.
Here is a visualization,

M M

9; 9]
"'HMi+1L>Mi—>Mi71—>"'

A morphism of complexes M — N is a degree 0 graded homomorphism o = (a;);ez
of the underlying graded modules that commutes with the differentials on M and
N; ie. one has 0Va = adM. The category of R-complexes is denoted C(R).
If the underlying graded module is an R—S°-bimodule, and the differential is a
bimodule endomorphism, then the complex is called a complex of R—S °—bimodulesE|
the category of such complexes is denoted C(R—S°).

The kernel Z (M) and the image B(M) of 0™ are graded submodules of M and,
in fact, subcomplexes, as the induced differentials are trivial. A complex M is called
acyclic if the homology complex H(M) = Z(M)/B(M) is the zero-complex. We
use the notation C(M) for the cokernel of the differential, i.e. C;(M) = Coker 9%,.

The notation sup M and inf M is used for the supremum and infimum of the set
{i € Z | M; # 0}, with the conventions sup () = —oco and inf ) = co. A complex M
is bounded above if sup M is finite, and it is bounded below if inf M is finite.

For n € Z the n-fold shift of M is the complex X" M with (X"M); = M;_,, and
OF'M = (=1)"0M . One has sup (X" M) = sup M +n and inf (X" M) = inf M +n.

Let n be an integer. The hard truncation above of M at n is the complex M,
with (M,); =0 for ¢ > n and 6ng" = OM for i < n. It looks like this:

oM Zhe
Mnfl Mn72 —

M, = 0— M,

L The term ‘bicomplex’ is too close to ‘double complex’.
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Similarly, M., is the complex with (M.,,); = 0 for i < n and 8Z»M>" =0M fori > n.
Note that M, is a subcomplex of M, and M, is the quotient complex M /M, _;.
The soft truncations of M at n are the complexes

oM oM
Mcn =0— Cn(M) = Mn—l Mn_g —_—
and
81\/1 R BM .
Moy = -+ — Myjo —=25 My —=2 7, (M) — 0.

A morphism of complexes that induces an isomorphism in homology is called
a quasi-isomorphism and indicated by the symbol ‘~’. A morphism « is a quasi-
isomorphism if and only if its mapping cone, the complex Cone ¢, is acyclic.

The central constructions in this paper, (3.2) and (4.4]), start from the standard
constructions of tensor product and Hom complexes, hence we review them in detail.

Tensor product and Hom. Let M be an R°-complex and N be an R-complex.
The tensor product M ®g N is the k-complex whose underlying graded module is
given by

(M ®g N)n = HMz ®r Nn—i,

i€z
and whose differential is defined by specifying its action on an elementary tensor
of homogeneous elements as follows,
oMErN (z @ y) = oM (z) @ y + (-1 © 9V (y);

here |z| is the degree of « in M. For a morphism of R°-complexes o: M — M’ and
a morphism of R-complexes 8: N — N’, the map a g 8: M g N - M' @ N’,
defined by

(a®r B)(x@y) = alz) @ B(y),
is a morphism of k-complexes. The tensor product yields a functor

—®pr—: C(R°) x C(R) — C(k),

which is k-bilinear and right exact in each variable. In case M is a complex of
R/'~R°-bimodules and N is a complex of R—S°-bimodules, then the tensor product
M ®gr N is a complex of R'—S°-bimodules. The tensor product yields a functor
C(R'-R°) x C(R-5°) — C(R'-S°).
For R-complexes M and N, the k-complex Hompg (M, N) is given by
Homp (M, N),, = [ [ Homp(M;, Niin)
i€’

and

gremn MM () = 9N — (~1)l¥l 0™,
for a homogeneous ¢ in Homg (M, N). For morphisms of R-complexes a: M — M’
and 8: N — N’, a morphism Homg(a,): Homg(M’, N) — Homgr(M, N’) of
k-complexes is defined by

Homp(a, 8)() = Ba.
With these definitions, Hom yields a functor,

Hompg(—,—): C(R)*® x C(R) — C(k),
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where the superscript ‘op’ signifies the opposite category; it is k-bilinear and left
exact in each variable. In case M is a complex of R—R'°-bimodules and N is a
complex of R—S°-bimodules, the complex Homg(M, N) is one of R'—S°-bimodules;
Hom yields a functor C(R—R’°)°P x C(R—S°) — C(R'-S°).

Resolutions. An R-complex P is called semi-projective if each module P; is pro-
jective, and the functor Hompg (P, —) preserves quasi-isomorphisms (equivalently, it
preserves acyclicity). A bounded below complex of projective R-modules is semi-
projective. Similarly, an R-complex [ is called semi-injective if each module I; is
injective, and the functor Hompg(—, I) preserves quasi-isomorphisms (equivalently,
it preserves acyclicity). A bounded above complex of injective R-modules is semi-
injective. Every R-complex M has a semi-projective resolution and a semi-injective
resolution; that is, there are quasi-isomorphisms 7: P — M and ¢: M — I, where
P is semi-projective and [ is semi-injective; see [Q]H An R-complex F'is called semi-
flat if each module Fj is flat, and the functor — ® g F' preserves quasi-isomorphisms
(equivalently, it preserves acyclicity). Every semi-projective complex is semi-flat.

For an R-module M, a projective (injective) resolution in the classic sense is a
semi-projective (-injective) resolution. Thus, the following definitions of homologi-
cal dimensions of an R-complex extend the classic notions for modules.

pdp M = inf{sup P | P —=— M is a semi-projective resolution},

idg M = inf{—inf I | M —= T is a semi-injective resolution}, and

fdr M = inf{ n > sup H(M)

P-—=5Misa semi-projective
resolution and C,,(P) is flat

The derived tensor product — ®% — and the derived Hom functor RHompg(—, —)
for complexes are computed by way of the resolutions described above. Extending
the usual definitions of Tor and Ext for modules, set

Torf(M,N) =H;(M ®% N) and Ext%(M,N)=H_;(RHomg(M,N))
for complexes M and N and i € Z.

2. COMPLETE RESOLUTIONS AND TATE HOMOLOGY

In this section we recall some definitions and facts from works of Tacob [9] and
Veliche [14], and we establish some auxiliary results for later use.

(2.1) Complete projective resolutions. An acyclic complex T of projective
R-modules is called totally acyclic, if the complex Hompg (T, Q) is acyclic for ev-
ery projective R-module Q.

A complete projective resolution of an R-complex M is a diagram

(2.1.1) T P15 M,

where 7 is a semi-projective resolution, T is a totally acyclic complex of projective
R-modules, and 7; is an isomorphism for 7 > 0.

See [14] for a proof of the following fact.

2 In this paper the authors use 'DG-’ in place of 'semi-’.
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(2.2) Fact. Let T -+ P "5 M and 7" —— P’ == M’ be complete projective
resolutions. For every morphism «: M — M’ there exists a morphism @ such that
the right-hand square in the diagram

T——spP—" M

TP
is commutative up to homotopy. The morphism & is unique up to homotopy, and
for every choice of @ there exists a morphism @, also unique up to homotopy, such
that the left-hand square is commutative up to homotopy. Moreover, if 7/ and =’
are surjective, then @ and @ can be chosen such that the diagram is commutative.

Finally, if one has M = M’ and « is the identity map, then & and & are homotopy
equivalences.

(2.3) Gorenstein projectivity. An R-module G is called Gorenstein projective if
there exists a totally acyclic complex T of projective R-modules with Cy(T) = G.
In that case, the diagram 7" — T.¢ — G is a complete projective resolution, and
for brevity we shall often say that 7" is a complete projective resolution of G.

The Gorenstein projective dimension of an R-complex M, written Gpdyp M, is
the least integer n such that there exists a complete projective resolution
where 7; is an isomorphism for all ¢ > n. In particular, Gpdp M is finite if and only
if M has a complete projective resolution. Notice that H(M) is bounded above if

Gpdp M is finite; indeed, there is an inequality
(2.3.1) Gpdp M > supH(M).

If M is an R-complex of finite projective dimension, then there is a semi-projective

resolution P —— M with P bounded above, and then 0 — P — M is a complete
projective resolution; in particular, M has finite Gorenstein projective dimension.

(2.4) Tate homology. Let M be an R°-complex with a complete projective resolu-
tion T'— P — M. For an R-complex N, the Tate homology of M with coefficients
in N is defined as

Tor®(M, N) = Hy(T @5 N).
It follows from (2.2)) that this definition is independent (up to isomorphism) of the
choice of complete projective resolution; in particular, one has

(2.4.1) Tor® (M, N) = Tor® (M, N) for i > Gpdge M + sup N.

Note that fo\rf(M, N) is a k-module for every ¢ € Z. Moreover, if N is an
R-S°-bimodule, then each TorZ (M, N) is an S°-module.

Tate homology rfo\rf‘ (M, N) vanishes if M (or N) is a (bounded above) complex
of finite projective dimension; this is the content of and below.

The boundedness condition on N in Lemma is a manifestation of the fact
that Tate homology Tor® (M, —) is not a functor from the derived category D(R).
Indeed, every R-complex is isomorphic in D(R) to a semi-projective complex, and
for such a complex P one has 'l/’o\rf(M ,P) = 0 for every R°-complex M of finite
Gorenstein projective dimension.
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Notice, though, that if M and M’ are isomorphic in D(R°) and of finite Goren-
stein projective dimension, then it follows from [2, 1.4.P] that every complete pro-
jective resolution T'— P — M yields a complete resolution T — P — M’, so one
has an isomorphism Tor® (M, —) = Tor®(M’, —) of functors from C(R).

(2.5) Proposition. Let M be an R°-complex of finite Gorenstein projective di-
mension. Among the conditions

(i) pdre M < o0

(i) TorB(M,—) =0 for alli € Z

(4id) T&ZR(M, —) =0 for some i € Z

(iv) fdge M < o0
the implications (i) = (i) = (i11) = (4v) hold.

We recall from works of Jensen [10, prop. 6] and Raynaud and Gruson [13, II.

thm. 3.2.6] that if R has finite finitistic projective dimension—for example, R is

commutative Noetherian of finite Krull dimension—then every flat R-module has
finite projective dimension, and it follows that the conditions (4)—(iv) are equivalent.

Proof. If 7: P —— M is a semi-projective resolution with P bounded above, then
0 — P T5 M is a complete projective resolution, so one has 'f(;ZR (M,-) =0 for
all i € Z. Thus, (i) implies (7); the implication ()= (%) is trivial.

Assume now that one has T‘aﬁ(M, —)=0forsomei € Z. Let T — P — M be a
complete projective resolution and set G = C;_;(T). As the functor Torl* (G, —) =
H,(T®r—) = fo\rﬁ(M, —) vanishes, the R°-module G is flat. It follows that the
module C;(T) = C,;(P) is flat for every j > max{i — 1, Gpdg. M }, whence fdro M
is finite. O

(2.6) Remark. Let T'— P — M be a complete projective resolution over R°. For
every semi-projective resolution 7’: P/ — N over R, application of the functor
T ®r — to the exact sequence 0 — N — Conen’ — X P’ — 0 yields a short
exact sequence, as T is a complex of projective R°-modules. The associated exact
sequence in homology yields an isomorphism

(2.6.1) H(T ®r N) 2 H(T @ Coner’),

as one has H(T ®g P’) = 0 because P’ is semi-flat. If N is bounded above and of
finite projective dimension, then one can assume that P’ and, therefore, Conen’
is bounded above, and then [0l lem. 2.13] yields H(T' ® g Conen’) = 0. Thus, we
record the following result.

(2.7) Lemma. Let M be an R°-complex of finite Gorenstein projective dimension.
For every bounded above R-complex N of finite projective dimension, one has
Torf' (M, N) =0 for all i € Z. O

(2.8) Proposition. Let M be an R°-complex of finite Gorenstein projective di-
mension. For every exact sequence 0 — N’ — N — N" — 0 of R-complexes, there
is an exact sequence of k-modules

-+ — Tor | (M, N"") = Tor® (M, N') = Torf (M, N) — Torl (M, N") — - -

Moreover, if the original exact sequence is one of complexes of R—S°-bimodules,
then the derived exact sequence is one of S°-modules.
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Proof. Let T'— P — M be a complete projective resolution. The sequence
O—>T®RN/—>T®RN—>T®RNH—>O

is exact because T is a complex of projective R°-modules. The associated exact
sequence in homology is the desired one, and the statement about additional module
structures is evident. O

(2.9) Proposition. Let 0 - M’ — M — M" — 0 be an exact sequence of
R°-complexes of finite Gorenstein projective dimension. For every R-complex N
there is an exact sequence of k-modules

- = Torl | (M", N) — Torf(M',N) = Torl{(M, N) — Tor}(M",N) — - --

Moreover, if N is a complex of R—S°-bimodules, then the derived exact sequence
is one of S°-modules.

Proof. By [I4] prop. 4.7] there is a commutative diagram

0 T T T 0
0 P P pP” 0
0 M’ M M 0

with exact rows, such that the columns are complete projective resolutions. The
sequence 0 = T" — T — T" — 0 is degreewise split, so the sequence

0—>T/®RN—>T®RN—>TH®RN—>O

is exact, and the associated sequence in homology is the desired one. The statement
about additional module structures is evident. O

As with absolute homology, dimension shifting is a useful technique in dealings
with Tate homology.

(2.10) Lemma. Let M be an R°-complex of finite Gorenstein projective dimension
and let N be an R-complex. For every complete projective resolution T — P — M
and for every m € Z there are isomorphisms

(a) Tor® (M, N) = Tor® | (Cou(T), N) for alli € Z.
For every semi-projective resolution L —=5 N and for every integer n > sup N
there are isomorphisms
(b) Tor®(M, N) = Tor® (M, Cn(L)) for alli € Z.
Proof. (a): For every m € Z the diagram ¥="T — X "T.,, — Cn,(T) is a
complete projective resolution. Hence one has
Torft,,(C(T),N) = Hi_p((Z~"T) @5 N)
=Hi—n(Z7"(T'®r N))
~H,(T ®r N)
= Tor® (M, N).
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(b): We may assume that N is bounded above; otherwise the statement is void.
For every n > sup N there is a quasi-isomorphism 7: L, — N. The acyclic com-
plex Cone 7 is bounded above, so T ®g Cone T is acyclic by [6, lem. 2.13]. An ap-
plication of Proposition to the exact sequence 0 -+ N — Conew — XL, — 0
yields isomorphisms

Tor® (M, N) = Tor®(M, Lc,,) for all i € Z.

The first complex in the exact sequence 0 — Lo,,—1 — Lo, — X"Cp(L) — 0
of R-complexes has finite projective dimension. Indeed, in the exact sequence
00— L1 =L — Ly, = 0, the complexes L and L, are semi-projective, so
L,,_1 is semi-projective and, moreover, bounded above. Now apply Lemma

and Proposition (2.8)) to get
Tor®(M, L.,) = TorR (M, £"C, (L)) for all i € Z.

The desired isomorphisms follow from these last two displays. O

3. PINCHED TENSOR PRODUCT COMPLEXES

We start by noticing that a very natural approach to the balancedness problem for
Tate homology fails.

(3.1) Example. Let & be a field and consider the commutative ring R = k[z, y]/(zy).
The R-module R/(x) is Gorenstein projective with complete resolution

T=---%RSLRL R ..

where 97 is multiplication by  for i odd and multiplication by y for i even. As
multiplication by y on R/(x) is injective, it is immediate from the definition of Tate
homology, see , that one has ﬂlR(R/(m), R/(x)) =0 for ¢ even.

The complex T ®pr T, however, has non-vanishing homology in even degrees.
Indeed, for each n € Z the module (T'®g T),, is free with basis (e; n—;)icz. The
differential is given by

2€i—1,m—i — Y€in—i—1 n odd and i odd

6T®RT(6- )= Yei—1,n—i + T€in—i—1 n odd and i even
n wn—i) — .
T€i—1pn—i — T€ipn—i—1 n even and ¢ odd

Yei—1,n—i + Yein—i—1 n even and ¢ even.

For n even, the element ey, is a cycle and clearly not a boundary. Indeed, since
R is graded, the complex T"®pr T has an internal grading, and the differential
is of degree 1 with respect to this grading. Suppose that xeg, is a boundary.
Since it is an element of internal degree 1, a preimage ZieZ O n41—i€int1—i Of
weg, under OT®RT may be assumed homogeneous of internal degree zero. That
is, we may assume that o; 41—, is in k for all 7. Let ig and i; be, respectively,
the least and the largest integer ¢ with a;,11-; # 0. With respect to the basis
(€in—i)icz, the element b = 8T®RT(ZZ€Z QY n+1—3i€i,n+1—7) is nonzero in coordinate
(i — I,m + 1 — 4p), which implies ¢p = 1. Similarly, b is nonzero in coordinate
(i1,m — i1), which implies ¢; = 0. Thus one has iy > i1, a contradiction.

The isomorphism ([2.6.1)) shows, nevertheless, that one can compute Tate homo-
logy from a tensor product of acyclic complexes. This motivates the next construc-
tion; see also the comments before the proof of Theorem (3.5)).
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(3.2) Construction. Let T be an R°-complex and let A be an R-complex. Con-
sider the graded k-module 7' @’ A defined by:

{(T>0 ®r As0)n for 0

n =
TRRA) = -
(T@r A, (Te_1 ®r (Ac_1))n forn < —1.

It is elementary to verify that one has
(0F @ (00)) 0 02420 =0 = 015 # At o (3 g (007,
where o denotes the canonical map A — ¥ A. Thus, OT®RA defined by
33;20@”420 forn>1

orERA = oF ®r (008") forn=0
&{gﬂ@Rz(Ag’l) forn < —1
is a differential on T' ®% A. We refer to this k-complex as the pinched tensor product
of T and A.
For morphisms a: T — T” of R°-complexes and 3: A — A’ of R-complexes, it is

elementary to verify that the assignment x ® y — a(x) ® B(y) defines a morphism
of k-complexes

a@RBTSFA — T A
(3.3) Remark. For every R°-complex T and every R-complex A there are equalities

of k-complexes,

(3.3.1) (T &% A)og=To0®r Aso  and
(3.3.2) (TRRA) __, =T 1 OrT(Ac ).

If T is a complex of R'—R°-bimodules, and A is a complex of R—S°-bimodules, then
T ®% A is a complex of R'~S°-bimodules.

The proof of the next proposition is standard, and we omit it.

(3.4) Proposition. The pinched tensor product defined in (3.2)) yields a functor
—®% —: C(R'-R°) x C(R-S°) — C(R'-S°);
in particular, it yields a functor C(R°) x C(R) — C(k). Moreover, it is k-bilinear

and right exact in each variable. O

(3.5) Theorem. Let M be an R°-complex with a complete projective resolution
T — P — M. Let A be an acyclic R-complex and set N = Co(A). For every i € Z
there is an isomorphism of k-modules
H;(T &% A) = Torf (M, N).
If A is a complex of R—S°-bimodules, then the isomorphism is one of S°-modules.
Before we proceed with the proof, we point out that if N is an R-module, and

A is the acyclic complex 0 — N —+ N — 0 with N in degrees 0 and —1, then one
has T ®% A=T &g N.



10 LARS WINTHER CHRISTENSEN AND DAVID A. JORGENSEN
Proof. By definition one has Tor (M,N) =H;(T ®g N), so the goal is to establish
an isomorphism between H(T ®'% A) and H(T ®g N). The quasi-isomorphisms
7 Asg — N and e: N —= Y (A._y),
with egmo = 0dg', induce quasi-isomorphisms
(T&RA). g ——Too®r N and Te1®r N — (T@R A)__;;

see , , and [0, prop. 2.14]. It follows that there are isomorphisms
H,(T®% A) 2 H;(T®r N) for all i € Z\ {0,—1}. To establish the isomorphism
in the remaining two degrees, consider the following diagram with exact columns.

i

To ®r Bo(4) f[ i
(T ®% A), — (T @R A), (T®rN)-1 —— (T®r N)_2
T1®7roi T0®7rol >< lT_ ®eo JT_2®50
(I'®wr N)1 — (T ®r N (TeFA) ,—— (TRFA)_,
T o
0 0 T 1R®gr B,Q(A)
0

The identity egmy = 0864 shows that the twisted square is commutative. That the
other two squares are commutative follows by functoriality of the tensor product.

To see that the homomorphism Ty ® g my induces the desired isomorphism in
homology, Ho(T ®% A) = Ho(T ®g N), notice first that it maps boundaries to
boundaries, and that for z in Zy(T ®’% A) one has

(T-1 @R €) 095 "N o (Th @ mo)(x) = 0
by commutativity of the twisted square. As T_; Qg € is injective, it follows that
(To ®r 7o) () is in Zo(T ®r N), so there is a well-defined homomorphism
H(Ty ®r 7o) : Ho(T @5 A) — Ho(T ®r N).
It is immediate from the surjectivity of Ty ® g mp and commutativity of the twisted
square that the homomorphism H(Ty ® g 7g) is surjective. To see that it is injective,

let z be an element in Zo(T ®% A) and assume that there is a y in (T'®g N); such
that (Th @ m0)(z) = 9] ®*N(y). Choose an element z in Ty ®p Ag C (T ®% A),

such that (71 ® g m0)(z) = y. Then the element x — aif@?A(z) in (T ®% A), maps
to 0 under Ty ®g o, so it belongs to Ty @ Bo(A). Let win Ty ®g A1 C (T @%F A),

be a preimage of z — 31T®D’§A(z). Then one has
o1 %5 w) = (Ty 9 01) (w) = = — & * (),

and so x is a boundary: 8?®RA(w +2) = x. Thus, H(Ty ®g 7p) is an isomorphism.
Similarly, for ¢ = —1, it is evident that T_; ® g €9 maps cycles to cycles. Let z
be a boundary in (T'®g N)_1, and choose a preimage y of x in (T'®g N)o. By
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surjectivity of Ty ®pg mo, this y has a preimage z in (T’ ®’5 A),, and by commuta-

0’
tivity of the twisted square one has 65®RA(Z) = (T-1 ®r €o)(x). Thus, T_1 ®r €o

maps boundaries to boundaries, whence it induces a homomorphism
H(T-1 ®p€): Ho1(T@r N) — H_1(T @% A).

It follows immediately from the injectivity of T_1 ®g €y and commutativity of the
twisted square that H(T_; ®g €o) is injective. To see that it is surjective, let = be
an element in Z_1(T ®% A). Then, in particular, one has

0= (T_1 ®r 0 (@) = —(T_, ®r 04))(2).

Therefore, z is in T_1 ®g Z_1(A4) = Im (T_1 ® €y), and it follows by injectivity of
T_5 ®p € that the preimage of x is a cycle in T_; ® g N. Thus, H(T-; ®g €) is
surjective and hence an isomorphism.

The claim about S°-module structures is immediate from Construction . [l

(3.6) Proposition. Let T be an R°-complex and let A be an R-complex. The map
o TRFA— AR T
given by
wp(t®a) = (-1)dg ot for n
@t ® o(a)) = (=)D g @ 6 (8)  for n

is an isomorphism of k-complexes.
Moreover, if T is a complex of R'—R°-bimodules and A is a complex of R—S°-bimo-
dules, then w is an isomorphism of complexes of R'-S°-bimodules.

Proof. The map w is clearly an isomorphism of graded k-modules, and it is
straightforward to verify that it commutes with the differentials. The assertions
about additional module structures are immediate from Construction (3.2). g

If M is an R°-module of finite Gorenstein projective dimension and N is an R-
module of finite Gorenstein projective dimension, then one could also define Tate
homology of the pair (M, N) in terms of the complete projective resolution of N. Do
the two definitions agree; that is, is Tate homology balanced? This is tantamount to
asking if one has f&f(M, N) f&fo (N, M). Tacob [9] gave a positive answer for
modules over commutative Noetherian Gorenstein rings. The next theorem settles
the question over any associative ring.

(3.7) Theorem. Let M be an R°-complex and let N be an R-complex, both of
which are both bounded above and of finite Gorenstein projective dimension. For
every i € Z there is an isomorphism of k-modules:

Tor® (M, N) = Tor®* (N, M).

Proof. Choose complete projective resolutions T — P — M and 7" — P’ — N.
Set m = max{sup M,Gpdr. M} and n = max{sup N,Gpdp N}. The modules
Cn(P) = Cp(T) and C,,(P') = C,(T") are Gorenstein projective with complete
projective resolutions

YT =Y "P,,, — Cp(P) and YT ¥ "PL, — C,(P').
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Lemma ([2.10), Theorem (3.5)), and Proposition (3.6) now conspire to yield the
desired isomorphism,

Torf (M, N) = Torf*,,_,,(Cpn(P), Ca(P))

= Hiom—n((Z7"T) ®D1§L zinT/)

= Hifnfm((zinT,) ®§° ")

= TorfZ', ., (Ca(P), Ca(P))

~ Torf* (N, M). O
(3.8) Remark. In [J] Iacob considers a variation of Tate homology based on com-
plete flat resolutions. The proof of Theorem (3.5) applies, mutatis mutandis, to
show that also these homology groups can be computed from a pinched tensor

product. From a result parallel to Lemma (2.10)) it, therefore, follows that also this
version of Tate homology is balanced.

4. PINCHED HOM COMPLEXES AND TATE COHOMOLOGY

Tate cohomology was studied in detail by Veliche [I4]; we recall the definition.

(4.1) Let M be an R-complex with a complete projective resolution T'— P — M.
For an R-complex N, the Tate cohomology of M with coefficients in N is defined as

Extiy (M, N) = H_;(Hompg(T, N)).
This definition is independent (up to isomorphism) of the choice of complete reso-
lution; cf. (2.2)). In particular, one has
(4.1.1) Extiy (M, N) = Extl,(M,N) for i > Gpdp M — inf N.
Note that E/);tﬁé(M, N) is a k-module for every i € Z. Moreover, if N is an
R-S°-bimodule, then each Ext% (M, N) is an S°-module.

The parallels of (2.5)—(2.9) are established in [T4] sec. 4]. The proof of Lemma (4.3))
is similar to the proof of Lemma ([2.10)). It uses [6], lem. 2.4] and the following fact,
which follows from an argument similar to the one given in Remark ({2.6).

(4.2) Lemma. Let M be an R-complex of finite Gorenstein projective dimen-
sion. For every bounded below R-complex N of finite injective dimension, one
has Exti,(M,N) =0 for all i € Z. O

(4.3) Lemma. Let M be an R-complex of finite Gorenstein projective dimension
and let N be an R-complex. For every complete projective resolution T'— P — M
and for every integer m € 7 there are isomorphisms

(a) Exth(M, N) = Extl; ™ (C,n(T), N) for all i € Z.

For every semi-injective resolution N —— [ and for every integer n > —inf N
there are isomorphisms

(b) Ext’ (M, N) = Exti; ™ (M, Z_,(I)) for alli € Z. O
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(4.4) Construction. Let T and A be R-complexes. Consider the graded k-module
Hom's(T, A) defined by:

Hom3 (T, A), — {HomR(Tg_l,zl(Azl))n for n
Homp(Ts0, Aco)n for n
It is elementary to verify that one has
Homa (3,5 o 3515 %020 = 0.2 g2 o Homaaf o),
where ¢ denotes the canonical map ¥ 14 — A. Thus, o omz(T,4) defined by
850mR(T<71’271(A21)) forn > 2

Hompg (0F, 07%¢) forn=1

Hom g (Tso,A
5n0mR( >0:450) forn <0

a};lom';g (T,A) _

is a differential on Hom'y (T, A). We refer to this k-complex as the pinched Hom of
T and A.

For morphisms a: T — T and 8: A — A’ of R-complexes it is elementary to
verify that the assignment ¢ — Spa defines a morphism of k-complexes

Hom’(a, B): Hom'n(T', A) — Hom'z(T, A").
(4.5) Remark. For all R-complexes T" and A there are equalities of complexes
(4.5.1) Hom'3(T, A)-1 = Homp(T<_1, X (A1) and
(4.5.2) Hom'3(T, A) <o = Homp(Ts0, Aco).

If T is a complex of R—R/°-bimodules, and A is a complex of R—S°-bimodules, then
Hom'3(T, A) is a complex of R'-S°-bimodules.

The proof of the next proposition is standard and omitted.

(4.6) Proposition. The pinched Hom defined in (4.4)) yields a functor
Hom'z(—, —): C(R-R°)°P x C(R-S°) — C(R'-S°);
in particular, it yields a functor C(R)°P x C(R) — C(k). Moreover, it is k-bilinear

and left exact in each variable. O

(4.7) Theorem. Let M be an R-complex with a complete projective resolution
T — P — M. Let A be an acyclic R-complex and set N = Zo(A). For every i € Z
there is an isomorphism of k-modules

H_;(Hom'3(T', A)) = Exti (M, N).
If A is a complex of R—S°-bimodules, then the isomorphism is one of S°-modules.

Notice that if N is an R-module and A is the acyclic complex 0 — N — N — 0
with N in degrees 1 and 0, then one has Hom'z(T, A) = Hompg(T, N).

Proof. The quasi-isomorphisms
T X YA, — N and e: N — Ay,
with egmg = 9{'s, yield quasi-isomorphisms

HomE(T, A)sq = Homp(T<_1,N) and Homp(Tso,N) =5 HomE(T, A)co;
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see (4.5.1), (4.5.2), and [6, prop. 2.6]. It follows that there are isomorphisms
H;(Homp (T, A)) = H;(Hompg(T, N)) for all i € Z\ {1,0}. To establish the desired
isomorphism for ¢ € {0,1}, consider the following diagram with exact columns.

0

|

HOHlR(TLl7 Zl(A)> i i
Hom'3 (T, A)g — Hom's (T, A); Hompg(T, N)o — Hompg (T, N)_;
HOI’II(T_QJF())JV HOIn(T_lJTO)J, >< J'Hom(To €o) iHom(Tl,eo)
Homp(T, N)y — Hompg(T, N); Hom'’n (T, A)g —— Hom'’3(T, A)_4
J, J' J'HomR(ToﬁéA)
0 0 Hompg(To,B-1(4))
0

The identity eymy = 0f'c ensures that the twisted square is commutative; also the
other two squares are commutative by functoriality of the Hom functor.

To see that Hompg(T_1,m) induces an isomorphism from H;(Hom’s(7, A)) to
H;(Hompg(T, N)), notice first that it maps boundaries to boundaries by commuta-
tivity of the left-hand square. For a cycle ¢ in Z;(Hom's(T, A)) one has

(Homp(Tp, €9) o 8F°mR(T’N) o Hompg(T-1,7))(¢) = 0,

by commutativity of the twisted square. As Hompg (7T, €o) is injective, it follows that
Homp(T-1,m)(¢) is in Z1(Hompg (T, N)), so there is a well-defined homomorphism

H(Hompg(T_1,70)): Hi(Hom3(T, A)) — Hy (Homg(T, N)).

It is immediate by surjectivity of Hompg(T-1, 7o) and commutativity of the twisted
square that H(Hompg(7T_1, mp)) is surjective. To see that it is also injective, let ¢ be a
cycle in Hom's(T, A); and assume that one has Homp(T_1,70)(¢) = a?omR(T’M(a)

for some element a in Hompg (7T, N)2 = Hompg(T_2, N). For any preimage £ of «

in Homp(T_5, A1) € Hom'% (T, A)a, the element ¢ — 6H0mR (T4) (¢) in Hom3(T, A);
maps to 0 under Homp(7T_1, ), so it belongs to HomR(T_l, Z1(A)). AsT_; is
projective and A is acyclic, there exists a homomorphism 9 in Hompg(T-1, A3) C
Hom'n (T, A), such that one has

¢ AN () = oyl =~ T ().
It follows that ¢ is a boundary, ¢ = (“)2HomR(T’A (& — 1), whence H(Hompg(T-1, 7))

is an isomorphism.

From the commutativity of the right-hand square, it follows that Homg(Tp, €o)
maps cycles to cycles. Let 8 be a boundary in Hompg(7, N)g and choose a preim-
age a of f in Hompg(T,N);. By surjectivity of Hompg(T_1,7p) this « has a
preimage o' in Homg(T A)l, and by commutativity of the twisted square one
has Hompg (T, €0)(8) = aH‘m‘R(T A)( ). Thus, Hompg(To, ¢g) maps boundaries to
boundaries, whence it it 1nduces a homomorphism

H(Hompg(Ty, €0)): Ho(Hompg(T, N)) — Ho(Hom'x(T, A)).
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It follows immediately from injectivity of Hompg (7o, €g) and commutativity of the
twisted square that H(Hompg(7p, €p)) is injective. To see that it is surjective, let

¢ be a cycle in Hom’3(T, A)o; one then has 0 = 9 <°C = Homp(Tp, 92)(¢). By
exactness of the second column from the right, it now follows that ¢ is in the image
of Hompg(Tp, €9), and by injectivity of Hompg(71, €) it follows that the preimage of
¢ is a cycle in Hompg(T, N)o. Thus, H(Hompg (T, €)) is an isomorphism.

The claim about S°-module structures is immediate from Construction .

The next result is a pinched version of Hom-tensor adjunction.

(4.8) Proposition. LetT be an R-complex, let A be a complex of S—R°-bimodules,
and let B be an S-module. The map

0: Homg (T @%. A, B) — Hom's(T, Homg (A, B))
given by

Y(t®o(a)) forn>1
Y(t®a) forn <0

is an isomorphism of k-complexes.
Moreover, if T' is a complex of R—R/°-bimodules, and B is an S—S’°-bimodule,
then ¢ is an isomorphism of complexes of R'—S’°-bimodules.

Proof. For n > 1 one has

Homg(T ®'%. A, B),, = Homg((T ®'%. A)_p, B)
= Homs(@P,__,, T ®re (EA)—n—i, B)
and
@, , Homp(T;, Homg(A_,,_;_1,B)) = @, Hompg(T;, Homg(A, B)iyni1)
= @i_:l_n Hompg (T}, (X~ 'Homg (A, B))itn)
= Hom'3 (T, Homg (A, B)),,.

The map g, given by 0,(¢)(t)(a) = Y(t ® o(a)), for t € T; and a € A_,,_;_1 is,
up to o, just the Hom-tensor adjunction isomorphism of modules. Thus, g, is an
isomorphism of k-modules. Moreover, still for n > 1, one has

0 (D777 TR () () )

(= (Lo o)
1ol @ o(a)
~)"p (97 (1) @ o(a) + (~1)1t @ 07 (0(a))
~1)"(07 (1) ® 0(a) — ()t © 0(0%(a)))

~1)" (@ 0(9% (@) + (<1907 (1) © o(a)
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and

(opgyRTaoms ™o (1)) (8)(a)
= (0% Mo g () = (1) 0041 ()07 () ()
= (=D)ler @Ol () (#)(0%(a)) — (=1)"  opr1 () (0T (1)) (a)
= (=)™t © 0(04(a))) + (-1)"$(0 (1) @ 0 (a))

aHomR(T ‘Homgs (A,B)) Homs (T® 50 A,B)

That is, the identity holds for n > 1

On+1 Qnan.:,_l
By (3.3.1)) and (4.5.1) there are equalities of k-complexes
HomS(T ®§o A, B)g@ = HOms(T>O X Ro A;O> B) and
Hom'’s (T, Homg(A, B))<o = Hompg(T>0, Homg (A=, B)).
Thus, for n < 0 the map g, is the degree n component of the Hom-tensor adjunction

isomorphism Homg(T-0 ® ge A>o, B) =, Hompg(T%0, Homg (Ao, B)).
To prove that g is an isomorphism of k-complexes, it remains to verify the identity

> >
8?°mR(T’H°mS(A’B))Ql = QOG?OHIS(TQ@RC’A’B). For t € Ty and a € Ag one has

00 (07 TERAB) (1)) (1) (@) = 00 (405 “ ) (1) (a)
= (97 (t) ® 00" (a))

and
(1o R Homs (B o (1)) () (a) = (915 Pe01 (1) (07 (1)) (a)

= 01(¥) (8" (1)) (0" (a))
= (0" (1) ® 00" (a))

as required. Finally, the statements about extra module structures are evident in
view of the remarks made in and ( . (]

(4.9) Proposition. Assume that R is commutative. Let M be an R-complex with
a complete projective resolution T'— P — M and let N be a Gorenstein projective
R-module with complete projective resolution T'. For every projective R-module
Q@ and every i € Z there is an isomorphism of R-modules

H_;(Homp(T @3 T', Q)) = Ext’y (M, Homg(N, Q)).

Proof. The R-complex Hompg(7T", Q) is acyclic, and Hompg(N, @) is the kernel of
the differential in degree 0. The assertion now follows from Proposition (4.8)) and

Theorem (|4.7)). O

(4.10) Corollary. Assume that R is commutative. Let M and N be Gorenstein
projective R modules with complete projective resolutions T and T, respectively.
If one has Tor (M,N) =0 for all i € Z, then the complex T ®@%T" of projective
R-modules is acychc and the following conditions are equivalent.

(i) The R-complex T ®% T" is totally acyclic.

(i) For every projective R-module @) one has E/);th(M, Hompg(N,Q)) = 0 for all

1€ Z.

When these conditions hold, the R-module M ®r N is Gorenstein projective with
complete projective resolution T % T".
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Proof. By construction the complex T'®’% 1" consists of projective R-modules,
and one has Co(T @3 T") =2 M ®p N. The assumption that the Tate homology
’f(;f”(M, N) vanishes implies that T ®% T" is acyclic; see Theorem . The
equivalence of (i) and (ii) now follows from Proposition 7 and the last assertion
is then evident. |

5. TATE COHOMOLOGY IS BALANCED

For R-modules M and N, a potentially different approach to Tate cohomology
E}R}a(M ,IN) uses a resolution of the second argument N. The resulting theory,
which is parallel to the one developed in [3], [5l, 4], was outlined by Asadollahi and
Salarian in [I]. In this section we use the pinched complexes to show that when
both approaches apply, they yield the same cohomology theory.

(5.1) Complete injective resolutions. A complex U of injective R-modules is
called totally acyclic if it is acyclic, and the complex Homg(J, U) is acyclic for every
injective R-module J.

A complete injective resolution of an R-complex N is a diagram

(5.1.1) N ST1-50U,

where ¢ is a semi-injective resolution, U is a totally acyclic complex of injective
R-modules, and v; is an isomorphism for ¢ < 0.

(5.2) Gorenstein injectivity. An R-module E is called Gorenstein injective if
there exists a totally acyclic complex U of injective R-modules with Zo(U) & E.
In that case, the diagram E — U.o — U is a complete injective resolution, and for
brevity we shall often say that U is a complete injective resolution of E.

The Gorenstein injective dimension of an R-complex N, written Gidg N, is the
least integer n such that there exists a complete injective resolution where
v; is an isomorphism for all ¢ < —n. In particular, Gidg N is finite if and only if NV
has a complete injective resolution. Notice that H(V) is bounded below if Gidg N
is finite; indeed, there is an inequality

(5.2.1) Gidg N > —inf H(N).

If N is an R-complex of finite injective dimension, then there is a semi-injective

resolution N —— I with I bounded below, and then N — I — 0 is a complete
injective resolution; in particular, N has finite Gorenstein injective dimension.

(5.3) Proposition. Let N be an R-complex with a complete injective resolution
N — I —U. Let A be an acyclic R-complex and set M = Cy(A). For every i € Z
there is an isomorphism of k-modules

H;(Hom'3 (A, U)) = H;(Hompg (M, U)).
If A is a complex of R—S°-bimodules, then the isomorphism is one of S-modules.

Notice that if M is an R-module and A is the acyclic complex 0 = M — M — 0
with M in degrees 0 and —1, then one has Hom’s(A,U) = Hompg(M,U).

Proof. The quasi-isomorphisms

T Asg — M and e: M ——= Y (A, ),
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with egmo = 0dg', induce quasi-isomorphisms
Homp(M,Uy) — Hom’s(A,U)o and
Hompg(ZA._1,Us1) — Homp(M,Us,);
see and [0, prop. 2.7]. There is an equality of graded k-modules
Homp(XA. _1,Us;) = HomR(A,U)xq,

and one has —9HoMr(FA<—1.Uz1) = gHomRZ(AU)z1 | It follows that there are isomor-
phisms H;(Hom's (A, U)) = H;(Hompg(M,U)) for i # 1,0. To establish the desired
isomorphism in the remaining two degrees, consider the following diagram with
exact columns.

0
HOmR<B,2(A),U1) 0 0
Hom(BAl,Ul)l l J
Hom'’y (A, U)y — Hom'z (A, U); Homp(M,U)y — Homp(M,U)_,

— Hom(eo,Uz) Hom (eo,U1) Hom (m0,Uo) Hom (m0,U_1)
| | >< | |

Homp(M,U)y — Homp(M,U), Hom'y(A, U)oy — Hom's (A, U)_;

| | |

0 0 HOIHR(Bo(A),U(J)
|
0

The identity egmy = 066‘ ensures that the twisted square is commutative; also the

other two squares are commutative by standard properties of the Hom functor.
To see that Hompg(€g, Ur) and Hompg(mg, Up) induce isomorphisms in homology,

one proceeds as in the proof of Theorem . O

If M is a Gorenstein projective R-module with complete projective resolution
T, and N is a Gorenstein injective R-module with complete injective resolution U,
then Theorem (4.7)) and Proposition (5.3)) yield

Extiy (M, N) = H_;(Hom’3(T, U)) = H_;(Hompg (M, U)).

That is, the Tate cohomology of M with coefficients in N can be computed via
a complete injective resolution of N. What follows is a balancedness statement
that shows that for appropriately bounded complexes—for modules in particular—
one can unambiguously extend the notion of Tate cohomology E}Rﬁ(M ,N) to the
situation where N has a complete injective resolution; see Definition .

(5.4) Theorem. Let M be a bounded above R-complex with a complete projective
resolution and let N be a bounded below R-complex with a complete injective
resolution N — I — U. For every i € Z there is an isomorphism

Extiy (M, N) = H_;(Homg (M, U)).



TATE (CO)HOMOLOGY VIA PINCHED COMPLEXES 19

Proof. Set n = sup{—inf N, Gidg N}; then the module Z_,(I) = Z_,(U) is
Gorenstein injective with complete injective resolution Z_,,(I) — X"I_, — X"U.
Further, set m = Gpdy M and let I — P — M be a complete projective resolution;
then the module C,,,(P) = C,,(T) is Gorenstein projective with complete projective
resolution X ~"T — X "™P,,, — C,,(P). In the next chain of isomorphisms, the
first one follows from Lemma , the second and third follow from Theorem
and Proposition , and the last one follows by dimension shifting.

Extiz (M, N) = Extyy ™" (Cou(P), Zn (1))
~ H,y oy i(Hom'y (X~ ™T, £"U))
= Hppyn—i(Hompg(Cyp (P), X"U))
~ H,,_;(Homg(C,,(P),U)).
Finally, an argument parallel to the one for Lemma (b) yields isomorphisms
H_;(Homg(M,U)) 2 H_;(Homg (P, U)) 2 Hy—;(Hompg(C,, (P),U));
this time it is [0, lem. 2.5] that needs to be invoked. O

(5.5) Definition. Let N be a bounded below R-complex with a complete injec-
tive resolution N — I — U. For every bounded above R-complex M, the Tate
cohomology of M with coefficients in N is given by

Extiy (M, N) = H_;(Hompg (M, U)).

(5.6) Remark. A fact parallel to (2.2) guarantees that the definition above is
independent (up to isomorphism) of the choice of complete resolution; in particular,
one has the following parallel of (4.1.1)),

(5.6.1) Exti (M, N) = Exti(M,N) for i > Gidg N + sup M.
Other standard results similar to (2.5)—(2.9) are established in [I]. In that paper,
i

the notation e/)&}k%(M , IN) is used for the cohomology defined in (5.5, and it is shown
to agree with the notion from [3| 5, 4], see (4.1)), over commutative Noetherian
local Gorenstein rings.

More generally, for a module N with a complete injective resolution, Nucinkis’
[12] notion of I-complete cohomology agrees with Tate cohomology as defined in
. Similarly, for a module M with a complete projective resolution, the P-
complete cohomology of Benson and Carlson [4], Vogel/Goichot [§], and Mislin [11]
agrees with Tate cohomology in the sense of . Nucinkis proves [12, thm. 5.2,
6.6, 7.9] that P- and I-complete cohomology agree over rings where every module
has a complete projective resolution and a complete injective resolution.

The next result establishes a pinched version of the Hom swap isomorphism. It
is proved in the same fashion as Proposition (4.8]).
(5.7) Proposition. Let T be an R-complex, let B be an S°-module, and let U be
a complex of R—S°-bimodules. The map
¥: Homgo (B, Hom’s(T,U)) — Hom's(T, Homge(B,U))

given by
Un(¥)(£)(b) = ¥ (b)(?)

is an isomorphism of k-complexes.
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Moreover, if T is a complex of R—R'°-bimodules, and B is an S’-S°-bimodule,
then 9 is an isomorphism of complexes of R'—S'°-bimodules. (]

(5.8) Proposition. Assume that R is commutative. Let M be an R-complex with
a complete projective resolution T — P — M and let N be a Gorenstein injective
R-module with complete injective resolution U. For every injective R-module J
and every i € 7 there is an isomorphism of R-modules

H_;(Homp(J, Hom'3(T, U))) = Ext’y (M, Hompg(J, N)).

Proof. The complex Hompg(J,U) is acyclic and Homp(J, N) is the kernel of the
differential in degree 0. The assertion now follows from Proposition (5.7) and

Theorem (|4.7)). O

(5.9) Corollary. Assume that R is commutative. Let M be a Gorenstein projective
R-module with complete projective resolution T and let N be a Gorenstein injective
R-module with complete injective resolution U. If one has E;}?(M, N) =0 for all
i € Z, then the complex HomD;(T, U) of injective R-modules is acyclic, and the
following conditions are equivalent.

(i) The R-complex Hom'’s(T,U) is totally acyclic.
(@) For every injective R-module J one has Ex\tlk(M, Homp(J,N)) = 0 for all
ieZ.
When these conditions hold, the R-module Homp(M, N) is Gorenstein injective
with complete injective resolution Hom's(T,U).

Proof. By construction the complex HomE(T ,U) consists of injective R-modules,
and one has Zo(Hom'x(T,U)) = Homp(M,N). The assumption that the Tate
cohomology E}?ﬁ’ﬁ(M , N) vanishes implies that Hom's (T, U) is acyclic; see Theo-
rem ([£.7). The equivalence of (i) and (ii) now follows from Proposition (5.8)), and
the last assertion is then evident. (]

6. LOCAL ALGEBRA

Throughout this section R denotes a commutative Noetherian local ring with max-
imal ideal m. Recall that every projective R-module is free. An acyclic complex T'
of finitely generated free R-modules is totally acyclic if and only if Homg(T, R) is
acyclic. For an R-module M we use the standard notation M* for the dual module
Homp (M, R). A finitely generated R-module G is Gorenstein projective if and only
if one has

G=G* and Exth(G,R)=0=Exth(G*,R) foralli>1,

see [3], and following op. cit. we use the term totally reflexive for such modules.

A complex F' of finitely generated free R-modules is called minimal if one has
O(F) C mF; see [3] sec. 8]. A complete projective resolution 7' — P — M is called
minimal if 7" and P are minimal complexes of finitely generated free R-modules. By
[, thm. 8.4] every finitely generated R-module M of finite Gorenstein projective
dimension has a minimal complete projective resolution 7" — P — M, and it is
unique up to isomorphism. The invariants Bn (M) =rankp T,, are called the stable
Betti numbers of M; for n > Gpdy M they agree with usual Betti numbers.
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(6.1) Theorem. Let M and N be totally reflexive R-modules with complete pro-
jective resolutions T and T’, respectively. If one has Tor®(M,N) = 0 for all
i € Z, then the complex T @3 T’ of finitely generated free R-modules is acyclic
with Co(T @5 T') = M ®r N, and the following conditions are equivalent.

(i) The R-complex T ®'% 1" is totally acyclic.

(#) One has E)?E%(M, N*)=0 for all i € Z.
(iit) The R-module M ®pr N is totally reflexive.

When these conditions hold, T ®'% T" is a complete projective resolution of M®@p N .
It is minimal if and only if T and T’ are minimal; in particular, one has

Bi(M ®@g N) = {ZOQQ@(M)@J‘(N), forz: >0
dicj<oBi(M)Bi—j—1(N), fori<0

Proof. By Construction the complex 7' ®’% T” consists of finitely generated
free R-modules, and the assumption that Tate homology ﬂf(M ,N) vanishes
implies that 7' ®'% T" is acyclic; see Theorem (3.5). To prove equivalence of the
three conditions it suffices, in view of Corolla7 to prove the implication
(11i) = (7). Assume that Co(T ®FT") = M ®p N is totally reflexive. It follows
immediately that the syzygies of M ®g N, i.e. C;(T @3 T") for i > 1 are totally
reflexive as well. For i < —1 it follows that C;(T ®'% T”) has finite Gorenstein pro-
jective dimension. The Krull dimension d of R is an upper bound for the Gorenstein
projective dimension of any R-module, so C;(T'®%5 T”) is totally reflexive as it is
the dth syzygy of C;_q(T ®%5 T"); see [6, thm. 3.1]. Thus, each module C;(T ®'% T")
is totally reflexive, and then T' ®’%5 T” is totally acyclic by [3, lem. 2.4].

The assertions about minimality follow immediately from Construction ,
and so does the equality of stable Betti numbers. O

(6.2) Corollary. Let R be Gorenstein and let M and N be totally reflexive R-modu-
les with (minimal) complete projective resolutions T and T, respectively. If one

has Tor® (M, N) = 0 for all i € Z, then M ®p N is totally reflexive with (minimal)
complete resolution T @ T".

Proof. As R is Gorenstein, every acyclic complex of projective modules is totally
acyclic; see [3, lem. 2.4]. O

For modules M and N of finite Gorenstein projective dimension, vanishing of
Tate homology Torf(M, N) yields information about the complex M ®% N that

encodes the absolute homology Torf‘(M ,N); we pursue this line of investigation
in [7]. This paper we close with an interpretation of the Tate homology modules

ﬂ"(lf (M,N) and T(;rﬁl(M7 N) in terms of a natural homomorphism.

(6.3) Proposition. Let M and N be finitely generated R-modules. If M is totally
reflexive, then there is an exact sequence of R-modules

0 — Torf(M,N) = M @ N 22 Homp(M*, N) — Tor®, (M, N) — 0,
where 0 is the natural homomorphism given by x @ y — [¢ — ¢(x)y].

Proof. Let T'— P — M be a minimal complete projective resolution. The natural
map Opn: FF Qg N — Hompg(F*, N) is an isomorphism for every finitely generated
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free R-module F. Let 0: To ®r N — Hompg(T*,, N) be the homomorphism given
by t ® y — [ = p(0T(¢))y], then the following diagram is commutative.
"-4)T1®RN4)T0®RN*)T,1 ®RN—>T,2®RN4)-“

| 1 .

Ty @ N — Ty @ N —%5 Hompg(T*,, N) — Homp(T* 5, N) — - - -
Thus, Tate homology 'fc;f (M, N) can be computed from the bottom complex. Let
7: Ty — M and e: M — T_; be the natural homomorphisms with er = 91, and

consider the commutative diagram

=Ty @ N— Ty @ N — Homp(T*,, N) — Homp(T*y, N) — - - -

J, J‘n’@N THom(Hom(e,R),N) T

0——— M & N > Homp(M*,N) ———0

| |

0 0
A straightforward diagram chase shows that the homomorphisms 7 ®p N and
Hompg(Hompg(e, R), N) induce isomorphisms in homology. O

The next statement is proved similarly; see [3, lem. 5.8.(3)].

(6.4) Proposition. Let M and N be finitely generated R-modules. If M is totally
reflexive, then there is an exact sequence of R-modules

0 — Ext; (M, N) = M* @z N 222, Homp (M, N) — Ext%(M, N) — 0,

where vy is the natural homomorphism given by ¢ @ y — [z +— ¢(x)y]. O
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