LINKAGE CLASSES OF GRADE 3 PERFECT IDEALS
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ABSTRACT. While every grade 2 perfect ideal in a regular local ring is linked
to a complete intersection ideal, it is known not to be the case for ideals of
grade 3. We soften the blow by proving that every grade 3 perfect ideal in a
regular local ring is linked to a complete intersection or a Golod ideal. Our
proof is indebted to a homological classification of Cohen—Macaulay local rings
of codimension 3. That debt is swiftly repaid, as we use linkage to reveal some
of the finer structures of this classification.

1. INTRODUCTION

Let R be a local ring with maximal ideal m and residue field k¥ = R/m. The
difference between the embedding dimension and depth of R,

edim R = rank;, m/m? and depth R = inf{i € Z | Ext’y(k,R) # 0},

i.e. the number ¢ = edim R — depth R, is called the embedding codepth of R. Rings
with ¢ = 0 are regular, rings with ¢ = 1 are hypersurfaces, and for rings with ¢ = 2
there are two possibilities: complete intersection or Golod. For ¢ = 3 the field of
possibilities widens: Such rings can be Gorenstein and not complete intersection,
or they may not even belong to any of the classes mentioned thus far. There is,
nevertheless, a classification of local rings of embedding codepth 3. It is based on
multiplicative structures in homology, and the details are discussed below.

In the 1980s Weyman [14] and Avramov, Kustin, and Miller [4] established a
classification scheme which—though it is discrete in the sense that it does not
involve moduli—is subtle enough to facilitate a proof of the rationality of Poincaré
series of codepth 3 local rings, an open question at the time. For this purpose it
was not relevant to know if local rings of every class in the scheme actually exist,
and it later turned out that they do not. In 2012 Avramov [3] returned to the
classification and tightened it; that is, he limited the range of possible classes. This
was necessary to use the classification to answer the codepth 3 case of a question
ascribed to Huneke about growth in the minimal injective resolution of a local ring.
In the same paper [3, Question 3.8], Avramov formally raised the question about
realizability: Which classes of codepth 3 local rings do actually occur? This paper
deals with aspects of the realizability question that can be studied by linkage theory
and, in turn, provide new insight on linkage of grade 3 perfect ideals.
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To discuss our contributions towards an answer to the realizability question, we
need to describe the classification in further detail. The m-adic completion RofR
is by Cohen’s Structure Theorem a quotient of a regular local ring. To be precise,
there is a regular local ring @ with maximal ideal 9t and an ideal J C 92 with
Q/3 = R. The Auslander-Buchsbaum Formula thus yields

¢ = edim Q — depth R= depth @ — depthg R= pdg R.
For ¢ = 3, Buchsbaum and Eisenbud [7] show that the minimal free resolution
F, = O*)Fg‘)FQ‘)FlﬂFO

of R over Q@ has a structure of a commutative differential graded algebra. The
multiplicative structure on F, induces a graded-commutative algebra structure on
Tor®(R, k) = H,(F, ®q k); as a k-algebra, Tor® (R, k) is isomorphic to the Koszul
homology algebra H(K %), in particular it is independent of the presentation of R
and the choice of F,. The multiplicative structure on Tor? (R, k) is the basis for the
classification. In [4] the possible multiplication tables are explicitly described, up to
isomorphism; they are labeled B, C(3), G(r), H(p, q), and T, where the parameters
p, ¢, and r are non-negative integers bounded by functions of the invariants m =
rankg F1, called the first derivation of R, and n = rankg F3, called the type of
R. Thus, for fixed m and n there are only finitely many possible structures, and
[B, Question 3.8] asks which ones actually occur. It is known that a complete
answer will have to take into account the Cohen—Macaulay defect of the ring; in
this paper we only consider Cohen—Macaulay rings, and our main result pertains
to the two-parameter family:

1.1 Theorem. Let R be a Cohen—Macaulay local ring of codimension 3 and class
H(p,q). Let m and n denote the first derivation and the type of R. The inequalities

p<m-—1 and qg<n
hold, and the following conditions are equivalent
(1) p=n+1 (15) ¢g=m —2 (5)) p=m—1 and gq=n.
Otherwise, i.e. when these conditions are not satisfied, there are inequalities
p<n—1 and g<m-—4
with

p=n—1 onlyif g=sm—4 and g=m-—4 onlyif p=n-—1.
The first set of inequalities in this theorem can be read off immediately from the
multiplication table for Torf2 (R, k), see 1} and the equivalence of conditions
(4)—(744) is known from [3| Cor. 3.3]. Thus, what is new is the “otherwise” statement.
The inequalities p < n — 1 and ¢ < m — 4 are proved in Section p| and the last
assertions about equalities and congruences are proved in Section [6}

To parse the theorem it may be helpful to visualize an instance of it. For m =7
and n = 5 the parameter p can take values between 0 and m — 1 = 6, and ¢ can
take values between 0 and n = 5; thus the classes fit naturally in a 7 x 6 grid; see
Table It follows from the theorem that at most 17 of the 42 fields in the grid

are populated, and in the experiments that informed the statement of Theorem [I1]
we encountered all of them; we discuss this point further in Section
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H(6,5)
H(0,3) H(2,3) H(4,3)
H(0,2) H(1,2) H(2,2) H(3,2)
H(0,1) H(1,1) H(2,1) H(3,1) H(4,1)
H(0,0) H(1,0) H(2,0) H(3,0)

TABLE 1.1. For m = 7 and n = 5 the innate bounds p < 6 and ¢ < 5
are optimal. Theorem [1.1]| exposes a finer structure to the classification
that precludes 25 of the 42 classes H(p, ¢) within these bounds.

* ok X

If R and, therefore, Ris Cohen—Macaulay of codimension 3, then the defining ideal
J with R = Q/7 is perfect of grade 3. We obtain Theorem as a special case of
results—Theorems [5.4] and [6.1}—about grade 3 perfect ideals in regular local rings.

Our main tool of investigation is linkage. It is known that every grade 2 perfect
ideal in @ is linked to an ideal J such that the local ring /7 is complete intersection;
such ideals are called licci. Not every grade 3 perfect ideal is licci, see for example
[9, Prop. 3.5], but as a special case of Theorem we obtain:

1.2 Theorem. Every grade 3 perfect ideal in a regular local ring @ is linked to a
grade 3 perfect ideal 3 C @) such that QQ/J is complete intersection or Golod.

The paper is organized as follows. We recall the details of the classification from
[4, [T4] in Section [2l The motor of the paper is Section [3} it has four statements
that track relations between the multiplicative structures on the Tor algebras of
linked ideals. As a first application of these statements, Theorem is proved in
Section[3} the proofs of the four statements themselves are deferred to the Appendix.
The applications to the classification scheme begin in Section [4 and continue in
Sections [f] and [6] which contain the proof of Theorem In Section [7] we provide
a summary of the status of the realizability question.

2. MULTIPLICATIVE STRUCTURES IN HOMOLOGY

Throughout this paper, () denotes a commutative noetherian local ring with max-
imal ideal 9T and residue field k = Q/M. For an ideal 3 C @ with pdg Q/J = 3,
let F, — (/7 be a minimal free resolution over @) and set

my = rankqg I and ny = rankg F3 ;

if @ is regular, then these numbers are the first derivation and the type of Q/J.
Notice that one has rankg Fy = 1, which forces rankg Fo = my +ny — 1 as F, has
Euler characteristic 0.

2.1. By aresult of Buchsbaum and Eisenbud [7] the resolution F, has a structure of
a commutative differential graded algebra. This structure is not unique, but the in-
duced graded-commutative algebra structure on A, = H,(F, ®¢ k) = Tor?(Q/3, k)
is unique. By [4] there exist bases

e1,...,6m, for Ay, fi,. .. fn 4n,—1 for Ay, and gi,...,8,, for Ag
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such that the multiplication on A, is one of following:
0(3) I €169 = f3 €9€3 — fl €3€1 = f2 eifi = g1 for 1 < ) < 3

T: €1€9 = f3 €9€3 = fl €3€] = f2

(2.1.1) B: eep="f3 eifi =g for 1<i<2
G(r): [r>=2] efi=gy for 1<i<r
H(p, q) L €pr1€ = fj, for 1 g ) g p ep+1fp+j =gj for 1 g < q

Here it is understood that all products that are not mentioned—and not given by
those mentioned and the rules of graded commutativity—are zero. We say that
J, or Q/3J, is of class C(3) if the multiplication on A, is given by C(3) in (2.1.1));
similarly for B, G(r),H(p, ¢), and T.

2.2. To deal with the multiplicative structures on A, it is helpful to consider a few
additional invariants; set

py =rankg A1-Ay, gy =rankig A;-As, and 7y = ranky 52A

where §%2: Ay — Homy (A1, A3) is defined by 65 (f)(e) = fe for e € A; and f € A,.
Depending on the class of J, the values of these invariants are

Class of J
B

C(3)

G(r) [ > 2]
H(p, q)

T

<
()

(2.2.1)

ww o w3
o = =R
o S W

2.3. Recall that an ideal X C @ is called complete intersection of grade g if it
is generated by a regular sequence of length g. For such an ideal the minimal
free resolution of Q/X over @ is the Koszul complex on the regular sequence. In
particular, a complete intersection ideal is perfect. A perfect ideal of grade g is
called almost complete intersection if it is minimally generated by g + 1 elements.
For a grade 3 perfect ideal J C @ one has m5 > 3, and the next conditions are
equivalent; for the equivalence of (i) and (#i7) see the remark after [4, Def. 2.2].

(@) T is of class C(3).
(4ii) T is complete intersection.
v)

(i

2.4. Recall that an ideal X C @ is called Gorenstein of grade g if it is perfect of
grade g with nyx = 1, in which case one has EXt%(Q/:{, Q)= Q/X.

If 3 C @ is Gorenstein of grade 3, then J is of class C(3) or of class G(my) with
odd my > 5; see the remark after [4, Def. 2.2].

We refer to [3, 1.4] for the following facts and precise references to their origins.

my =3 and ny = 1.

2.5. Assume that @ is regular, and let J C @) be a grade 3 perfect ideal.
(a) The ring /7 is complete intersection if and only if J is of class C(3).

(b) The ring /7 is Gorenstein and not complete intersection if and only if J is
of class G(my) with ny = 1.
(¢) The ring @Q/7 is Golod if and only if J is of class H(0, 0).
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3. MULTIPLICATION IN TOR ALGEBRAS OF LINKED IDEALS

Let 2 C @ be a grade 3 perfect ideal. Recall that an ideal %6 C @ is said to be
directly linked to 21 if there exists a complete intersection ideal X C 2l of grade 3
with B = (X : ). The ideal B is then also a perfect ideal of grade 3 with X C B,
and one has A = (X : B); see Golod [10]. In particular, being directly linked is a
reflexive relation. An ideal B is said to be linked to 2l if there exists a sequence
of ideals A =By, B1,...,B,, = B such that B, is directly linked to B; for each
1=0,...,n— 1. Evidently, being linked is an equivalence relation; the equivalence
class of 2 under this relation is called the linkage class of 2.
3.1 Proposition. Let 2l C @) be a grade 3 perfect ideal.
(a) If A is of class B, then it is directly linked to a grade 3 perfect ideal B with
my = nyg+2, N = mg —3, and py = 2.
Moreover, ‘B is of class H.
(b) If 2 is of class G, then it is directly linked to a grade 3 perfect ideal B with
my = ng+3, ny = my—3, and pp > min{ry,3}.
Moreover, ‘B is of class H.

(c) If 2 is of class T with mg > 5, then it is directly linked to a grade 3 perfect
ideal B with

my = nyg+3, Ny = mg—3, and qgun = 2.

In particular, B is of class H.
(d) If A is of class T, then it is directly linked to a grade 3 perfect ideal B with

my =ny+2, Ny = myg—3, g =1, and rg =>2.

In particular, B is of class B or G.
(e) If A is of class T, then it is directly linked to a grade 3 perfect ideal B with

my = nyg and Ny = Mg — 3.
Proof. See[A6 ]

The next three propositions deal with rings of class H the way Proposition
deals with rings of class B, G, and T.

3.2 Proposition. Let A C @ be a grade 3 perfect ideal. If 2 is of class H with
mg — 3 = pyi, then it is directly linked to a grade 3 perfect ideal B with

mep =ng+3, Ny =mg —3, pPn =qu, and qxp = Py -
Moreover, the following assertions hold:

(a) If py > 1, then py = qu-

(b) If py > 2, then B is of class H(qg(, ).
(c) If gu > 2, then g = py.
(d) If go > 3, then B is of class H( -, py).

If g9 = 1 and py = 0, then B is of class H.

)

)

)
(e) If gy = 1, then B is of class B or H.
(f)

) If B is of class G, then rg < mg — 2.
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Proof. See O

3.3 Proposition. Let 2 C @ be a grade 3 perfect ideal. If 2 is of class H with
mg — 2 > pg = 1, then it is directly linked to a grade 3 perfect ideal 26 with
me =ny+2, ng=my—3, pp=qu, and gp =py—1.

Moreover, the following assertions hold:

(a) If pa = 2, then py = qu.
) If po > 3, then B is of class H(qq, - ).
) If gy > 2, then ¢y = py — 1.
d) If gy > 3, then B is of class H( - ,py — 1).
) If go = 1, then B is of class B or H.
) If gy = 1 = pg(, then B is of class H.
(g) Ifng =2 and pys = 3, then 2 is of class H(1,2) and B is of class T.

Proof. See[A8 O

3.4 Proposition. Let 2l C @ be a grade 3 perfect ideal. If 2 is of class H with
mg — 1 > pg > 2, then it is directly linked to a grade 3 perfect ideal B with
mp =ny+1, ng=my—3, py=qu, and gu =>py—2.

If ngg = 2, then gy = 2 and B is complete intersection. Moreover, if mg > 5 or
ng = 3, then the following assertions hold:

(a) If py > 3, then py = gy.

) > 4, then B is of class H(gy, - ).
(¢) If gy > 2, then g = py — 2.

) > 3, then *B is of class H( -, py — 2).

) If g = 1, then B is of class B or H.
(f) If gy = 1 and py = 2, then B is of class H.

Proof. See[AQ O

3.5. For a grade 3 perfect ideal J C @Q the quantity my + ny is a measure of the
size of the minimal free resolution F, of Q/J over Q. Indeed, one has

3
ZrankQ F, =2(m3 +nj5);
i=0
we refer to this number as the total Betti number of J. As one has my > 3 and
ny = 1 the least possible total Betti number is 8 and attained if and only if J is
complete intersection; see 2.3

The next corollary records the observation, already used in [4], that any grade 3
perfect ideal J with p5 > 0 is linked to an ideal with lower total Betti number.

3.6 Corollary. Let 24 C Q be a grade 3 perfect ideal not of class C(3). There
exists a grade 3 perfect ideal B that is directly linked to 2| and has

my + Ny < Mg+ Ny — min{ 2, py } .

Proof. Immediate from Propositions [3.1 [
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Theorem [T.2] from the introduction is a special case of the next result; see 2.5

3.7 Theorem. Every grade 3 perfect ideal in @) is linked to a grade 3 perfect ideal
of class C(3) or H(0,0).

Proof. Let 2l C @ be a grade 3 perfect ideal, and assume that 2 is not of class
C(3) or H(0,0). If pg = 0, then 2 is of class G or H per (2.2.1), so g > 1. It
now follows from Proposition b) and Proposition that 2 is linked to a grade
3 perfect ideal B with pys > 1 and mg + ny = mg + ng. Thus it follows from
Corollary that every grade 3 perfect ideal that is not of class C(3) or H(0,0)
can be linked to a grade 3 perfect ideal with smaller total Betti number, and ideals
of class C(3) have the smallest possible total Betti number; see O

4. GRADE 3 PERFECT IDEALS GENERATED BY AT MOST 5 ELEMENTS

Under the assumption that ) is Gorenstein, the next result can be deduced from
Avramov’s proof of [I, Thm. 2]; see also [3, 3.4.2]. The Gorenstein assumption is
used to invoke a result of Buchsbaum and Eisenbud [7], but it follows from later
work of Golod [I0] it is superfluous; see also Brown [0, Intro. to Sec. 2]. Here we
give a proof based on the results in Section

4.1 Theorem. Let A C @ be a grade 3 perfect ideal with mg = 4.
(a) If ny is odd, then ny > 3 and 2 is of class T.
(b) If ng >4 is even, then A is of class H(3,0).
(¢c) If ng = 2, then 2 is of class H(3,2).

In particular, one has py = 3 and gqg € {0,2}.

Proof. By the ideal 2 is not of class C(3). If 2 is of class B or G, then there
exists by Proposition a,b) a grade 3 perfect ideal B of class H with ng = 1;
that is, a Gorenstein ideal of class H. Per no such ideal exists, so 2 is of class
Hor T, cf. .

(a): Assume that ng is odd. It is immediate from and that ny cannot
be 1, so ng > 3 holds. To prove that the ideal 2 is of class T, assume towards a
contradiction that it is of class H. By @ one has po <mg —1=3. If pg <1
holds, then there exists by Proposition a grade 3 perfect ideal B with ng =1
and ms = ng + 3, which contradicts as ng + 3 is even. If py > 2 holds, then
Proposition [3.4] yields a similar contradiction.

(b): Assume that ng is even. To prove that the ideal 2 is of class H, assume
towards a contradiction that it is of class T. It follows from Proposition [3.1](d)
that there exists a grade 3 perfect ideal B with ng = 1 and mag = ng + 2, which
contradicts as ng + 2 is even. Thus 2 is of class H with py < 3, see ,
and we argue that equality holds. If py = 0, then 2 is by Proposition [3.2] linked
to a grade 3 perfect ideal 8 with ng = 1. By the ideal B is of class G(mss)
which contradicts g). If 1 < pa < 2 holds, then there exists by Proposition
a grade 3 perfect ideal B with ng = 1 and my = ng + 2, which contradicts as
ng + 2 is even. Thus, A is of class H with py = 3.

Assume now that ny > 4 holds. By Proposition a) the ideal 2 is linked to
a grade 3 perfect ideal B with ng = 1 and py = ¢9. By and one has
ps =0, so 2 is of class H(3,0).
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(¢): The argument above shows that 2 is of class H with py = 3. As ng = 2
Proposition [3.4] yields go = 2. O

The results in Section |3|easily yield the codimension 3 case of the fact that every
almost complete intersection ideal is linked to a Gorenstein ideal; see [7, Prop. 5.2].

4.2 Remark. Let 2 C @ be a grade 3 perfect ideal with mg = 4. It follows from

Theorem Proposition e), Proposition and that 21 is directly linked
to a Gorenstein ideal 8 with

ng if ng is odd;
m = . .
nyg +1 if ng is even.

From the proof of the theorem in J. Watanabe’s [I3] one can deduce that every
almost complete intersection ideal is linked to a complete intersection ideal. Here
is an explicit statement.

4.3 Proposition. Let 2 C @ be a grade 3 perfect ideal with mg = 4. There exists
a grade 3 perfect ideal of class C(3) that is linked to 2 in at most ng — 2 links if
ng Is odd and at most ng — 1 links if ng is even.

Proof. First assume that ng is even. If ngg = 2, then it follows from Remark
that 2 is directly linked to a Gorenstein ideal 6 with mg = 3, i.e. 9B is of class
C(3); see[2.3] Now let n > 2 be an integer and assume that the statement holds for
ideals 2" with ng = 2(n — 1). If ny = 2n, then it follows from Remark [4.2| that 2
is directly linked to a Gorenstein ideal 9 with mg = 2n+ 1. By Proposition (b)
there is an ideal 2 that is directly linked to B and has mys = 4 and ngv = 2(n—1).
By assumption 2’ is linked to an ideal of class C(3) in at most 2(n — 1) — 1 links,
so 2 is linked to the same ideal in at most 2+ 2(n — 1) — 1 = ny — 1 links.

Now assume that ng is odd. If ng = 3, then it follows from Remark [{.2)that 2 is
directly linked to a Gorenstein ideal B with mg = 3, i.e. B is of class C(3); see
If ng. = 2n + 1 for some n > 2, then it follows from Remark that 2 is directly
linked to a Gorenstein ideal 8 with mg = 2n+1. By Proposition b) there is an
ideal 2’ that is directly linked to B and has mgr = 4 and ng = 2(n — 1). By what
has already been proved, 2 is linked to an ideal of class C(3) in at most 2(n—1)—1
links, so 2 is linked to the same ideal in at most 2+2(n—1) —1 = ng — 2 links. O

The next result is proved by Brown [B, Thm. 4.5]. For completeness we include
a proof based on the results in Section

4.4 Proposition. Let A C @ be a grade 3 perfect ideal with mg > 5 and ng = 2.
If poe > 1, then the following assertions hold:

(a) A is of class B if my is odd.
(b) A is of class H(1,2) if mgy is even.
In particular, one has py = 1.

Proof. By the assumptions mg > 5 and ny = 2, the ideal 2 is not of class C(3),
see so the assumption pg > 1 implies that 2/ is of class B, H, or T'; see .
If A is of class T, then there exists by Proposition d) a grade 3 perfect ideal
B of class B or G with mg = 4, but by Theorem no such ideal exists.
If A is of class B, then there exists by Proposition a) a grade 3 perfect ideal
B of class H with mg = 4, and nyg = mg — 3, so mg is odd by Theorem
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Assume now that 2 is of class H. By one has pg < mg — 1, so if py > 2
holds, then there exists by Proposition [3.4] a grade 3 perfect ideal B with mg = 3
and ny = mg — 3 > 2, which contradicts Thus one has py = 1, and it now
follows from Proposition that 2 is linked to a grade 3 perfect ideal B with
my = 4, and ng = mg — 3. By Theorem one has pg = 3, so by g) the ideal
2 is of class H(1,2) and B is of class T. Now it follows from Theor that mgy
is even. The in particular statement is now immediate, see . (I

Proposition [3.1] applies to restrict the possible classes of five generated ideals.

4.5 Theorem. Let 2 C @) be a grade 3 perfect ideal with mg = 5. The following
assertions hold:

(a) A is of class B only if ng = 2.

(b) 2 is of class G only if ng = 1.

(¢) A is of class T only if ng > 4.

Notice that by part (b) a five generated ideal of class G is Gorenstein and hence

of class G(5); see

Proof. (a): If A is of class B, then it is by Proposition a) linked to a grade 3
perfect ideal B with

my =ny+2, ng =2, and py > 2.

If ng = 1, then one has mg = 3 and, therefore, ngs = 1 per a contradiction.
If ng > 3, then one has myg = ng + 2 > 5 so Proposition yields py = 1; a
contradiction.

(b): If A is of class G, then it is by Proposition [3.I{b) linked to a grade 3 perfect
ideal B with

my = ng+3, Ny = and py > min{ry,3} >2.

2 )
If ng > 2 holds, then one has mgp > 5 and hence py = 1 by Proposition [£.4} a
contradiction.
(c): If Ais of class T, then it is by Proposition [3.1f(e) linked to a grade 3 perfect
ideal B with mg = ny and ng = 2; by 2.3 this forces ng > 4. O

The next result was first proved by Sénchez [12].

4.6 Proposition. Let 2 C @ be a grade 3 perfect ideal. If mg > 5 and ng = 3,
then py # 3. In particular, 2 is not of class T.

Proof. Assume towards a contradiction that mg > 5 and ng = 3 = py hold. Per
the ideal 2 is of class H or T.

If A is of class H, then there exists by Proposition a) a grade 3 perfect ideal
B with mg = 4 and ps = g¢u. By Theorem [{.I] one has then py = 3 and,
therefore, qg = 3. Thus c) yields g = py — 2 = 1, which contradicts

If A is of class T, then it follows from Proposition d) there exists a grade 3
perfect ideal B in Q of class B or G with

my =5, ny=my—3, gs=1, and rg >2.

By Theorem [£.5]one has mg > 6 and, therefore, ng > 3, which contradicts[4.5] O
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5. CLASS H: BOUNDS ON THE PARAMETERS OF MULTIPLICATION

Throughout this section, the local ring @) is assumed to be regular.

5.1 Lemma. Let J be a grade 3 perfect ideal in Q. If J is not contained in 9?2,
then one has my — ny = 2.

Proof. Choose an element z € J\ 92 and set P = Q/(x); notice that z is a
Q-regular element. By the Auslander-Buchsbaum Formula one has pdp Q/J = 2,
so the format of the minimal free resolution of Q)/J as a P-module is

0— P! P P

for some a > 2. Now it follows from [2, Thm. 2.2.3] that the minimal free resolution
of Q/J as a Q-module has format 0 — Q%= ! — Q%! — Q%! — Q. In particular,
one has my =a+1and ny =a — 1. O

5.2. Let J C Q be a grade 3 perfect ideal. If J is not contained in 912, then ny = 1
implies that J is of class C(3) by Lemma and If J is contained in 92, then
ny = 1 holds if and only if J is Gorenstein, i.e. of class C(3) or G(mz); see
In particular, one has the following lower bounds on m5 and ny depending on the
class of J.
Classof J | my ngy
B|>4 >2
C(3) 3 1
G(r)| =24 >1
H(p,q) | 24 >2
T|>4 >2

(5.2.1)

Lemma together with results from [3] yield bounds on the parameters of
multiplication for ideals of class H.

5.3 Proposition. Let 7 C @Q be a grade 3 perfect ideal of class H; one has

(531) P3
(532) P3

Moreover, the following conditions are equivalent:

my — 1 and q; < ny;

<
ny +1 and g < my—2.

(1) ps=ny+1 (i1) g3 =mgz—2 (i4i) py=myz—1 and qz=ny.
Notice that when these conditions are satisfied, one has my — ny = 2.

Proof. The inequalities (5.3.1) are immediate from l . If 7 is not contained
in M2, then by Lemma [5.1] the inequalities in 1_} agree w1th those in (5.3.1). If
J is contained in 92, then the mequahtles (5.3.2)) hold by 3l Thm. 3.1]. Moreover,
for such an ideal the conditions (i)—(7it) are equlvalent by [3 Cor. 3.3].

Now let J be an ideal that is not contained in 9t?; in view of Lemmait suffices
to prove that conditions (i) and (i7) are equivalent. By (5.2.1)) one has ny > 2, and
we proceed by induction on ny. For ny = 2 one has m; = 4 by Lemma 5.} and the
equivalence of (i) and (i) is trivial, as J is of class H(3,2) by Theorem [4.1} Now
let ny =n > 3, by Lemma [5.1] one has my = n + 2.

(i) = (ii): Assume that p; = n + 1 holds. By Proposition [3.4(b) there exists a
grade 3 perfect ideal B of class H with

myg=n+1, ny=n—1, and gun >n-—1.
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By one has gz <n —1, 50 g = n — 1 = mgp — 2 holds. By the induction
hypothesis, or by the equivalence of (i)—(ii) for ideals contained in 9012, one now
has ps = ng +1=n. As ps = g5 holds bya), one has ¢y =n=my — 2.

(i4) = (i): Assume that gz = n holds. If one has p; < 1, then there exists
by Proposition d) a grade 3 perfect ideal B of class H with myg = n + 3,
ng =n— 1, and py > n. By one has ps < ng + 1 = n, so equality holds.
It follows from Lemma that B is contained in 92, so conditions (i)—(iii) are
equivalent. However, as mg — 1 = n + 2 the equality pss = mas — 1 does not hold;
a contradiction. Thus, one has p; > 2, and it follows from Proposition d) that
there exists a grade 3 perfect ideal B of class H with

mg=n+1, ng=n-—1, and py>=n.

By (5.3.1)) one has pss < n, so ps = n = ng +1 holds. By the induction hypothesis,
or by the equivalence of (i)—(iii) for ideals contained in 92, one now has ¢g =
my —2=mn—1. As gs = py — 2 holds by(c), one has py =n + 1. O

The goal of this section is to establish part of Theorem by proving the
following statement:

5.4 Theorem. Let J C @ be a grade 3 perfect ideal of class H. If py #n5 + 1 or
q3 # my — 2 hold, then one has p; < ny — 1 and g5 < my — 4.

The proof takes up the balance of the section; it is propelled by Propositions
[3:3] and 34 For example, an ideal 2 with mg = 6 is by these results linked to
an ideal B with ng = 3, and py and gy are essentially determined by go and py,
respectively. Thus restrictions on ges (or pgy imply restrictions on pg (or gy ). Here
is an outline: Let J C @ be a grade 3 perfect ideal of class H. By Proposition [5.3
one can assume that p; # ny + 1 and g3 # m5 — 2 hold, and it suffices to prove

(1) ps#mny and (2) g3 #£m5—3.
By one has my > 4 and ng > 2. If my = 4 or ny = 2 holds, then both (1)
and (2) follow from Theorem [4.1]and Proposition A few other low values of my
and ny require special attention, and after that the proof proceeds by induction:
(2) for ny = 3 implies (1) for my = 6, which in turn implies (2) for ny = 4 etc.

5.5 Lemma. For every grade 3 perfect ideal 20 C Q) with mg = 5, one has gy # 2.

Proof. If 2 is not of class H, then per (2.2.1]) one has gy < 1, so assume that 2 is
of class H. Towards a contradiction, assume that go = 2 holds. By ([5.3.1)) one has

(1) pa < 4 and ng =>2.

If poe < 2 holds, then as g9 = 2 by assumption it follows from Proposition [3.2
that there exists a grade 3 perfect ideal 98 in @) with

myg =nyg+3, ns =2, and py =>2.

By (1) one has mg = ng +3 > 5, so Propositionyields pss = 1; a contradiction.
If pg = 3 holds, then as gy = 2 by assumption, Proposition b,c) yields the
existence a grade 3 perfect ideal B in @ of class H(2,2) with ng = 2. As ng # 1
one has ms > 4, see , and it follows from Theorem and Proposition
that no such ideal 8 exists.
If po¢ = 4 holds, then as gg = 2 by assumption, Proposition b,c) yields the
existence of a grade 3 perfect ideal 9B in @ of class H(2,2) with ngg = 2. Asng # 1
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one has mgp > 4, see (5.2.1)), and it follows from Theorem [4.1] and [4.4] that no such
ideal B exists. ([

5.6 Lemma. Let n > 3 be an integer and assume that for every grade 3 perfect
ideal B C @ with ngs = n one has pss # ngs. For every grade 3 perfect ideal 2 C @
with mg = n + 3 one then has qg # mg — 3.

Proof. Let n > 3 be an integer and 2 C @ a grade 3 perfect ideal with mg = n+3.
Assume towards a contradiction that go = mg — 3 = n holds. As n > 3, it follows

that 2 is of class H, see (2.2.1)). Per (5.3.1) one has

(1) pa <n+2 and ny =n.

We treat the cases py < n, py =n + 1, and pg = n + 2 separately.
Case 1. If pyy < m = mg — 3 holds, then as gog = n by assumption it follows from
Proposition d) that there exists a grade 3 perfect ideal B in @ of class H with

(2) mep =ng+3, ny=n, and py =n.
From (2) and (1) one gets
myg —ng =Ny +3—n2=3,

so Proposition yields pys < ng. By (2) one now has pys = na, which is a
contradiction.

Case 2. If pgg = n + 1 = mg — 2 holds, then as g9 = n by assumption it follows
from Proposition b7c) that there exists a grade 3 perfect ideal B in @ of class
H(n,n) with ng = n, and that is a contradiction.

Case 3. If pgy = n + 2 = myg — 1 holds, then as gg = n by assumption it follows
from Proposition b,c) that there exists a grade 3 perfect ideal B in @ of class
H(n,n) with ngg = n, and that is a contradiction. O

5.7 Lemma. Let m > 6 be an integer and assume that for every grade 3 perfect
ideal 24 C Q with m —1 < mg < m one has qy # mg — 3. For every grade 3 perfect
ideal B C @) with nggs = m — 2 one then has py # nes.

Proof. Let m > 6 be an integer and B C @ a grade 3 perfect ideal with ngg = m—2.
Assume towards a contradiction that

(1) pB =ns =m—2
holds. As m —2 > 4, it follows that 9B is of class H, see (2.2.1]), and (5.3.1)) yields

(2) m—2=py <mgp—1.

We treat the cases mg = m and myg # m separately.
Case 1. Assume that mg = m holds. Per (0) one has pgs = mg — 2, so by
Proposition b) there exists a grade 3 perfect ideal 2 in @ of class H with

mg=m, ng=m-—3, and gqg =>m—3.
In view of (5.3.2)) one now has
my — 22 qu = mg — 3.

As mg = m one has g9 # mg — 3 by assumption, which forces ggo = mg — 2. As
one has mg — ng = 3, this contradicts Proposition [5.3]
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Case 2. Assume that mg # m holds. Per (1) one has ps < mg — 1, so by (0)
and Proposition b) there exists a grade 3 perfect ideal 2 in @ of class H with

myg=m-—1, ng=mms—3 and gy >m—4.

In view of (5.3.2)) one now has
mo —2 2 qu = my — 3.

As mg = m — 1, one has gg # mg — 3 by assumption, so that forces qo = mg — 2.
As one has mg — ngg = m — mg + 2 # 2, this contradicts. O

Proof of 5.4l By there are inequalities py < ny +1 and ¢35 < my — 2. By
the assumptions and Proposition [5.3] neither equality holds, so it is sufficient to
show that p5 # ny and ¢35 # m5 — 3 hold. Per one has my > 4 and ny > 2;
to prove the assertion we show by induction on [ € N that the following hold:
(a) Every grade 3 perfect ideal 2 C Q of class H with mg =114 3 has gy # (.
(b) Every grade 3 perfect ideal B C @ of class H with ny =141 has py # 1+ 1.
For | = 1 part (a) follows from Theorem and (b) follows from Theorem
and Proposition [£.4]
For | = 2 part (a) is Lemma and (b) holds by Theorem [4.1] and Proposi-
tion
Let [ > 3 and assume that (a) and (b) hold for all lower values of . By part (b)
for [ — 1 the hypothesis in Lemma is satisfied for n = [, and it follows that (a)
holds for I. By part (a) for [ and [ — 1 the hypothesis in Lemma is satisfied for
m =1+ 3, and it follows that (b) holds for I. O

5.8 Corollary. Let 3 C @ be a grade 3 perfect ideal of class H. If my — ny # 2
holds, then one has py < ny — 1 and g5 < my — 4.

Proof. The assertion is immediate from Proposition and Theorem O

6. CLAss H: EXTREMAL VALUES OF THE PARAMETERS OF MULTIPLICATION

Throughout this section, the local ring @ is assumed to be regular. We establish
the remaining part of Theorem [I.1] by proving the following:

6.1 Theorem. For every grade 3 perfect ideal I C @ of class H the following hold
(a) If p3 > ny — 1, then g5 =3 my — 4.
(b) If g3 > my — 4, then py =3 ny — 1.

The proof follows the template from Section It is, eventually, an induction

argument with the low values of my and ny handled separately in Theorem
Proposition .4} and Lemmas [6.2}{6.4]

6.2 Lemma. For every grade 3 perfect ideal 2l C @) of class H with mg = 5 and
g > 1 one has py =2 ng — 1.

Proof. By (5.2.1)) and (5.3.1) one has ng > 2 and pg < 4. The assumption gg > 1
together with (5.3.2) and Lemma yield goy = 1 or go = 3. We treat odd and

even values of ng separately.
Assume that ng is even. The goal is to show that pg is odd, i.e. not 0, 2, or 4.
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e If py = 0, then there would by Proposition [3.2}—part (f) if go = 1 and part
(d) if go = 3—exist a grade 3 perfect ideal B in Q of class H with
myg =ny+3, ns =2, and py =>1.

As mgg is odd, it follows from Proposition [£.4] that no such ideal exists.
e If py = 2, then there would by Proposition 3.4} —part (f) if go = 1 and part
(d) if gg = 3—exist a grade 3 perfect ideal B in Q of class H with

myg=nyg+1, ns =2, and py >1.

As mgg is odd, it follows from Proposition [£.4] that no such ideal exists.
e If pyy = 4, then there would by Proposition b) exist a grade 3 perfect
ideal B in @ of class H with

my=nyg+1, ns =2, and py >1.

As mgg is odd, it follows from Proposition [£.4] that no such ideal exists.
Assume now that ng is odd. The goal is to show that pg is even, i.e. not 1 or 3.

e If py = 1, then there would by Proposition part (f) if gu = 1 and part
(d) if go = 3—exist a grade 3 perfect ideal B in Q of class H with

myg =ny+2, ny=2, and py =>1.

As mgg is odd, it follows from Proposition [£.4] that no such ideal exists.
o If pyy = 3, then there would by Proposition b) exist a grade 3 perfect
ideal B in @ of class H with

myg =ny+2, ny=2, and py =>1.

As mgy is odd, it follows from Proposition [£:4] that no such ideal exists. [

6.3 Lemma. For every grade 3 perfect ideal 6 C @ of class H with ng = 3 and
pss = 2 one has g =9 msy — 4.

Proof. By (5.2.1) and (5.3.1) one has mg > 4 and ¢ < 3. The assumption
ps = 2 together with (5.3.2) and Proposition yields ps = 2 or ps = 4. We
treat odd and even values of mg separately.

Assume that ms is even. The goal is to show that gg is even, i.e. not 1 or 3.

e If g3 = 1, then there would by Proposition [3.4}—part (f) if ps = 2 and
part (b) if ps = 4—exist a grade 3 perfect ideal 2 in @ of class H with
mg = 4 and ng = my — 3. As ng is odd, this contradicts Theorem

o If g3 = 3, then there would by Proposition d) exist a grade 3 perfect
ideal 2 in @ of class H with mg = 4 and ng = mg — 3. As ng is odd, this
contradicts Theorem F11

Assume now that mey is odd. The goal is to show that ¢ is odd, i.e. not 0 or 2.
e If g3 = 0, then there would by Proposition a) exist a grade 3 perfect
ideal 2 in @ with
mg =5, ng=mxp—-3, py=0, and gg>1.

It follows from (2.2.1)), and Theorem [4.5that 2( is of class H. As ng is
even, it follows from Lemma [6.2] that no such ideal 2l exists.
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e If g = 2, then there would by Proposition a,c) exist a grade 3 perfect
ideal 2 in @) with
my =5, ngu=mp—3, pyu=2, and g9 =>1.

It follows from (2.2.1)) that 2 is of class H. As ng is even, it follows from
Lemma [6:2] that no such ideal 2 exists. O

6.4 Lemma. For every grade 3 perfect ideal 8 C @ of class H with ng = 4 and
ps = 3 one has gy =2 my — 4.

Proof. By (5.2.1]) one has mgs > 4. Notice that if myg = 4 holds, then Theorem
yields g = 0 = mg —4. If mg > 5, then Proposition[3.4[a) yields a grade 3 perfect
ideal 2 in @ with

my =5, ng=mp—-32>2, py=g¢gn, and gy =>1.

It follows from Theorem and ([2.2.1]) that 2 is of class B or H.
If 9B is of class B, then [4.5|(a) yields ng = 2, and hence my = 5. Per (2.2.1)) one

thus has g = poy =1 =my — 4.
If B is of class H, then Lemma [6.2] yields g = po =2 not — 1 = mgp — 4. O

6.5 Lemma. Let n > 3 be an integer. Assume that for every grade 3 perfect
ideal B C @ of class H with nys = n and ps > ng — 1, one has gy =2 my — 4.
For every grade 3 perfect ideal 2 C Q of class H with mg = n+3 and qg > mg —4,
one then has py =2 ng — 1.
Proof. Let n > 3 be an integer and 2l a grade 3 perfect ideal in @ of class H with
(1) myg=n+3>6 and qyu>=2mg—-4=n—1>=2.
It needs to be shown pg and ng have opposite parity. By (5.3.1]) one has py < n+2;
we treat the cases py < n, py = n+ 1, and pgy = n + 2 separately.

Case 1. Assume that 0 < py < n = mg — 3 holds. As gy > 2 by (1), there exists
by Proposition ¢) and (1) a grade 3 perfect ideal 98 in @ with

mg =ny+3, ng=n, psp=2n—1, and gp=py.

For n > 4 one has go > 3 by (1), so it follows from Proposition [3.2(d) that B is
of class H; for n = 3 the same conclusion follows from ([2.2.1) and Proposition
The assumptions now yield the congruence

Pa=(qn =2 mp —4=ng —1.

Case 2. Assume that pgg = n+1 = mg — 2 holds. As g9 > 2 by (1), there exists
by Proposition c¢) and (1) a grade 3 perfect ideal B in Q with

me =ny+2, ne=n, psp=n—1, and gz =pa—1=n.
As gp > 3, the ideal 9B is by (2.2.1)) of class H, so the assumptions yield
pa=¢gst+1l=2me —3=ng—1.

Case 3. Assume that pgg = n+2 = mg — 1 holds. As gg > 2 by (1), there exists
by Proposition ¢) and (1) a grade 3 perfect ideal B in () with

me =ny+1, ng=n, pg=2n—-1, and g =py—2=n.
As gp > 3, the ideal 9B is by (2.2.1)) of class H, so the assumptions yield
P =qn+2=2my —2=ng —1. [
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6.6 Lemma. Let m > 7 be an integer. Assume that for every grade 3 perfect ideal
A C Q of class H with m — 1 < mg < m and gy = mg — 4 one has py =5 ng — 1.
For every grade 3 perfect ideal 8 C @ of class H withng = m—2 and ps > ng —1,
one then has qu =2 mg — 4.

Proof. Let m > 7 be an integer and B a grade 3 perfect ideal in @) of class H with
(1) ng=m-—22>5 and py>ng—1=m-—-32>4.

It needs to be shown ¢y and ms have the same parity. By one has py <
mes — 1. We treat inequality and equality separately.

Case 1. Assume that py < mg — 2 holds. As py > 4 by (1), there exists by
Proposition b) a grade 3 perfect ideal 2 in @ of class H with

myg=m, ng=myp—3, pu=¢qp, and gu=Zpy—1=2m-—4.
As g9 > mg — 4, the assumptions now yield
g =pa =2 ng — l=mg —4.

Case 2. Assume that ps = mg — 1 holds. As py > 4 by (1), there exists by
Proposition b) a grade 3 perfect ideal 2 in @ of class H with

mg=m-—1, ngy=myp—3, pu=¢s, and gy =py—2=2m-—>5.
As g9 > mg — 4, the assumptions now yield
g =py =2n9g —1l=myp —4. O

Proof of [6.1] Per (5.2.1)) one has my > 4 and ny > 2; to prove the assertion we
show by induction on [ € N that the following hold:

(1) For every grade 3 perfect ideal A C @ of class H with mg = [ + 3 and
g2 = Mg — 4 one has py =2 ng — 1.
(2) For every grade 3 perfect ideal B C @ of class H with nggs = [ + 1 and
P = ngs — 1 one has ¢ =2 mg — 4.
For | = 1 the assertion (1) holds by Theorem[d.1]and (2) holds by Proposition[4.4}
For | = 2 the assertion (1) is Lemma and (2) is Lemma
Let | = 3. As (2) holds for I = 2, the premise in Lemma [6.5|is satisfied for n = 3,
and it follows that (1) holds. The assertion (2) is Lemma
Let I > 4 and assume that (1) and (2) hold for all lower values of . By part
(2) for I — 1 the premise in Lemma[6.5]is satisfied for n = [, and it follows that (1)
holds for I. By the assertion (1) for [ and [ —1 the premise in Lemma[6.6]is satisfied
for m =1+ 3, and it follows that (2) holds for . O

7. THE REALIZABILITY QUESTION

We sum up the contributions of the previous sections towards an answer to the
realizability question [3, Question 3.8]. The focus is still on restricting the range of
potentially realizable classes.

7.1 Class B. Let J C Q be a grade 3 perfect ideal of class B. Theorem
and yield m5 > 5 and ny > 2. Moreover, if m5 = 5 holds, then Theorem
yields ny = 2, and if ny = 2 holds, then my is odd by Proposition [4:4]
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7.2 Class T. Let 3 C @ be a grade 3 perfect ideal of class T; by [2.3] one has
my = 4. If my = 4 holds, then it follows from Theorem that ny is odd and at
least 3. If m5 > 5 holds, then Proposition [£.4] and Proposition [£.6] yield ny > 4.

7.3 Summary. Table [7.I]illustrates which Cohen-Macaulay local rings of class H
are possible per Theorem The table also shows the restrictions imposed by
and [7.2) on the existence of rings of class B or T.

7.4 Conjectures. The statement of Theorem [I.I] was informed by experiments
conducted using the MACAULAY 2 implementation of Christensen and Veliche’s
classification algorithm [8, [T1]. Based on these experiments we conjecture that for
m > 5 and n > 3 there are no further restrictions on realizability of codimension 3
Cohen—Macaulay local rings of class B, H, or T than those captured by [71]
and [7.2) and illustrated by Table [7.1]

Absent from Table[7.1]are rings of classes C(3) and G. A Cohen-Macaulay local
ring of codimension 3, first derivation m, and type n is Gorenstein if and only if
n = 1 holds, and they exist for odd m > 3; see and For m = 3 they are
complete intersections, precisely the rings of class C(3), and for m > 5 they are of
class G(m). Per [3, Thm. 3.1] one has 2 < r < m — 2 for rings of class G(r) that
are not Gorenstein. Our experiments suggest that there are further restrictions.

Let 3 C @Q be a grade 3 perfect ideal of class G and not Gorenstein. By
Theorem and Theorem one has my > 6. We conjecture that the following
hold:

(a) If ny = 2, then one has 2
(b) If ny > 3, then one has 2

The next proposition proves part (b) of this conjecture for six generated ideals.

<ry<mg—>5orry=my—3.
<13 <

r
T my — 4.
(

7.5 Proposition. Let 2l C @ be a grade 3 perfect ideal with mg = 6 and ng > 3.
If A is of class G, then rgo = 2.

Proof. If 2 is of class G, then there exists by Proposition b) a grade 3 perfect
ideal % in @ with

my = nyg+3, ny =3, and py > min{ry,3} >2.

As mg — ng = ng > 3, Corollary [5.8] yields py < 2, which forces roq = 2. O

APPENDIX. MULTIPLICATION IN TOR ALGEBRAS OF LINKED IDEALS—PROOFS

A.1 Setup. Let @ be a local ring with maximal ideal 9. Let A C @ be a grade 3
perfect ideal; set

m=mg, n=ng, and [=m+n—1.
Let A, — Q/2 be a minimal free resolution over ) and set
A, = Tor?(Q/A,k) = H.(A.®@q k).
Let {e; }r<i<ms {fjhi<i<t, and {gn b1<hgn denote bases for A;, A, and As.
A.2 Multiplicative structures. Adopt Setup The homology classes of the
bases for Aq, As, and Az yield bases
(A.2.1) e1,...,e, for Ay, fi,...,f; for Ay, and gi,...,g, for As.
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As recalled in 23] bases can be chosen such that the multiplication on A, is one of:

C(3): ejeg =fs eges3 =11 ese; =M e;f; =g for 1<i<3
T: ejeg =13 eseg=1f; eze; =",
(A.2.2) B: eep=A; ef; =g for 1<i<2
G(r): [r=2] eifi=g1 for 1<i<r
H(p,q): eprie;=1f for 1<i<p eptifpr; =g; for 1<j<q

A.3 Linkage. Adopt Setup[AI] Let X C 2 be a complete intersection ideal gener-
ated by a regular sequence x1,x2,x3 and set B = (X : ). Let K, = K,(x1, z2, x3)
be the Koszul complex and ¢,: K, — A, be a lift of the canonical surjection
Q/% — Q/2 to a morphism of DG algebras.

8:5(. 35- alKo
K, 0 Ks K K, K, 0
J{@- J/QOS J{tpz \L@l 1q
a;o 8;’0 ale
A. 0 A3 A2 A1 Ao 0

Let 1, €9, €3 denote the generators of K;. From the mapping cone of this morphism
one gets, see e.g. [4, Prop. 1.6], a free resolution of Q/%B over Q:

D, =0— A —m A0 K, — A0 K1 — Q.

The complex D, carries a multiplicative structure given by [4, Thm. 1.13] in terms
of the basis

won () (5) (0 (0) (5) oo
wsn (B)on () (2) (L) () e

(A.3.3) €l,...,en for Ds.

Here we recall from [4] Thm. 1.13] the products that involve the last three vectors
in the basis for D;.

wso ()= (L) wresenas
(A35) () (%) = Saeemn().

() 0w

(o)( 0 ) = 408 € AT for {h,i,j} = {1,2,3}.

Eh Ei€j

(A.3.7) (2) <J8*> = }if;(%(&)eh)ez.

0 and

(A.3.6)
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From the free resolution D, one gets a minimal free resolution of @/ that we
denote B,. From [4, (1.80)] one has :

rankg By = n + 3 — ranky (3 ® k) — rankg (o2 @ k),
rankg By =1+ 3 — ranky(p2 ® k) — ranky(¢1 ® k), and
rankg By = m — rankg (1 ® k) .

The identity 1 — rankg By + rankg By — rankg Bs = 0 yields ranky (g3 @ k) = 0.
Set

B. = Tor?(Q/B,k) = H.(B.®@q k) = H.(D. ®q k)
and denote the homology classes of the basis vectors as follows:
Ei,...,En,Ent1, Enpo, Engs  for the vectors in (A.3.1)),
Fi,...,Fi,Fis1,Fipo,Fips  for the vectors in (A.3.2)), and
Gi,...,G,, for the vectors in (A.3.3).
Notice that (A.3.6)) yields
(A.3.8) EntiFiy; = 0 fori,je{1,2,3}.
A.4 Linkage via minimal generators. Adopt the setup established in
If z1, 22, x3 are part of a minimal system of generators for 2, then the homomor-
phism ¢ : Ky — Aj is given by ¢1(g;) = ¢; for 1 <7 < 3.

One has rankg(¢; ® k) = 3. More precisely, let h, i, and j denote the three
elements in {1,2,3}, now [4, Prop. 1.6] yields

0P (ef) = j:( 0 ) mod MDs ,
EnEj
so in the algebra B, one has

(A41) Fl+1 = Fl+2 = Fl+3 =0 and G1 = G2 = G3 =0.

Moreover, the rank of ¢» ® k is the number of linearly independent products e;e;
mod 9MA, for 4,5 € {1,2,3}. More precisely, if e;e; = £f; mod MA, holds for
some k € {1,...,1l}, then [4, Prop. 1.6] yields

GQD'(%) = i(()) mod MD; ,
€h

(A42) En+h =0 and Fk =0.

so in B, one has

In particular, it follows from (A.4.1) that the only possible non-zero products
among the basis vectors for B, that involve E, 11, E; 42, or E,, 13 are:

l
(A.4.3) EntiE; = ) gl(efn)Fn for 1<i<3 and 1<j<n.
h=1

(A.4.4) EntiFj = > fi(eien)Gy for 1<i<3 and 1< <.
h=4



LINKAGE CLASSES OF GRADE 3 PERFECT IDEALS 21

A.5 Regular sequences. Adopt Setup [A7I] Let z1,...,x,, be a minimal set of
generators for 2; the homomorphism 314' : A — Ag = Q is given by 9{*(e;) = z;.
By a standard argument, see for example the proofs of [9, Prop. 2.2] or [6, Lem. 8.2,
one can add elements from 92 to modify the sequence of generators such that
x1,T9,x3 form a regular sequence. This corresponds to a change of basis on Ay,
where e; for 1 < ¢ < 3 is replaced by e; + Z;nzl aije; with coefficients a;; € 9.
Notice that the homology classes in A, of the basis vectors do not change: one
has [e; + Z;":l a;jej] = [e;] = e;. This means that given any basis eq,...,e,, for
A1 one can without loss of generality assume that the generators xi,xzs,z3 of A
corresponding to e, eo, e3 form a regular sequence. We tacitly do so in [A.6HA.9

For ease of reference, still in we recall from (2.2.1)) the parameters that
describe the multiplicative structures:

Class of 2
B

C(3)

G(r) [r > 2]
H(p, q)

T

<
Sy

(A5.1)

w3 OWHE
o >—l»—l»~’§
O I Wi

The rest of this appendix is taken up by the arguments for Propositions [3.1H3.4}

A.6 Proof of Proposition Adopt Setup
(a): One may assume that the nonzero products of elements from are
ejep =f3 and eif; = g1 = eqofs.

Proceeding as in it follows from that 2 is directly linked to an ideal B
whose Tor algebra B, has bases

Ei,...,En,Eny1,Enqe for By,

Fi,F2,Fy,...,F; for By, and
Gq,...,G,, forBs.

In particular, one has mg = n + 2 and ngs = m — 3. Further it follows from

(A.4.3) and (A.4.4) that the nonzero products in B, that involve E, 1 and E, 4o
are precisely

(].) En+1E1 = F1 and En+2E1 = F2 .
This means that pgs is at least 2, so B is of class H or T; see (A.5.1]).

Assume towards a contradiction that 9B is of class T. Per (| 2|) there are bases
{E}} for By and {F}} for By with nonzero products

EllE/Q = Fg, EIQEg = F'l, and EgE/l = F/2 .
Write E,, 1 = Z@:f a;E; and E, 1o = Z?:f ,EL; now yields

7

3 3
Fi =) aEE;y  and  Fp = ) BEE,.
=1 =1

As the vectors F; and Fy are linearly independent, so are the vectors (aq, g, ag)
and (81, B2, B3). That is, the matrix

<Ol1 (65 a3>
B B2 Bs
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has rank 2, whence it follows that the product
Ent1Ente = (a2fls — a3f2)F) 4 (a3fy — a1f83)F) + (012 — aaf1)F3
is nonzero, and that contradicts (|1).
(b): One may assume that the nonzero products of elements from (A.2.1)) are
eifi:gl forlgigrm.
Proceeding as in it follows from [A-4] that A is directly linked to an ideal B
whose Tor algebra B, has bases
E17~~~7EnuEn+1aEn+27En+3 for Blu
(2) Fl,---,Fl for BQ, and
G4,...,Gm fOI'Bg.
In particular, one has myg = n+3 and ng = m — 3. Further it follows from (A.4.3)
and (A.4.4) that the nonzero products in B, that involve E, 11, E,,+2, and E, ;3 are
precisely
E,+iE1 =F; for1<i<min{ry,3}.
As 79 > 2 the ideal B is per (A.5.1) of class H or T, and the argument from the
proof of part (a) applies to show that 9B is not of class T.
(c): One may assume that the nonzero products of elements from (A.2.1]) are
€3€4 = f5 , €465 = f3 s and €5€3 = f4 .
Proceeding as in [A73] it follows from [A4] that 2 is directly linked to an ideal
B whose Tor algebra B, has basis (2). In particular, one has my = n 4+ 3 and
ng = m — 3. Further it follows from (A.4.3)) and (A.4.4) that the nonzero products
in B, that involve E, 41, E,42, and E, ;3 are precisely
En+3F5 = G4 and En+3F4 = —G5 .
Thus one has gy > 2, in particular 95 is of class H; see (A.5.1)).
(d): One may assume that the nonzero products of elements from (A.2.1)) are
€9€3 = f4, €3e4 = f3, and €1€9 = f3 .
Proceeding as in it follows from [A-4] that A is directly linked to an ideal B
whose Tor algebra B, has bases
E17"~7EnuEn+2uEn+3 for Bla
Fl,FQ,F37F5,...,Fl for BQ, and
G4,...,Gm fOI‘Bg.
In particular, one has myg = n + 2 and ng = m — 3. Further it follows from

(A.4.3) and (A.4.4) that the nonzero products in B, that involve E, 5 and E, 13
are precisely

(3) Ent3F3 =Gy = —E,2F2.

As ng > 2 by one has mg >4, g > 1, and rog > 2, so per (A.5.1) the ideal
B is of class B, G, or H, and if B is of class B or G, then g = 1 holds. If B is

of class H, then per (A.2.2) there are bases {E;} for By, {F;} for B2, and {G} } for
B3 with nonzero products

E;)/+1 E; - F; fOr

’ / !
Ep/+1 Fp’+i = Gl fOI'
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Write E, 43 = ?;2 a;EL. Tt follows from the nonzero product E,3F3 = G4 that
oy 41 is nonzero. As ¢’ = rg > 2 per (A.5.1)) it follows that there are two linearly
independent products of the form E,,3F; which contradicts (3)).
(e): One may assume that the nonzero products of elements from (A.2.1)) are
€1€9 = f3 , €9€3 = f1 y and €3e; = fg .

Proceeding as in it follows from [A-4] that 2 is directly linked to an ideal B
whose Tor algebra B, has bases

E.,...,E, for By,

Fg,...,F; for Bs, and

Gy,...,G,, for Bs.
with mg = n and nyg = m.

A.7 Proof of Proposition Adopt Setup [AZT] and set p = py and ¢ = ¢u.
One may assume that the nonzero products of elements from (A.2.1)) are

€1€34; = Tg4i for 1 g ) g P and elfj =gj for 1 g] < q.
Proceeding as in [A73] it follows from [A74] that 2 is directly linked to an ideal B
whose Tor algebra B, has bases

E17--~7En;En+1aEn+2aEn+3 for Bl )
Fl;-~-7Fl for BQ, and
G4,...,Gm fOI‘Bg.
In particular, one has my = n+3 and ng = m — 3. Further it follows from (A.4.3)
and (A.4.4) that the nonzero products in B, that involve E,, 1 are precisely
) Ent1E; =F; for1<j<q and

Set p’ = py and ¢’ = g ; evidently one has

En+1 Fq+i = G3+i for 1 § ) < p-

(2) Pzq and ¢ >p.
Notice that 9 is not complete intersection, as one has meg > 4; cf. That is, B
is of class B, G, H, or T.

(a): If p > 1 holds, then yields ¢’ > 1 and per (A.5.1)) it follows that the
ideal % is of class B, G, or H.

If B is of class B, then there are per (A.2.2) bases {E;} for By, {F/;} for B, and
{G},} for Bg with nonzero products
(3) E\E, =F% and E{F| = G} = E5F,.
By (A.5.1) and one has 1 = p’ > ¢, so assume towards a contraction that ¢ = 0
holds. Write E, 1 = ?:13 o;E; and Fypq = Z;Zl BiF}. By (1) and (3)) one has

0# Gy = Epy1Fgq1 = (@181 + a22)G)
and, therefore, ai; # 0 or ap # 0. From the equalities
En+1 Ell = O(QE/2E/1 = —OéQFé and En+1 EIQ = Q1 Ell EIQ = Q1 Fé

it follows that E,iE; is nonzero for some j, which contradicts the assumption
q = 0; see . Thus ¢ =1 = p’ holds.
If 9B is of class G, then (A.5.1)) and yield 0 = p’ > ¢, so p’ = 0 = ¢ holds.
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If B is of class H, then there are per (A.2.2) bases {E} for By, {F} for B, and
{G}, } for Bs with nonzero products

E;,_HE;- = F; for1 <y
<

<p and
E, 1 Fp =G for1<i<q .

(4)

Write E, 41 = Z?If’ a;E;. The product E,y1F,41 = Gy is by nonzero, so
yields a1 # 0. From
Eni1E) = ap 1By B = a1 F # 0 for 1< <pf

it follows that there are p’ linearly independent products of the form E,,41E;, which
forces p’ < ¢; see . Thus p’ = ¢ holds by .

(b): If p > 2 holds, then yields ¢ > 2, and per it follows that the
ideal %B is of class H. Moreover, p’ = ¢ holds by (a).

(c): Assume that ¢ > 2 holds. As one has p’ > ¢, see (2)), it follows per
that 9 is of class H or T. By ({2)) it suffices to prove that ¢’ < p holds.

If B is of class T, then per one has 0 = ¢’ so ¢’ < p trivially holds.

If B is of class H, then as in the proof of part (a) there exist bases with the
nonzero products given in . Write

n+3 n+3 n+3

Enir = Y ), Er =Y BE, and E = Y ~E).
i=1 i=1 i=1

Now and yield

0 75 Fl = En+1E1 = Oép/+1ﬁj — Ozjﬁpuu)l:g- and

0#Fy=E,p1Ex = 117 — Y1) FG

p/
>
j=1

p/
>
j=1
The vectors F; and Fs are linearly independent, while one has

P’ P’
Tp'+1 Z ajﬂp’JrlF;' = Bp+1 Z O‘j’VpUrlF;‘ )

=1 i=j

it follows that ay 41 is nonzero. Thus, one has
Ent1Fyqi = a1 By 1 Fly = apnGp for 1<i<q’.
It follows that there are ¢’ linearly independent products of the form E,1F;, which
forces ¢’ < p; see ().
(d): If ¢ > 3 holds, then yields p’ > 3, and per (A.5.1) it follows that the

ideal B is of class H or T. If B is of class T, then there are per (A.2.2)) bases {E}}
for By and {F}} for By with nonzero products

(5) E\E,=F}, E,E,=F,, and E4E| =F).

It follows that for any element E’ in B, the map B; — By given by multiplication
by E’ has rank at most 2. However, multiplication by E, 1 has rank ¢ > 3; see .
Thus B is not of class T and hence of class H; finally (c) yields ¢’ = p.

(e): Assume that ¢ = 1 holds. By one has p’ > 1, so the ideal B is per
of class B, H, or T. If B is of class T then, as in the proof of part (d),
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. : . 3
there are bases with nonzero products as in . Write E, 1 = Y07 oyE} and

E, = 2?2_13 ,E.. By and one has
0# F1 = En1BE1 = (a2 — a3f)F) + (a3fi — a1 B3)Fs + (a1 B2 — aaf)F5 .

It follows that at least one of a;, g, or az is nonzero. From the expressions
En+1E/1 = OCQE/zEll + angE’l = a3F'2 — OZQFg s
En+1E/2 = OzlE/lEIQ —‘rO[gEéE/z = alF'3 — OZ3F/1, and
En+1Eg = OzlE/lEg —‘ragE/QEé = agFll —alFlz

it now follows that there are two linearly independent products of the form E,;E;,

which contradicts the assumption ¢ = 1; see . Thus B is not of class T.

(f): It follows from (e) that the ideal B is of class B or H. If B is of class B,
then as in the proof of part (a) there exist bases with the nonzero products given

in . Write E,,11 = Z;ff' a;E; and E; = Z?:f’ ,EL. Now (1) and (3) yield
0#F; =Eu+1E1 = (182 — aa31)Fj
and, therefore, a; # 0 or ay # 0. As one has
E.i1F] = aiE{F) = a1 G and Eni1Fh = asELF, = G

it follows that E,+1F; is nonzero for some j, which contradicts the assumption
p = 0; see . Thus B is not of class B.
(g): Assume that 9B is of class G. The subspace

Bf = {EcB;|EF=0forall FcBy}

has rank me — 7. By (A.4.4) one has E,;oF = 0 = E,, 3F for all F € By, so Bf
has rank at least 2.

A.8 Proof of Proposition Adopt Setup and set p = pg and ¢ = gg.
One may assume that the nonzero products of elements from (A.2.1)) are
eregy; =fqq for1<ie<yp and eifj=g; for1<j<q.
Proceeding as in [AZ3] it follows from [A74] that 2 is directly linked to an ideal B
whose Tor algebra B, has bases
El,...,En7En+1,En+3 fOI‘ 817
Fi,...,Fg,Fgq2,...,F; for By, and
G4,...,G,, for Bs.
In particular, one has myg = n+2 and ng = m — 3. Further it follows from (A.4.3)
and (A.4.4) that the nonzero products in B, that involve E, ; are precisely
(1) En+1Ej = Fj for 1 g] < q and
EnJrquJri = G2+i for 2 < ) < p.
Set p’ = py and ¢’ = ¢x; evidently one has

(2) p>q and g =>p—1.
Notice that B is not complete intersection, as one has n > 2 by assumption and
hence mg > 4; see [2.3] and 2.4] That is, B is of class B, G, H, or T.

(a): If p > 2 holds, then yields ¢ > 1, and per (A.5.1) it follows that the
ideal B is of class B, G, or H.
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If 98 is of class B, then one has 1 = p’ > ¢, see and ([2), so assume
towards a contraction that ¢ = 0 holds. By an argument parallel to the one given
in the proof of Proposition a), the nonzero product E,41Fs12 = G4 from (1)
forces En41E; # 0 for some j, which contradicts the assumption ¢ = 0; see (1).
Thus ¢ =1 = p’ holds.

If B is of class G, then and () yield 0 = p’ > ¢, so p’ = 0 = ¢ holds.

If B is of class H, then an argument parallel to the one given in the proof of
Proposition (a) shows that the nonzero product E, 4+1F442 = G4 from forces
p linearly independent products of the form E,;1E;. This implies p’ < ¢, see ,
whence p’ = ¢ holds by .

(b): If p > 3 holds, then yields ¢’ > 2, and per it follows that the
ideal B is of class H. Moreover, p’ = ¢ holds by (a).

(c): Assume that g > 2 holds. As one has p’ > 2, see , it follows per
that B is of class H or T. By ([2)) it is sufficient to prove that ¢’ < p — 1 holds.

If 9 is of class T, then per one has 0 = ¢/, so ¢ < p — 1 trivially holds.

If B is of class H, then the argument given in the proof of Proposition (c)
applies to show that the nontrivial products E,,4+1E; = F; and E,,;1E2 = Fo from
force ¢’ linearly independent products of the form E,1F;. This implies ¢’ < p—1;
see .

(d): The proof of Proposition [3.2(d) applies.

(e): Assume that ¢ = 1 holds. By one has p’ > 1, so the ideal B is per
(A.5.1)) of class B, H, or T. If 9B is of class T, then the argument given in the proof
of Proposition e) applies to show that the nonzero product E,,+1E; = F; from
forces two linearly independent products of the form E, 1 E;, which contradicts
the assumption ¢ = 1; see (1)).

(f): It follows from (e) that the ideal B is of class B or H. If B is of class B, then
the argument in the proof of Proposition f) applies to show that the nonzero
product E,11E; = Fy from (1)) forces E,,+1F; # 0 for some j, and that contradicts
the assumption p = 1; see

(g): Assume that n =2 and p’ = 3 hold. The basis for B is Ej, Es, E3, E5, and
by one has EsE = 0 for all E € By, so the three products E;Es, E5E3, and
EsE; are non-zero. As B is not of class C(3), it follows that B is of class T; see

(A.2.2)). Finally, yields ¢ =2 and p = 1.

A.9 Proof of Proposition Adopt Setup [AT] and set p = py and ¢ = ¢u.
One may assume that the nonzero products of elements from (A.2.1)) are
ere1q; =fqq for1<e<<yp and eiffj=g; for1<j<gq.

Proceeding as in it follows from that 2 is directly linked to an ideal B
whose Tor algebra B, has bases

Ela---7En7En+l for 817

Fi,...,Fg,Fg43,...,F; for By, and
G4,...7Gm fOI‘Bg.

In particular, one has myg = n+1 and ng = m — 3. Further it follows from (A.4.3)
and (A.4.4) that the nonzero products in B, that involve E, 1 are precisely

En+1Ej = Fj for 1 g] < q and

(1)

En+1Fq+i = G1+i for 3 < ) < p-
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Set p’ = py and ¢’ = gw; evidently one has
(2) p’>q and ¢ =p-—2.

If ng = 2 then mg = 3 and it follows from [2:3]that B is complete intersection. Thus
there are bases {E/, E,, E4} for By and {F},F5, F5} for Bo with non-zero products

E'E,=F,, E,E,=F,, and ELE,=F),.
For linearly independent vectors
E' = a1E] + asE) + asEj and E” = B1E, + B2E) + BsEY

the matrix
<011 (65 Oég)
Br B2 B3

has rank 2; it follows that the product
E'E” = (a2fs — asf2)F| + (a3f1 — a183)Fy + (a1 82 — aaf1)Fy

is nonzero. Thus, the products E3E; and E3Es are nonzero, so yields ¢ = 2.

Assuming now that m > 5 or n > 3 and hence mgp > 4 or nyg > 2, it follows
that 9B is not complete intersection. That is, B is of class B, G, H, or T.

(a): If p > 3 holds, then yields ¢ > 1 and per it follows that the
ideal 2 is of class B, G, or H.

If 98 is of class B, then one has 1 = p’ > ¢, see and (2), so assume
towards a contraction that ¢ = 0 holds. By an argument parallel to the one given
in the proof of Proposition a), the nonzero product E,41F,13 = G4 from (1)
forces E,41E; # 0 for some j, which contradicts the assumption ¢ = 0; see (1).
Thus ¢ =1 = p’ holds.

If B is of class G, then and yield 0 = p’ > ¢, so p’ = 0 = ¢ holds.

If B is of class H, then an argument parallel to the one given in the proof of
Proposition (a) shows that the nonzero product E, 41F443 = G4 from forces
p" linearly independent products of the form E,;1E;. This implies p’ < ¢, see ,
whence p’ = ¢ holds by .

(b): If p > 4 holds, then yields ¢ > 2, and per it follows that the
ideal B is of class H. Moreover, p’ = ¢ holds by (a).

(c): Assume that g > 2 holds. As one has p’ > 2, see (2)), it follows per
that 9B is of class H or T. By ([2)) it is sufficient to prove that ¢’ < p — 2 holds.

If B is of class T, then per one has 0 = ¢/, so ¢’ < p — 2 trivially holds.

If B is of class H, then the argument given in the proof of Proposition (c)
applies to show that the nontrivial products E,,y1E; = F; and E,,;1Ey = F from
force ¢’ linearly independent products of the form E,1F;. This implies ¢’ < p—2;
see .

(d): The proof of Proposition [3.2(d) applies.

(e): Assume that ¢ = 1 holds. By one has p’ > 1, so the ideal B is per
of class B, H, or T. If 9B is of class T, then the argument given in the proof
of Proposition e) applies to show that the nonzero product E,,+1E; = F; from
forces two linearly independent products of the form E, 1 E;, which contradicts
the assumption g = 1; see (|1).

(f): It follows from (e) that the ideal B is of class B or H. If B is of class B, then
the argument in the proof of Proposition f) applies to show that the nonzero
product E,11E; = Fy from (1) forces E,,+1F; # 0 for some j, and that contradicts
the assumption p = 2; see
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