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Abstract. We prove that a commutative noetherian ring R is Gorenstein of dimension

at most d if d+1 is an upper bound on the G-level of perfect R-complexes, in which case
d+1 is an upper bound on the G-level of R-complexes with finitely generated homology.

1. Introduction

Throughout this paper, R denotes a commutative noetherian ring. Let C be a collection
of objects in Df

b(R), the bounded derived category of complexes with degreewise finitely
generated homology. The number of mapping cones needed, up to summands, finite direct
sums, and shifts, to build N from C is known as the level of N with respect to C and
denoted by levelCR N . That is, levels stratify the derived category of R using its triangulated
structure. Levels with respect to the class {R}, sensibly known as R-levels, have been studied
extensively. It has been known since the first study of R-levels by Avramov, Buchweitz,
Iyengar, and Miller [2] that a commutative noetherian ring R is regular of finite Krull
dimension if and only if every complex in Df

b(R) has R-level at most dimR+ 1.
In this paper, we are concerned with levels with respect to the collection G(R) of finitely

generated Gorenstein projective R-modules. This study was initiated by Awadalla and
Marley [3], who proved that R is Gorenstein of finite Krull dimension if and only if there is
an upper bound on the G(R)-levels of complexes in Df

b(R). They also gave such a bound,
namely 2(dimR+1) and showed that it was optimal for zero-dimensional Gorenstein rings.

Our first main result, Theorem 2.10, says that a Gorenstein ring can be recognized by an

upper bound on the G(R)-levels of perfect complexes: If the inequality level
G(R)
R P ≤ d+ 1

holds for every perfect R-complex P , then R is Gorenstein of Krull dimension at most d.
This parallels a well-known characterization of regular rings; see for example Krause [8].

Our second main result, Theorem 3.10, improves the bound from [3] on G(R)-levels over

Gorenstein rings: If R is Gorenstein, then level
G(R)
R M ≤ max{2,dimR+ 1} holds for every

complex M in Df
b(R). The appearance of 2 reflects the fact that the 2(dimR+ 1) bound is

optimal when dimR = 0 holds, and the natural question of what happens when the upper
bound on G(R)-levels is 1 is answered in Proposition 3.12. The findings from the results
discussed so far are distilled in Theorem 3.13 which, in part, says that R is Gorenstein of
Krull dimension d ≥ 1 if and only if one has

sup{levelG(R)
R M | M ∈ Df

b(R)} = d+ 1 = sup{levelG(R)
R P | P is a perfect R-complex} .
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2. G-Levels of perfect complexes

We start by introducing the most central notation; for any unexplained notation or termi-
nology we refer the reader to Christensen, Holm, and Foxby [5].

For an R-complex

M := · · · −→ Mi+1

∂M
i+1−−−→ Mi

∂M
i−−→ Mi−1 −→ · · ·

and every integer i we set Zi(M) := ker(∂M
i ), Bi(M) := im(∂M

i+1), Ci(M) := coker(∂M
i+1),

and Hi(M) := Zi(M)/Bi(M).

2.1. Let C be a collection of objects in Df
b(R). Recall from [2], the C-level of a complex M

in Df
b(R), denoted by levelCR M , is given as follows:

(1) levelCR M = 0 if M is 0 in Df
b(R).

(2) levelCR M = 1 if M is nonzero, but can be built from objects in C using shifts,
summands, and finite direct sums.

(3) For n > 1, levelCR M = n if n is the infimum of i such that there is an exact triangle

K −→ L⊕M −→ N −→
with levelCR K = 1 and levelCR N = i− 1.

2.2. Recall that when R is local and M ∈ Df
b(R) has finite Gorenstein dimension, we have

the following well-known formula due to Auslander and Bridger, see [5, Theorem 19.4.25]:

GdimR M = depthR− depthR M .

2.3. Let C be a collection of objects in Df
b(R). A morphism α : M → N in Df

b(R) is C-ghost
if the induced maps

ExtnR(C,M) −→ ExtnR(C,N)

are zero for all integers n and all objects C in C.

The next result was first proved by Kelly [7, Theorem 3].

Ghost Lemma 2.4. Let C be a collection of objects from Df
b(R) and αi : Mi → Mi+1 for

0 ≤ i ≤ n − 1 a sequence of morphisms in Df
b(R) such that αn−1αn−2 · · ·α0 is a nonzero

morphism in Df
b(R). If each αi is C-ghost, then one has levelCR M0 ≥ n+ 1.

Let G(R) denote the collection of finitely generated Gorenstein projective R-modules.

Lemma 2.5. Let M be a finitely generated R-module. If there exists an integer b ≥ 1 such
that ExtnR(G,M) = 0 holds for all n ≥ b and all G in G(R), then ExtnR(G,M) = 0 holds for
all n ≥ 1 and all G in G(R).

Proof. Assume that ExtnR(G,M) = 0 holds for all n ≥ b and all G in G(R), and assume
towards a contradiction that one has ExtnR(G,M) ̸= 0 for some n ≥ 1 and some module G
from G(R). As G is a bth syzygy of a module G′ in G(R), one has

Extb+n
R (G′,M) ∼= ExtnR(G,M) ̸= 0 ,

a contradiction. □

Ideas for the proof of the next result come from [3, Theorem 3.3] and [8, Proposition
A.1.2].

Theorem 2.6. Let R be a commutative noetherian local ring. If there exists an integer ℓ

such that level
G(R)
R P ≤ ℓ holds for every perfect R-complex P , then R is Gorenstein.
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Proof. Without loss of generality one can assume that ℓ is at least 2. Let k be the residue
field of R, let K be the Koszul complex on a minimal set of generators for the maximal ideal
of R, and set D = HomR(K,ER(k)). Then D is a bounded complex of injective R-modules
and has finite length homology. To show that R is Gorenstein, it is by [5, Corollary 19.5.12]
enough to show that D has finite projective dimension over R.

To this end, let F
≃−→ D be a semi-free resolution over R with F degreewise finitely

generated. For n ≥ supH(D), one has pdR D ≤ pdR Cn(F ) + n, so it suffices to fix an
integer s ≥ supH(D) and show that Cs(F ) has finite projective dimension; after a shift one
can take s = 0. As the injective dimension of D over R is finite, it follows that for every R-
module G one has ExtmR (G,D) = 0 for all m > idR D. Thus, for every n ≥ 0 and G in G(R),
there is an integer bn such that ExtmR (G,Cn(F )) = Extm+n

R (G,D) = 0 for all m ≥ bn, see
Christensen, Frankild, and Holm [6, Corollary 2.10], whence one has ExtmR (G,Cn(F )) = 0
for all m ≥ 1 and all G ∈ G(R) by Lemma 2.5.

For n ≥ 0, set

Xn = 0 −→ Fℓ+n
∂ℓ+n−−−→ · · · ∂n+1−−−→ Fn −→ 0 .

Notice that we have an exact sequence of R-complexes

0 −→ Σℓ+n Cℓ+n+1(F ) −→ Xn −→ Σn Cn(F ) −→ 0 ,

and from the associated exact sequence of Ext modules one gets for every G ∈ G(R)

(∗) ExtmR (G,Xn) = 0 for m ̸= −(ℓ+ n) and m ̸= −n .

Now, consider the canonical morphisms αn : Xn → Xn+1 for n = 0, . . . , ℓ − 1. It follows
from (∗) that they are all G(R)-ghost. Therefore, if the composite α = αℓ−1αℓ−2 · · ·α0 is a
nonzero morphism in Df

b(R), then Ghost Lemma 2.4 yields

level
G(R)
R X0 ≥ ℓ+ 1 ,

which contradicts the assumption. Thus, α is a zero morphism in Df
b(R). Since α is a

morphism of semi-projective R-complexes it is null-homotopic; in particular there exist
homomorphisms

σℓ : Fℓ → Fℓ+1 and σℓ−1 : Fℓ−1 → Fℓ

such that

1Fℓ = αℓ = σℓ−1∂ℓ + ∂ℓ+1σℓ .

Consider the composite

Bℓ(F ) ↪→ Fℓ
σℓ−→ Fℓ+1

∂ℓ+1−−−→ Bℓ(F ) .

For x in Bℓ(F ), one has

x = 1Fℓ(x) = σℓ−1∂ℓ(x) + ∂ℓ+1σℓ(x) = ∂ℓ+1σℓ(x) ,

so ∂ℓ+1σℓ(x) is a left inverse to the inclusion Bℓ(F ) ↪→ Fℓ, which means that Bℓ(F ) is a
summand of a free module, whence C0(F ) has projective dimension at most ℓ+ 1. □

Remark 2.7. Notice that the complexes Xn in the proof above have amplitude ℓ. Thus, for
ℓ ≥ 2 one gets the desired conclusion that R is Gorenstein, as long as perfect R-complexes
of amplitude ℓ have G(R)-level at most ℓ.

The following fact will be used several times in the next couple of proofs.
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2.8. Let p be a prime ideal in R and P a perfect Rp-complex. Since every finitely generated
free Rp-module is a localization of a finitely generated free R-module, Letz’s proof of [9,
Lemma 3.9] shows that there exists a bounded complex F of finitely generated free R-
modules with Fp ≃ P in Df

b(Rp).

Lemma 2.9. Let R be Cohen–Macaulay of finite Krull dimension. There is a bounded

complex F of finitely generated free R-modules with level
G(R)
R F ≥ dimR + 1. Moreover, if

R is local then one can take F to be the Koszul complex on a sequence of parameters for R,
and in that case equality holds.

Proof. Let m be a maximal ideal of R with dimRm = dimR. Let K be the Koszul complex
on a sequence of parameters for Rm and choose by 2.8 a bounded complex F of finitely
generated free R-modules with Fm ≃ K. In view of [2, Lemma 2.4(6)] this explains the
inequality in the display below. Per [3, Corollary 3.4] and 2.2 the equalities hold as K is
the minimal free resolution of H0(K),

level
G(R)
R F ≥ level

G(Rm)
Rm

K = level
G(Rm)
Rm

H0(K) = GdimRm
H0(K) + 1 = dimR+ 1 . □

For d = 0 the conclusion in the next result is far from optimal; see Proposition 3.12.

Theorem 2.10. Let R be a commutative noetherian ring. If there exists an integer d such

that level
G(R)
R P ≤ d + 1 holds for every perfect R-complex P , then R is a Gorenstein of

Krull dimension at most d.

Proof. Let m be a maximal ideal of R; it suffices to show that the local ring Rm is Gorenstein
of Krull dimension at most d. Let P be a perfect Rm-complex. Per 2.8 there exists a perfect
R-complex F with Fm ≃ P in Df

b(Rm). Now, [2, Lemma 2.4(6)] yields the first inequality
in the chain

level
G(Rm)
Rm

P = level
G(Rm)
Rm

Fm ≤ level
G(R)
R F ≤ d+ 1 ,

which implies that Rm is Gorenstein by Theorem 2.6.
Finally, one has dimRm ≤ d by Lemma 2.9. □

Remark 2.11. Let M be a complex in Df
b(R) of finite Gorenstein projective dimension. It

follows from [5, Proposition 9.1.27] that M fits in a triangle with a perfect R-complex and
a module from G(R). This provides some measure of an a posteriori explanation of why it
suffices to bound the G(R)-level of perfect R-complexes to conclude that R is Gorenstein.

3. G-levels over Gorenstein rings

It is proved in [3, Theorem 3.11] that if R is Gorenstein, then the G(R)-level of a complex
in Df

b(R) is at most 2(dimR+1). For artinian rings this bound is optimal, but we prove in
this section that dimR+ 1 is the optimal bound if R has positive Krull dimension.

Construction 3.1. Let M be an R-complex. There is a graded free R-module F and a
surjective homomorphism π̄ : F ↠ H(M) of graded R-modules. By graded-projectivity of
F , it lifts to a graded homomorphism π : F → Z(M). Considering F as a complex with zero
differential, π is a morphism F → M of complexes. Note that if M is in Df

b(R), then we
can choose F to be a bounded complex of finitely generated free modules.

Set Ω0
R(M) := M and Ω1

R(M) := Σ−1 Cone(π). Applying the construction above recur-

sively, set Ωn+1
R (M) := Ω1

R(Ω
n
R(M)) for n ≥ 1. Taken together the ensuing triangles

Ωn+1
R (M) −→ Fn πn

−−→ Ωn
R(M) −→
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form an Adams resolution for M in the sense of Christensen [4]. They induce short exact
sequences in homology

0 −→ H(Ωn+1
R (M)) −→ Fn −→ H(Ωn

R(M)) −→ 0 .

Note that if M is a complex of free modules, then so are the complexes Ωn
R(M) and, more

generally, if M is a complex of modules of depth at least p for some p ≤ depthR, then so is
each complex Ωn

R(M).

3.2. For an R-complex M , set M⊕ =
⊕

n∈Z Mn. This notation comes in handy as the

equality level
G(R)
R M = level

G(R)
R M⊕ holds for a complex M with zero differential.

Lemma 3.3. Let n ≥ 1 be an integer and M a complex in Df
b(R). There is an inequality

level
G(R)
R M ≤ level

G(R)
R Ωn

R(M) + n .

Proof. It suffices to show that level
G(R)
R M ≤ level

G(R)
R Ω1

R(M)+1 holds. To this end consider
the triangle from Construction 3.1

Ω1
R(M) −→ F

π−−→ M −→ .

Since F is a complex with zero differential one has level
G(R)
R F = level

G(R)
R F⊕ ≤ 1, and the

asserted inequality holds by [2, Lemma 2.4(2)]. □

Lemma 3.4. Let M be an R-complex. For every integer n ≥ 1, we have an exact sequence
of R-modules

0 −→ H(Ωn
R(M))⊕ −→ Ln−1 −→ · · · −→ L0 −→ H(M)⊕ → 0.

where each Li is a free R-module.

Proof. The claim follows since for every i ≥ 0 there is a short exact sequence

0 −→ H(Ωi+1
R (M))⊕ −→ (F i)⊕ −→ H(Ωi

R(M))⊕ −→ 0

from Construction 3.1. □

3.5. In the next several results, we make use of the following exact sequences from [5,
Proposition 2.2.12]:

0 −→ Hi(M) −→ Ci(M) −→ Bi−1(M) −→ 0(1)

0 −→ Zi(M) −→ Mi −→ Bi−1(M) −→ 0(2)

0 −→ Bi(M) −→ Mi −→ Ci(M) −→ 0 .(3)

Lemma 3.6. Suppose M is a right bounded R-complex such that Mi and Hi(M) have finite
Gorenstein dimension for all i. Then Bi(M), Zi(M), and Ci(M) have finite Gorenstein
dimension for all i as well.

Proof. Shifting for convenience, we may suppose infM = 0. We proceed by induction on i to
show that Bi−1(M), Zi(M), and Ci(M) have finite Gorenstein dimension for all i. If i = 0,
then as infM = 0, one has B−1(M) = 0 and Z0(M) = M0, so these modules have finite
Gorenstein dimension; moreover H0(M) = C0(M) holds, so C0(M) has finite Gorenstein
dimension by assumption. Thus, the base case is established.

Now suppose we know Bi−1(M), Zi(M), and Ci(M) have finite Gorenstein dimension for
some i ≥ 0. From 3.5(3), we see that Bi(M) has finite Gorenstein dimension, from 3.5(2)
we see that Zi+1(M) has finite Gorenstein dimension, and from 3.5(1) we see that Ci+1(M)
has finite Gorenstein dimension. □
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Proposition 3.7. Suppose M ∈ Df
b(R) and suppose H(M) has finite Gorenstein dimension.

Then M has finite Gorenstein dimension.

Proof. Let F be a free resolution of M . Then since every term of F has finite Gorenstein
dimension, it follows from Lemma 3.6 that Zi(F ), Bi(F ), and Ci(F ) have finite Gorenstein
dimension for all i. But, Hi(F ) = 0 for i ≫ 0, and so Ci(F ) is Gorenstein projective for
i ≫ 0, and thus M has finite Gorenstein dimension. □

For the next result, we recall from [5] that the depth of the zero module is +∞.

Lemma 3.8. Let R be local and M a right bounded R-complex with depthR Mi ≥ depthR
for all i. If depthR Hi(M) ≥ depthR− 1 holds for all i, then depthR Zi(M) ≥ depthR and
depthR Bi(M) ≥ depthR hold for all i.

Proof. Shifting M for convenience, we may suppose infM = 0. There is nothing to show if
depthR = 0, so we may assume depthR is positive. We proceed by induction on i to show
that depthR Zi(M) ≥ depthR and depthR Bi−1(M) ≥ depthR hold for all i. When i = 0,
we have B−1(M) = 0 and Z0(M) = M0, so the claim holds when i = 0.

Now, suppose we have the claim for some i ≥ 0. An application of the depth lemma to
3.5(1) yields depthR Ci(M) ≥ depthR − 1, while application of the depth lemma to 3.5(3)
forces depthR Bi(M) ≥ depthR. Finally, applying it to 3.5(2) shows that depthR Zi+1(M) ≥
depthR holds. □

Proposition 3.9. For every complex M ∈ Df
b(R) one has

level
G(R)
R M ≤ max{2,GdimR H(M)⊕ + 1} = max{2, levelG(R)

R H(M)⊕} .

Proof. The equality follows from [3, Corollary 3.4], so it remains to show the inequality.
There is nothing to prove if GdimR H(M)⊕ is infinite, so we may suppose that GdimR H(M)⊕

is finite. Then, it follows from Proposition 3.7 that M has finite Gorenstein dimension, so
we may replace M by a G-resolution to suppose M is a bounded complex of modules from
G(R). First, notice that if Z(M)⊕ and B(M)⊕ belong to G(R), then [2, Lemma 2.4(2)]
applied to the exact sequence

0 −→ Z(M) −→ M −→ ΣB(M) −→ 0

yields

level
G(R)
R M ≤ level

G(R)
R Z(M) + level

G(R)
R B(M) = level

G(R)
R Z(M)⊕ + level

G(R)
R B(M)⊕ ≤ 2 ,

where the equality holds as the subcomplexes Z(M) and B(M) have zero differentials. In
particular, the asserted inequality holds in case GdimR H(M)⊕ = 0, by Lemmas 3.6 and
3.8, so we suppose n := GdimR H(M)⊕ is positive.

From Lemma 3.4, we see that GdimR H(Ωn−1
R (M))⊕ = 1. Now, let p be a prime ideal.

Then, GdimRp
H(Ωn−1

R (Mp))
⊕ ≤ 1, which implies depthRp

H(Ωn−1
R (Mp))

⊕ ≥ depthRp − 1

by 2.2. Combining Lemma 3.8 with another application of 2.2, we see that Z(Ωn−1
R (Mp))

⊕

and B(Ωn−1
R (Mp))

⊕ are Gorenstein projective modules over Rp. Thus, Z(Ωn−1
R (M))⊕ and

B(Ωn−1
R (M))⊕ are Gorenstein projective modules over R by [5, Proposition 19.4.12]. By the

argument in the first paragraph, one now has level
G(R)
R Ωn−1

R (M) ≤ 2, so Lemma 3.3 yields

level
G(R)
R M ≤ n+ 1, and the claim follows. □

The following is an immediate consequence of Proposition 3.9:
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Theorem 3.10. Let R be Gorenstein and M a complex in Df
b(R). One has

level
G(R)
R M ≤ max{2,dimR+ 1} .

Since R is regular of finite Krull dimension if and only if there exists a uniform upper
bound on the R-level of all perfect R-complexes, Theorem 3.10 tells us that over a nonregular

Gorenstein ring there must exist a perfect complex P such that the inequality, level
G(R)
R P ≤

levelRR P , which holds as R belongs to G(R), is strict.

Proposition 3.11. Let R be Gorenstein and not regular and n ≥ 2 an integer. There exists

a perfect R-complex P with levelRR P = n+ 1 and level
G(R)
R P ≤ 2.

Proof. We build off an argument by Altmann, Grifo, Montaño, Sanders, and Vu [1, Corollary
2.3]. Let G be a module in G(R) and not projective, i.e. of infinite projective dimension. If
F → G is a free resolution, then the truncated complex

P = 0 −→ Fn −→ · · · −→ F0 −→ 0

has R-level n+ 1 by the proof of [1, Corollary 2.3]. Further, there is a triangle

Σn Hn(P ) −→ P −→ H0(P ) −→

in Df
b(R), so level

G(R)
R P ≤ 2 holds by [2, Lemma 2.4(2)] as both Hn(P ) and H0(P ) ∼= G are

Gorenstein projective modules. □

The inequality in Theorem 3.9 begs the question: What happens if the G(R)-levels of
complexes in Df

b(R) are at most 1?

Proposition 3.12. If level
G(R)
R P ≤ 1 holds for every perfect R-complex P , then R is regular

of Krull dimension 0.

Proof. It follows from Theorem 2.10 that R has Krull dimension 0. Let m be a maximal
ideal in R; it suffices to show that Rm is regular. Let P be a perfect complex over Rm; per
2.8 there exists a perfect R-complex F with Fm ≃ P . Now, [2, Lemma 2.4(6)] gives the first
inequality below

level
G(Rm)
Rm

P = level
G(Rm)
Rm

Fm ≤ level
G(R)
R F ≤ 1.

One can now assume that R is local. Let K be the Koszul complex on a minimal generating

set for the maximal ideal of R and let k be the residue field of R. Since level
G(R)
R K = 1

holds, K is isomorphic in the derived category to a complex M that is a direct sum of shifts
of modules from G(R), and so we have

K ≃ M ≃ H(M) ≃ H(K) =
⊕

Σi Hi(K)

Since H0(K) = k ̸= 0, we have Hi(K) = 0 for all i ̸= 0 by [1, Proposition 4.7], and so
pdR k < ∞. This implies R is regular. □

Theorem 3.13. The following assertions hold.

(a) The next conditions are equivalent.

(i) sup{levelG(R)
R M | M ∈ Df

b(R)} = 2 holds.

(ii) sup{levelG(R)
R P | P is a perfect R-complex} = 2 holds.

(iii) R is Gorenstein with dimR = 1 or Gorenstein with dimR = 0 and not regular.

(b) Let d ≥ 2 be an integer. The following are equivalent.

(i) sup{levelG(R)
R M | M ∈ Df

b(R)} = d+ 1 holds.
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(ii) sup{levelG(R)
R P | P is a perfect R-complex} = d+ 1 holds.

(iii) R is Gorenstein with dimR = d.

Proof. (a): Assume that the equality in (i) holds. It follows from Theorem 2.10 that R is
Gorenstein of Krull dimension at most 1. If dimR equals 1, then Lemma 2.9 implies the
existence of a perfect R-complex of G(R)-level 2. If dimR = 0 holds, then R is per [2,
Theorem 5.5] not regular, since there exists a complex in Df

b(R) of G(R)-level 2 and hence
R-level at least 2. Now, Proposition 3.12 implies the existence of a perfect R-complex of
G(R)-level 2. Thus, (i) implies both (ii) and (iii) and, more importantly, the arguments
above apply verbatim to show that (ii) implies (iii). It remains to show that (iii) implies (i):

If R is Gorenstein with dimR ≤ 1, then 2 is by Theorem 3.10 an upper bound on
the G(R)-level of complexes in Df

b(R). If dimR = 1 holds, then Lemma 2.9 implies the
existence of a complex in Df

b(R) of G(R)-level 2. If dimR = 0 holds and R is not regular,
then Proposition 3.12 implies the existence of a complex in Df

b(R) of G(R)-level 2.
(b): We proceed by induction on d. Let d = 2. If the equality in (i) or (ii) holds, then

it follows from Theorem 2.10 and part (a) that R is Gorenstein of Krull dimension 2. On
the other hand, if R is such a ring, then there exists by Lemma 2.9 a perfect R-complex of
G(R)-level 3, and 3 is by Theorem 3.10 an upper bound on the G(R)-level of complexes in
Df

b(R).
Now, let d > 2. If the equality in (i) or (ii) holds, then it follows from Theorem 2.10 that

R is Gorenstein of Krull dimension at most d, and by the induction hypothesis the Krull
dimension is at least d. On the other hand, if R is such a ring, then there exists by Lemma
2.9 a perfect R-complex of G(R)-level d+ 1, and d+ 1 is by Theorem 3.10 an upper bound
on the G(R)-level of complexes in Df

b(R). □
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