
Chapter 4
Distinguished Morphisms

4.1 Standard Isomorphisms

SYNOPSIS. Commutativity of tensor product; associativity of tensor product; Hom-tensor adjunc-
tion; Hom swap.

In this section the standard isomorphisms from Sect. 1.2 are extended to mor-
phisms of complexes.

IDENTITIES

For every R-complex M, there are isomorphisms in C(R),

R⊗R M
∼=−→ M given by r⊗m 7−→ rm and(4.1.0.1)

HomR(R,M)
∼=−→ M given by ψ 7−→ ψ(1) ,(4.1.0.2)

where ϑ∈HomR(R,M) and m∈M are homogeneous elements. Both isomorphisms
are natural in M. Moreover, if M is a complex of R–S -bimodules, then these maps
are isomorphisms in C(R–S ).

COMMUTATIVITY

The next construction and the proposition that follows establish a commutativity
isomorphism for tensor products of complexes. It is based on, and it extends, the
homomorphism from 1.2.2.

4.1.1 Construction. Let M be an Ro-complex and N be an R-complex. The com-
mutativity isomorphism for modules 1.2.2 induces a natural isomorphism of graded
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98 4 Distinguished Morphisms

k-modules, M⊗R N −→ N⊗Ro M, with the isomorphism in degree v given by

(M⊗R N)v =
∐
i∈Z

Mi⊗R Nv−i

∐
i(−1)(v−i)i$MiNv−i
−−−−−−−−−−−−→

∐
i∈Z

Nv−i⊗Ro Mi = (N⊗Ro M)v .

This isomorphism is also denoted $MN . For homogeneous elements m ∈ M and
n ∈ N it is given by

(4.1.1.1) $MN(m⊗n) = (−1)|n||m|n⊗m .

Note that (4.1.1.1) agrees with the definition in 1.2.2 for modules M and N.

4.1.2 Proposition. Let M be an Ro-complex and N be an Ro-complex. The commu-
tativity map defined in 4.1.1,

$MN : M⊗R N −→ N⊗Ro M ,

is an isomorphism in C(k), and it is natural in M and N. Moreover, if M is in C(Q–R)
and N is in C(R–S ), then $MN is an isomorphism in C(Q–S ).

PROOF. By construction, $MN is an isomorphism of graded k-modules and natural
in M and N. If M is in C(Q–R) and N is in C(R–S ), then $MN is a natural isomor-
phism of graded Q–S -bimodules. This follows from 1.2.2 and the construction. For
homogeneous elements m ∈ M and n ∈ N one has

$MN(∂M⊗RN(m⊗n))

=$MN(∂M(m)⊗n+(−1)|m|m⊗∂N(n))

= (−1)|n|(|m|−1)n⊗∂M(m)+(−1)|m|+(|n|−1)|m|∂N(n)⊗m

= (−1)|n||m|(∂N(n)⊗m+(−1)|n|n⊗∂M(m))

= (−1)|n||m|(∂N⊗Ro M(n⊗m))

= ∂N⊗Ro M($MN(m⊗n)) .

Thus, $MN is a morphism, and hence an isomorphism, of complexes.

ASSOCIATIVITY

4.1.3 Construction. Let M be an Ro-complex, X be a complex of R–S -bimodules,
and N be an S -complex. The associativity isomorphism for modules 1.2.3 induces a
natural isomorphism (M⊗R X)⊗S N→ M⊗R (X⊗S N) of graded k-modules. The
component in degree v is induced by

∐
i∈Z
∐

j∈Zω
M jXi− jNv−i . Indeed, it maps
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4.1 Standard Isomorphisms 99

((M⊗R X)⊗S N)v =
∐
i∈Z

(
∐
j∈Z

M j⊗R Xi− j)⊗S Nv−i∼=
∐
i∈Z

∐
j∈Z

(M j⊗R Xi− j)⊗S Nv−i ,

where the isomorphism follows from 3.1.10, isomorphically to

(M⊗R (X⊗S N))v =
∐
j∈Z

M j⊗R (
∐
i∈Z

Xi− j⊗S Nv−i)
∼=
∐
i∈Z

∐
j∈Z

M j⊗R (Xi− j⊗S Nv−i) ,

where the isomorphism follows from 3.1.11. The resulting isomorphism of graded
modules (M⊗R X)⊗S N→M⊗R (X⊗S N) is also denoted ωMXN . On homogeneus
elements m ∈ M, x ∈ X, and n ∈ N it is given by

(4.1.3.1) ωMXN((m⊗ x)⊗n) = m⊗ (x⊗n) .

Note that (4.1.3.1) agrees with the definition in 1.2.3 for modules M, X, and N.

4.1.4 Proposition. Let M be an Ro-complex, X be a complex of R–S -bimodules,
and N be an S complex. The associativity map defined in 4.1.3,

ωMXN : (M⊗R X)⊗S N −→ M⊗R (X⊗S N) ,

is an isomorphism in C(k), and it is natural in M, X, and N. Moreover, if M is in
C(Q–R) and N is in C(S –T ), then ωMXN is an isomorphism in C(Q–T ).

PROOF. By construction, ωMXN is an isomorphism of graded k-modules and natu-
ral in M, X, and N. If M is in C(Q–R) and N is in C(R–T ), then ωMXN is a natural
isomorphism of graded Q–T -bimodules. This follows from 1.2.3 and the construc-
tion. A straightforward computation, similar to the one in the proof of 4.1.2, shows
that ωMXN is a morphism, and hence an isomorphism, of complexes.

ADJUNCTION

4.1.5 Construction. Let M be an R-complex, X be a complex of S –R-bimodules,
and N be an S -complex. By 3.1.20 one has

HomS (X⊗R M,N)v = ∏
h∈Z

HomS (
∐
j∈Z

X j⊗R Mh− j,Nh+v)

∼= ∏
h∈Z

∏
j∈Z

HomS (X j⊗R Mh− j,Nh+v)

= ∏
i∈Z

∏
j∈Z

HomS (X j⊗R Mi,Ni+ j+v) ,

and by 3.1.19 one has
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100 4 Distinguished Morphisms

HomR(M,HomS (X,N))v = ∏
i∈Z

HomR(Mi,∏
j∈Z

HomS (X j,N j+i+v))

= ∏
i∈Z

∏
j∈Z

HomR(Mi,HomS (X j,Ni+ j+v)) .

It follows from adjunction for modules 1.2.4 that the map

HomS (X⊗R M,N)−→ HomR(M,HomS (X,N))

with degree v component induced by ∏i∈Z ∏ j∈Z (−1)i jρX j MiNi+ j+v is a natural iso-
morphism of graded k-modules; this isomorphism is denoted by ρXMN . On homo-
geneous elements ψ ∈ HomS (X⊗R M,N), m ∈ M, and x ∈ X it is given by

(4.1.5.1) ρXMN(ψ)(m)(x) = (−1)|x||m|ψ(x⊗m) .

Note that (4.1.5.1) agrees with the definition in 1.2.4 for modules M, X, and N.

4.1.6 Proposition. Let M be an R-complex, X be a complex of S –R-bimodules, and
N be an S -complex. The adjunction map defined in 4.1.5,

ρXMN : HomS (X⊗R M,N) −→ HomR(M,HomS (X,N)) ,

is an isomorphism in C(k), and it is natural in M, X, and N. Moreover, if M is in
C(R–Q) and N is in C(S –T ), then ρXMN is an isomorphism in C(Q–T ).

PROOF. By construction, ρXMN is an isomorphism of graded k-modules and natural
in M, X, and N. If M is in C(R–Q) and N is in C(S –T ), then ρXMN is an isomor-
phism of graded Q–T -bimodules; this follows from 1.2.4 and the construction. For
homogeneous elements ψ ∈ HomS (X⊗R M,N), m ∈ M, and x ∈ X one has

ρXMN(∂HomS (X⊗R M,N)(ψ)
)
(m)(x)

= ρXMN(∂Nψ− (−1)|ψ|ψ∂X⊗R M)(m)(x)

= (−1)|x||m|
(
∂Nψ(x⊗m)− (−1)|ψ|ψ∂X⊗R M(x⊗m)

)
= (−1)|x||m|∂Nψ(x⊗m)− (−1)|ψ|+|x||m|ψ

(
∂X(x)⊗m+(−1)|x|x⊗∂M(m)

)
and
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4.1 Standard Isomorphisms 101(
∂HomR(M,HomS (X,N))(ρXMN(ψ))

)
(m)(x)

=
(
∂HomS (X,N)ρXMN(ψ)− (−1)|ρ

XMN(ψ)|ρXMN(ψ)∂M)(m)(x)

= ∂N(ρXMN(ψ)(m)(x))− (−1)|ρ
XMN(ψ)(m)|ρXMN(ψ)(m)(∂X(x))

− (−1)|ψ|ρXMN(ψ)(∂M(m))(x)

= (−1)|x||m|∂Nψ(x⊗m)− (−1)|ψ|+|m|+(|x|−1)|m|ψ(∂X(x)⊗m)

− (−1)|ψ|+|x|(|m|−1)ψ(x⊗∂M(m))

= (−1)|x||m|∂Nψ(x⊗m)− (−1)|ψ|+|x||m|ψ
(
∂X(x)⊗m+(−1)|x|x⊗∂M(m)

)
.

Thus, ρXMN is a morphism, and hence an isomorphism, of complexes.

SWAP

4.1.7 Construction. Let M be an R-complex, X be a complex of R–S -bimodules,
and N be an S o-complex. By 3.1.19 one has

HomR(M,HomS o(N,X))v = ∏
i∈Z

HomR(Mi,∏
j∈Z

HomS o(N j,X j+i+v))

∼= ∏
i∈Z

∏
j∈Z

HomR(Mi,HomS o(N j,Xi+ j+v)) ,

and similarly,

HomS o(N,HomR(M,X))v ∼= ∏
i∈Z

∏
j∈Z

HomS o(N j,HomR(Mi,Xi+ j+v)) .

It follows from swap for modules 1.2.5 that the map

HomR(M,HomS o(N,X))−→ HomS o(N,HomR(M,X))

with degree v component induced by ∏i∈Z ∏∈Z (−1)i jςMiN jXi+ j+v is a natural iso-
morphism of graded k-modules; it is denoted by ςMNX . On homogeneous elements
ψ ∈ HomR(M,HomS o(N,X)), m ∈ M, and n ∈ N it is given by

(4.1.7.1) ςMNX(ψ)(n)(m) = (−1)|m||n|ψ(m)(n) .

Note that (4.1.7.1) agrees with the definition in 1.2.5 for modules M, X, and N.

4.1.8 Proposition. Let M be an R-complex, X be a complex of R–S -bimodules, and
N be an S o-complex. The swap map defined in 4.1.7,

ςMNX : HomR(M,HomS o(N,X)) −→ HomS o(N,HomR(M,X)) ,
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102 4 Distinguished Morphisms

is an isomorphism in C(k), and it is natural in M, X, and N. Moreover, if M is in
C(R–Q) and N is in C(T–S ), then ςMNX is an isomorphism in C(Q–T ).

PROOF. By construction, ςMNX is an isomorphism of graded k-modules and natural
in M, X, and N. If M is in C(R–Q) and N is in C(T–S ), then ςMNX is an isomor-
phism of graded Q–T -bimodules; this follows from the construction and 1.2.5. For
homogeneous elements ψ ∈ HomR(M,HomS o(N,X)), m ∈ M, and n ∈ N one has

ςMNX(∂HomR(M,HomS o (N,X))(ψ)
)
(n)(m)

= ςMNX(∂HomS o (N,X)ψ− (−1)|ψ|ψ∂M)(n)(m)

= (−1)|m||n|
(
∂HomS o (N,X)(ψ(m))− (−1)|ψ|ψ(∂M(m))

)
(n)

= (−1)|m||n|
(
∂Xψ(m)− (−1)|ψ(m)|ψ(m)∂N− (−1)|ψ|ψ(∂M(m))

)
(n)

= (−1)|m||n|
(
∂X(ψ(m)(n))− (−1)|ψ|+|m|ψ(m)(∂N(n))− (−1)|ψ|ψ(∂M(m))(n)

)
and(

∂HomS o (N,HomR(M,X))(ςMNX(ψ))
)
(n)(m)

=
(
∂HomR(M,X)ςMNX(ψ)− (−1)|ς

MNX(ψ)|ςMNX(ψ)∂N)(n)(m)

=
(
∂HomR(M,X)(ςMNX(ψ)(n))− (−1)|ψ|ςMNX(ψ)(∂N(n))

)
(m)

= ∂X(ςMNX(ψ)(n)(m))− (−1)|ς
MNX(ψ)(n)|ςMNX(ψ)(n)(∂M(m))

− (−1)|ψ|+|m|(|n|−1)ψ(m)(∂N(n))

= (−1)|m||n|∂X(ψ(m)(n))− (−1)|ψ|+|n|+(|m|−1)|n|ψ(∂M(m))(n)

− (−1)|ψ|+|m||n|−|m|ψ(m)(∂N(n)) .

Thus, ςMNX is a morphism, hence an isomorphism, of complexes.

EXERCISES

E 4.1.1 Apply commutativity 4.1.2 and 2.4.12 to give a proof of 2.4.13.
E 4.1.2 Let F,G: C(R)→C(R) be functors. Assume that F has a right adjoint F∗ and that there

is a natural isomorphism ς : F∗G→ GF∗. Show that there is a canonical natural trans-
formation θ : FG→ GF.

Let M and N be k-complexes. Use adjunction 4.1.6 and swap 4.1.8 to show that the
result above applies with F = M⊗k –, G = Homk(N,–), and R = k.

E 4.1.3 Let F: C(R)→C(R) and G: C(R)op→C(R) be functors. Assume that F has a right
adjoint F∗ and that there is a natural isomorphism ρ : GFop→ F∗G. Show that there is a
canonical natural transformation η : FG→ GFop

∗ .
Let M and N be k-complexes. Use adjunction 4.1.6 to show that the result above ap-

plies with F = M⊗k –, G = Homk(–,N), and R = k.
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4.2 Evaluation Morphisms 103

4.2 Evaluation Morphisms

SYNOPSIS. Tensor evaluation; homomorphism evaluation; biduality.

TENSOR EVALUATION

The next construction and the two propositions that follow it extend 1.4.1 and 1.4.3
to complexes.

4.2.1 Construction. Let M be an R-complex, X be a complex of R–S -bimodules,
and N be an S -complex. There are equalities

(HomR(M,X)⊗S N)v =
∐
i∈Z

(∏
h∈Z

HomR(Mh,Xh+i))⊗S Nv−i and(4.2.1.1)

HomR(M,X⊗S N)v = ∏
j∈Z

HomR(M j,
∐
k∈Z

Xk⊗S N j+v−k) .(4.2.1.2)

To define a map from (HomR(M,X)⊗S N)v to HomR(M,X⊗S N)v it suffices, in
view of 3.1.2 and 3.1.13, to define, for all integers ı and , a map

(∏
h∈Z

HomR(Mh,Xh+ı))⊗S Nv−ı −→ HomR(M,
∐
k∈Z

X+k⊗S Nv−k) .

This is obtained by precomposing the tensor evaluation homomorphism 1.4.1, ad-
justed by a sign,

HomR(M,X+ı)⊗S Nv−ı
(−1)(v−ı)θMX+ıNv−ı
−−−−−−−−−−−−−→ HomR(M,X+ı⊗S Nv−ı) ,

with the map induced by the projection ∏h∈Z HomR(Mh,Xh+ı)� HomR(M,X+ı)
and postcomposing it with the map induced by the embedding X+ı⊗S Nv−ı �∐

k∈Z X+k⊗S Nv−k; cf. 3.1.1 and 3.1.12. The map of complexes defined hereby,
HomR(M,X)⊗S N → HomR(M,X⊗S N), is denoted θMXN . It follows from 1.4.1
that it is a natural morphism of graded k-modules. On homogeneous elements
ψ ∈ HomR(M,X), m ∈ M, and n ∈ N it is given by

(4.2.1.3) θMXN(ψ⊗n)(m) = (−1)|m||n|ψ(m)⊗n .

Note that (4.2.1.3) agrees with the definition in 1.4.1 for modules M, X, and N.

4.2.2 Proposition. Let M be an R-complex, X be a complex of R–S -bimodules, and
N be an S -complex. The tensor evaluation map defined in 4.2.1,

θMXN : HomR(M,X)⊗S N −→ HomR(M,X⊗S N) ,
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104 4 Distinguished Morphisms

is a morphism in C(k), and it is natural in M, X, and N. Moreover, if M is in C(R–Q)
and N is in C(S –T ), then θMXN is a morphism in C(Q–T ).

PROOF. By construction, θMXN is a morphism of graded k-modules and natural in
M, X, and N. If M is in C(R–Q) and N is in C(S –T ), then θMXN is a morphism of
graded Q–T -bimodules; this follows from 1.4.1 and the construction. For homoge-
neous elements ψ ∈ HomR(M,X), m ∈ M, and n ∈ N one has(

∂HomR(M,X⊗S N)
(
θMXN(ψ⊗n)

))
(m)

=
(
∂X⊗S NθMXN(ψ⊗n)− (−1)|θ

MXN(ψ⊗n)|θMXN(ψ⊗n)∂M)(m)

= (−1)|m||n|∂X⊗S N(ψ(m)⊗n)− (−1)|ψ|+|n|+(|m|−1)|n|ψ∂M(m)⊗n

= (−1)|m||n|
(
∂Xψ(m)⊗n+(−1)|ψ(m)|ψ(m)⊗∂N(n)

)
− (−1)|ψ|+|m||n|ψ(∂M(m))⊗n

= (−1)|m||n|∂Xψ(m)⊗n+(−1)|m||n|+|ψ|+|m|ψ(m)⊗∂N(n)

− (−1)|ψ|+|m||n|ψ∂M(m)⊗n

and

θMXN(∂HomR(M,X)⊗S N(ψ⊗n)
)
(m)

= θMXN(∂HomR(M,X)(ψ)⊗n+(−1)|ψ|ψ⊗∂N(n)
)
(m)

= θMXN((∂Xψ− (−1)|ψ|ψ∂M)⊗n+(−1)|ψ|ψ⊗∂N(n)
)
(m)

= (−1)|m||n|∂Xψ(m)⊗n− (−1)|ψ|+|m||n|ψ∂M(m)⊗n

+(−1)|ψ|+|m|(|n|−1)ψ(m)⊗∂N(n) .

These two computations show that θMXN is a morphism of complexes.

4.2.3 Theorem. Let M be an R-complex, X be a complex of R–S -bimodules, and
N be an S -complex. The tensor evaluation morphism

θMXN : HomR(M,X)⊗S N −→ HomR(M,X⊗S N)

is an isomorphism if the complexes satisfy one of the conditions (1)–(3) and one of
the conditions (a)–(c).

(1) M is bounded below, and X and N are bounded above.
(2) M is bounded above, and X and N are bounded below.
(3) Two of the complexes M, X, and N are bounded.

(a) M or N is a complex of finitely generated projective modules.
(b) M is a complex of projective modules and N is a complex of finitely presented

modules.
(c) M is a complex of finitely presented modules and N is a complex of flat

modules.
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4.2 Evaluation Morphisms 105

Furthermore, θMXN is an isomorphism if M or N is a bounded complex of finitely
presented modules and one of the following conditions is satisfied.

(d) M is a complex of projective modules.
(e) N is a complex of flat modules.

PROOF. Under any one of the conditions (a)–(c), each evaluation homomorphism
θMhXiN j is an isomorphism of modules by 1.4.3. To prove the first assertion, it is
now sufficient to show that under each of the boundedness conditions (1)–(3), every
component of θMXN is given by a direct sum of homomorphisms θMhXiN j .

The products and coproducts in (4.2.1.1) and (4.2.1.2) are finite under any one of
the conditions (1)–(3). Indeed, under (1), assume without loss of generality that one
has Mv = 0 for all v < 0 and Xv = 0 = Nv for all v > 0; cf. 2.3.14, 2.3.15, 2.4.12, and
2.4.13. By 2.5.8 and 2.5.12 one has (HomR(M,X)⊗S N)v = 0=HomR(M,X⊗S N)v
for all v > 0. For v6 0 equation (4.2.1.1) yields

(HomR(M,X)⊗S N)v =
∐
i>v

(
−i

∏
j=0

HomR(M j,X j+i))⊗S Nv−i

∼=
0⊕

i=v

−i⊕
j=0

HomR(M j,X j+i)⊗S Nv−i ,

and from (4.2.1.2) one gets

HomR(M,X⊗S N)v = ∏
j>0

HomR(M j,

− j∐
i=v

X j+i⊗S Nv−i)

∼=
−v⊕
j=0

− j⊕
i=v

HomR(M j,X j+i⊗S Nv−i)

=
0⊕

i=v

−i⊕
j=0

HomR(M j,X j+i⊗S Nv−i) .

In particular, the vth component of the morphism θMXN is given by

θMXN
v =

0⊕
i=v

−i⊕
j=0

(−1) j(v−i)θM jX j+iNv−i .

Parallel arguments apply under conditions (2) and (3). Thus, θMXN is an isomor-
phism when one of (1)–(3) and one of (a)–(c) holds.

If M or N is a bounded complex of finitely presented modules, then under either
one of the conditions (d) and (e), each evaluation homomorphism θMhXiN j is an
isomorphism of modules by 1.4.3. To prove the second assertion, it is now sufficient
to prove that every component of θMXN is given by a product or a coproduct of
homomorphisms θMhXiN j .
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106 4 Distinguished Morphisms

First, let M be a bounded complex of finitely presented modules and assume
without loss of generality that one has Mv = 0 for all v < 0 and for all v > u, for
some u> 0. From (4.2.1.1) one gets

(HomR(M,X)⊗S N)v =
∐
i∈Z

(
u

∏
j=0

HomR(M j,X j+i))⊗S Nv−i

∼=
∐
i∈Z

u⊕
j=0

HomR(M j,X j+i)⊗S Nv−i ,

and (4.2.1.2) yields

HomR(M,X⊗S N)v =
u

∏
j=0

HomR(M j,
∐
i∈Z

X j+i⊗S Nv−i)

∼=
∐
i∈Z

u⊕
j=0

HomR(M j,X j+i⊗S Nv−i) ,

where the isomorphism follows from 3.1.24, as M is bounded and the modules M j
are finitely generated. It follows that the vth component of the morphism θMXN is
given by

θMXN
v =

∐
i∈Z

u⊕
j=0

(−1) j(v−i)θM jX j+iNv−i .

Finally, let N be a bounded complex of finitely presented modules and assume
without loss of generality that one has Nv = 0 for all v < 0 and for all v > u, for some
u> 0. Now (4.2.1.1) yields

(HomR(M,X)⊗S N)v =

v∐
i=v−u

(∏
j∈Z

HomR(M j,X j+i))⊗S Nv−i

∼= ∏
j∈Z

v⊕
i=v−u

HomR(M j,X j+i)⊗S Nv−i ,

where the isomorphism follows from 3.1.23, as the modules Nv−i are finitely pre-
sented. Further, (4.2.1.2) yields

HomR(M,X⊗S N)v = ∏
j∈Z

HomR(M j,

v∐
i=v−u

X j+i⊗S Nv−i)

∼= ∏
j∈Z

v⊕
i=v−u

HomR(M j,X j+i⊗S Nv−i) .

It follows that the vth component of the morphism θMXN is given by
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4.2 Evaluation Morphisms 107

θMXN
v = ∏

j∈Z

v⊕
i=v−u

(−1) j(v−i)θM jX j+iNv−i .

HOMOMORPHISM EVALUATION

4.2.4 Construction. Let M be an Ro-complex, X be a complex of S –R-bimodules,
and N be an S -complex. There are equalities

(HomS (X,N)⊗Ro M)v =
∐
i∈Z

(
∏
h∈Z

HomS (Xh,Nh+i)
)
⊗Ro Mv−i and(4.2.4.1)

HomS (HomRo(M,X),N)v = ∏
j∈Z

HomS (∏
k∈Z

HomRo(Mk,Xk+ j),N j+v) .(4.2.4.2)

To define a map from (HomS (X,N)⊗Ro M)v to HomS (HomRo(M,X),N)v it suffices,
in view of 3.1.2 and 3.1.13, to define, for all integers ı and , a map(

∏
h∈Z

HomS (Xh,Nh+ı)
)
⊗Ro Mv−ı −→ HomS (∏

k∈Z
HomRo(Mk,Xk+),N+v) .

This is achieved by precomposing the evaluation homomorphism 1.4.4, adjusted by
a sign,

HomS (Xv−ı+,N+v)⊗Ro Mv−ı

(−1)(v−ı)ηXv−ı+N+v Mv−ı

−−−−−−−−→ HomS (HomRo(Mv−ı,Xv−ı+),N+v) ,

with the map induced by ∏h∈Z HomS (Xh,Nh+ı)� HomS (Xv−ı+,N+v) and post-
composing by the map induced by ∏k∈Z HomRo(Mk,Xk+)�HomRo(Mv−ı,Xv−ı+).
The map of complexes, HomS (X,N)⊗Ro M → HomS (HomRo(M,X),N), defined
hereby, is denoted ηXNM . It follows from 1.4.4 that it is a natural morphism
of graded k-modules. On homogeneous elements ψ ∈ HomS (X,N), m ∈ M, and
ϑ ∈ HomRo(M,X) it is given by

(4.2.4.3) ηXNM(ψ⊗m)(ϑ) = (−1)|ϑ||m|ψϑ(m) .

Note that (4.2.7.1) agrees with the definition in 1.4.4 for modules M, X and N.

4.2.5 Proposition. Let M be an Ro-complex, X be a complex of S –R-bimodules,
and N be an S -complex. The homomorphism evaluation map defined in 4.2.4,

ηXNM : HomS (X,N)⊗Ro M −→ HomS (HomRo(M,X),N) ,

is a morphism in C(k), and it is natural in M, X, and N. Moreover, if M is in C(Q–R)
and N is in C(S –T ), then ηXNM is a morphism in C(Q–T ).

PROOF. By construction, ηXNM is a morphism of graded k-modules and natural in
M, X, and N. If M is in C(Q–R) and N is in C(S –T ), then ηXNM is a morphism of
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graded Q–T -bimodules; this follows from 1.4.1 and the construction. For homoge-
neous elements ψ ∈ HomS (X,N), m ∈ M, and ϑ ∈ HomRo(M,X) one has(

∂HomS (HomRo (M,X),N)(ηXNM(ψ⊗m))
)
(ϑ)

=
(
∂NηXNM(ψ⊗m)− (−1)|η

XNM(ψ⊗m)|ηXNM(ψ⊗m)∂HomRo (M,X))(ϑ)
= (−1)|ϑ||m|∂Nψϑ(m)

− (−1)|ψ|+|m|ηXNM(ψ⊗m)(∂Xϑ− (−1)|ϑ|ϑ∂M)

= (−1)|ϑ||m|∂Nψϑ(m)

− (−1)|ψ|+|m|+(|ϑ|−1)|m|ψ(∂Xϑ(m)− (−1)|ϑ|ϑ∂M(m))

= (−1)|ϑ||m|
(
∂Nψϑ(m)− (−1)|ψ|ψ∂Xϑ(m)+(−1)|ψ|+|ϑ|ϑ∂M(m)

)
and

ηXNM(∂HomS (X,N)⊗Ro M(ψ⊗m)
)
(ϑ)

= ηXNM(∂HomS (X,N)(ψ)⊗m+(−1)|ψ|ψ⊗∂M(m)
)
(ϑ)

= ηXNM((∂Nψ− (−1)|ψ|ψ∂X)⊗m
)
(ϑ)+(−1)|ψ|+|ϑ|(|m|−1)ψϑ∂M(m)

= (−1)|ϑ||m|
(
∂Nψϑ(m)− (−1)|ψ|ψ∂Xϑ(m)

)
+(−1)|ψ|+|ϑ|(|m|−1)ψϑ∂M(m) .

These two computations show that ηXNM is a morphism of complexes.

4.2.6 Theorem. Let M be an Ro-complex, X be a complex of S –R-bimodules, and
N be an S -complex. The homomorphism evaluation morphism

ηXNM : HomS (X,N)⊗Ro M −→ HomS (HomRo(M,X),N)

is an isomorphism if the complexes satisfy one of the conditions (1)–(3) and one of
the conditions (a)–(b).

(1) M and N are bounded below, and X is bounded above.
(2) M and N are bounded above, and X is bounded below.
(3) Two of the complexes M, X, and N are bounded.

(a) M is a complex of finitely generated projective modules.
(b) M is a complex of finitely presented modules and N is a complex of injective

modules.

Furthermore, ηXNM is an isomorphism if M is a bounded complex of finitely
presented modules and one of the following conditions are satisfied.

(c) M is a complex of projective modules.
(d) N is a complex of injective modules.

PROOF. Under either condition (a) or (b), each evaluation homomorphism ηXhNi M j

is an isomorphism of modules by 1.4.6. To prove the first assertion, it is now suf-
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4.2 Evaluation Morphisms 109

ficient to show that under any one of the boundedness conditions (1)–(3), every
component of ηXNM is given by a direct sum of homomoprhisms ηXhNi M j .

The products and coproducts in (4.2.4.1) and (4.2.4.2) are finite under any
one of the conditions (1)–(3). Indeed, under (1), assume without loss of general-
ity that one has Mv = 0 = Nv for all v < 0 and Xv = 0 for all v > 0; cf. 2.3.14,
2.3.15, 2.4.12, and 2.4.13. It follows that one has (HomS (X,N)⊗Ro M)v = 0 =
HomS (HomRo(M,X),N)v for all v < 0. For v> 0 equation (4.2.1.1) yields

(HomS (X,N)⊗Ro M)v =
∐
i6v

( 0

∏
j=−i

HomS (X j,N j+i)
)
⊗Ro Mv−i

∼=
v⊕

i=0

0⊕
j=−i

HomS (X j,N j+i)⊗Ro Mv−i

=
0⊕

j=−v

v⊕
i=− j

HomS (X j,N j+i)⊗Ro Mv−i ,

and from (4.2.1.2) one gets

HomS (HomRo(M,X),N)v = ∏
h>−v

HomS (
0

∏
j=h

HomRo(M j−h,X j),Nh+v)

∼=
0⊕

h=−v

0⊕
j=h

HomS (HomRo(M j−h,X j),Nh+v)

=
0⊕

j=−v

j⊕
h=−v

HomS (HomRo(M j−h,X j),Nh+v)

=
0⊕

j=−v

v⊕
i=− j

HomS (HomRo(Mv−i,X j),N j+i) .

In particular, the vth component of the morphism ηXNM is

ηXNM
v =

0⊕
j=−v

v⊕
i=− j

(−1)( j−v+i)(v−i)ηX jN j+i Mv−i .

Parallel arguments apply under conditions (2) and (3). Thus, ηXNM is an isomor-
phism when one of (1)–(3) and one of (a)–(b) holds.

If M is a bounded complex of finitely presented modules, then under either one
of the conditions (c) and (d), each evaluation homomorphism ηXhNi M j is an iso-
morphism of modules by 1.4.6. To prove the second assertion, it is now sufficient
to prove that every component of ηXNM is given by a product of homomorphisms
ηXhNi M j . Assume without loss of generality that one has Mv = 0 for all v < 0 and for
all v > u, for some u> 0. From (4.2.4.1) one gets

15-Nov-2011 Draft, not for circulation



110 4 Distinguished Morphisms

(HomS (X,N)⊗Ro M)v =

v∐
i=v−u

(
∏
j∈Z

HomS (X j,N j+i)
)
⊗Ro Mv−i

∼= ∏
j∈Z

v⊕
i=v−u

HomS (X j,N j+i)⊗Ro Mv−i ,

where the isomorphism follows from 3.1.22, as M is a bounded complex of finitely
presented modules. Further, (4.2.4.2) yields

HomS (HomRo(M,X),N)v = ∏
h∈Z

HomS (
u

∏
j=0

HomRo(M j,X j+h),Nh+v)

∼= ∏
h∈Z

h+u⊕
j=h

HomS (HomRo(M j−h,X j),Nh+v)

= ∏
j∈Z

j⊕
h= j−u

HomS (HomRo(M j−h,X j),Nh+v)

= ∏
j∈Z

v⊕
i=v−u

HomS (HomRo(Mv−i,X j),N j+i) .

It follows that the vth component of the evaluation morphism ηXNM is

ηXNM
v = ∏

j∈Z

v⊕
i=v−u

(−1)( j−v+i)(v−i)ηX jN j+i Mv−i .

BIDUALITY

4.2.7 Construction. Let M be an R-complex and X be a complex of R–S -bimodules.
For every v ∈ Z one has

HomS o(HomR(M,X),X)v = ∏
i∈Z

HomS o(∏
j∈Z

HomR(M j,Xi+ j),Xi+v) .

To define a map from Mv to HomS o(HomR(M,X),X)v it suffices, in view of 3.1.13,
to define, for every integer i, a map

Mv −→ HomS o(∏
j∈Z

HomR(M j,Xi+ j),Xi+v) .

This is achieved by postcomposing the biduality homomorphism 1.4.7, adjusted by
a sign,

Mv

(−1)ivδMv
Xi+v−−−−−−→ HomS o(HomR(Mv,Xi+v),Xi+v) ,
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4.2 Evaluation Morphisms 111

with the map induced by the projection ∏ j∈Z HomR(M j,Xi+ j)� HomR(Mv,Xi+v).
The map of complexes M → HomS o(HomR(M,X),X), defined hereby, is denoted
δM

X . It follows from 1.4.7 that it is a natural morphism of graded R-modules. On
homogeneous elements m ∈ M and ψ ∈ HomR(M,X) it is given by

(4.2.7.1) δM
X (m)(ψ) = (−1)|ψ||m|ψ(m) .

Note that (4.2.7.1) agrees with the definition in 1.4.7 for modules M and X.

4.2.8 Proposition. Let M be an R-complex and X be a complex of R–S -bimodules.
The biduality map for M with respect to X defined in 4.2.7,

δM
X : M −→ HomS o(HomR(M,X),X) ,

is a morphism in C(R), and it is natural in M and X. Moreover, if M is in C(R–T ),
then δM

X is a morphism in C(R–T ).

PROOF. By construction, δM
X is a morphism of graded R-modules and natural in M

and X. If M is in C(R–T ), then δM
X is a morphism of graded R–T -bimodules; this

follows from 1.4.7 and the construction above. For homogeneous elements m ∈ M
and ψ ∈ HomR(M,X) one has(

∂HomS o (HomR(M,X),X)δM
X (m)

)
(ψ)

=
(
∂XδM

X (m)− (−1)|δ
M
X (m)|δM

X (m)∂HomR(M,X))(ψ)
= (−1)|ψ||m|∂Xψ(m)− (−1)|m|δM

X (m)
(
∂Xψ− (−1)|ψ|ψ∂M)

= (−1)|ψ||m|∂Xψ(m)− (−1)|m|+(|ψ|−1)|m|(∂Xψ(m)− (−1)|ψ|ψ∂M(m)
)

= (−1)|ψ|(|m|−1)ψ∂M(m)

= δM
X (∂M(m))(ψ) .

Thus, δM
X is a morphism of complexes.

4.2.9 Proposition. Let M be an R-complex and X be a complex of R–S -bimodules.
If one module Xp is faithfully injective as an R-module, then the biduality morphism

δM
X : M −→ HomS o(HomR(M,X),X)

is injective.

PROOF. It is sufficient to show that δM
X is injective on homogeneous elements. Let

m 6= 0 be homogeneous of degree q. By assumption, Xp is faithfully injective as
an R-module, whence there is a non-zero homomorphism from the submodule Rm
of Mq to Xp. By the lifting property 1.3.20 there is then a homomorphism ψ̃ in
HomR(Mq,Xp) with ψ̃(m) 6= 0. Let ψ : M→ X be the degree p−q homomorphism
with ψq = ψ̃ and ψv = 0 for v 6= q. One now has δM

X (m)(ψ) = ψ(m) = ψ̃(m) 6= 0, so
δM

X (m) is non-zero.
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EXERCISES

E 4.2.1 Show that the natural transformation M⊗k Homk(N,–)→ Homk(N,M⊗k –) in E 4.1.2
is tensor evaluation, up to an application of commutativity 4.1.2.

E 4.2.2 Show that the natural transformation M⊗k Homk(–,N) → Homk(Homk(–,M),N) in
E 4.1.3 is homomorphism evaluation, up to an application of commutativity 4.1.2.

4.3 Quasi-isomorphisms

SYNOPSIS. Quasi-isomorphism; mapping cone; Σ-functor.

4.3.1 Definition. A morphism α : M→ N in C(R) is called a quasi-isomorphism if
the induced morphism H(α) : H(M)→ H(N) is an isomorphism.

A quasi-isomorphism is marked by a ’'’ next to the arrow.

REMARK. Another word for quasi-isomorphism is homology isomorphism.

4.3.2. By 2.2.19 every homotopy equivalence is a quasi-isomorphism.

Given a quasi-isomorphism of R-complexes α : M→ N there need not exist a
morphism β : N→ M with H(β) = H(α)−1. Moreover, for R-complexes M and N
with H(M)∼= H(N) there need not exist a quasi-isomorphism M '−→ N or N '−→ M.
Examples follow below.

4.3.3 Example. There is a quasi-isomorphism of Z-complexes

0 //

��

Z 2
//

��

Z //

����

0

��

0 // 0 // Z/(2) // 0 ,

but there is not even a non-zero morphism in the opposite direction, as the zero map
is the only homomorphism from Z/(2) to Z. In particular, this quasi-isomorphism
is not a homotopy equivalence.

4.3.4 Example. Set R = k[x,y]. The complexes

M = 0−→ R/(x)
y−−→ R/(x)−→ 0

N = 0−→ R/(y) x−−→ R/(y)−→ 0

concentrated in degrees 1 and 0 have isomorphic homology H(M)∼= k∼= H(N), but
there are no non-zero morphisms between them and hence no quasi-isomorphism.

4.3.5. Let M be an R-complex. By 2.5.17 the embedding τM
⊃n : M⊃n→ M is a quasi-

isomorphism for every n 6 inf M, and the canonical surjection τM
⊂n : M→ M⊂n is a

quasi-isomorphism for every n> sup M.
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4.3 Quasi-isomorphisms 113

Recall from 2.2.8 that a morphism α : M→ N of complexes restricts to a mor-
phism on cycles, Z(M)→ Z(N), and to a morphism on boundaries B(M)→ B(N).

4.3.6 Lemma. Let α be a quasi-isomorphism of R-complexes. The following con-
ditions are equivalent.

(i) α is surjective.
(ii) α is surjective on boundaries.

(iii) α is surjective on cycles.
(iv) α is surjective on cycles and boundaries.

PROOF. It is immediate from 2.1.17 that a surjective morphism is surjective on
boundaries, whence (i) implies (ii). An application of the Snake Lemma 2.1.30 to the
diagram (2.2.9.1) shows that conditions (ii) and (iii) are equivalent and, therefore,
that they both imply (iv). To prove that (iv) implies (i), apply the Snake Lemma to
the following commutative diagram in C(R),

0 // Z(M) //

α

��

M ∂M
//

α

��

Σ B(M) //

Σ α

��

0

0 // Z(N) // N ∂N
// Σ B(N) // 0 .

REMARK. For a result dual to 4.3.6 see E 2.2.1.

4.3.7 Proposition. Assume that R is semi-simple. For every R-complex M there is
a quasi-isomorphism H(M)

'−→ M.

PROOF. Every R-module is projective; see 1.3.22. For each v the canonical surjec-
tive homomorphism Zv(M)→Hv(M) has a right inverse σv : Hv(M)→ Zv(M). Let
αv be the composite Hv(M)

σv−→ Zv(M)� Mv. Evidently, one has ∂Mα= 0, so α is
a morphism. The induced morphism in homology is H(α) = 1H(M).

MAPPING CONE

4.3.8 Definition. Let α : M→ N be a morphism of R-complexes. The mapping cone
of α is the complex with underlying graded module

(Coneα)\ =
N\

⊕
Σ M\

and differential ∂Coneα =

(
∂N Σα
0 ∂Σ M

)
,

where Σα is viewed as a degree −1 chain map Σ M→ N; see 2.2.3.

4.3.9. A straightforward computation shows that ∂Coneα is square zero. Indeed,
since Σα : Σ M→ N is a chain map of degree −1, one has
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114 4 Distinguished Morphisms

∂Coneα∂Coneα =

(
∂N∂N ∂N Σα+(Σα)∂Σ M

0 ∂Σ M∂Σ M

)
= 0 .

4.3.10. For every morphism of R-complexes α : M→ N there is a degreewise split
exact sequence of R-complexes

0−→ N

(
1N

0

)
−−−→ Coneα

(0 1Σ M )−−−−−→ Σ M −→ 0 .

By (2.2.12.1) there is an induced exact sequence,

(4.3.10.1) H(N)−→ H(Coneα)−→ H(Σ M)
δ−−→ Σ H(N)−→ Σ H(Coneα) ,

where δ is the connecting morphism. Note that for [z] ∈ H(Σ M) one has

z =
(
0 1Σ M

)(0
z

)
and

∂Coneα
(

0
z

)
=

(
∂N Σα
0 ∂Σ M

)(
0
z

)
=

(
(Σα)(z)

0

)
= Σ

(
1N

0

)
((Σα)(z)) ,

and consequently, δ([z]) = [(Σα)(z)] by 2.1.29. Thus, one has δ=H(Σα) = Σ H(α).

4.3.11 Proposition. A morphism α : M→ N in C(R) is a quasi-isomorphism if and
only if the complex Coneα is acyclic.

PROOF. The exact sequence (4.3.10.1) shows that Coneα is acyclic, i.e. H(Coneα)=
0, if and only if that δ= Σ H(α) is an isomorphism.

4.3.12 Definition. A functor F: C(R)→ C(S ) is called a Σ-functor if there exist
a natural isomorphism ϕ : FΣ → Σ F of functors, such that for every morphism
α : M→ N in C(R) there exists an isomorphism ᾰ that makes the diagram

F(N)
F
(

1N

0

)
// F(Coneα)

∼= ᾰ

��

F(0 1Σ M )
// F(Σ M)

ϕM∼=
��

F(N)

(
1F(N)

0

)
// ConeF(α)

(0 1Σ F(M) )
// Σ F(M)

in C(S ) commutative.

4.3.13 Definition. A functor G: C(R)op→ C(S ) is called a Σ-functor if there exist
a natural isomorphism ϕ : GΣ

−1 → Σ G of functors, such that for every morphism
α : M→ N in C(R) there exists an isomorphism ᾰ that makes the diagram
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G(M)
G(0 1M )

// G(Σ−1 Coneα)

ᾰ∼=
��

G
(

1Σ−1 N

0

)
// G(Σ−1 N)

ϕN∼=
��

G(M)

(
1G(M)

0

)
// ConeG(α)

(0 1G(N) )
// Σ G(N)

in C(S ) commutative.

We prove below that the Hom and tensor product functors are Σ-functors. The
homology functor H: C(R)→ C(R) commutes with Σ by 2.2.10, however, H is
not a Σ-functor since, in general, the complexes H(Coneα) and ConeH(α) are not
isomorphic. Indeed, for every R-complex M one has H(Cone1M) = 0 by 4.3.11,
whereas if M is not acyclic then H(1M) = 1H(M) is not the zero morphism, and
hence ConeH(1M) 6= 0. Nevertheless, the complex ConeH(1M) is not too far from
being isomorphic to 0 in C(R), indeed, it is contractible; see ??.

4.3.14 Proposition. Let M be an R-complex. The functor HomR(M,–) is a Σ-
functor; in particular, there is an isomorphism of k-complexes,

Cone(HomR(M,β))∼= HomR(M,Coneβ) ,

for every morphism β of R-complexes.

PROOF. First note that by 2.3.15 there is a natural isomorphism

ϕN : HomR(M,Σ N) −→ Σ HomR(M,N) ,

where ϕN = σ
HomR(M,N)
1 HomR(M,σΣ N

−1 ). To prove that HomR(M,–) is a Σ-functor,
we must show that for every morphism β : N→ N′ of R-complexes there exists an
isomorphism β̆ that makes the following diagram in C(k) commutative.

(∗)
HomR(M,N′)

Hom(M,
(

1N′

0

)
)
// HomR(M,Coneβ)

∼= β̆

��

Hom(M,(0 1Σ N ))
// HomR(M,Σ N)

ϕN∼=
��

HomR(M,N′)

(
1Hom(M,N′)

0

)
// ConeHomR(M,β)

(0 1Σ Hom(M,N) )
// Σ HomR(M,N) .

In the definition of the differential on the mapping cone; see 4.3.8, we suppressed
the degree changing chain maps σ, introduced in 2.2.3. Since these maps appear in
the definition ϕN , we use in this proof the more careful notation

∂Coneβ =

(
∂N′ σΣ N′

−1 Σ β

0 ∂Σ N

)
for the differential on Coneβ (and similarly for other morphisms).

To define β̆, observe that on the level of graded modules one has

15-Nov-2011 Draft, not for circulation



116 4 Distinguished Morphisms

HomR(M,Coneβ)\ = HomR(M\,(Coneβ)\) = HomR(M\,N′\⊕Σ N\) ,

and similarly,

(ConeHomR(M,β))\ = HomR(M\,N′\)⊕Σ HomR(M\,N\) .

These computations, combined with the fact that the functor HomR(M\,–) is addi-
tive and ϕN is an isomorphism, show that we get an isomorphism of graded modules,
β̆ : HomR(M,Coneβ)→ ConeHomR(M,β) by setting

β̆(ϑ) =

(
(1N′ 0)ϑ

ϕN
(
(0 1Σ N)ϑ

))
for a homomorphism ϑ : M→ Coneβ. To show that β̆ is a morphism (and hence an
isomorphism) of complexes, first note that the definition of ϕN and (2.2.3.1) yields

σ
Σ Hom(M,N′)
−1 (Σ Hom(M,β))ϕN

= σ
Σ Hom(M,N′)
−1 (Σ Hom(M,β))σHom(M,N)

1 Hom(M,σΣ N
−1 )

= Hom(M,β)Hom(M,σΣ N
−1 )

= Hom(M,βσΣ N
−1 )

= Hom(M,σΣ N′
−1 Σ β) .

This identity and the fact that ϕN is a morphism of complexes gives

∂ConeHom(M,β)β̆(ϑ) =

(
∂Hom(M,N′) σ

Σ HomR(M,N′)
−1 Σ Hom(M,β)

0 ∂Σ Hom(M,N)

)(
(1N′ 0)ϑ

ϕN
(
(0 1Σ N)ϑ

))
=

(
∂N′(1N′ 0)ϑ− (−1)|ϑ|(1N′ 0)ϑ∂M +σΣ N′

−1 (Σ β)(0 1Σ N)ϑ

∂Σ Hom(M,N)ϕN
(
(0 1Σ N)ϑ

) )
=

(
(∂N′ 0)ϑ− (−1)|ϑ|(1N′ 0)ϑ∂M +(0 σΣ N′

−1 Σ β)ϑ

ϕN∂Hom(M,Σ N)
(
(0 1Σ N)ϑ

) )
=

(
(∂N′ σΣ N′

−1 Σ β)ϑ− (−1)|ϑ|(1N′ 0)ϑ∂M

ϕN
(
∂Σ N(0 1Σ N)ϑ− (−1)|ϑ|(0 1Σ N)ϑ∂M

))
=

(
(1N′ 0)(∂Coneβϑ− (−1)|ϑ|ϑ∂M)

ϕN
(
(0 1Σ N)(∂Coneβϑ− (−1)|ϑ|ϑ∂M)

))
= β̆∂Hom(M,Coneβ)(ϑ) ,

and thus β̆ is a morphism of complexes.
It remains to see that the diagram (∗) is commutative. This is proved by using the

definitions of the relevant morphisms; for example, the following computation,
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4.3 Quasi-isomorphisms 117

(
0 1Σ Hom(M,N)

)
β̆(ϑ) =

(
0 1Σ Hom(M,N)

)( (1N′ 0)ϑ
ϕN
(
(0 1Σ N)ϑ

))
= ϕN((0 1Σ N)ϑ

)
= ϕN HomR(M,(0 1Σ N))(ϑ) ,

shows that the right square in (∗) is commutative.

4.3.15 Proposition. Let N be an R-complex. The functor HomR(–,N) is a Σ-
functor; in particular there is an isomorphism of k-complexes,

ConeHomR(α,N)∼= Σ HomR(Coneα,N) ,

for every morphism of R-complexes.

PROOF. A straightforward inspection, similar to the proof of 4.3.14.

4.3.16 Proposition. Let M be an Ro-complex. The functor M⊗R – is a Σ-functor;
in particular, there is an isomorphism of k-complexes,

Cone(M⊗R β) ∼= M⊗R Coneβ ,

for every morphism β of R-complexes.

PROOF. A straightforward inspection, similar to the proof of 4.3.14.

4.3.17 Proposition. Let N be an R-complex. The functor –⊗R N is a Σ-functor; in
particular, there is an isomorphism of k-complexes,

Cone(α⊗R N) ∼= (Coneα)⊗R N ,

for every morphism α of Ro-complexes.

PROOF. A straightforward inspection, similar to the proof of 4.3.14.

EXERCISES

E 4.3.1 Show that a homomorphism of modules is an isomorphism if and only if it is a quasi-
isomorphism when considered as a morphism of complexes.

E 4.3.2 Show that a sequence of modules 0 −→ M′ α′−→ M α−→ M′′ −→ 0 is exact if one of the
morphisms of complexes defined by the diagrams below is a quasi-isomorphism and
only if they both are quasi-isomorphisms.

0 //

��

M′ //

α′

��

0

��

0 // M
α
// M′′ // 0

and

0 // M′
α′
//

��

M

α

��

// 0

��

0 // M′′ // 0
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E 4.3.3 Assume that R is semi-simple. Prove that for every R-complex M there is a quasi-
isomorphism M '−→ H(M).

E 4.3.4 Prove that a morphism of R-complexes α : M→ N is null-homotopic if and only if the
short exact sequence in 4.3.10 splits in C(R).

E 4.3.5 Let f : X→ Y be a continuous map of topological spaces. The mapping cone, Cone f , is
defined as the quotient space of (X× [0,1])

⊎
Y with respect to the equivalence relation

(x,0) ∼ (x′,0) and (x,1) ∼ f (x) for all x, x′ ∈ X. Denote by S(–) the singular chain
complex functor, cf. 2.1.15 and E 2.1.4. Show that there exists a homotopy equivalence
from the complex S(Cone f ) to ConeS( f ).

4.4 Contractible Complexes

SYNOPSIS. Contractible complex; homotopy equivalence.

4.4.1 Definition. An R-complex M is called contractible if the identity morphism
1M is null-homotopic.

REMARK. Other words for contractible are split and homotopically trivial.

4.4.2 Example. For every R-module M, the complex 0 −→ M =−→ M −→ 0 is con-
tractible. It follows from 4.4.4 that every contractible R-complex is a (co)product of
countably many such complexes.

4.4.3. If M is a contractible complex, then one has 1H(M) = H(1M) = 0, see 2.2.16,
so M is acyclic.

4.4.4 Proposition. The following conditions are equivalent for an R-complex M.

(i) M is contractible.
(ii) There is an isomorphism α of R-complexes with M ∼= Coneα.

(iii) There is a graded R-module N with M ∼= Cone1N .
(iv) There exist graded R-modules M′ and M′′ with M\= M′⊕M′′ and ∂M|M′′ = 0,

and such that ∂M|M′ yields an isomorphism M′ ∼= Σ (∂M(M′))∼= Σ M′′.

PROOF. Condition (iii) implies (ii).
(i)=⇒ (iv): By assumption there is a homomorphism σ : M→ M of degree 1

such that ∂Mσ+σ∂M = 1M holds. The endomorphism ε= σ∂M of M\ satisfies

ε2 = (σ∂M)(1M−∂Mσ) = ε and 1M−ε= ∂Mσ ,

whence there is an equality M\ = M′ ⊕M′′ with M′ = Imε and M′′ = Im∂Mσ.
Evidently, one has ∂M|M′′ = 0 and, therefore,

M′′ ⊆ B(M) = ∂M(M′) = ∂Mσ∂M(M)⊆ ∂Mσ(M) = M′′ .

It follows that ∂M|M′ is a surjective homomorphism M′ → M′′ of degree −1.
To see that ∂M|M′ is injective, let m′ = ε(m) be an element in M′ with 0 =
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4.4 Contractible Complexes 119

∂M(m′) = ∂Mσ∂M(m). Then one has 0 =σ∂Mσ∂M(m) = ε2(m) = ε(m) = m′. Thus,
∂M|M′ : M′→ Σ M′′ is an isomorphism of graded modules.

(iv)=⇒ (iii): It is straightforward to verify that the map given by the assignment
(m′,m′′) 7→ (m′′,∂M(m′)) is an isomorphism of R-complexes M→ Cone1M′′ .

(ii)=⇒ (i): Let α : M→ N be an isomorphism in C(R), and consider the inverse
α−1 as a chain map N → Σ M of degree 1; see 2.2.3. Let σ : Coneα→ Coneα be
the homomorphism of degree 1 given by

σ=

(
0 0
α−1 0

)
.

Considering Σα as a chain map Σ M→ N of degree −1, the computation

∂Coneασ+σ∂Coneα =

(
∂N Σα
0 ∂Σ M

)(
0 0
α−1 0

)
+

(
0 0
α−1 0

)(
∂N Σα
0 ∂Σ M

)
=

(
1N 0

∂Σ Mα−1 0

)
+

(
0 0

α−1∂N 1Σ M

)
=

(
1N 0
0 1Σ M

)
= 1Coneα

shows that 1Coneα is null-homotopic; i.e. the complex Coneα is contractible.

4.4.5 Lemma. Let M be an R-complex. The following conditions are equivalent.

(i) M is contractible.
(ii) HomR(K,M) is contractible for every R-complex K.

(iii) HomR(K,M) is acyclic for every R-complex K.
(iv) HomR(M,N) is contractible for every R-complex N.
(v) HomR(M,N) is acyclic for every R-complex N.

(vi) HomR(M,M) is acyclic.
(vii) One has H0(HomR(M,M)) = 0.

PROOF. Condition (i) implies (ii) and (iv) by 2.3.9 and 2.3.10. The implications
(ii)=⇒ (iii) and (iv)=⇒ (v) are evident, cf. 4.4.3, and so are (iii)=⇒ (vi), (v)=⇒ (vi),
and (vi)=⇒ (vii). Finally, it follows from (vii) that 1M is a boundary in HomR(M,M),
whence it is null-homotopic. This proves the final implication (vii)=⇒ (i).

4.4.6. Let α : M→ N be a morphism of R-complexes. If there exist morphisms
β,β′ : N→ M such that αβ′ ∼ 1N and βα∼ 1M , then one has

αβ= αβ1N ∼ αβαβ′ ∼ α1Mβ′ ∼ 1N ,

see 2.3.4. It follows that α is a homotopy equivalence with homotopy inverse β.
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120 4 Distinguished Morphisms

4.4.7 Lemma. Let 0−→ K α−→ M
β−→ N −→ 0 be a degreewise split exact sequence

of R-complexes.

(a) The complex K is contractible if and only if β is a homotopy equivalence, and
in that case the sequence splits in C(R).

(b) The complex N is contractible if and only if α is a homotopy equivalence, and
in that case the sequence splits in C(R).

PROOF. It follows from 2.1.34 and 2.1.35 that the sequences

0−→ HomR(K,K)−→ HomR(K,M)
HomR(K,β)−→ HomR(K,N)−→ 0(∗)

0−→ HomR(N,M)
HomR(β,M)−→ HomR(M,M)−→ HomR(K,M)−→ 0(†)

0−→ HomR(N,K)−→ HomR(N,M)
HomR(N,β)−→ HomR(N,N)−→ 0(‡)

are exact, because the original exact sequence is degreewise split.
If β is a homotopy equivalence, then so is HomR(K,β) by 2.3.9(b); in particular,

it is a quasi-isomorphism. It follows from (∗) that HomR(K,K) is acyclic, whence
K is contractible by 4.4.5.

Conversely, if K is contractible, then the complexes HomR(K,M) and HomR(N,K)
are then acyclic by 4.4.5. It follows from (‡) that HomR(N,β) is a quasi-isomorphism;
it is surjective on cycles by 4.3.6, so there exists a morphism γ : N→ M such that
βγ = 1N . In particular, the original sequence splits in C(R). Moreover, it follows
from (†) that HomR(β,M) is a quasi isomorphism, whence there exists a morphism
γ′ : N→ M such that γ′β ∼ 1M . Thus β is a homotopy equivalence; see 4.4.6. This
proves part (a) and a similar argument proves (b).

EXERCISES

E 4.4.1 (Cf. 4.4.2) Show that every contractible complex is a product and a coproduct of primitive
contractible complexes 0→ M =−→ M→ 0.
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Chapter 5
Resolutions

5.1 Semi-freeness

SYNOPSIS. Graded basis; graded-free module; complex of free modules; semi-free complex;
semi-free resolution; boundedness and finiteness; free resolution of module.

5.1.1 Definition. Let L be a graded R-module. A set E = {eu}u∈U of generators for
L, a basis for L in particular, is called graded if each element eu is homogeneous.
The module L is called graded-free if has a graded basis.

5.1.2 Proposition. For an R-complex L, the following conditions are equivalent.

(i) Each R-module Lv is free.
(ii) The graded R-module L\ is graded-free.

(iii) The R-module L\ is free.

PROOF. The implications (i)=⇒ (ii)=⇒ (iii) are immediate; see 1.3.2 and 1.3.7. To
prove that (iii) implies (i), let E be a basis for the R-module L\. Each element in E is
a family e = (ev)v∈Z of homogeneous elements. Let Ev denote the set of elements of
degree v that occur in the elements of E; i.e. Ev = {x ∈ Lv | x = ev for some e ∈ E}.
Each element in the submodule Lv of L is a unique linear combination of the ele-
ments in E and hence of the elements in Ev. Thus, Ev is a basis for Lv.

5.1.3 Definition. An R-complex L is called semi-free if the graded R-module L\ has
a graded basis E that can be written as a disjoint union E =

⊎
n>0 En with E0 ⊆ Z(L)

and ∂L(En)⊆ R〈En−1〉 for every n> 1. Such a basis is called a semi-basis.

5.1.4. Let L be a graded R-module. A graded basis for L is trivially a semi-basis
for the R-complex L. Thus, a graded R-module is graded-free if and only if it is
semi-free as an R-complex if and only if it is free as an R-module; see 5.1.2.

5.1.5 Example. Let L be a bounded below complex of free R-modules and set w =
inf L\. For every n> 0, let En be a basis for the free module Lw+n, then

⊎
n>0 En is

a semi-basis for L.
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122 5 Resolutions

5.1.6 Example. Over the ring Z/(4) consider the Dold complex,

L = · · · −→ Z/(4) 2−−→ Z/(4) 2−−→ Z/(4)−→ ·· · ,

of free modules. It has no semi-basis, as no graded basis for L\ contains a cycle.

EXISTENCE OF SEMI-FREE RESOLUTIONS

5.1.7 Definition. A semi-free resolution of an R-complex M is a quasi-isomorphism
L '−→ M of R-complexes, where L is semi-free.

5.1.8 Theorem. Every R-complex M has a semi-free resolution π : L '−−→ M with
Lv = 0 for all v < inf M\. Moreover, π can be chosen surjective.

The proof relies on the next construction and follows after the proof of 5.1.10.

5.1.9 Construction. Given an R-complex M, we shall construct a commutative di-
agram in C(R):

(5.1.9.1)

L0 � � //

π0

''

· · · �
�
// Ln−1 � � ι

n−1
//

πn−1

��

Ln � � //

πn

��

· · · // L

π
ooM

For n = 0, choose a set Z0 of homogeneous cycles in M whose homology classes
generate H(M). Let E0 = {ez | |ez| = |z|, z ∈ Z0} be a set of elements that are
linearly independent over R, and define an R-complex L0 as follows:

(5.1.9.2) (L0)\ = R〈E0〉 and ∂L0
= 0 .

To see that the map π0 : L0→ M defined by

π0(
∑

z∈Z0
rzez
)
= ∑

z∈Z0
rzz

is a morphism of complexes, notice that the differential on L0 is 0 and that π0 maps
to Z(M), the kernel of ∂M .

Let n> 1 and let a morphism πn−1 : Ln−1→ M be given. Choose a set Zn of ho-
mogeneous cycles in Ln−1 whose homology classes generate the kernel of H(πn−1).
Let En = {ez | |ez|= |z|+1, z ∈ Zn} be a set of elements that are linearly indepen-
dent over R, and set

(Ln)\ = (Ln−1)\⊕R〈En〉 and

∂Ln(
x+ ∑

z∈Zn
rzez
)
= ∂Ln−1

(x)+ ∑
z∈Zn

rzz .
(5.1.9.3)
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5.1 Semi-freeness 123

This defines an R-complex. For each z ∈ Zn choose an element mz ∈ M such that
πn−1(z) = ∂M(mz). It is elementary to verify that the map πn : Ln→ M defined by

(5.1.9.4) πn(x+ ∑
z∈Zn

rzez
)
= πn−1(x)+ ∑

z∈Zn
rzmz

is a morphism of R-complexes. Moreover, it agrees with πn−1 on the subcomplex
Ln−1 of Ln. That is, there is an equality of morphisms πn−1 = πnιn−1, where ιn−1 is
the natural embedding of Ln−1 into Ln; cf. (5.1.9.3).

For n < 0 set Ln = 0, ιn = 0, and πn = 0, then the family {ιn : Ln→ Ln+1}n∈Z is
a telescope in C(R), and one has πn = ιnπn+1 for all n ∈ Z. Set L = colimn∈Z Ln,
by 3.2.23 there is a morphism of R-complexes π : L→ M, such that the diagram
(5.1.9.1) is commutative.

5.1.10 Proposition. The sets, morphisms, and complexes constructed in 5.1.9 have
the following properties.

(a) Each set En consists of homogeneous elements of degree at least n+ inf M\.
(b) Each complex Ln is semi-free with semi-basis

⊎n
i=0 Ei.

(c) The complex L is semi-free with semi-basis E =
⊎

n>0 En.
(d) The morphism π : L→ M is a quasi-isomorphism.
(e) If πn is surjective for some n> 0, then π is surjective.

PROOF. Parts (a) and (b) are immediate from the definition of the sets En and
(5.1.9.3); part (e) is immediate from 3.2.3.

(c): The morphisms ιn are natural embeddings, so L = colimn∈Z Ln is by 3.2.24
simply the union∪n>0Ln; in particular,

⊎
n>0 En is a graded basis for L\. By (5.1.9.3)

there are containments ∂L(En) = ∂Ln
(En) ⊆ En−1 for n > 1, and (5.1.9.2) yields

∂L(E0) = ∂L0
(E0) = 0, so E0 consists of cycles.

(d): For each n> 0 there is a commutative diagram

H(L0) //

H(π0)

  

H(Ln) //

H(πn)

��

H(L)

H(π)

��

H(M) ,

induced from (5.1.9.1) By the choice of Z0, the morphism H(π0) is surjective and
hence so is H(π). To see that H(π) is injective, let y be a cycle in L and assume that
H(π)([y]) = 0. Choose an integer n such that y ∈ Ln−1; now one has

0 = H(π)([y]) = [π(y)] = [πn−1(y)] = H(πn−1)([y]),

so [y] is in KerH(πn−1). By the choice of Zn there exists a element x ∈ Ln−1 such
that one has

y = ∑
z∈Zn

rzz+∂Ln−1
(x) = ∂Ln

(x+ ∑
z∈Zn

rzez),
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where the second equality follows from (5.1.9.3). It follows that [y] is 0 in H(Ln)
and hence also in H(L). Thus, H(π) is injective, and π is a quasi-isomorphism.

PROOF OF 5.1.8. Apply the construction 5.1.9 to M; it follows from parts (d) and
(e) in 5.1.10 that π : L '−→ M is a semi-free resolution. Part (a) ensures Lv = 0 for all
v < inf M\. Finally, notice that choosing Z0 as a set of generators for Z(M) ensures
that the morphism π0 is surjective on cycles, and then π is surjective on cycles by
5.1.10(e). As π is a quasi-isomorphism it is, therefore, surjective; see 4.3.6.

5.1.11 Proposition. Let R→ S be a ring homomorphism. If L is a semi-free R-
complex, then S ⊗R L is a semi-free S -complex.

PROOF. Let E =
⊎

n>0 En = {eu}u∈U be a semi-basis for L. One then has L ∼=∐
u∈U Reu, and by 3.1.11 there is an isomorphism S ⊗R L ∼=

∐
u∈U S ⊗R Reu. It is

straightforward to verify that the S -module
∐

u∈U S ⊗R Reu is free with basis E′ =
{1⊗ eu}u∈U , and it follows from 2.4.1 that E′ is a semi-basis.

5.1.12 Proposition. If L is a semi-free S -complex and L′ is a semi-free k-complex,
then the S -complex L⊗k L′ is semi-free.

PROOF. Let E =
⊎

n>0 En be a semi-basis for L and F =
⊎

n>0 Fn be a semi-basis
for L′. For n > 0 set Gn = {e⊗ f | e ∈ Ei, f ∈ F j, i+ j = n}. It is elementary to
verify that the S -module L⊗k L′ is free with basis G =

⊎
n>0 Gn, and it follows from

2.4.1 that G is a semi-basis.

BOUNDEDNESS AND FINITENESS

5.1.13 Theorem. Every R-complex M has a semi-free resolution L '−−→ M with
Lv = 0 for all v < inf M.

PROOF. If M is acyclic, then L = 0 has the desired properties. If H(M) is not
bounded below, then any semi-free resolution of M has the desired property. As-
sume now that H(M) is bounded below and set w = inf M. By (2.5.17.2) there is
a quasi-isomorphism M⊃w

'−→ M, and by 5.1.8 the truncated complex M⊃w has a
semi-free resolution L '−→ M⊃w with Lv = 0 for v < w. The composite of these two
quasi-isomorphisms is the desired semi-free resolution L '−→ M⊃w

'−→ M.

5.1.14 Lemma. Let R be left Noetherian. Every bounded below complex M of
finitely generated R-modules has a semi-free resolution π : L→ M with Lv finitely
generated for every v ∈ Z and Lv = 0 for all v < inf M\. Moreover, π can be chosen
surjective.

PROOF. If M is the zero-complex, then L = 0 has the desired properties. Assume
now M 6= 0 and set w = inf M\; it is an integer by the assumption on M. Apply the
construction 5.1.9 to M and notice the following.
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5.1 Semi-freeness 125

As R is left Noetherian, and M is a complex of finitely generated R-modules,
the set Z0 can be chosen such that it contains only finitely many elements of each
degree. Doing so ensures that E0 = {ez | |ez| = |z|, z ∈ Z0} contains only finitely
many elements of each degree v and no elements of degree v < w; see 5.1.10(a).

As R is left Noetherian, it follows by induction that KerH(πn−1) is degree-wise
finitely generated for every n > 1. Choosing the set Zn such that it has only finitely
many elements of each degree, ensures that the set En = {ez | |ez|= |z|+1, z ∈ Zn}
contains only finitely many elements of each degree v and no elements of degree
v < w+n; see 5.1.10(a).

From 5.1.10 it follows that π : L '−→ M is a semi-free resolution of M, and that
E =

⊎
n>0 En is a semi-basis for L. For each v ∈ Z the subset Ev ⊆ E of basis ele-

ments of degree v is a basis for Lv, and it is finite:

Ev = (
⊎

n>0
En)v =

v−w⊎
n=0

(En)v.

Thus, each free module Lv is finitely generated, and that Lv = 0 holds for all v < w.
Finally, as R is left Noetherian, one can choose as Z0 a set of generators for

Z(M) with the additional property that it contains only finitely many elements of
each degree. With this choice, the quasi-isomorphism π is surjective on cycles by
5.1.10(e) and, therefore, surjective by 4.3.6.

5.1.15 Theorem. Let R be left Noetherian and let M be an R-complex. If H(M)
bounded below and degree-wise finitely generated, then M has a semi-free resolu-
tion L '−→ M with each module Lv finitely generated and Lv = 0 for all v < inf M.

PROOF. If M is acyclic, then the complex L = 0 has the desired properties. Assume
now that M is not acyclic. Set w = inf M and apply 5.1.14 to the truncated complex
M⊃w to obtain a semi-free resolution L '−→ M⊃w with each module Lv finitely gener-
ated and Lv = 0 for all v<w. By (2.5.17.2) there is a quasi-isomorphism M⊃w

'−→M,
and the desired resolution is the composite L '−→ M⊃w

'−→ M.

REMARK. The requirement in the theorem that H(M) be bounded below cannot be relaxed; an
example is provided in 17.2.15.

THE CASE OF MODULES

5.1.16. It follows from 5.1.4 that an R-module is free if and only if it is semi-free
as an R-complex.

5.1.17 Theorem. For every R-module M there exists a sequence of free R-modules
· · · → Lv→ Lv−1→ ··· → L0 and a homomorphism L0� M such that the sequence

· · · → Lv→ Lv−1→ ··· → L0→ M→ 0
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is exact.

PROOF. Choose by 5.1.8 a surjective semi-free resolution π : L '−→ M with Lv = 0
for all v < 0. The displayed sequence of R-modules is the complex Σ

−1 Coneπ; in
particular, the map L0�M is the homomorphism−π0. The cone is acyclic because
π is a quasi-isomorphism; see 4.3.11.

5.1.18 Definition. Let M be an R-module. Together, the surjective homomorphism
L0 → M and the sequence · · · → Lv → Lv−1 → ··· → L0 in 5.1.17 is called a free
resolution of M.

5.1.19. By 5.1.5 a free resolution of an R-module M is a semi-free resolution of M
as an R-complex.

5.1.20 Theorem. Assume that R is left Noetherian. Every finitely generated R-
module M has a free resolution

· · · → Lv→ Lv−1→ ··· → L0→ M→ 0

where each free R-module Lv is finitely generated.

PROOF. Choose by 5.1.14 a surjective semi-free resolution π : L '−→ M, where each
free module Lv is finitely generated and Lv = 0 holds for all v < 0. The desired
resolution is the complex Σ

−1 Coneπ, which is acyclic as π is a quasi-isomorphism;
cf. the proof of 5.1.17.

EXERCISES

E 5.1.1 Show that a complex L of free modules is semi-free if one has ∂L
v = 0 for v� 0.

E 5.1.2 Show that a coproduct of semi-free complexes is semi-free.
E 5.1.3 Show that a direct summand of a semi-free complex may not be semi-free.
E 5.1.4 Let L be a semi-free R complex and α : L→ N be a morphism in C(R). Show that

for every surjective quasi-isomorphism β : M→ N there exists a morphism γ : L→ M,
such that α = βγ. Hint: For each n, let Ln be the semi-free subcomplex of L with
semi-basis

⊎n
i=0 Ei and construct morphisms γn : Ln→ M compatible with the inclusions

Ln� Ln+1.
E 5.1.5 Give an alternative proofs of 5.1.17 and 5.1.20 based on 1.3.10.

5.2 Semi-projectivity

SYNOPSIS. Complex of projective modules; semi-projective complex; semi-projective resolution;
lifting property; projective resolution of module.

Semi-projectivitvity of an R-complex P will be defined in terms of the functor
HomR(P,–) from C(R) to C(k). First we study complexes of projective modules.
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5.2 Semi-projectivity 127

5.2.1. Lifting properties are a central theme in this section, and several key results
can be interpreted in terms of the diagram

(5.2.1.1)

P

��~~

M // N

where the solid arrows represent given maps of certain sorts, and a lifting property
of P ensures the existence of a dotted map of a specific sort, such that the diagram
is commutative, or commutative up to homotopy.

COMPLEXES OF PROJECTIVE MODULES

Part (iii) below can be interpreted in terms of the diagram (5.2.1.1).

5.2.2 Proposition. For an R-complex P, the following conditions are equivalent.

(i) Each R-module Pv is projective.
(ii) The functor HomR(P,–) from C(R) to C(k) is exact.

(iii) For every homomorphism α : P→ N and every surjective homomorphism
β : M→ N, there exists a homomorphism γ : P→ M such that α= βγ holds.

(iv) Every exact sequence 0→ M′→ M→ P→ 0 is degree-wise split.
(v) The graded module P\ is a graded direct summand of a graded-free R-module.

PROOF. The argument is cyclic.
(i)=⇒ (iii): The homomorphism α is an element in ∏v∈Z HomR(Pv,Nv+|α|), and

β is an element in ∏v∈Z HomR(Mv,Nv+|β|). For each v ∈ Z there exists, by the
lifting property 1.3.14(iii) of Pv, a homomorphism γv : Pv→ Mv+|α|−|β| such that
αv = βv+|α|−|β|γv holds. The desired homomorphism γ is the element (γv)v∈Z in
∏v∈Z HomR(Mv, Iv+|α|−|β|).

(iii)=⇒ (ii): Follows as the functor HomR(P,–) is left exact; see.
(ii)=⇒ (iv): Let β denote the morphism M� P. Then there exists a homomor-

phism γ : P→ M such that 1P = βγ. As β is a morphism of complexes, also the
degree of γ must be 0, so for each v ∈ Z one has 1Pv = βvγv. Hence, the sequence
0→ M′→ M→ P→ 0 is degree-wise split.

(iv)=⇒ (v): Choose by 5.1.8 a surjective semi-free resolution π : L→ P and apply
(iv) to the associated exact sequence 0→ Kerπ→ L→ P→ 0 in C(R). It follows
that P\ is a graded direct summand of the graded-free R-module L\.

(v)=⇒ (i): Each module Pv is a direct summand of a free R-module and, there-
fore, projective by 1.3.14.

REMARK. The complexes described in 5.2.2 are not the projective objects in the category C(R);
see E 5.2.5 and E 5.2.1.
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5.2.3 Corollary. Let 0→ P′→ P→ P′′→ 0 be an exact sequence of R-complexes.
If P′′ is a complex of projective R-modules, then P is a complex of projective of
R-modules if and only if P′ is a complex of projective of R-modules.

PROOF. If P′′ is a complex of projective modules, then 0→ P′ → P→ P′′ → 0
splits, and the assertion follows from 1.3.18.

5.2.4 Definition. A graded R-module P is called graded-projective if the R-complex
P satisfies the conditions in 5.2.2.

An important application of the next lemma is to an acyclic complex N and a
complex M of projective R-modules.

5.2.5 Lemma. Let M and N be R-complexes such that M or N is bounded below. If
the complex HomR(Mv,N) is acyclic for every v ∈ Z, then HomR(M,N) is acyclic.

PROOF. Fix an n ∈ Z; we shall verify Hn(HomR(M,N)) = 0. By 2.3.15 one has

Hn(HomR(M,N)) = H0(HomR(M,Σ−n N)).

Since the assumptions are invariant under a shift of N, we can assume n = 0. Thus,
we need to show that every morphism α : M→ N is null-homotopic. Given a mor-
phism α, we must construct a degree 1 homomorphism σ : M→ N, such that

(∗) αv = ∂N
v+1σv +σv−1∂

M
v

holds for every v∈Z. As M or N is bounded below, one has αv = 0 for v� 0. Thus,
one can choose σv = 0 for v� 0. Now, proceed by induction. Given that (∗) holds
for v, it follows that αv+1−σv∂

M
v+1 is a cycle in HomR(Mv+1,N) of degree v+ 1.

Indeed, one has

∂N
v+1(αv+1−σv∂

M
v+1) = (αv−∂N

v+1σv)∂
M
v+1

= (σv−1∂
M
v )∂M

v+1

= 0.

As the complex HomR(Mv+1,N) is acyclic, αv+1 −σv∂
M
v+1 is a boundary. Thus,

there exists an element in degree v + 2 of HomR(Mv+1,N), that is, a σv+1 in
HomR(Mv+1,Nv+2), such that ∂N

v+2σv+1 = αv+1−σv∂
M
v+1 holds, as desired.

EXISTENCE OF SEMI-PROJECTIVE RESOLUTIONS

5.2.6 Definition. An R-complex P is called semi-projective if HomR(P,β) is a sur-
jective quasi-isomorphism for every surjective quasi-isomorphism β in C(R).

From 5.2.2 and 5.2.5 it is easy to deduce that every bounded below complex of
projective modules is semi-projective; see 5.2.9.
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The next result offers useful characterizations of semi-projective complexes. The
lifting property in part (iii) can be interpreted in terms of the diagram (5.2.1.1).

5.2.7 Proposition. For an R-complex P, the following conditions are equivalent.

(i) P is semi-projective.
(ii) The functor HomR(P,–) is exact and preserves quasi-isomorphisms.

(iii) For every chain map α : P→ N and for every surjective quasi-isomorphism
β : M→ N there exists a chain map γ : P→ M such that α= βγ holds.

(iv) Every exact sequence 0→ M′→ M→ P→ 0 with M′ acyclic is split.
(v) P is a direct summand of a semi-free R-complex.

(vi) P is a complex of projective R-modules, and the functor HomR(P,–) preserves
acyclicity of complexes.

PROOF. The argument is cyclic. The implication (ii)=⇒ (i) is clear.
(i)=⇒ (iii): The induced morphism HomR(P,β) is a surjective quasi-isomorphism.

In particular, it is surjective on cycles, see 4.3.6, so there exists a γ∈Z(HomR(P,M))
such that α= HomR(P,β)(γ) = βγ.

(iii)=⇒ (iv): By 2.2.13 the surjective morphism β : M→ P is a quasi-isomorphism,
so there exists a chain map γ : P→ M such that 1P = βγ. As β is of degree 0, so is
γ. That is, γ is a morphism, whence the sequence is split.

(iv)=⇒ (v): By 5.1.8 there exists a semi-free complex L and a surjective quasi-
isomorphism π : L→ P. Apply (iv) to the exact sequence 0→Kerπ→ L π−→ P→ 0.

(v)=⇒ (vi): Immediate from 5.2.2 and 5.2.10, as the Hom functor is additive.
(vi)=⇒ (ii): The functor HomR(P,–) is exact by 5.2.2. Let β be a quasi-isomorphism.

The complex Coneβ is acyclic, and hence so is the complex HomR(P,Coneβ)∼=ConeHomR(P,β),
so HomR(P,β) is a quasi-isomorphism.

5.2.8 Corollary. A graded R-module is graded-projective if and only if it is semi-
projective as an R-complex.

PROOF. Let P be a graded R-module. If P is semi-projective as an R-complex, then
each module Pv is projective, whence P is graded-projective.

If P is graded-projective, then it is a graded direct summand of a graded-free R-
module; see 5.2.2. A graded-free R-module is semi-free as an R-complex by 5.1.4,
and then P is semi-free as an R-complex by 5.2.7.

5.2.9 Proposition. A bounded below complex of projective R-modules is semi-
projective.

PROOF. Immediate from 5.2.5 and 5.2.7.

The next proposition shows that every semi-free complex is semi-projective.

5.2.10 Proposition. For a semi-free R-complex L, the functor HomR(L,–) is exact
and preserves acyclicity of complexes.
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PROOF. Let L be a semi-free R-complex; by 5.1.2 it is a complex of free R-modules,
so the functor HomR(L,–) is exact by 5.2.2. Choose a semi-basis E =

⊎
i>0 Ei for L.

Set L−1 = 0 and let Ln, for n> 0, be the semi-free subcomplex of L with semi-basis⊎n
i=0 Ei. Then one has L = ∪n>0Ln ∼= colimn∈Z Ln, and for every n> 0 there is then

an exact sequence

(∗) 0−→ Ln−1 −→ Ln −→ Ln/Ln−1 −→ 0.

The induced differential on the subquotient Ln/Ln−1 is 0, so it is isomorphic to the
graded free R-module R〈En〉. In particular, (∗) is degree-wise split by 5.2.2.

Let A be an acyclic R-complex. For every n > 0 the complex HomR(R〈En〉,A)
is acyclic, so it follows by induction that HomR(Ln,A) is acyclic for for every
n > 0. Because the sequence (∗) is degree-wise split, the morphisms in the tower
{HomR(Ln,A)→ HomR(Ln−1,A)}n∈Z are surjective, and they are zero in homo-
logy. Now it follows from 3.3.11 and 3.3.24(b) that one has

H(HomR(L,A))∼= H(HomR(colim
n∈Z

Ln,A))∼= H(lim
n∈Z

HomR(Ln,A)) = 0 .

5.2.11 Corollary. A semi-free R-complex is semi-projective.

PROOF. Immediate from 5.2.7 and 5.2.10.

REMARK. A semi-projective complex of free modules may not be semi-free; see E 5.2.3.

5.2.12 Definition. A semi-projective resolution of an R-complex M is a quasi-
isomorphism P '−→ M of R-complexes, where P is semi-projective.

The next existence result is immediate in view of 5.1.8 and 5.2.11.

5.2.13 Theorem. Every R-complex M has a semi-projective resolution π : P '−→ M
with Pv = 0 for all v < inf M\. Moreover, π can be chosen surjective.

PROPERTIES OF SEMI-PROJECTIVE COMPLEXES

5.2.14 Proposition. Let 0 → P′ → P → P′′ → 0 be an exact sequence of R-
complexes. If P′′ is semi-projective, then P′ is semi-projective if and only if P is
semi-projective.

PROOF. The exact sequence 0→ P′→ P→ P′′→ 0 is degree-wise split by 5.2.2,
so the desired conclusion follows from 5.2.7.

REMARK. See E 5.2.6 for a strengthening of 5.2.14.

5.2.15 Proposition. A coproduct of R-complexes
∐

u∈U Pu is semi-projective if and
only if each complex Pu is semi-projective.
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PROOF. Let β : M→ N be a surjective quasi-isomorphism. There is a commutative
diagram,

HomR(
∐

u∈U Pu,M)
Hom(

∐
Pu,β)
//

∼=
��

HomR(
∐

u∈U Pu,N)

∼=
��

∏u∈U HomR(Pu,M)
∏Hom(Pu,β)

// ∏u∈U HomR(Pu,N) ,

where the vertical maps are the canonical isomorphisms from 3.1.19. It follows that
HomR(

∐
u∈U Pu,β) is a surjective quasi-isomorphism if and only if each morphism

HomR(Pu,β) is a surjective quasi-isomorphism.

Up to homotopy, chain maps from semi-projective complexes factor through
quasi-isomorphisms. Also this next result can be interpreted in terms of the diagram
(5.2.1.1).

5.2.16 Theorem. Let P be a semi-projective R-complex, let α : P→ N be a chain
map, and let β : M→ N be a quasi-isomorphism. There exists a chain map γ : P→ M
such that α∼ βγ. Moreover, γ is homotopic to any other chain map γ′ with α∼ βγ′.

PROOF. The induced morphism HomR(P,β) : HomR(P,M)→ HomR(P,N) is a quasi-
isomorphism, by 5.2.7, so there exists a γ ∈ Z(HomR(P,M)) such that

[α] = H(HomR(P,β))([γ]) = [βγ];

that is, α−βγ is in B(HomR(P,N)). Given another morphism γ′ such that α∼ βγ′,
one has [α] = [βγ′] and, therefore 0 = [β(γ− γ′)] = H(HomR(P,β))([γ− γ′]). It
follows that the homology class [γ−γ′] is 0 as H(HomR(P,β)) is an isomorphism,
so γ−γ′ is in B(HomR(P,M)). That is, γ and γ′ are homotopic.

5.2.17 Corollary. Let P be a semi-projective R-complex. For every quasi-isomorphism
β : M→ P of R-complexes, there exists a quasi-isomorphism γ : P→ M such that
1P ∼ βγ.

PROOF. By 5.2.16 there is a morphism γ : P→ M such that 1P ∼ βγ. In particular,
one has 1H(P) = H(β)H(γ), and since H(β) is an isomorphism so is H(γ).

5.2.18 Corollary. A morphism of semi-projective R-complexes is a quasi-isomorphism
if and only if it is a homotopy equivalence.

PROOF. Every homotopy equivalence is a quasi-isomorphism. Let β : P′→ P be a
quasi-isomorphism of semi-projective R-complexes. By 5.2.17 there are morphisms
γ : P→ P′ and β′ : P′→ P such that 1P ∼ βγ and 1P′ ∼ γβ′. It now follows from
the computation 1P′ ∼ γβ′ = γ1Pβ′ ∼ γβγβ′ ∼ γβ1P′ = γβ that β is a homotopy
equivalence.

5.2.19 Proposition. Let R→ S be a ring homomorphism. If P is a semi-projective
R-complex, then S ⊗R P is a semi-projective S -complex.
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PROOF. By adjunction 4.1.6 and (4.1.0.2) there are natural isomorphisms,

HomS (S ⊗R P,–)∼= HomR(P,HomS (S ,–))∼= HomR(P,–) ,

of functors from C(S ) to C(k). By assumption, HomR(P,–) is exact and preserves
quasi-isomorphisms.

5.2.20 Proposition. If P is a semi-projective S -complex and P′ is a semi-projective
k-complex, then the S -complex P⊗k P′ is semi-projective.

PROOF. By adjunction 4.1.6 there is a natural isomorphism,

HomS (P⊗k P′,–)∼= Homk(P′,HomS (P,–)) ,

of functors from C(S ) to C(k). It follows from the assumptions on P and P′ that the
functor Homk(P′,HomR(P,–)) is exact and preserves quasi-isomorphisms.

THE CASE OF MODULES

From 5.2.2 we recover 1.3.14.

Proposition. For an R-module P, the following conditions are equivalent.

(i) P is projective.
(ii) The functor HomR(P,–) from M(R) to M(k) is exact.

(iii) For every homomorphism α : P→ N and every surjective homomorphism
β : M→ N, there exists a homomorphism γ : P→ M such that α= βγ holds.

(iv) Every exact sequence 0→ M′→ M→ P→ 0 is split.
(v) P is a direct summand of a free R-module.

The next proposition is a special case of 5.2.3.

5.2.21 Proposition. Let 0→ P′→ P→ P′′→ 0 be an exact sequence of R-modules.
Assume that P′′ is projective, then P′ is projective if and only if P is projective.

5.2.22. It follows from 5.2.8 that an R-module is projective if and only if it is semi-
projective as an R-complex. Thus one recovers 1.3.18 from 5.2.15.

The next theorem is immediate from 5.1.17.

5.2.23 Theorem. For every R-module M there exists a sequence of projective R-
modules · · · → Pv → Pv−1 → ·· · → P0 and a surjective homomorphism P0 → M
such that the sequence · · · → Pv→ Pv−1→ ··· → P0→ M→ 0 is exact.

5.2.24 Definition. Together, the sequence · · · → Pv → Pv−1 → ··· → P0 and the
surjective homomorphism P0→ M in 5.2.23 is called a projective resolution of M.

5.2.25. By 5.2.9 a projective resolution of an R-module M is a semi-projective
resolution of M as an R-complex.
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EXERCISES

E 5.2.1 Show that a graded R-module is graded-projective if and only if it is a projective object
in Mgr(R).

E 5.2.2 Show that a graded R-module P is graded-projective if and only if it is projective as an
R-module.

E 5.2.3 Consider the Z/(6)-complex · · · → Z/(6) 2−→ Z/(6) 3−→ Z/(6) 2−→ ·· · . Show that it is
contractible and conclude that it is semi-projective. Show that it is not semi-free.

E 5.2.4 Let P be a semi-projective complex; show that it is contractible if and only if it is acyclic.
E 5.2.5 Show that the following conditions are equivalent for an R-complex P. (i) P is a projective

object in the category C(R). (ii) P is a contractible complex of projective R-modules. (iii)
P is semi-projective and acyclic.

E 5.2.6 Let P′′ be a complex of projective R-modules, and let 0→ P′ → P→ P′′ → 0 be an
exact sequence of R-complexes. Show that if two of the complexes P, P′, and P′′ are
semi-projective, then so is the third.

5.3 Semi-injectivity

SYNOPSIS. Character complex; complex of injective modules; semi-injective complex; semi-
injective resolution; lifting property; injective resolution of module.

CHARACTER COMPLEXES

Recall from 1.3.30 that E = HomZ(k,Q/Z) is a faithfully injective k-module.

5.3.1 Definition. Let M be an R-complex. The Ro-complex Homk(M,E) is called
the character complex of M. The graded R-module Homk(M\,E) = Homk(M,E)\
is called the character module of the graded R-module M\

5.3.2 Lemma. If L is a semi-free Ro-complex, then Homk(L,E) is a complex of
injective R-modules, and the functor HomR(–,Homk(L,E)) preserves acyclicity of
complexes.

PROOF. By 1.3.38 each module Homk(L,E)v = Homk(L−v,E) is an injective R-
module. Let A be an acyclic R-complex; adjunction 4.1.6 and commutativity 4.1.2
yield isomorphisms

HomR(A,Homk(L,E))∼= Homk(L⊗R A,E)∼= HomRo(L,Homk(A,E)),

and the complex HomRo(L,Homk(A,E)) is acyclic by 5.2.10 and 1.3.19.

5.3.3 Construction. Let M be an R-complex and choose by 5.1.8 a semi-free re-
solution π : L '−→ Homk(M,E) with Lv = 0 for all v < infHomk(M,E)\. Precom-
pose the induced morphism Homk(π,E) : Homk(Homk(M,E),E)→ Homk(L,E)
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with the biduality morphism δM
E : M→ Homk(Homk(M,E),E) to get a morphism

of R-complexes
εM = Homk(π,E)δM

E : M −→ E,

where E is the character complex Homk(L,E).

5.3.4 Proposition. The morphisms and complexes constructed in 5.3.3 have the
following properties.

(a) E is a complex of injective R-modules with Ev = 0 for v > sup M\, and the
functor HomR(–,E) preserves acyclicity of complexes.

(b) The morphism H(εM) is injective.
(c) The morphism π can be chosen such that εM is injective.

PROOF. (a): One has infHomk(M,E)\=−sup M\ and, therefore, Ev =Homk(L−v,E)=
0 for all v > sup M\. The remaining assertions follow from 5.3.2.

(b): It follows by exactness of the functor Homk(–,E) that H(δM
E ) is the biduality

morphism δ
H(M)
E ; hence it is injective by 4.2.9.

(c): By 5.1.8 one can choose π surjective; and it then follows by exactness of
Homk(–,E) that Homk(π,E) is injective. By 4.2.9 the biduality morphism δM

E is
injective, and hence so is the composite εM .

COMPLEXES OF INJECTIVE MODULES

5.3.5. Lifting properties are also central to this section; key results can be inter-
preted in terms of the diagram

(5.3.5.1)

K //

��

M

~~

I

where the solid arrows represent given maps of certain sorts, and a lifting property
of I ensures the existence of a dotted map of a specific sort, such that the diagram is
commutative, or commutative up to homotopy.

Part (iii) below can be interpreted in terms of the diagram (5.3.5.1).

5.3.6 Proposition. For an R-complex I, the following conditions are equivalent.

(i) Each R-module Iv is injective.
(ii) The functor HomR(–, I) from C(R)op to C(k) is exact.

(iii) For every homomorphism α : K→ I and for every injective homomorphism
β : K→ M, there exists a homomorphism γ : M→ I such that γβ= α holds.

(iv) Every exact sequence 0→ I→ M→ M′′→ 0 is degree-wise split.
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(v) The graded module I\ is a graded direct summand of the character module
Homk(L,E) for a graded-free Ro-module L.

PROOF. The argument is cyclic.
(i)=⇒ (iii): The homomorphism α is an element in ∏v∈Z HomR(Kv, Iv+|α|) and β

is an element in ∏v∈Z HomR(Kv,Mv+|β|). For each v ∈ Z there exists, by the lift-
ing property 1.3.20 of Iv+|α|, a homomorphism γv+|β| : Mv+|β|→ Iv+|α| such that
γv+|β|βv = αv holds. The family γ = (γh)h∈Z in ∏h∈Z HomR(Mh, Ih+|α|−|β|) is the
desired homomorphism.

(iii)=⇒ (ii): Follows as the functor HomR(–, I) is left exact; see
(ii)=⇒ (iv): Let β denote the injective morphism I → M. Then there exists a

homomorphism γ : M→ I such that γβ = 1I . As β is a morphism, also the degree
of γ must be 0, so for each v ∈ Z one has γvβv = 1Iv . Hence, the sequence 0→ I→
M→ M′′→ 0 is degree-wise split.

(iv)=⇒ (v): Choose by 5.3.4 an injective morphism ε : I→ E, where E is the
character complex Homk(L,E) for a semi-free Ro-complex L. Apply (iv) to the
exact sequence 0→ I → E → Cokerε→ 0 in C(R). It follows that I\ is a graded
direct summand of the graded module E\ = Homk(L\,E), and L\ is a graded-free
Ro-module by 5.1.2.

(v)=⇒ (i): The character module of a free Ro-module is an injective R-module
by 1.3.38. A direct summand of an injective module is injective by additivity of the
Hom functor. Thus, each module Iv is an injective R-module.

REMARK. The complexes described in 5.3.6 are not the injective objects in the category C(R); see
E 5.3.5 and E 5.3.1.

5.3.7 Corollary. Let 0→ I′→ I→ I′′→ 0 be an exact sequence of R-complexes. If
I′ is a complex of injective R-modules, then I is a complex of injective of R-modules
if and only if I′′ is a complex of injective of R-modules.

PROOF. If I′ is a complex of injective modules, then 0→ I′→ I→ I′′→ 0 splits,
and the assertion follows from 1.3.21.

5.3.8 Definition. A graded R-module I is called graded-injective if the R-complex
I satisfies the conditions in 5.3.6.

The canonical application of the next lemma is to an acyclic complex M and a
complex N of injective modules.

5.3.9 Lemma. Let M and N be R-complexes such that M or N is bounded above. If
the complex HomR(M,Nv) is acyclic for every v ∈ Z, then HomR(M,N) is acyclic.

PROOF. Parallel to 5.2.5
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EXISTENCE OF SEMI-INJECTIVE RESOLUTIONS

5.3.10 Definition. An R-complex I is called semi-injective if HomR(β, I) is an sur-
jective quasi-isomorphism for every injective quasi-isomorphism β in C(R).

From 5.3.6 and 5.3.9 it is easy to deduce that every bounded above complex of
injective modules is semi-injective; see 5.3.18.

5.3.11 Definition. A semi-injective resolution of an R-complex M is a quasi-
isomorphism M '−→ I of R-complexes, where I is semi-injective.

The main result of this section is the existence of semi-injective resolutions of
complexes; see 5.3.17. The proof relies on the next construction.

5.3.12 Construction. Given an R-complex M, we shall construct a commutative
diagram in C(R):

M
ι0

((

ιn−1

��

ιn

}}

ι

		

I // · · · // // In
πn
// // In−1 // // · · · // // I0 .

(5.3.12.1)

For n = 0 choose by 5.3.4(c) an injective morphism ι0 : M→ I0, where I0 is the
character complex of a semi-free Ro-complex.

Let n > 1 and let a morphism ιn−1 : M→ In−1 be given. Choose by 5.3.4 an in-
jective morphism εn : CokerH(ιn−1)→ En, where En is the character complex of a
semi-free Ro-complex. The induced morphism Z(In−1) → En is zero on bound-
aries and on ιn−1(Z(M)). It extends by 5.3.6 to a (degree −1) homomorphism
ðn : In−1→ Σ

−1 En, with B(In−1)+ ιn−1(Z(M)) is contained in Kerðn ∩Z(In−1).
Further, let z be a cycle in In−1. If z is in Kerðn, then the coset [z]+ ImH(ιn−1) is in
the kernel of εn and hence the homology class [z] is in the image of H(ιn−1). Thus,
there is an equality:

(5.3.12.2) B(In−1)+ ιn−1(Z(M)) = Kerðn∩Z(In−1) .

Set

(5.3.12.3) (In)\ = (In−1)\⊕ (Σ−1 En)\ and ∂In
(i+ e) = ∂In−1

(i)+ðn(i).

This defines an R-complex, as ðn vanishes on boundaries in In−1. Notice that the
natural projection πn : In� In−1 is a morphism of complexes.

For each boundary b ∈ B(M) choose a preimage mb. The assignment

(5.3.12.4) b 7−→ ðnιn−1(mb)

is independent of the choice of preimage. Indeed, if m̃b is another preimage of b,
then mb− m̃b is a cycle in M, and (5.3.12.2) yields the first equality in the next
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computation

0 = ðnιn−1(mb− m̃b) = ðnιn−1(mb)−ðnιn−1(m̃b).

Thus, (5.3.12.4) defines a (degree 0) homomorphism from B(M) to Σ
−1 En. It ex-

tends by 5.3.6 to a homomorphism σn : M→ Σ
−1 En, and there is an equality

(5.3.12.5) σn∂M = ðnιn−1.

Define a map ιn : M→ In as follows:

(5.3.12.6) ιn(m) = ιn−1(m)+σn(m).

The next computation shows that it is a morphism of R-complexes; the penultimate
equality uses (5.3.12.5).

∂In
ιn = ∂In

(ιn−1 +σn)

= ∂In−1
ιn−1 +ðnιn−1

= ιn−1∂M +σn∂M

= ιn∂M .

For n < 0 set In = 0, ιn = 0, and πn+1 = 0, then the family {πn : In→ In−1}n∈Z is
a tower in C(R), and one has ιn−1 = πnιn for all n ∈ Z. Set I = limn∈Z In, by 3.3.19
there is a morphism of R-complexes ι : M→ I, given by m 7→ (ιn(m))n∈Z.

5.3.13 Proposition. The complexes and morphisms constructed in 5.3.12 have the
following properties.

(a) Each In is a complex of injective R-modules with In
v = 0 for v > sup M\.

(b) I is a complex of injective R-modules with Iv = 0 for all v > sup M\, and the
functor HomR(–, I) preserves acyclicity of complexes.

(c) The morphism ι : M→ I is an injective quasi-isomorphism.

PROOF. Part (a) follows from 5.3.4 and (5.3.12.3).
(b): One has Iv = 0 for all v > sup M\ by part (a). Let 0→ K→ M→ N→ 0 be

an exact sequence in C(R). For every n> 0 there is an exact sequence

0−→ HomR(N, In)−→ HomR(M, In)−→ HomR(K, In)−→ 0;

this follows from (a) and 5.3.6. Because of the degree-wise split exact sequences

(∗) 0−→ (Σ−1 En)\ −→ In πn
−→ In−1 −→ 0 ,

the morphisms in the induced towers, in {HomR(N,πn)}n∈Z in particular, are sur-
jective. It now follows from 3.3.24 that the lower row in the commutative diagram
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HomR(M, I) //

∼=
��

HomR(K, I)

∼=
��

limn∈Z HomR(M, In) // limn∈Z HomR(K, In) // 0

is exact. The vertical maps are the isomorphisms from 3.3.10, and the diagram
shows that the functor HomR(–, I) is exact, whence I is a complex of injective mod-
ules by 5.3.6.

Let A be an acyclic R-complex. As above the morphisms in the induced tower
{HomR(A,πn) : HomR(A, In)→ HomR(A, In−1)}n∈Z are surjective. By 5.3.4(a) the
functors HomR(–,(En)\) preserve acyclicity, so it follows from (∗) by induction that
the functors HomR(–, In) preserve acyclicity. Thus, one has H(HomR(A,πn))= 0 for
all n and H(HomR(A, I))∼= H(limn∈Z HomR(A, In)) = 0 by 3.3.10 and 3.3.24(b).

(c): As ι0 is injective, it is immediate from the definition that ι is injective as well.
By 5.3.4(b) the morphism H(ι0) is injective, and the commutative diagram

H(M)

H(ι)

��

H(ι0)

��

H(I) // H(I0) ,

which is induced from (5.3.12.1), shows that H(ι) is injective. To see that it is sur-
jective, let z = (zn)n∈Z be a cycle in I; the goal is to show that there exist elements
m ∈ Z(M) and i = (in)n∈Z in I with z = ι(m)+∂I(i). From (5.3.12.3) one gets

(†) 0 = (∂I0
(z0), . . . ,∂In−1

(zn−1)+ðn(zn−1),∂In
(zn)+ðn+1(zn), . . .) .

It follows for each n> 1 that the element zn−1 is a cycle in In−1 with ðn(zn−1) = 0,
whence zn−1 belongs B(In−1)+ ιn−1(Z(M)) by (5.3.12.2). Choose a cycle m in M
with ι0(m) = z0; this is possible as B(I0) is zero. Notice that for all n > 1 and for
all elements i′ ∈ In and m′ ∈ Z(M) with zn = ∂In

(i′)+ in(m′), the equality ι0(m) =
z0 = π1 · · ·πn(zn) forces ι0(m) = ι0(m′) and, therefore, m = m′ as ι0 is injective.

Choose j2 in I2 with z2 = ∂I2
( j2)+ ι2(m). Set i1 = π2( j) and i0 = π1(i1), then

there are equalities z1 = π2(z2) = ∂I1
(i1)+ ι1(m) and z0 = π1(z1) = ∂I0

(i0)+ ι0(m).
Set in = 0 for n < 0. Fix n> 2 and assume that elements iu ∈ Iu for u < n and jn ∈ In

have been constructed, such that the following hold

zn = ∂In
( jn)+ ιn(m) and zu = ∂Iu

(iu)+ ιu(m) for u < n ;

πn( jn) = in−1 and πu(iu) = iu−1 for u < n .

Chose j′ in In+1 with zn+1 = ∂In+1
( j′)+ ιn+1(m). The equality

∂In
( jn)+ ιn(m) = zn = πn+1(zn+1) = ∂In

(πn+1( j′))+ ιn(m)
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shows that jn−πn+1( j′) is a cycle in In and, therefore, πn( jn−πn+1( j′)) is a cycle in
In−1. Now (5.3.12.3) yields ðn(πn( jn−πn+1( j′)))= 0, and it follows from (5.3.12.2)
that there are elements i′ ∈ In−1 and c ∈ Z(M) with

(‡) πn( jn−πn+1( j′)) = ∂In−1
(i′)+ ιn−1(c) .

Choose i′′ ∈ In+1 with πnπn+1(i′′) = i′ and set jn+1 = j′− (∂In+1
(i′′)+ ιn+1(c)). As

∂In+1
(i′′)+ ιn+1(c) is a cycle in In+1, the equality

(§) zn = ∂In+1
( jn+1)+ ιn+1(m)

holds. Moreover, (‡) yields

πnπn+1( jn+1) = πnπn+1( j′)− (∂In−1
(πnπn+1(i′′))+ ιn−1(c)) = πn( jn) = in−1 .

Set in = πn+1( jn+1); then one has

(¶) zu = ∂Iu
(iu)+ ιu(m) and iu−1 = πu(iu) for u < n+1 .

From (§) and (¶) it now follows by induction that the desired element i ∈ I with
z = ι(m)+∂I(i) exists.

The next result offers useful characterizations of semi-injective complexes. The
lifting property in part (iii) can be interpreted in terms of the diagram (5.3.5.1).

5.3.14 Proposition. For an R-complex I, the following conditions are equivalent.

(i) I is semi-injective.
(ii) The functor HomR(–, I) is exact and preserves quasi-isomorphisms.

(iii) For every chain map α : K→ I and for every injective quasi-isomorphism
β : K→ M there exists a chain map γ : M→ I such that γβ= α holds.

(iv) Every exact sequence 0→ I→ M→ M′′→ 0 with M′′ acyclic is split.
(v) I is a complex of injective R-modules, and the functor HomR(–, I) preserves

acyclicity of complexes.

PROOF. The argument is cyclic. The implication (ii)=⇒ (i) is clear.
(i)=⇒ (iii): The morphism HomR(β, I) is a surjective quasi-isomorphism. In par-

ticular, it is surjective on cycles, see 4.3.6, so there exists a γ ∈ Z(HomR(M, I)) such
that α= HomR(β, I)(γ) = γβ holds.

(iii)=⇒ (iv): By 2.2.13 the injective morphism β : I→ M is a quasi-isomorphism,
so there exists a chain map γ : M→ I such that γβ = 1I . A comparison of degrees
shows that γ is a morphism.

(iv)=⇒ (v): Choose by 5.3.13 an injective Apply the construction 5.3.12 to I.
By 5.3.13(b,c) this yields an injective quasi-isomorphism ι : I→ I′, where I′ is a
complex of injective modules and the functor HomR(–, I′) preserves acyclicity of
complexes. Apply (iv) to the associated exact sequence 0→ I→ I′→ Coker ι→ 0.
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It follows that I is a direct summand of I′, so by additivity of the Hom functor, I is
a complex of injective modules and HomR(–, I) preserves acyclicity of complexes.

(v)=⇒ (ii): The functor HomR(–, I) is exact by 5.3.6. Let β be a quasi-isomorphism.
The complex Coneβ is acyclic, and hence so is the complex HomR(Coneβ, I) ∼=
Σ ConeHomR(β, I), so HomR(β, I) is a quasi-isomorphism.

5.3.15 Corollary. If P is a semi-projective Ro-complex, then the R-complex Homk(P,E)
is semi-injective.

PROOF. By 1.3.37 the complex Homk(P,E) is a complex of injective R-modules.
By swap 4.1.8 and commutativity 4.1.2 there are natural isomorphisms

HomR(–,Homk(P,E))∼= Homk(P⊗R –,E)∼= HomRo(P,Homk(–,E))

of functors from C(R) to C(k). By assumption, HomRo(P,Homk(–,E)) preserves
acyclicity of complexes. Thus, Homk(P,E) is semi-injective.

5.3.16 Corollary. A graded R-module is graded-injective if and only if it is semi-
injective as an R-complex.

PROOF. Let I be a graded R-module. If I is semi-injective as an R-complex, then
each module Iv is injective, by 5.3.14, and hence I is graded-injective.

If I is a graded-injective R-module, then by 5.3.6 it is a direct summand of the
character module of a graded-free Ro-module. Now it follows from 5.1.4 and 5.3.15
that I is a direct summand of a semi-injective R-complex and hence semi-injective
by additivity of the Hom functor.

5.3.17 Theorem. Every R-complex M has a semi-injective resolution ι : M→ I
with Iv = 0 for all v > sup M\. Moreover, ι can be chosen injective.

PROOF. Apply the construction 5.3.12 to M. By 5.3.13 this yields an injective
quasi-isomorphism ι : M→ I; the complex I has Iv = 0 for v > sup M\, and it is
semi-injective by 5.3.13(b) and 5.3.14.

5.3.18 Proposition. Every bounded above complex of injective R-modules is semi-
injective.

PROOF. Immediate from 5.3.9 and 5.3.14.

PROPERTIES OF SEMI-INJECTIVE COMPLEXES

REMARK. See E 5.3.8 for an improvement of the next result.

5.3.19 Proposition. Let 0→ I′→ I→ I′′→ 0 be an exact sequence of R-complexes.
If I′ is semi-injective, then I is semi-injective if and only if I′′ is semi-injective.
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PROOF. The exact sequence 0→ I′→ I→ I′′→ 0 is degree-wise split by 5.3.6, so
the desired conclusion follows from 5.3.14.

5.3.20 Proposition. A product of R-complexes ∏u∈U Iu is semi-injective if and only
if each complex Iu is semi-injective.

PROOF. Let β : K→ M be an injective quasi-isomorphism. There is a commutative
diagram,

HomR(M,∏u∈U Iu)
Hom(β,∏ Iu)

//

∼=
��

HomR(K,∏u∈U Iu)

∼=
��

∏u∈U HomR(M, Iu)
∏Hom(β,Iu)

// ∏u∈U HomR(M, Iu) ,

where the vertical maps are the canonical isomorphisms from 3.1.20. It follows that
HomR(β,∏u∈U Iu) is a surjective quasi-isomorphism if and only if each morphism
HomR(β, Iu) is a surjective quasi-isomorphism.

Up to homotopy, chain maps to semi-injective complexes factor through quasi-
isomorphisms.

5.3.21 Theorem. Let I be a semi-injective R-complex, α : K→ I be a chain map,
and β : K→ M be a quasi-isomorphism. There exists a chain map γ : M→ I such
that γβ∼ α. Moreover, γ is homotopic to any other chain map γ′ with γ′β∼ α.

PROOF. By 5.3.14 the induced map

H(HomR(β, I)) : H(HomR(M, I)) −→ H(HomR(K, I))

is an isomorphism, so there exists a cycle γ in HomR(M, I) such that

[α] = H(HomR(β, I))[γ] = [γβ].

For any other cycle γ′ ∈ HomR(M, I) with [α] = [γ′β] one has 0 = [(γ− γ′)β] =
H(HomR(β, I))[γ−γ′], so [γ−γ′] = 0, i.e. one has γ−γ′ ∈ B(HomR(M, I)).

5.3.22 Corollary. Let I be a semi-injective R-complex. For every quasi-isomorphism
β : I→ M of R-complexes, there exists a quasi-isomorphism γ : M→ I such that
γβ∼ 1I .

PROOF. By 5.3.21 there exists a chain map γ : M→ I such that γβ∼ 1I , and com-
parison of degrees shows that γ is a morphism. Moreover, one has H(γ)H(β) =
1H(I), whence H(γ) is an isomorphism.

5.3.23 Corollary. A morphism of semi-injective R-complexes is a quasi-isomorphism
if and only if it is a homotopy equivalence.
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PROOF. A homotopy equivalence is a quasi-isomorphism. Assume that β : I→ I′

is a quasi-isomorphism of semi-injective R-complexes. By 5.3.22 there exist mor-
phisms γ and β′ such that γβ ∼ 1I and β′γ ∼ 1I′ . The computation 1I′ ∼ β′γ =
β′1Iγ ∼ β′γβγ ∼ 1I′βγ = βγ shows that β is a homotopy equivalence.

5.3.24 Proposition. Let R→ S be a ring homomorphism. If I is a semi-injective
R-complex, then HomR(S , I) is a semi-injective S -complex.

PROOF. By adjunction 4.1.6 and (4.1.0.1) there are natural isomorphisms,

HomS (–,HomR(S , I))∼= HomR(S ⊗S –, I)∼= HomR(–, I) ,

of functors from C(S )op to C(k) By assumption, HomR(–, I) is exact and preserves
quasi-isomorphisms.

5.3.25 Proposition. If I is a semi-injective S -complex and P is a semi-projective
k-complex, then the S -complex Homk(P, I) is semi-injective.

PROOF. By swap 4.1.8 there is a natural isomorphism,

HomS (–,Homk(P, I)) ∼= Homk(P,HomS (–, I)) ,

of functors from C(S )op to C(k). It follows from the assumptions on I and P, the
functor Homk(P,HomS (–, I)) is exact and preserves quasi-isomorphisms.

BOUNDEDNESS

5.3.26 Theorem. For every R-complex M there exists a semi-injective resolution
M '−→ I with Iv = 0 for all v > sup M.

PROOF. If M is acyclic, then I = 0 has the desired properties. If H(M) is not
bounded above, any semi-injective resolution of M has the desired property. As-
sume now that H(M) is bounded above and set u= sup M is an integer. By (2.5.17.1)
there is a quasi-isomorphism M '−→ M⊂u. By 5.3.17 the truncated complex M⊂u has
a semi-injective resolution M⊂u

'−→ I with Iv = 0 for v > u. The composite of these
two quasi-isomorphisms is the desired resolution M '−→ I.

THE CASE OF MODULES

Part (iii) below can be interpreted in terms of the diagram (5.3.5.1). The result is
immediate from 5.3.6, and the one below comes from 5.3.7.

5.3.27 Proposition. For an R-module I, the following conditions are equivalent.
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(i) I is injective.
(ii) The functor HomR(–, I) from M(R)op to M(k) is exact.

(iii) For every homomorphism α : K→ I and for every injective homomorphism
β : K→ M, there exists a homomorphism γ : M→ I such that γβ= α holds.

(iv) Every exact sequence 0→ I→ M→ M′′→ 0 is split.
(v) I is a direct summand of the character module of a free Ro-module.

5.3.28 Corollary. Let 0→ I′ → I → I′′ → 0 be an exact sequence of R-modules.
Assume that I′ is injective, then I is injective if and only if I′′ is injective.

5.3.29. It follows from 5.3.16 that an R-module is injective if and only if it is semi-
injective as an R-complex. Thus one recovers 1.3.21 from 5.3.20.

5.3.30 Theorem. For every R-module M there exists a sequence of injective R-
modules I0→ ·· · → Iv→ Iv−1→ ·· · and an injective homomorphism M→ I0 such
that the sequence below is exact.

0→ M→ I0→ ·· · → Iv→ Iv−1→ ··· .

PROOF. Choose by 5.3.17 a semi-injective resolution ι : M '−→ I with Iv = 0 for all
v > 0 and ι injective. The displayed sequence of R-modules is the complex Cone ι; in
particular, the map M0� I0 is the homomorphism ι0. The cone is acyclic because ι
is a quasi-isomorphism.

5.3.31 Definition. Together, the sequence I0→ ·· · → Iv→ Iv−1→ ·· · and the in-
jective homomorphism M→ I0 in 5.3.30 is called an injective resolution of M.

5.3.32. By 5.3.18, an injective resolution of an R-module M is a semi-injective
resolution of M as an R-complex.

EXERCISES

E 5.3.1 Show that a graded R-module is graded-injective if and only if it is an injective object in
Mgr(R).

E 5.3.2 Show that a graded R-module I is graded-injective if it is injective as an R-module. Is the
converse true?

E 5.3.3 Let I be a semi-injective complex; show that it is contractible if and only if it is acyclic.
E 5.3.4 Show that the Dold complex from 5.1.6 is an acyclic complex of injective modules. Show

that it is not contractible and conclude that it is not semi-injective.
E 5.3.5 Show that the following conditions are equivalent for an R-complex I. (i) I is an injective

object in the category C(R). (ii) I is a contractible complex of injective R-modules. (iii)
P is semi-injective and acyclic.

E 5.3.6 Give a proof of 5.3.9.
E 5.3.7 Let P be a semi-projective Ro-complex and I be a semi-injective k-complex. Show that

Homk(P, I) is semi-injective in C(R).
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E 5.3.8 Let I′ be a complex of injective R-modules, and let 0→ I′ → I → I′′ → 0 be an exact
sequence of R-complexes. Show that if two of the complexes I, I′, and I′′ are semi-
injective, then so is the third.

E 5.3.9 Show that for every semi-projective Ro-complex P the character complex Homk(P,E) of
R-modules is semi-injective.

5.4 Minimality

SYNOPSIS. Minimal complexes. Minimal injective resolutions.

5.4.1 Definition. An R-complex M is called minimal if every homotopy equivalence
ε : M→ M is an isomorphism.

5.4.2 Proposition. For an R-complex M, the following conditions are equivalent.

(i) M is minimal.
(ii) Every morphism ε : M→ M with ε∼ 1M is an isomorphism.

(iii) Every homotopy equivalence α : K→ M has a right-inverse.
(iii’) Every homotopy equivalence ε : M→ M has a right-inverse.
(iv) Every homotopy equivalence β : M→ N has a left inverse.

(iv’) Every homotopy equivalence ε : M→ M has a left inverse.

When they hold, the complexes Kerα and Cokerβ are contractible for every homo-
topy equivalence α : K→ M and every homotopy equivalence β : M→ N.

PROOF. First notice that if α : K→ M is a homotopy equivalence and (iii) holds,
then there is a split exact sequence 0 −→ Kerα −→ K α−→ M −→ 0, and Kerα is
contractible by 4.4.7(a). Similarly, if β : M→ N is a homotopy equivalence and (iv)
holds, then Cokerβ is contractible by 4.4.7(b).

(i)=⇒ (ii): If the endomorphisms ε : M→ M and 1M are homotopic, then one
has ε2 ∼ ε ∼ 1M , so ε is its own homotopy inverse. In particular, ε is a homotopy
equivalence, so by (i) it is an isomorphism.

(ii)=⇒ (iii): Let α : K→ M be a homotopy equivalence with homotopy inverse
γ : M→ K. By (ii) the morphism ε= αγ is an isomorphism, and it follows that γε−1

is a right-inverse of α.
(iii’)=⇒ (i): Let ε : M→ M be a homotopy equivalence. It has a right inverse,

so the sequence 0→ Kerε ι−→ M ε−→ M→ 0 is split exact. Consider the split exact
sequence 0→ M σ−→ M τ−→ Kerε→ 0, where τι = 1Kerε and εσ = 1M . As already
noted, Kerε is contractible, whence σ is a homotopy equivalence by 4.4.7(b) and
surjective by (iii). Thus σ is an isomorphism and, therefore, ε is an isomorphism.

(ii)=⇒ (iv): Let β : M→ N be a homotopy equivalence with homotopy inverse
γ : N→ M. By (ii) the morphism ε= γβ is an isomorphism, and it follows that ε−1γ
is a left inverse of β.

(iv’)=⇒ (i): Let ε : M→ M be a homotopy equivalence. It has a left inverse, so
the sequence 0→M ε−→M π−→Cokerε→ 0 is split exact. Consider the split exact se-

15-Nov-2011 Draft, not for circulation



5.4 Minimality 145

quence 0→Cokerε σ−→M τ−→M→ 0, where πσ= 1Cokerε and τε= 1M . As already
noted, Cokerε is contractible, whence τ is a homotopy equivalence by 4.4.7(a) and
injective by (iv). Thus τ is an isomorphism and, therefore, ε is an isomorphism.

5.4.3 Corollary. Let M and M′ be minimal R-complexes.

(a) Every homotopy equivalence α : M→ M′ is an isomorphism.
(b) If there exist contractible R-complexes C and C′ such that M⊕C and M′⊕C′

are homotopy equivalent, then the complexes M and M′ are isomorphic.

PROOF. (a): It follows from 5.4.2 that α has a right inverse as well as a left inverse,
whence it is an isomorphism.

(b): It follows from 4.4.7 that the natural embedding M�M⊕C and the natural
projection M′⊕C′�M′ are homotopy equivalences. Therefore, the composite map

M� M⊕C ∼−→ M′⊕C′� M′

is a homotopy equivalence, and hence an isomorphism by (a).

MINIMAL COMPLEXES OF INJECTIVE MODULES

5.4.4 Definition. Let M be a graded R-module. A graded submodule N of M is
called essential if M′∩N 6= 0 holds for every graded submodule M′ 6= 0 of M.

5.4.5 Lemma. Let M be a graded R-module and let N and N′ be graded submodules
of M.

(a) If N is essential in M, there is an inclusion N′ ⊆ N, and N′ is essential in N,
then N′ is essential in M.

(b) If N and N′ are essential in M, then N∩N′ is essential in M.
(c) If α : M→ X is a morphism of graded R-modules and α(N) is essential in X

5.4.6 Lemma. Let I be a graded-injective R-module. For every graded submodule
Z of I there exist graded submodules E and V of I, such that Z is essential in E, and
there is a decomposition I = E⊕V of graded-injective R-modules.

PROOF. The graded submodules of I that contain Z as an essential submodule form
a non-empty inductively ordered set, so by Zorn’s lemma it has a maximal element
E. To prove that E is a direct summand of I it suffices by 5.3.6 to prove that I is a
graded direct summand of the character module of a graded-free Ro-module.

To this end, we first note that every injective morphism ι : E→ E′ whose im-
age is essential in E′ is an isomorphism. Indeed, by 5.3.6 there exists a mor-
phism ι′ : E′→ I such that ι′ι is the embedding E � I. In particular, one has
Im ι∩Ker ι′ = 0, so ι′ is injective as Im ι is essential in E′. Now E is essential in the
submodule Im ι′ of I, and by 5.4.5(a) so is Z. By maximality of E one has Im ι′ = E,
and it follows that ι is an isomorphism.
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By 5.3.4 there exists a graded-free Ro-module L and an injective morphism
ε : E→ Homk(L,E). Set J = Imε and M = Homk(L,E). By Zorn’s lemma there
is a graded submodule N of M maximal with respect to the property J∩N = 0. The
image of the embedding % : (J+N)/N� M/N is essential in M/N, and there are
isomorphisms (J+N)/N ∼= J ∼= E, so % is an isomorphism. Now one has J+N = M
and J∩N = 0, so there is an identity of graded R-modules J⊕N = M. In particular,
E ∼= J is a direct summand of the character module of L.

5.4.7 Lemma. Let I be a complex of injective R-modules. If Z(I)\ is an essential
submodule of I\, then I is minimal.

PROOF. Assume that Z(I)\ is an essential submodule of I\. Let ε : I→ I be an en-
domorphism homotopic to 1I ; to prove that I is minimal, it suffices by 5.4.2 to show
that ε is an isomorphism. By assumption there exists a homomorphism σ : I→ I of
degree 1 with 1I − ε = σ∂I + ∂Iσ. Set X = Z(I)∩Kerε; for every x in X one has
x= ∂Iσ(x) and, therefore,σ(X)∩Z(I)= 0. As Z(I)\ is essential in I\, it follows that
σ(X) is 0, and then X is zero. From the definition of X it follows that ε is injective.

The exact sequence 0 −→ I ε−→ I −→ Cokerε −→ 0 is degreewise split by 5.3.6.
Since ε is homotopic to 1I , it is a homotopy equivalence, and it follows from 4.4.7
that the sequence is split in C(R). Let ξ : I→ I be a morphism such that ξε = 1I .
It follows that ξ is homotopic to 1I , so by the argument above ξ is injective and,
therefore, it is an isomorphism. Hence, also ε is an isomorphism.

5.4.8 Theorem. Let I be a complex of injective R-modules. There is a decomposi-
tion I = I′⊕ I′′, where I′ and I′′ are complexes of injective R-modules, I′ is minimal,
and I′′ is contractible. Moreover, the following assertions hold.

(a) The complex I′ is unique up to isomorphism.
(b) I is minimal if and only if Z(I) is essential in I\.
(c) If I is semi-injective, then I′ and I′′ are semi-injective.

PROOF. By 5.4.6 the complex I decomposes as E⊕V , where Z(I) is essential in E,
and V consists of injective R-modules, cf. 1.3.21 and 5.3.6. As one has V∩Z(I) = 0,
the differential induces an isomorphism V ∼= Σ

1 ∂I(V), in particular ∂I(V) is a com-
plex of injective R-modules. As ∂I(V) is contained in Z(I) and hence in E, there is
a graded R-module U such that E = U⊕∂I(V); see 5.3.6. Set I′′ = V⊕∂I(V) and
note that it is a contractible subcomplex of I consisting of injective modules; the
contracting homotopy is given by the inverse of the isomorphism ∂ : V→ Σ ∂I(V).
Now it follows from 4.4.7 that I decomposes as I′⊕ I′′in C(R), where I′ is isomor-
phic to the quotient complex Ī = I/I′′. Since I is a complex of injective modules,
so is I′. To prove that the complex I′ ∼= Ī is minimal, it suffices by 5.4.7 to prove
that Z(Ī) is essential in Ī\. Let x 6= 0 be an element in Ī and choose an element
u ∈ U such that π(u) = x, where π is the canonical map I� Ī. As Z(I) is essential
in E = U ⊕ ∂I(V), there exists an element r in R such that ru 6= 0 is in Z(I) and,
therefore π(ru) = rx 6= 0 is in Z(Ī). Thus Z(Ī) is essential in Ī.

(a): The uniqueness of I′ follows from 5.4.3.
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(b): The “if” part is 5.4.7. For the converse, assume that I is minimal and write
I = I′ ⊕ I′′, where Z(I) is essential in I′, and I′′ is contractible. It is elementary
to verify that the composite I � I′� I is a homotopy equivalence, and since I is
minimal, it is an isomorphism. Thus, one has I = I′.

(c): Follows from 5.3.20.

MINIMAL SEMI-INJECTIVE RESOLUTIONS

5.4.9 Proposition. For an R-complex I, the following conditions are equivalent.

(i) I is semi-injective and minimal.
(ii) Every quasi-isomorphism I→ M has a left inverse.

PROOF. Assume that I is semi-injective and minimal. If β : I→ M is a quasi-
isomorphism, then there exists by 5.3.22 a morphism γ : M→ I with γβ ∼ 1I . Set
ε= γβ; by assumption, ε has an inverse, so ε−1γ is a left inverse for β.

Assume that every quasi-isomorphism I→ M has a left inverse, then I is semi-
injective by 5.3.14. If ε : I→ I is a homotopy equivalence, then it has a left inverse,
so there is a decomposition I = Ĩ⊕C, and the restriction of ε to Ĩ is an isomorphism.
It follows that C is acyclic, so the projection I� Ĩ is a quasi-isomorphism, whence
it is an isomorphism by hypothesis. Thus, C is zero and ε is an isomorphism.

5.4.10 Theorem. Every R-complex M has a semi-injective resolution ι : M→ I
with I minimal and Iv = 0 for all v > sup M.

PROOF. Let M be an R-complex. By 5.3.26 there is a semi-injective resolution
ι : M→ I with Iv = 0 for v > sup M. By 5.4.8 there is a decomposition I = I′⊕ I′′,
where I′ is semi-injective and minimal, and I′′ is contractible. Let π be the canoni-
cal projection I→ I′; it is a quasi-isomorphism, as I′′ is acyclic. Now the composite
πι : M→ I′ is the desired resolution.

INJECTIVE ENVELOPES

5.4.11 Definition. An injective envelope of an R-complex M is an injective mor-
phism ι : M→ E of R-complexes such that E is a complex of injective R-modules
and Im ι is essential in E.

5.4.12 Theorem. Every R-complex M has an injective envelope ι : M→ E with
Ev = 0 for all v > sup M\.

PROOF. Choose by 5.3.17 a semi-injective resolution ι : M→ I with Iv = 0 for all
v> sup M\. By 5.4.6 the complex I decomposes as I = E⊕V , where ι(M) is essential
in E. The desired morphism is ι follows by the projection onto E.
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NAKAYAMA’S LEMMA

5.4.13 Definition. Let M be a graded R-module. A graded submodule N of M is
called superfluous if N +M′ 6= M holds for every graded submodule M′ 6= M of M.

REMARK. Another word for superfluous subcomplexes is small.

5.4.14 Lemma. Let M be a graded R-module and let N and N′ be graded submod-
ules of M.

(a) If there is an inclusion N ⊆ N′ and N is superfluous in N′, then N is superflu-
ous in M.

(b) If N and N′ are superfluous in M, then N +N′ is superfluous in M.
(c) If α : M→ X is a homomorphism of graded R-modules and N is superfluous

in M, then α(N) is superfluous in X.

PROOF. (a): If M′ is a graded submodule of M such that N + M′ = M holds, then
one has N′ = (N + M′)∩N′ = N +(M′∩N′). Thus, if N is superfluous in N′, then
one has M′∩N′ = N′ and, therefore, N′ ⊆ M′. In particular, N is then a submodule
of M′, whence one has M′ = N + M′ = M.

(b): If M′ is a graded submodule of M such that (N +N′)+ M′ = M holds, then
one has N′+ M′ = M because N is superfluous in M, and then M = M′ because N′

is superfluous in M as well.
(c): By part (a) it suffices to show that α(N) is superfluous in α(M), so assume

without loss of generality that α is surjective. If X′ is a submodule of X such that
α(N)+X′ = X holds, then one has N +α−1(X′) = M and, therefore, α−1(X′) = M
as N is superfluous in M. Thus, one has X′ = α(α−1(X′)) = α(M) = X.

The next result is referred to as Nakayama’s lemma.

5.4.15 Lemma. Let J denote the Jacobson radical of R. For every left ideal a ⊆ R
the following conditions are equivalent.

(i) The left ideal a is a superfluous submodule of R.
(ii) The inclusion a⊆ J holds.

(iii) For every finitely generated R-module M 6= 0 one has aM 6= M.
(iv) For every graded R-module M and every graded submodule N ⊆ M such that

the quoitient (M/N)v is non-zero and finitely generated for some v ∈ Z, one
has N +aM 6= M.

(v) For every graded R-module M with Mv finitely generated for some v ∈ Z, the
submodule aM is superfluous.

PROOF. The implication (i)=⇒ (ii) follows immediately from the definition of su-
perfluous submodules 5.4.13, and (i) is a special case of (v).

(ii)=⇒ (iii): Let M 6= 0 be a finitely generated R-module and choose a set of
generators {m1, . . . ,mn} for M with n least possible. Assume towards a contradiction
that one has aM = M. Then there exist elements a1, . . . ,an in a such that m1 =
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∑
n
i=1 aimi holds. Since a1 is in J, the element 1− a1 is invertible, whence m1 is a

linear combination of m2, . . . ,mn, which contradicts the minimality of n.
(iii)=⇒ (iv): Assume that (M/N)v is non-zero and finitely generated. By (iii) one

has a(M/N)v 6= (M/N)v and, therefore (N +aM)v 6= Mv.
(iv)=⇒ (v): For every proper graded submodule N ⊂ M it follows from (iv) that

N +aM 6= M holds. Thus, aM is superfluous in M.

PROJECTIVE COVERS

5.4.16 Definition. A projective cover of an R-complex M is a surjective morphism
π : P→ M in C(R) such that P is a complex of projective R-modules and Kerπ is
superfluous in P.

5.4.17 Lemma. Let M be an R-complex and let π : P→ M be a projective cover. For
every morphism π′ : P′→ M in C(R) with P′ a complex of projective R-modules,
there is a subcomplex P′′ of P′ such that π′|P′′ : P′′→ M is a projective cover, and
there is a decomposition of P′ as a graded R-module, P′ = P′′ ⊕ K, where K is
contained in Kerπ′.

Moreover, for every morphism γ : P→ P′ such that π= π′γ one has

(a) The morphism γ has a left inverse.
(b) If π′ is a projective cover, then γ is an isomorphism.

PROOF. By 5.2.2 there exist morphisms γ : P→ P′γ′ : P′→ P such that π′ = πγ′;
see 5.2.2. Given a similar morphism γ : P→ P′ such that π= π′γ, set ε= γ′γ. Then
one has πε = π, so there is an equality P = ε(P)+Kerπ. As Kerπ is superfluous
in P, it follows that ε is surjective. Since P is projective, the module Kerε is then
a direct summand in P; it is superfluous as it is contained in Kerπ, whence it is
zero. Thus, ε is an isomorphism, and ε−1γ′ is a left inverse of γ. This proves part
(a) and, moreover, with P′′ = γ(P) and K = Kerγ′ there is a decomposition P′ =
P′′⊕K. Clearly K is contained in Kerπ′, and by 5.4.14(c) the submodule P′′∩Kerπ′

is superfluous in P′′, because the isomorphism γ′|P′′ : P′′→ P maps it to Kerπ, which
is superfluous in P. Thus, π′|P′′ is a projective cover.

Finally, if π′ is a projective cover, then one has P′ = P′′ as P′′+Kerπ′ = P′ holds,
whence γ is an isomorphism. This proves part (b).

5.4.18 Lemma. Let J be the Jacobson radical of R and let P 6= 0 be a projective
graded R-module. One has JP 6= P, and every superfluous submodule of P is con-
tained in JP.

PROOF. By 5.2.2 the module P is a direct summand of a graded free R-module
L. Let E be a graded basis for for L. Fix a homogeneous element p 6= 0 in P; it
is a unique linear combination of some basis elements: p = ∑

m
i=1 riei. Let ε be the

composition of canonical morphisms L� P� L. For each i ∈ {1, . . . ,m} write
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ε(ei) = ∑
n
j=1 ai je j, where also em+1, . . . ,en are elements in E. Suppose the equality

P = JP holds, then all the elements ai j belong to J. The equality p = ε(p) yields

(∗)
m

∑
i=1

riei =
m

∑
i=1

ri

n

∑
j=1

ai jei .

It follows immediately that one has ai j = 0 for all j > n. Let A be the m×m matrix
with entries ai j for 1 6 i, j 6 m, and let Im denote the m×m identity matrix. From
(∗) one gets the equality (Im−A)(r1, . . . ,rm)

T = 0. The determinant of (Im−A) is
1+ j, for some j ∈ J, so (Im−A) is invertible matrix. Thus (r1, . . . ,rm)

T is the zero
column and one has p = 0, a contradiction.

Let N be a superfluous graded submodule of P and thereby of L, cf. 5.4.14(a).
It follows that N is contained in every maximal submodule of L. In particular, N
is contained it the module Je′+R〈E \{ε′}〉 for every e′ ∈ E. Thus, for an element
x = ∑e∈E ree in N one has re ∈ J for all e ∈ E. It follows that N is contained in
JL∩P = JP, where the equality holds because P is a direct summand of L.

REMARK. For a projective graded R-module P the submodule JP itself may not be superfluous;
see E 5.4.3.

SEMI-PERFECT MODULES

5.4.19 Definition. A graded R-module M is called semi-perfect if every homomor-
phic image of M has a projective cover.

5.4.20 Lemma. Let J denote the Jacobson radical of R and let M be a graded R-
module. If M is semi-perfect, then the following assertions hold.

(a) If M is non-zero, then JM 6= M holds.
(b) The submodule JM is superfluous in M.
(c) If P→ M is a projective cover, then P is semi-perfect.
(d) The graded R/J-module M/JM is semi-simple.

Let α : L→ M be a morphism of graded R-modules, and denote by ᾱ the induced
morphism L/JL→ M/JM of R/J-modules.

(e) If ᾱ is surjective, then α is surjective.
(f) If ᾱ is bijective and L and M are projective, then α is bijective.

PROOF. Let π : P→ M be a projective cover.
(a): If JM = M holds, then one has π(JP) = M, so the equality Kerπ+JP = P

holds. As P is projective and kerπ is superfluous in P, it follows from 5.4.18 that P
is zero, whence M = 0.

(b): Let M′ be a graded submodule of M, such that the equality JM + M′ = M
holds. The quotient module N = M/M′ then satisfies JN = N. By assumption the
module N is semi-perfect, so part (a) yields N = 0, i.e. M′ = M.
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(c): To prove that P is semi-perfect, it must be show that P/N has a projective
cover for every submodule N of P. Set K =Kerπ, then P/(N+K) is a homomorphic
image of P/K ∼= M, so there is a projective cover π′ : P′→ P/(N +K). As P′ is
projective, there exists a morphism γ : P′→ P/N such that π′ = βγ, where β is the
natural projection P/N� P/(N +K). To see that γ is a projective cover, notice first
that Kerβ= (N +K)/N is a superfluous submodule of P/N, because it is the image
of the superfluous submodule K of P. On the other hand, since π′ is surjective, one
has γ(P′) +Kerβ = P/N, so γ is surjective. Finally, Kerγ is contained in Kerπ′,
which is superfluous in P′.

(d): The induced map P/JP→M/JM is surjective, so it is sufficient to prove that
P/JP is semi-simple. To that end, let X be a graded submodule of P with JP ⊆ X;
the goal is to show that X/JP has a complement in P/JP. The module N = P/X has
a projective cover by (c), and by 5.4.17 it has one, κ : Q→ N, with P = Q⊕K and
K ⊆ X. Thus, one has

(∗) P
JP

=
Q+JP
JP

+
X
JP

.

The submodule Q∩ X is contained in Kerκ, so it is superfluous in Q and hence
contained in JQ by 5.4.18. It follows that the sum in (∗) is direct:

Q+JP
JP

∩ X
JP

=
(Q+JP)∩X

JP
=

Q∩X+JP
JP

= 0.

(e): Set C = Cokerα and consider the exact sequence L α−→ M −→ C −→ 0 of
graded R-modules. It induces an exact sequence L/JL ᾱ−→ M/JM −→ C/JC −→ 0,
where C/JC = 0 by assumption. The graded module C is semi-perfect, because it is
a homomorphic image of M. Thus, (a) yields C = 0, whence α is surjective.

(f): It follows from (e) that α is surjective. Set K = Kerα and consider the exact
seuqence 0−→ K −→ L α−→M −→ 0 of graded R-modules. It splits because M is pro-
jective, and then it follows that K is projective, because L is so by assumption. Now
the induced sequence 0−→ K/JK −→ L/JL ᾱ−→ M/JM −→ 0 splits. By assumption
one has K/JK = 0, whence K = 0 by 5.4.18, so α is injective.

5.4.21 Lemma. Let J denote the Jacobson radical of R and set k = R/J. Let
κ : R� k be the canonical map and consider every k-module as an R-module via κ.

(a) Let e ∈ R be an idempotent and set u = κ(e). The map κu : Re→ ku given by
re 7→ κ(r)u is then a projective cover over R, and one has Kerκu = Je.

(b) If a graded k-module generated by a homogeneous element u has a projective
cover as a graded R-module, then it has one of the form κu : Σ

|u|Reu→ ku,
where eu is an idempotent in R.

(c) Let M be a graded R-module with M/JM =
∐

u∈U ku, where each element
u is homogeneous. Assume that for each u ∈ U there is a projective cover
κu : Σ

|u|Reu→ ku over R with eu an idempotent in R. The graded R-module
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Q=
∐

u∈U Σ
|u|Reu is projective, and the morphism κ =

∐
u∈U κu : Q→ M/JM

is surjective with Kerκ = JQ.

PROOF. (a): Let e be an idempotent in R. The ideal Re is a projective R-module
because of the decomposition R = Re⊕R(1− e). Clearly, Je is contained in Kerκ.
To prove the reverse inclusion, let re be an element in Kerκu. One has κ(r)u = 0 in
ku and, therefore, κ(r) = κ(r)(1− u). In R this yields an equality r = r(1− e)+ x
for some x ∈ J. Multiplying the last equation by the idempotent e yields re = xe,
whence re belongs Je, as desired. By Nakayama’s lemma, the Jacobson radical J
is superfluous in R, so Je = Kerκu is superfluous in Re by 5.4.14(c). Thus, κu is a
projective cover of the R-module ku.

(b): Let π : P→ ku be a projective cover of ku as a graded R-module. Set
P′ = Σ

|u|R and let p denote the generator 1 in P′. Let π′ : P′→ ku be the surjective
morphism of graded R-modules that maps p to u. By 5.4.17 there is a decomposi-
tion P′ = P′′⊕K, such that κu = π′|P′′ : P→ ku is a projective cover. Moreover, P′′

is isomorphic to P. Let γ : P→ P′ be this isomorphism and let υ : P′→ P denote the
canonical surjection. Then one has υγ = 1P and γυ(p) = ep, for some e ∈ R. The
identity γυ= γ1Pυ= (γυ)(γυ) yields ep = e2 p, so e is an idempotent. The decom-
position R = Re⊕R(1− e) now yields P′′ = Σ

|u|Re, so κu is the desired projective
cover.

(c): As R is a projective R-module, it follows from 1.3.18 that Q is projec-
tive. Moreover, κ is surjective by construction, and by part (a) one has Kerκ =∐

u∈U Kerκu =
∐

u∈U Jeu = JQ.

5.4.22 Theorem. Let M be a graded R-module and let P→M be a projective cover.
If M is semi-perfect, then P is isomoprhic to a module

∐
u∈U Σ

nu Reu, where each eu
is an idempotent in R.

PROOF. Let J denote the Jacobson radical of R and set k = R/J. By 5.4.20 the
graded R-module P is semi-perfect, and the k-module P/JP is semi-simple, i.e. it
is a direct sum of cylic modules ku. Each graded module ku is a homomorphic
image of P and, therefore, it has a projective cover. By 5.4.21(b) it has a projec-
tive cover of the form Σ

|u|Reu → ku, where eu is an idempotent in R. Now it fol-
lows from 5.4.21(c) that there is a surjective morphism κ : Q→ P/JP, where Q is
the graded projective R-module

∐
u∈U Σ

|u|Reu. By projectivity of Q there is a mor-
phism γ : Q→ P such that the composite Q

γ−→ P� P/JP equals κ. The induced
morphism κ̄ : Q/JQ→ P/JP is an isomorphism, and it follows that also γ̄ is an
isomorphism, whence γ is an isomorphism by 5.4.20(f).

SEMI-PERFECT RINGS

5.4.23 Definition. Let J denote the Jacobson radical of R. The ring R is called semi-
perfect if R/J is semi-simple and idempotents lift from R/J to R.

REMARK. Because semi-simplicity is a left/right symmetric property of a ring so is semi-perfection.
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5.4.24 Example. If R is left or right Artinian, then R/J is semi-simple and, more-
over, J is nilpotent, so every idempotent in R/J lifts to an idempotent in R. Thus,
every left or right Artinian ring is semi-perfect.

If R is local with unique maximal ideal m, then k = R/m is a division ring, so 1
and 0 are the only idempotents in k. Moreover, k is simple, so R is semi-perfect.

5.4.25 Lemma. Let J denote the Jacobson radical in R and let M be a graded R-
module. If R is semi-simple, then there exists a graded projective R-module Q and
a surjective morphism κ : Q→ M/JM with Kerκ = JQ. Moreover, if Mv is finitely
generated for every v ∈ Z, then Qv is finitely generated for every v ∈ Z.

PROOF. Let M be a graded R-module and consider the graded k-module M/JM,
where k = R/J. By assumption, k is semi-simple, so M/JM is isomorphic to a di-
rect sum

∐
u∈U Σ

|u| ku of cyclic k-modules. If Mv is finitely generated, then one can
assume that |u| = v holds for only finitely many u ∈ U. As every cyclic k-module
is a direct sum of simple modules generated by idempotents, one can assume that
each u is an idempotent in k. By assumption, each u lifts to an idempotent eu in R,
so by 5.4.21(a) the canonical surjection Reu → ku is a projective cover of ku. The
assertions about Q and κ now follow from 5.4.21(c)

5.4.26 Theorem. The following conditions on R are equivalent.

(i) The ring R is semi-perfect.
(ii) Every graded R-module M with Mv finitely generated for all v ∈ Z has a pro-

jective cover.
(iii) Every graded R-module M with Mv finitely generated for all v ∈ Z is semi-

perfect.
(iv) The R-module R is semi-perfect.

PROOF. Let J denote the Jacobson radical of R and set k = R/J. The implication
(ii)=⇒ (iii) follows from the definition of semi-perfect modules 5.4.19, and (iv) is a
special case of (iii).

(i)=⇒ (ii): Let M be a graded R-module with each Mv finitely generated. By
5.4.25 there exists a graded projective R-module Q with Qv finitely generated
for every v ∈ Z and surjective morphism κ : Q→ M/JM, with Kerκ = JQ. By
Nakayama’s lemma the submodule JQ is superfluous in Q, so κ is a projective
cover. Since Q is projective, there exists a morphism γ : Q→ M such that βγ = κ,
where β is the canonical map M� M/JM. Thus, one has M = γ(Q)+JM. It fol-
lows from Nakayama’s lemma that JM is superfluous in M, so γ is surjective. To
see that γ is a projective cover, it remains to verify that Kerγ is superfluous in Q,
which follows as it is contained in Kerκ = JQ.

(iv)=⇒ (i): It follows from 5.4.20 that k is semi-simple, and J is superfluous
in R, cf. 5.4.15. Thus, the natural map R� k is a projective cover. Let u be an
idempotent in k, then there is a decomposition k = ku⊕ k(1− u), Let π : P→ ku
and π′ : P′→ k(1−u) be projective covers of graded R-modules, then π⊕ π′ is a
projective cover of k. By 5.4.17 there is an isomorphism γ : P⊕P′→ R such that γ
followed by the natural surjection R→ k equals π⊕π′. Write 1 = e+ e′ in R such
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that P and P′ are isomorphic to the ideals Re and Re′. It follows that e and e′ are
orthogonal idempotents, and that e maps to u in k. Thus, idempotents lift from k to
R.

PERFECT RINGS

5.4.27 Definition. An ideal a in R is called left T-nilpotent if for every sequence of
elements (ai)i∈N in a there is an integer n> 1 such that a1a2 · · ·an = 0.

REMARK. Perfection of a ring is not a left/right symmetric property.

Left T-nilpotent ideals have properties similar to the properties of the Jacobson
radical captured by Nakayama’s lemma.

5.4.28 Lemma. The following are equivalent.

(i) The ideal a is left T-nilpotent.
(ii) For every R-module M 6= 0 one has (0 :M a) 6= 0.

(iii) For every R-module M 6= 0 one has aM 6= M.
(iv) For every graded R-module M and every proper graded submodule N ⊂ M

one has N +aM 6= M.
(v) For every graded R-module M the submodule aM is superfluous.

PROOF. (i)=⇒ (ii): By contraposition, assume that there exists an R-module M 6= 0
with (0 :M a) = 0. For every element x 6= 0 in M there exists then an element a ∈ a
such that ax 6= 0. It follows by induction that there exists a sequence of elements
(ai)i∈Z in a such that a1a2 · · ·an 6= 0 for every n ∈ N. Thus, a is not left T-nilpotent.

(ii)=⇒ (iii): Let M 6= 0 be an R-module and set

b= (0 :R M) and B= {r ∈ R | ra⊆ b}.

Since b is a proper ideal, (ii) yields B/b= (0 :R/b a) 6= 0. It follows that b is strictly
contained in B, whence BM is non-zero. However, one has Ba⊆ b and, therefore,
0 =B(aM), so aM 6= M holds.

(iii)=⇒ (iv): Apply (iii) to the non-zero R-module M/N.
(iv)=⇒ (v): Immediate from the definition of superfluous submodules; see 5.4.13.
(v)=⇒ (i): Let a sequence (ai)i∈N of elements in a be given. For j> i> 1 let α ji

denote right multiplication on R with ai · · ·a j−1. These maps clearly form a direct
system; let A denote its limit. For every a ∈ A there is an r ∈ R and an i > 1 such
that a = αi(r), where αi is the canonical map R→ A. As one has αi(r) = αi+1(rai) it
follows that aA = A holds and, therefore, A = 0. It follows that α1(1) is zero, which
means that α j1(1) = a1 · · ·a j−1 is zero for some j> 1. Thus, a is left T-nilpotent.

5.4.29 Definition. Let J be the Jacobson radical of R. The ring R is called left
perfect if R/J is semi-simple and J is left T -nilpotent.
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5.4.30 Example. Every nilpotent ideal is left T-nilpotent, so every left or right Ar-
tinian ring is left perfect, cf. 5.4.24.

REMARK. Let J be the Jacobson radical of R. If J is left T-nilpotent, then every element of J is
nilpotent, whence idempotents lift from R/J to R. Thus, every left perfect ring is semi-perfect.

5.4.31 Theorem. The following conditions on R are equivalent.

(i) The ring R is left perfect.
(ii) Every graded R-module has a projective cover.

(iii) Every graded R-module is semi-perfect.

PROOF. Let J denote the Jacobson radical of R and set k = R/J. The implication
(ii)=⇒ (iii): follows from the definition of semi-perfect modules; see 5.4.19.

(i)=⇒ (ii): Let M be a graded R-module. Since R is semi-perfect, it follows from
5.4.25 that there exists a graded projective R-module Q and a surjective morphism
κ : Q→ M/JM with Kerκ = JQ. By 5.4.28 the submodule JQ is superfluous in Q,
so κ is a cover.

(iii)=⇒ (i): It follows from 5.4.20 that k is semi-simple and that JM is superflu-
ous in M for every graded R-module M. By 5.4.28 the Jacobson radical is then left
T-nilponten, so R is left perfect.

MINIMAL COMPLEXES OF PROJECTIVE MODULES

5.4.32 Lemma. Let M be an R-complex. If the graded R-module M\ is semi-simple,
then there is decomposition M = Cone(1L)⊕H, where L and H are complexes with
trivial differentials. In particular, one has H(M) = H.

PROOF. Set Z = Z(M), B = B(M), and H = H(M), and consider the exact se-
quences of graded R-modules

0−→ B
β−→ Z π−→ H −→ 0 and 0−→ Z ι−→ M\ δ−→ Σ B−→ 0.

Since M\ and, therefore, its graded submodule Z are semi-simple, there exist mor-
phisms τ : H→ Z and υ : Σ B→ M\ such that πτ= 1H and δυ= 1Σ B.

5.4.33 Lemma. Let J denote the Jacobson radical of R and let P be a complex of
projective R-modules. If ∂(P)⊂ JP holds, then P is minimal.

PROOF. Let ε : P→ P be a morphism with ε∼ 1P; it suffices by 5.4.2 to prove that
ε is an isomorphism. By assumption there exists a homomorphism σ : P→ P of de-
gree 1 such that 1P−ε=σ∂P+∂Pσ. For every p∈ P, the element p−ε(p) belongs
to JP+σ(JP) = JP. It follows that the induced morphism ε̄ : P/JP→ P/JP is an
isomorphism, and then so is ε, by 5.4.20(f).
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5.4.34 Theorem. Let J denote the Jacobson radical of R and let P be a complex of
projective R-modules. If the graded R-module P\ is semi-perfect, then there is a de-
composition P = P′⊕P′′, where P′ and P′′ are complexes of projective R-modules,
P′ is minimal, and P′′ is contractible. Moreover, the following assertions hold.

(a) The complex P′ is unique up to isomorphism.
(b) The complex P is minimal if and only if B(P) is superfluous in P if and only

if the inclusion ∂(P)⊆ JP holds.
(c) If P is semi-projective, then P′ and P′′ are semi-projective.

PROOF. Set k = R/J; the graded k-module (P/JP)\ is semi-simple by 5.4.20(d).
Set B = B(P/JP) and H = H(P/JP); by 5.4.32 there is a split exact sequence of
k-complexes:

(∗) 0−→ H −→ P/JP τ−→ Cone(1B)−→ 0.

Because it is a homomorphic image of the semi-perfect graded R-module P\, the
graded module B is semi-perfect. In particular, B has a projective cover κ : Q→ B.
Note that κ is a morphism of R-complexes.

Set P′′=Cone(1Q) and C =Cone(1B); both complexes are contractible by ?. The
projective cover κ induces a surjective morphism χ= κ⊕Σκ : P′′→C. Clearly,
the map of the underlying graded modules P′′\→ C\ is a projective cover, so P′′\ is
semi-perfect by 5.4.20(c).

Let π denote the natural map P � P/JP. The complexes HomR(P,P′′) and
HomR(P,C) are contractible, see ?, so HomR(P,κ) is a quasi-isomorphism. By 5.2.2
the morphism HomR(P,κ) is surjective, so it is surjective on cycles, see 4.3.6. Thus,
there exists a morphism β : P→ P′′ such that χβ= τπ. Let π′ be the restriction of π
to the subcomplex P′ = Kerβ and consider the commutative diagram

0 // P′

π′

��

// P

π

��

β
// P′′

χ

��

// 0

0 // H // P/JP τ
// C // 0

The second row is the split sequence (∗), and by construction the first row is exact
at P′ and at P. To see that it is exact at P′′, notice that χ̄ : P′′/JP′′→C/JC and π̄=
1P/JP and are bijective, while τ̄= τ is surjective. It follows that β̄ : P/JP→ P′′/JP′′

is surjective, and then β is surjective by 5.4.20(e). As P′′\ is a projective graded R-
module, the first row is degreewise split and, therefore, split by 4.4.7. Thus there is
a commutative diagram with exact rows

0 // P′/JP′

π̄′

��

// P/JP

1P/JP

��

β̄
// P′′/JP′′

χ̄∼=
��

// 0

0 // H // P/JP τ
// C // 0
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It follows that π̄′ is an isomorphism, and since ∂H = 0 this means that ∂P′ is con-
tained in JP′. Therefore, P′ is minimal by 5.4.33.

It follows from 5.4.3 that P′ is unique up to isomorphism, this proves (a).
(b): Since the graded R-module P\ is projective and semi-perfect, it follows from

5.4.18 and 5.4.20(b) that B(P)= ∂(P) is superfluous in P\ if and only if the inclusion
∂(P) ⊆ JP holds. In view of 5.4.33 it remains to prove that ∂(P) ⊆ JP holds if P
is minimal. Assume that P is minimal and consider a decomposition P = P′⊕P′′,
where P′ is minimal and P′′ is contractible. The composition of canonical maps P�
P′� P is then a homotopy equivalence and, therefore, an isomorphism, whence
P′′ = 0

Finally, part (c) follows from 5.2.15.

MINIMAL SEMI-PROJECTIVE RESOLUTIONS

5.4.35 Proposition. For an R-complex P, the following conditions are equivalent.

(i) P is semi-projective and minimal.
(ii) Every quasi-isomorphism M→ P has a right-inverse.

PROOF. Assume that P is semi-projective and minimal. I α : M→ P is a quasi-
isomorphism, then there exists by 5.2.17 a morphism γ : P→ M, such that ε= αγ∼
1P. By assumption, ε has an inverse, so γε−1 is a right-inverse for α.

Assume that every quasi-isomorphism M→ P has a right-inverse, then P is semi-
injective by 5.2.7. If ε : P→ P is a homotopy equivalence, then it has a right-inverse,
so there is a decomposition P = K⊕ P̃, and the restriction of ε to P̃ is an isomor-
phism. It follows that K is acyclic, so the embedding P̃� P is a quasi-isomorphism,
whence it is an isomorphism by hypothesis. It follows that K is zero and ε is an iso-
morphism.

The semi-projective resolutions described in the next two theorems are referred
to as minimalsemi-projective resolution!minimal.

5.4.36 Theorem. Let R be left perfect. Every R-complex M has a semi-projective
resolution P '−→ M with P minimal and Pv = 0 for v < inf M.

PROOF. Let M be an R-complex, by 5.1.13 there is a semi-projective resolution
π : P '−→ M with Pv = 0 for v < inf M. By 5.4.31 the complex P is semi-perfect, so
by 5.4.34 there is a decomposition P = P′⊕ P′′, where P′ is minimal and semi-
projective, and P′′ is contractible. Let ι be the natural embedding P′ → P; it is a
quasi-isomorphism, as P′′ is acyclic. Thus πι : P′→ M is the desired resolution.

5.4.37 Theorem. Let R be left Noetherian and semi-perfect. Every R-complex M
with H(M) bounded below and degree-wise finitely generated has a semi-projective
resolution P '−→ M with P minimal, each module Pv finitely generated, and Pv = 0
for v < inf M.

15-Nov-2011 Draft, not for circulation



158 5 Resolutions

PROOF. By 5.1.15 there is a semi-free resolution π : P '−→ M with Pv finitely gener-
ated for all v ∈ Z and Pv = 0 for v < inf M. By 5.4.26 the complex P is semi-perfect,
so by 5.4.34 there is a decomposition P = P′⊕P′′, where P′ is minimal and semi-
projective, and P′′ is contractible. Let ι be the natural embedding P′ → P; it is a
quasi-isomorphism as P′′ is acyclic. Thus πι : P′→ M is the desired resolution.

EXERCISES

E 5.4.1 Show how to construct a minimal injective resolution of an R-module by taking succes-
sive injective envelopes.

E 5.4.2 Set R = {s/t ∈ Q | (s, t) = 1 and t odd}. Show that the Jacobson radical of R is (2). Set
F = Z(N) and let µ : F→Q be the map given by (an)n 7→ ∑n an/2n. Show that µ(JF) is
not superfluous in Q and conclude that JF is not superfluous in F.

E 5.4.3 Show that in a minimal injective resolution ι : M→ I the morphism ι need not be injec-
tive.

E 5.4.4 Let a be an ideal in R. Show that idempotents lift from R/a to R if R/a is local.

5.5 Semi-flatness

SYNOPSIS. Complex of flat modules; semi-flat complex; flat resolution of module.

Semi-flatness of an R-complex F will be defined in terms of the functor –⊗R F
from C(Ro) to C(k). First we study complexes of flat modules.

COMPLEXES OF FLAT MODULES

5.5.1 Proposition. For an R-complex F, the follwing conditions are equivalent.

(i) Each R-module Fv is flat.
(ii) The functor –⊗R F from C(Ro) to C(k) is exact.

(iii) For every exact sequence 0→ M′→ M→ F→ 0 in C(R) the exact sequence
0→ Homk(F,E)→ Homk(M,E)→ Homk(M′,E)→ 0 is degree-wise split.

(iv) The character complex Homk(F,E) is a complex of injective Ro-modules.

PROOF. Conditions (i) and (iv) are equivalent by 1.3.37.
(ii)⇐⇒ (iv): By adjunction 4.1.6 and commutativity 4.1.2 there is a natural iso-

morphism of functors from C(Ro)op to C(k),

HomRo(–,Homk(F,E))∼= Homk(F⊗Ro –,E) .

15-Nov-2011 Draft, not for circulation



5.5 Semi-flatness 159

By 5.3.6 the functor on the left-hand side is exact if and only if Homk(F,E) is a
complex of injective Ro-modules. As E is faithfully injective, the functor on the
right-hand side is exact if and only if F⊗Ro – is exact.

(iv)=⇒ (iii): Immediate from 5.3.6.
(iii)=⇒ (i): Choose by 5.1.8 a surjective semi-free resolution π : L '−→ F and con-

sider the associated short exact sequence 0→ Kerπ→ L→ F → 0. By 5.3.2 the
complex Homk(L,E) consists of injective Ro-modules, so it follows from 5.3.6 and
split exactness of the sequence

0−→ Homk(F,E)\ −→ Homk(L,E)\ −→ Homk(Kerπ,E)\ −→ 0

that each module Homk(F,E)−v = Homk(Fv,E) is an injective Ro-module, whence
each Fv is a flat R-module by 1.3.37.

5.5.2 Corollary. Let 0→ F′→ F→ F′′→ 0 be an exact sequence of R-complexes.
If F′′ is a complex of flat R-modules, then F is a complex of flat R-modules if and
only if F′ is a complex of flat R-modules.

PROOF. Apply 5.5.1 and 5.3.7 to the exact sequence of Ro-complexes

0−→ Homk(F,E)−→ Homk(M,E)−→ Homk(M′,E)−→ 0 .

5.5.3 Corollary. Let 0→M′→M→ F→ 0 be an exact sequence in C(R). If F is a
complex of flat modules, then the sequence 0→N⊗R M′→N⊗R M→N⊗R F→ 0
is exact for every Ro-complex N.

PROOF. Assume that F is a complex of flat R-modules, and let N be an Ro-complex.
As the tensor product is right exact, it is sufficient to show that the induced mor-
phism N⊗R M→ N⊗R M′ is injective. There is a commutative diagram in C(k)

HomRo(N,Homk(M,E)) //

ρNME∼=
��

HomRo(N,Homk(M′,E)) //

ρNM′E∼=
��

0

Homk(M⊗Ro N,E) // Homk(M′⊗Ro N,E) // 0 .

The upper row is exact by 5.5.1 and the fact that the additive functor HomR(N,–)
preserves split-exactness of sequences. By commutativity of the diagram, the lower
row is also exact. Since E is faithfully injective, this implies that the sequence
0→ M⊗Ro N→ M′⊗Ro N is exact, and commutativity 4.1.2 finishes the proof.

5.5.4 Definition. A graded R-module F is called graded-flat if the R-complex F
satisfies the conditions in 5.5.1.

A standard application of the next lemma is to an acyclic complex M and a
complex N of flat R-modules.
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5.5.5 Lemma. Let M be an Ro-complex and let N be an R-complex, such that M is
bounded above or N is bounded below. If the complex M⊗R Nv is acyclic for every
v ∈ Z, then M⊗R N is acyclic.

PROOF. By adjunction 4.1.6 there is an isomorphism of complexes

Homk(M⊗R N,E)∼= HomR(N,Homk(M,E)) .

Notice that Homk(M,E) is bounded below if M is bounded above. As E is a faith-
fully injective k-module, the claim follows immediately from 5.2.5.

EXISTENCE OF SEMI-FLAT COMPLEXES

5.5.6 Definition. An R-complex F is called semi-flat if β⊗R F is an injective quasi-
isomorphism for every injective quasi-isomorphism β in C(Ro).

It follows easily from 5.5.5 and 5.5.1 that a bounded below complex of flat mod-
ules is semi-flat; see 5.5.12.

5.5.7. An R-complex F is semi-flat if and only if the functor F⊗Ro – preserves
injective quasi-isomorphisms; this is immediate by commutativity 4.1.2.

5.5.8 Theorem. Let F be an R-complex and let I be a semi-injective k-complex. If
F is semi-flat, then the Ro-complex Homk(F, I) is semi-injective, and the converse
holds if I is a faithfully injective k-module.

PROOF. By adjunction 4.1.6 there is a natural isomorphism of functors,

Homk(F⊗Ro –, I) ∼= HomRo(–,Homk(F, I)) ,

from C(Ro) to C(k). If F is semi-flat, then the functor Homk(F⊗Ro –, I) is exact and
preserves quasi-isomorphisms. Conversely, if Homk(F, I) is semi-injective over Ro

and I is a faithfully injective k-module, then the functor F⊗Ro – is exact.

The next result gives useful characterizations of semi-flat complexes.

5.5.9 Proposition. For an R-complex F, the following conditions are equivalent.

(i) F is semi-flat.
(ii) The functor –⊗R F is exact and preserves quasi-isomorphisms.

(iii) The character complex Homk(F,E) is a semi-injective Ro-complex.
(iv) F is a complex of flat R-modules and the functor –⊗R F preserves acyclicty

of complexes.

PROOF. The implication (ii)=⇒ (i) is trivial; conditions (i) and (iii) are equivalent
by 5.5.8.
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(iii)=⇒ (iv): It follows from 5.3.14 that Homk(F,E) is a complex of injective
Ro-modules, so F is a complex of flat R-modules by 5.5.1. Let A be an acyclic
Ro-complex; by adjunction 4.1.6 and commutativity 4.1.2 there is an isomorphism
HomRo(A,Homk(F,E)) ∼= Homk(A⊗R F,E). The left-hand complex is acyclic by
5.3.14, so it follows by faithfulness of the functor Homk(–,E) that A⊗R F is acyclic.

(iv)=⇒ (i): Let β be an injective quasi-isomorphism. The morphism β⊗R F is
then injective by 5.5.1. The complex Coneβ is acyclic, and hence so is the complex
(Coneβ)⊗R F ∼= Cone(β⊗R F), so β⊗R F is a quasi-isomorphism.

5.5.10 Corollary. Every semi-projective R-complex is semi-flat.

PROOF. Immediate from 5.3.15.

5.5.11 Corollary. A graded R-module is graded-flat if and only if it is semi-flat as
an R-complex.

PROOF. If F is semi-flat as a complex, then each module Fv is flat, whence F is
graded-flat. If F is graded-flat, then the character module Homk(F,E) is graded-
injective and hence semi-injective as an R-complex; see 5.3.16. As an R-complex F
is then semi-flat by 5.5.9.

5.5.12 Proposition. A bounded below complex of flat R-modules is semi-flat.

PROOF. Immediate from 5.5.5 and 5.5.9.

PROPERTIES OF SEMI-FLAT COMPLEXES

5.5.13 Proposition. A coproduct of R-complexes
∐

u∈U Fu is semi-flat if and only
if each complex Fu is semi-flat.

PROOF. Let β : K→ M be an injective quasi-isomorphism in C(Ro). There is a com-
mutative diagram in C(k),

∐
u∈U(K⊗R Fu)

∐
(β⊗Fu)

//

∼=
��

∐
u∈U(M⊗R Fu)

∼=
��

K⊗R (
∐

u∈U Fu)
β⊗(

∐
Fu)
// M⊗R (

∐
u∈U Fu) ,

where the vertical maps are the canonical isomorphisms (3.1.11.1). In view of 3.1.6
and 3.1.9 it follows that β⊗R (

∐
u∈U Fu) is an injective quasi-isomorphism if and

only if each map β⊗R Fu an injective quasi-isomorphism.

5.5.14 Proposition. Let {µvu : Fu→ Fv}u6v be a U-direct system of semi-flat R-
complexes. If U is filtered, then colimu∈U Fu is a semi-flat R-complex.
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PROOF. Let β : K→ M be an injective quasi-isomorphism in C(Ro). There is a com-
mutative diagram in C(k),

colimu∈U(K⊗R Fu)
colim(β⊗Fu)

//

∼=
��

colimu∈U(M⊗R Fu)

∼=
��

K⊗R (colimu∈U Fu)
β⊗(colim Fu)

// M⊗R (colimu∈U Fu) ,

where the vertical maps are the canonical isomorphisms (3.2.10.1). In view of 3.2.18
and 3.2.20 it follows that β⊗R (colim Fu) is an injective quasi-isomorphism if each
map β⊗R Fu an injective quasi-isomorphism.

5.5.15 Proposition. Let 0 → F′ → F → F′′ → 0 be an exact sequence of R-
complexes. If F′′ is semi-flat, then F is semi-flat if and only if F′ is semiflat.

PROOF. Apply 5.5.9 and 5.3.19 to the exact sequence of Ro-complexes

0−→ Homk(F′′,E)−→ Homk(F,E)−→ Homk(F′,E)−→ 0; , .

Contrary to the situation for semi-projective complexes, see 5.2.18, a quasi-
isomorphism of semi-flat R-complexes need not be a homotopy equivalence.

5.5.16 Example. It follows from 1.3.9 that the Z-module Q has a semi-free resolu-
tion π : L '−→Q with Lv = 0 for v 6= 0,1. Both Z-complexes Q and L are semi-flat.
Suppose γ : Q→ L were a homotopy inverse of π, then one would have 1Q ∼ πγ,
and hence 1Q = πγ as ∂Q = 0. This would imply that Q is a direct summand of L0
and hence a free Z-module, but is is not.

5.5.17 Proposition. Let α : F→ F′ be a quasi-isomorphism of semi-flat R-complexes.
For every Ro-complex M, the induced morphisms M⊗R α and α⊗Ro M are quasi-
isomorphisms.

PROOF. By 5.3.14 and 5.5.8 the morphism Homk(α,E) is a quasi-isomorphism of
semi-injective complexes and hence a homotopy equivalence by 5.3.23. Therefore,
the upper horizontal map in the commutative diagram below is also a homotopy
equivalence; see 2.3.9.

HomRo(M,Homk(F′,E))
HomRo (M,Homk(α,E))

∼
// HomRo(M,Homk(F,E))

Homk(F′⊗Ro M,E)
Homk(α⊗Ro M,E)

//

ρF′ME∼=

OO

Homk($
MF′ ,E) ∼=

��

HomR(F⊗Ro M,E)

ρFME ∼=

OO

Homk($
MF ,E) ∼=

��

Homk(M⊗R F′,E)
Homk(M⊗Rα,E)

// HomR(M⊗R F,E)
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The diagram shows that Homk(α⊗Ro M,E) and Homk(M⊗R α,E) are both quasi-
isomorphisms, and by faithful injectivity of E it follows that α⊗Ro M and M⊗R α
are quasi-isomorphisms.

5.5.18 Proposition. Let R→ S be a ring homomorphism. If F is a semi-flat R-
complex, then S ⊗R F is a semi-flat S -complex.

PROOF. By associativity 4.1.4 and (4.1.0.1) there are natural isomorphisms,

–⊗S (S ⊗R F)∼= (–⊗S S )⊗R F ∼= –⊗R F ,

of functors from C(S o) to C(k). By assumption, the functor –⊗R F is exact and
preserves quasi-isomorphisms.

5.5.19 Proposition. If F is a semi-flat S -complex and F′ is a semi-flat k-complex,
then the S -complex F⊗k F′ is semi-flat.

PROOF. By associativity 4.1.4 there is a natural isomorphism of functors

–⊗S (F⊗k F′) ∼= (–⊗S F)⊗k F′ ,

from C(S o) to C(k), By the assumptions on F and F′, the functor (–⊗S F)⊗k F′ is
exact and preserves quasi-isomorphisms.

THE CASE OF MODULES

The next two results follow from 5.5.1 and 5.5.2.

5.5.20 Proposition. For an R-module F, the follwing conditions are equivalent.

(i) F is flat.
(ii) The functor –⊗R F from M(Ro) to M(k) is exact.

(iii) For every exact sequence 0→ M′ → M → F → 0 of R-modules, the exact
sequence 0→ Homk(F,E)→ Homk(M,E)→ Homk(M′,E)→ 0 is split.

(iv) The character module Homk(F,E) is an injective Ro-module.

5.5.21 Corollary. Let 0→ F′→ F→ F′′→ 0 be an exact sequence of R-modules.
Assume that F′′ is flat, then F′ is flat if and only if F is flat.

5.5.22. It follows from 5.5.11 that an R-module is flat if and only if it is semi-flat
as an R-complex.

The next two results now follow immediately from 5.5.13 and 5.5.14.

5.5.23 Proposition. A coproduct of R-modules
∐

u∈U Fu is flat if and only if each
module Fu is flat.

5.5.24 Proposition. Let {µvu : Fu→ Fv}u6v be a U-direct system of flat R-modules.
If U is filtered, then colimu∈U Fu is a flat R-module.
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EXERCISES

E 5.5.1 Show that a graded R-module is graded-flat if and only if it is flat and an R-module.
E 5.5.2 Establish a variation of 5.5.5 from 5.3.9.
E 5.5.3 Let k be a field and set R = kN. Show that I = k(N) is and ideal in R and that the complex

F = 0→ I → R→ R/I → 0 is semi-flat, cf. E 1.3.30. Show that F is not contractible.
Hint: TBA.
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