
Chapter 2
Complexes

2.1 Basic Concepts

SYNOPSIS. Graded module; graded homomorphism; complex; chain map; (split) exact sequence;
Five Lemma; Snake Lemma; shift; homology; homotopy.

GRADED MODULES

2.1.1 Definition. Let U be a set. An R-module M is called U-graded if there exists a
family {Mu}u∈U of submodules of M such that M =

∐
u∈U Mu. A Z-graded module

is simply called a graded module.

2.1.2 Example. Considered as an R-module, the ring of polynomials M = R[X] is
graded with Mv = 0 for v < 0 and Mv = {m ∈ M |m is a monomial of degree v} for
v> 0, with the convention that 0 is a monomial of every degree.

2.1.3 Definition. Let M =
∐

v∈Z Mv be a graded R-module. The submodule Mv is
called the module in degree v. An element m in M that belongs to a submodule
Mv is said to be homogeneous of degree v. Thus, the zero element is homogeneous
of every degree. A homogeneous element m 6= 0 is homogeneous of exactly one
degree, which is called the degree of m and denoted |m|; that is

|m|= v ⇐⇒ m ∈ Mv.

All subsequent formulas that involve the degree |m| of an arbitrary homogeneous
element m will be valid no matter what value one assigns to |0|.

2.1.4. Let M =
∐

v∈Z Mv be a graded R-module and let N be an R-module. A homo-
morphism α from M to N is identified with the family (αv)v∈Z in ∏v∈Z HomR(Mv,N)
with αv = αιv, where ιv is the embedding Mv� M.
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34 2 Complexes

2.1.5 Definition. Let M and N be graded R-modules and let p ∈ Z. A homomor-
phism α : M→ N that satisfies α(Mv) ⊆ Nv+p for all v ∈ Z is called a (graded)
homomorphism of degree p. Under the identification α = (αv)v∈Z in 2.1.4 such
homomorphisms are in bijective correspondance with elements in the k-module
∏v∈Z HomR(Mv,Nv+p) which we denote by HomR(M,N)p. We write HomR(M,N)
for the graded k-module that has the module HomR(M,N)p in degree p.

A graded homomorphism of degree 0 is called a morphism of graded R-modules.
The category of graded R-modules and their morphisms is denoted by Mgr(R).

For graded R-modules M and N the symbol HomR(M,N) has two possible inter-
pretations; namely the k-module of all R-linear maps from M to N, and the graded
k-module defined in 2.1.5, which is sometimes called the graded Hom. The two in-
terpretations do, in general, not agree, but whenever we consider graded modules
we have the second in mind.

2.1.6. If M is a graded R–Q-bimodule and N is a graded R–S -bimodule, then the
graded k-module HomR(M,N) has an induced graded Q–S -bimodule structure.

2.1.7. Let L, M, and N be graded R-modules, and let p and q be integers. There is
a k-bilinear composition rule for graded homomorphisms:

HomR(M,N)p×HomR(L,M)q −→ HomR(L,N)p+q.

For α= (αv)v∈Z and β= (βv)v∈Z it is given by (α,β) 7→ αβ= (αv+qβv)v∈Z.

REMARK. It follows from 2.1.7 that if M is a graded R-module, then HomR(M,M) has a graded
k-algebra structure, with multiplication given by composition of homomorphisms.

2.1.8 Definition. Let M be a graded Ro-module and N be a graded R-module. De-
note by M⊗R N the graded k-module with

(M⊗R N)p =
∐

v∈Z
Mv⊗R Np−v.

Notice that if m and n are homogeneous elements in M and N then m⊗n is homo-
geneous in M⊗R N of degree |m⊗n|= |m|+ |n|. The module M⊗R N is called the
graded tensor product of M and N.

2.1.9. If M is a graded Q–R-bimodule and N is a graded R–S -bimodule, then the
graded k-module M⊗R N has an induced graded Q–S -bimodule structure.

2.1.10 Definition. Let M be a graded R-module. A graded submodule of M is a
graded R-module K, that is a submodule of M as an R-module such that the embed-
ding K→ M is a morphism of graded R-modules. Given a graded submodule K of
a graded R-module M, the quotient M/K is a graded module M/K =

∐
v∈Z Mv/Kv,

and the canonical surjection M→ M/K is a morphism of graded R-modules.

2.1.11. As M(R) is a k-linear Abelian category, it is elementary to verify that the
category Mgr(R) is k-linear and Abelian. In particular, the biproduct M⊕N of M =∐

v∈Z Mv and N =
∐

v∈Z Nv in Mgr(R) is the graded module
∐

v∈Z(Mv⊕Nv).
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2.1 Basic Concepts 35

There are k-linear functors of Abelian categories

M(R) //
Mgr(R).oo

The functor from M(R) to Mgr(R) is a full embedding; it equips an R-module M
with the trivial grading M0 = M and Mv = 0 for v 6= 0. The functor from Mgr(R) to
M(R) forgets the grading.

At the level of symbols, applications of these functors is suppressed. However,
when we write e.g. “as an R-module” about a graded R-module, it means that we
apply the forgetful functor.

REMARK. The category Mgr(R) also has products and coproducts (and limits and colimits); they
will all be treated within the context of complexes; see Sect. 2.5.

COMPLEXES

2.1.12 Definition. An R-complex is a graded R-module M equipped with a homo-
morphism ∂M of degree −1 such that ∂M∂M = 0. It can be visualized like this:

· · · −→ Mv+1
∂M

v+1−−→ Mv
∂M

v−−→ Mv−1 −→ ·· · .

The module Mv is the module in degree v; the homomorphism ∂M
v : Mv→ Mv−1 is

called the vth differential, and one has ∂M
v ∂

M
v+1 = 0 for all v ∈ Z.

Given an R-complex M, the underlying graded R-module is denoted M\.

REMARK. Another word for complex is differential graded module.

2.1.13 Example. Over the ring Z/(4) consider the graded module M with Mv =
Z/(4) for all v ∈ Z. Endowed with the differential ∂M , which in each degree is mul-
tiplication by 2, it is a Z/(4)-complex,

· · · −→ Z/(4) 2−−→ Z/(4) 2−−→ Z/(4)−→ ·· · ,

called the Dold complex.

2.1.14 Example. Consider for each integer n> 0 the standard n-simplex,

∆n = {(t0, . . . , tn) ∈ Rn+1 | ∑n
j=0 t j = 1 and t0, . . . , tn > 0} .

For n> 1 and 06 i6 n the ith face map εn
i : ∆n−1→ ∆n is given by

(t0, . . . , tn−1) 7−→ (t0, . . . , ti−1,0, ti, . . . , tn−1) .

Let X be a topological space. Denote by C(∆n,X) the set of all continuous maps
from ∆n to X, and consider the free abelian group S n(X) = Z〈C(∆n,X)〉 on this set.
The elements of S n(X) are called singular n-chains. For n> 1, the map
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36 2 Complexes

C(∆n,X)−→ S n−1(X) given by σ 7−→ ∑
n
i=0(−1)iσεn

i

extends uniquely by 1.3.5 to a group homomorphism ∂X
n : S n(X)→ S n−1(X). Set

∂X
0 = 0, then one has ∂X

0 ∂
X
1 = 0; for n> 1 and a basis element σ in S n+1(X) one has

∂X
n ∂

X
n+1(σ) = ∂X

n (∑
n+1
i=0 (−1)iσεn+1

i )

= ∑
n
j=0(−1) j(∑n+1

i=0 (−1)iσεn+1
i )εn

j

= ∑ j<i(−1)i+ jσεn+1
i εn

j +∑i6 j(−1)i+ jσεn+1
i εn

j .

For 06 j < i6 n+1 one has εn+1
i εn

j = εn+1
j εn

i−1 and, therefore,

∑ j<i(−1)i+ jσεn+1
i εn

j = ∑ j<i(−1)i+ jσεn+1
j εn

i−1 = ∑ j6i(−1)i+ j+1σεn+1
j εn

i .

In combination, these two displays yield ∂X
n ∂

X
n+1(σ) = 0, and thus one has a Z-

complex,

S (X) = · · · −→ S 2(X)
∂X

2−→ S 1(X)
∂X

1−→ S 0(X)−→ 0 .

This complex is called the singular chain complex of the space X.

2.1.15 Example. Let M be a smooth d-dimensional manifold. For a point x ∈ M,
denote by C∞

x (M) the germ of smooth functions at x, which is an R-algebra. A linear
map δ : C∞

x (M)→ R such that δ( f g) = δ( f )g(x)+ f (x)δ(g) for all f ,g ∈C∞
x (M) is

called a derivation at x. The set of all such,

TxM = {δ : C∞
x (M)→ R | δ is a derivation at x}

is a d-dimensional vector space, called the tangent space at x. Given a chart, say,
ϕ= (ϕ1, . . . ,ϕd) : U→ Rd one can form a basis ∂

∂ϕ1

∣∣
x, . . . ,

∂
∂ϕd

∣∣
x for TxM. For f in

C∞
x (M), the derivation ∂

∂ϕi

∣∣
x is defined by

∂
∂ϕi

∣∣
x( f ) = Di( f ◦ϕ−1)

∣∣
ϕ(x) ,

where Di( ·)
∣∣
ϕ(x) is the ith derivative at the point ϕ(x) ∈ Rd. The dual space T ∗x M is

called the cotangent space at x, and the dual basis is denoted by (dϕ1)x, . . . ,(dϕd)x.
Fix 0 6 k 6 d and denote by Λk(T ∗x M) the kth exterior power of T ∗x M, which

is a vector space of dimension q =
(d

k

)
. Pick any isomorphism λx : Rq→ Λk(T ∗x M).

Consider the disjoint union E =
⊎

x∈M Λk(T ∗x M) together with the surjective map
π : E→ M which sends all elements in Λk(T ∗x M) to x. Clearly, each fiber π−1(x) =
Λk(T ∗x M) is a q-dimensional vector space, and for every open subset U ⊆ M there
is a bijection,

ξU : U×Rq −→ π−1(U) =
⊎

x∈UΛk(T ∗x M) , (x,v) 7−→ λx(v).

Note that for every x ∈ U one has πξU(x,v) = x. Furthermore v 7→ ξU(x,v) = λx(v)
gives an isomorphism Rq→ π−1(x) = Λk(T ∗x M).
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2.1 Basic Concepts 37

One can equip E with a structure of a smooth q-dimensional manifold such that
π is smooth, and every ϕU is a diffeomorphism. Hence E becomes a smooth vector
bundle over M.

A smooth section of π : E→ M is a smooth map σ : M→ E such that πσ= 1M .
The set of all such is denoted by Γ(E).

. The tensor graded algebra is the R-vector space,

T(V) =
∐

k>0 V⊗k = R⊕V⊕ (V⊗V)⊕ (V⊗V⊗V) · · · ,

equipped with the product defined by concatenation of elementary tensors,

(x1⊗·· ·⊗ xk)(y1⊗·· ·⊗ y`) = x1⊗·· ·⊗ xk⊗ y1⊗·· ·⊗ y` .

Denote by I the homogeneous ideal in T(V) generated by all elements of the form
x⊗ x ∈ V⊗V ⊆ T(V). The quotient (graded) algebra, Λ(V) = T(V)/I is called the
exterior algebra of V , and the image of x1⊗·· ·⊗ xk ∈ T(V) in Λ(V) is denoted by
x1∧·· ·∧ xk.

For each k > 0, denote by Λk(T ∗x M) the kth exterior power of T ∗x M, which is a
vector space of dimension

(d
k

)
for 06 k 6 d, and the zero space if k > d.

There is a canonical way to equip the disjoint union
⊎

x∈MΛk(T ∗x M) with a struc-
ture of a smooth vector bundle...

2.1.16 Definition. Let M and N be R-complexes. A graded homomorphism of the
underlying graded modules ϕ : M\→ N\ is called a chain map if the equality

∂Nϕ= (−1)|ϕ|ϕ∂M

holds. This means that every square in the following diagram in M(R) commutes
up to the sign (−1)|ϕ|.

· · · // Mv+1

(−1)|ϕ|

∂M
v+1

//

ϕv+1

��

Mv

(−1)|ϕ|

∂M
v

//

ϕv

��

Mv−1 //

ϕv−1

��

· · ·

· · · // Nv+1+|ϕ|
∂N

v+1+|ϕ|

// Nv+|ϕ|
∂N

v+|ϕ|

// Nv−1+|ϕ| // · · · ,

A chain map of degree 0 is called a morphism of R-complexes.

REMARK. The sign above follows Koszul’s sign convention: a sign (−1)mn is introduced when
elements of degree m and n are interchanged; in this case, (−1)|ϕ||∂| = (−1)−|ϕ| = (−1)|ϕ|.

2.1.17 Example. For an R-complex M, the differential ∂M is a chain map from M
to M of degree −1.

For x ∈ k and a k-complex M, the homothety xM : M→ M is given by multipli-
cation by x; it is a morphism of k-complexes. Notice that the notation xM is in line
with the notation 1M for the identity morphism.
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38 2 Complexes

2.1.18. It is straightforward to verify that a composite of chain maps is a chain map.
In particular, a composite of morphisms is a morphism; cf. 2.1.7.

2.1.19 Definition. The collection of all R-complexes and all morphisms of R-
complexes form a category. which is denoted by the symbol C(R).

2.1.20 Definition. Let M be an R-complex. A graded submodule K of M\, with
the property that ∂M(K) is contained in K, is a complex when endowed with the
differential ∂M|K ; it is called a subcomplex of M. In this case, the embedding K�M
is a morphism of R-complexes.

Given a subcomplex K of M, the differential ∂M induces a differential on the
graded module M\/K\. The resulting complex M/K is called a quotient complex.
Note that the canonical map M� M/K is a morphism of R-complexes.

2.1.21. Let α : M→ N be a chain map of R-complexes. It is simple to verify that
the kernel Kerα= {m ∈ M | α(m) = 0} and the image Imα= {α(m) | m ∈ M} are
subcomplexes of M and N, respectively. Thus one can form the quotient complex
Cokerα= N/Imα.

In particular, kernels, images, and cokernels of morphisms in C(R) are com-
plexes. As Mgr(R) is a k-linear Abelian category, it is straightforward to verify that
the category C(R) is k-linear and Abelian. In particular, the biproduct of complexes
M and N is the graded module M\⊕N\ endowed with the square zero homomor-
phism ∂M⊕∂N .

2.1.22. There are k-linear functors of Abelian categories

Mgr(R)
//
C(R) .

(–)\
oo

The functor from Mgr(R) to C(R) is a full embedding; it equips a graded module
M with the trivial differential ∂M = 0, and it is the identity on morphisms. The
functor (–)\ from C(R) to Mgr(R) forgets the differential on R-complexes, and it is
the identity on morphisms.

The module category M(R) is a full subcategory of C(R) via the full embeddings
M(R)→Mgr(R)→ C(R); see 2.1.11.

2.1.23. It follows from 2.1.21 that graded R-modules are isomorphic if and only if
they are isomorphic as R-complexes.

It is simple to verify that a morphism M→ N of R-complexes is an isomorphism
if and only if it is an isomorphism M\→ N\ of the underlying graded modules.

2.1.24. Let C(R–S ) denote the k-linear Abelian category whose objects are com-
plexes of R–S -bimodules with R- and S o-linear differentials, and whose morphisms
are R- and S o-linear chain maps of degree 0. It follows that there is an equivalence
of the k-linear Abelian categories C(R–S ) and C(R⊗k S o).
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2.1 Basic Concepts 39

DIAGRAM LEMMAS

2.1.25 Definition. A sequence of R-complexes is a, possibly infinite, diagram,

(2.1.25.1) · · · −→ M0 α0
−−→ M1 α1

−−→ M2 α2
−−→ ·· · ,

in C(R); it is called exact if one has Imαn−1 = Kerαn for all n. Notice that (2.1.25.1)
is exact if and only if every sequence 0→ Imαn−1→ Mn→ Imαn→ 0 is exact. An
exact sequence 0→ M′→ M→ M′′→ 0 is called a short exact sequence.

Two sequences {αn : Mn→ Mn+1}n∈Z and {βn : Nn→ Nn+1}n∈Z of R-complex-
es are isomorphic if there exists a family of isomorphisms {ϕn}n∈Z such that each
diagram

Mn αn
//

ϕn

��

Mn+1

ϕn+1

��

Nn βn
// Nn+1

is commutative.

2.1.26. Exactness of a sequence in C(R) does not depend on the differentials of the
complexes, so it can be decided degreewise. That is, (2.1.25.1) is exact if and only
the sequence

· · · −→ M0
v

α0
v−−→ M1

v
α1

v−−→ M2
v

α2
v−−→ ·· ·

in M(R) is exact for every v ∈ Z.

The next result is known as the Five Lemma.

2.1.27 Lemma. Let

M1 //

ϕ1

��

M2 //

ϕ2

��

M3 //

ϕ3

��

M4 //

ϕ4

��

M5

ϕ5

��

N1 // N2 // N3 // N4 // N5

be a commutative diagram in C(R) with exact rows. The following assertions hold.

(a) If ϕ1 is surjective, and ϕ2 and ϕ4 are injective, then ϕ3 is injective.
(b) If ϕ5 is injective, and ϕ2 and ϕ4 are surjective, then ϕ3 is surjective.
(c) If ϕ1, ϕ2, ϕ4, and ϕ5 are isomorphisms, then ϕ3 is an isomorphism.

PROOF. (a): The assumptions imply for each v ∈ Z that the homomorphism ϕ1
v

is surjective, and the homomorphisms ϕ2
v and ϕ4

v are injective. Thus, the Five
Lemma 1.1.2 applied to the degree v part of the given commutative diagram yields
that ϕ3

v is injective. Since this holds for every v ∈ Z, it follows that ϕ3 is injective.
The proofs of parts (b) and (c) are similar.
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2.1.28 Construction. Let

M′ α′
//

ϕ′

��

M α
//

ϕ

��

M′′ //

ϕ′′

��

0

0 // N′
β′
// N

β
// N′′

be a commutative diagram in C(R) with exact rows. In each degree v it yields a
commutative diagram in M(R), to which 1.1.3 applies to give a homomorphism
δv : Kerϕ′′v → Cokerϕ′v. Denote by δ : (Kerϕ′′)\→ (Cokerϕ′)\ the morphism (δv)v∈Z
of graded R-modules.

The next result is known as the Snake Lemma, and the morphism δ is known as
the connecting morphism.

2.1.29 Lemma. The morphism δ of graded R-modules, defined in 2.1.28 is a mor-
phism of R-complexes, and there is an exact sequence in C(R),

Kerϕ′ α′−−→ Kerϕ α−−→ Kerϕ′′ δ−−→ Cokerϕ′
β̄′−−→ Cokerϕ

β̄−−→ Cokerϕ′′ .

Moreover, if α′ is injective then so is the restricted morphism α′ : Kerϕ′→ Kerϕ,
and if β is surjective, then so is the induced morphism β̄ : Cokerϕ→ Cokerϕ′′.

PROOF. By 1.1.4 there is an exact sequence

(Kerϕ′)v
α′v−→ (Kerϕ)v

αv−→ (Kerϕ′′)v
δv−→ (Cokerϕ′)v

β̄′v−→ (Cokerϕ)v
β̄v−→ (Cokerϕ′′)v

for every v ∈ Z. The restricted maps α′ : Kerϕ′→ Kerϕ and α : Kerϕ→ Kerϕ′′

are morphisms because Kerϕ′, Kerϕ, and Kerϕ′′ are subcomplexes. Similarly,
β̄′ = (β̄′v)v∈Z : Cokerϕ′→ Cokerϕ and β̄= (β̄v)v∈Z : Cokerϕ→ Cokerϕ′′ are mor-
phisms. It remains to show that δ is a morphism. For a homogeneous element
m′′ ∈ Kerϕ′′ one has δ(m′′) = [n′]Imϕ′ for a homogeneous element n′ ∈ N′ that sat-
isfies β′(n′) = ϕ(m) for some m ∈ M with α(m) = m′′; see 1.1.3. Now one has

∂Cokerϕ′(δ(m′′)) = ∂Cokerϕ′([n′]Imϕ′) = [∂N′(n′)]Imϕ′ .

The element ∂N′(n′) satisfies β′(∂N′(n′)) = ∂N(β′(n′)) = ∂N(ϕ(m)) = ϕ(∂M(m)),
and one has α(∂M(m)) = ∂M′′(α(m)) = ∂M′′(m′′). Thus, by the definition of δ one
has δ(∂M′′(m′′)) = [∂N′(n′)]Imϕ = ∂Cokerϕ′(δ(m′′)).

2.1.30 Definition. An exact sequence 0−→M′ α
′
−→M α−→M′′ −→ 0 in C(R) is called

split if there exist morphisms % : M→ M′ and σ : M′′→ M such that one has

%α′ = 1M′ , α′%+σα= 1M , and ασ= 1M′′ .
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2.1 Basic Concepts 41

2.1.31 Proposition. Let 0−→M′ α
′
−→M α−→M′′ −→ 0 be an exact sequence in C(R).

The following conditions are equivalent.

(i) The sequence is split exact.
(ii) There exists a morphism % : M→ M′ such that %α′ = 1M′ .

(iii) There exists a morphism σ : M′′→ M such that ασ= 1M′′ .

(iv) The sequence is isomorphic to 0 −→ M′ ι−→ M′⊕M′′ π−→ M′′ −→ 0, where ι
and π are the embedding and the projection, respectively.

PROOF. Conditions (ii) and (iii) follow from (i). To see that (ii) implies (iv), let
% : M→ M′ be a morphism with %α′ = 1M′ . There is then a commutative diagram,

0 // M′ α′
//

1M′

��

M α
//

(% α)

��

M′′ //

1M′′

��

0

0 // M′ ιM
′
// M′⊕M′′ πM′′

// M′′ // 0 ,

in C(R), and it follows from the Five Lemma 2.1.27 that (% α) is an isomorphism.
A parallel argument shows that (iii) implies (iv).
Given a commutative diagram

0 // M′ α′
//

ϕ′∼=
��

M α
//

ϕ∼=
��

M′′ //

ϕ′′∼=
��

0

0 // M′ ιM
′
// M′⊕M′′ πM′′

// M′′ // 0 ,

set % = (ϕ′)−1πM′ϕ and σ = ϕ−1ιM
′′
ϕ′′. Then one has %α′ = 1M′ , ασ = 1M′′ , and

α′%+σα = α′(ϕ′)−1πM′ϕ+ϕ−1ιM
′′
ϕ′′α = ϕ−1(ιM

′
πM′ + ιM

′′
πM′′)ϕ = ϕ−1ϕ = 1M ,

so (iv) implies (i) and the proof is complete.

2.1.32 Definition. A short exact sequence in C(R),

0−→ M′ −→ M −→ M′′ −→ 0 ,

is called degreewise split if the exact sequence 0 → M′ \ → M\ → M′′ \ → 0 in
Mgr(R) is split.

2.1.33 Lemma. Let F: C(R)→ C(S ) be an additive functor, such that the com-
posites (–)\ ◦F and (–)\ ◦F◦(–)\ are naturally isomorphic functors from C(R) to
Mgr(S ). For every degreewise split exact sequence 0→ M′ → M → M′′ → 0 in
C(R) the induced sequence 0→ F(M′)→ F(M)→ F(M′′)→ 0 is degreewise split
exact in C(S ).

PROOF. It follows from the assumptions on F that the sequence

(1) 0−→ (F(M′))\ −→ (F(M))\ −→ (F(M′′))\ −→ 0

12-Oct-2011 Draft, not for circulation



42 2 Complexes

is isomorphic to

(2) 0−→ (F(M′ \))\ −→ (F(M\))\ −→ (F(M′′ \))\ −→ 0

in Mgr(S ). The second sequence arises from application of the additive functor
(–)\ ◦F: Mgr(R)→Mgr(S ) to the split exact sequence 0→ M′\→ M\→ M′′\→ 0
in Mgr(R). Therefore, (2) is split exact in Mgr(S ) by 1.1.23, and hence so is the
isomorphic sequence (1).

Similarly one proves the next result.

2.1.34 Lemma. Let G: C(R)op→ C(S ) be an additive functor, such that the com-
posites (–)\ ◦G and (–)\ ◦G◦((–)\)op are naturally isomorphic functors from C(R)op

to Mgr(S ). For every degreewise split exact sequence 0→ M′→ M→ M′′→ 0 in
C(R) the induced sequence 0→G(M′′)→G(M)→G(M′)→ 0 is degreewise split
exact in C(S ).

SHIFT

2.1.35 Definition. Let M be an R-complex and let s be an integer. The s-fold shift
of M is the complex Σ

s M given by

(Σs M)v = Mv−s and ∂Σs M
v = (−1)s∂M

v−s

for all v∈Z. For a homomorphism α= (αv)v∈Z : M→ N of R-complexes, the s-fold
shift Σ

sα : Σ
s M→ Σ

s N is the homomorphism with (Σsα)v = αv−s for all v ∈ Z.

REMARK. Other words for shift are suspension and translation.

2.1.36. For an R-complex M one has ∂Σs M = (−1)s Σ
s ∂M . For a homomorphism

of R-complexes α one has |Σsα|= |α|, and for composable homomorphisms α and
β one has (Σs β)(Σsα) = Σ

s (βα). It follows that if α : M→ N is a chain map of
R-complexes then so is Σ

sα; indeed, one has

∂Σs N(Σsα) = (−1)s(Σs ∂N)(Σsα)

= (−1)s
Σ

s (∂Nα)

= (−1)|α|(−1)s
Σ

s (α∂M)

= (−1)|Σ
s α|(Σsα)∂Σs M .

In particular, Σ
s takes morphisms to morphisms, and it follows that Σ

s is an exact
k-linear autofunctor on C(R) with inverse Σ

−s . Evidently, Σ
s is the s-fold composite

of the functor Σ = Σ
1 .

2.1.37. Let M be an R-complex and s be an integer. There is a canonical chain map
σs

M : M→ Σ
s M of degree s that identifies a homogeneous element m in M with
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the corresponding element of degree |m|+ s in Σ
s M. The map is invertible, and

(σs
M)−1 is the chain map σ−s

Σs M : Σ
s M→ M. Notice that for every homomorphism

α : M→ N of complexes the following diagram is commutative,

(2.1.37.1)
M

σs
M
//

α

��

Σ
s M

Σs α

��

N
σs

N
// Σ

s N .

These degree shifting maps are usually suppressed. In particular, a homomor-
phism (chain map) β : Σ

−s M→ N is identified with the homomorphism (chain map)
βσ−s

M : M→ N of degree |β|+ s, and a homomorphism (chain map) γ : L→ Σ
s M is

identified with the homomorphism (chain map) σ−s
Σs Mγ : L→ M of degree |γ|− s.

HOMOLOGY

2.1.38. Let M be an R-complex. The differential ∂M is a chain map, so it follows
from 2.1.21 that Ker∂M and Im∂M are subcomplexes of M. As ∂M∂M = 0 holds,
there is an inclusion Im∂M ⊆ Ker∂M , and the induced differential on either sub-
complex is 0. Likewise, the differential on the quotient complex Coker∂M is 0.

2.1.39 Definition. Let M be an R-complex M; set

Z(M) = Ker∂M , B(M) = Im∂M , and C(M) = Coker∂M .

Notice that C(M) is the quotient complex M/B(M). Elements in the subcomplex
Z(M) are called cycles, and elements in B(M) are called boundaries. The quotient

H(M) = Z(M)/B(M)

is called the homology complex of M. If one has H(M) = 0, then M is called acyclic.

Notice that a complex is acyclic (see 2.1.39) as an object in C(R) if and only if it
is exact (see 1.1.1) as a sequence in M(R).

REMARK. Other words for acyclic are exact and homologically trivial.

2.1.40. Let M be an R-complex. The subcomplexes and (sub-)quotient complexes
introduced in 2.1.39 are linked by the following exact sequences in C(R).

0−→ B(M)−→ M −→ C(M)−→ 0 ,(2.1.40.1)
0−→ Z(M)−→ M −→ Σ B(M)−→ 0 ,(2.1.40.2)

0−→ H(M)−→ C(M)−→ Σ B(M)−→ 0 , and(2.1.40.3)
0−→ B(M)−→ Z(M)−→ H(M)−→ 0 .(2.1.40.4)
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2.1.41. Let α : M→ N be a morphism of R-complexes. As one has α∂M = ∂Nα,
there are inclusions α(Z(M)) ⊆ Z(N) and α(B(M)) ⊆ B(N). It follows that α in-
duces morphism of R-complexes

H(α) : H(M) −→ H(N) ,

which is given by the assignment [z]B(M) 7→ [α(z)]B(N) for z ∈ Z(M).
The equivalence class [z]B(M) is called the homology class of z. Hereafter we drop

the subscript on homology classes and write [z] for the homology class of a cycle z.
By the definition of H(α) there is a commutative diagram,

0 // B(M) //

α

��

Z(M) //

α

��

H(M) //

H(α)

��

0

0 // B(N) // Z(N) // H(N) // 0 .

(2.1.41.1)

2.1.42 Proposition. Homology H is a k-linear endofunctor on C(R). Moreover,
there is an equality HΣ = Σ H of endofunctors on C(R).

PROOF. It is straightforward to verify that H: C(R)→ C(R) is a k-linear functor.
For the proof of the second claim, let M be an R-complex. The equality ∂Σ M =
−Σ ∂M and exactness of the shift functor yields

H(Σ M) = Ker∂Σ M/Im∂Σ M

= Ker(Σ ∂M)/Im(Σ ∂M)

= (Σ Ker∂M)/(Σ Im∂M)

= Σ (Ker∂M/Im∂M)

= Σ H(M) .

2.1.43. For a complex Z with zero differential one has H(Z) = Z. In particular,
H2(M) = H(M) holds for every complex.

2.1.44 Construction. Consider a short exact sequence of R-complexes,

0−→ M′ α′−−→ M α−−→ M′′ −→ 0 .

It induces a commutative diagram in C(R) with exact rows,

C(M′) ᾱ′
//

∂̄M′

��

C(M)
ᾱ
//

∂̄M

��

C(M′′) //

∂̄M′′

��

0

0 // Σ Z(M′) Σ α′
// Σ Z(M)

Σ α
// Σ Z(M′′) ,

and the Snake Lemma 2.1.29 yields the exact sequence
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(2.1.44.1) H(M′)
H(α′)−−−→ H(M)

H(α)−−−→ H(M′′) δ−−→ Σ H(M′) .

The morphism δ from H(M′′) to Σ H(M′) is called the connecting morphism.

The complexes in the exact sequence (2.1.44.1) have zero differentials, and it is
often written as an exact sequence in M(R):

· · · −→ Hv(M′)
Hv(α

′)−−−→ Hv(M)
Hv(α)−−−→ Hv(M′′)

δv−−→ Hv−1(M′)−→ ·· · .

The connecting morphism is natural in the following sense.

2.1.45 Proposition. For every commutative diagram of R-complexes

0 // M′ α′
//

ϕ′

��

M α
//

ϕ

��

M′′ //

ϕ′′

��

0

0 // N′
β′
// N

β
// N′′ // 0

with exact rows, there is a commutative diagram

H(M′)
H(α′)

//

H(ϕ′)
��

H(M)
H(α)
//

H(ϕ)

��

H(M′′) δ
//

H(ϕ′′)
��

Σ H(M′)

Σ H(ϕ′)
��

H(N′)
H(β′)

// H(N)
H(β)

// H(N′′) ∆
// Σ H(N′)

with exact rows. Here δ and ∆ are the connecting homomorphisms defined in 2.1.44.

PROOF. In view of 2.1.42 and 2.1.44 it remains to prove that the square

(1)

H(M′′) δ
//

H(ϕ′′)
��

Σ H(M′)

Σ H(ϕ′)
��

H(N′′) ∆
// Σ H(N′)

is commutative. To this end, let [z′′] be an element in H(M′′) = Ker ∂̄M′′ . By the
definition δ, see 2.1.44 and 1.1.3, one has δ([z′′]) = [z′], where z′ ∈ Σ Z(M′) satisfies
(Σα′)(z′) = ∂̄M([x]B(M)) for some x ∈ M with ᾱ([x]B(M)) = [α(x)]B(M′′) = [z′′]. It
follows that one has (Σ H(ϕ′)δ)([z′′]) = [(Σϕ′)(z′)].

The cycle (Σϕ′)(z′) satisfies

(Σ β′)(Σϕ′)(z′) = (Σϕ)(Σα′)(z′) = (Σϕ)∂̄M([x]B(M)) = ∂̄N([ϕ(x)]B(N)) ,

where the last equality follows from the commutative diagram
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C(M)
ϕ̄
//

∂̄M

��

C(N)

∂̄N

��

Σ Z(M)
Σ ϕ
// Σ Z(N) .

Moreover, the element [ϕ(x)]B(N) satisfies

β̄([ϕ(x)]B(N)) = [βϕ(x)]B(N′′) = [ϕ′′α(x)]B(N′′) = H(ϕ′′)([α(x)]) = H(ϕ′′)([z′′]) .

Thus, it follows from the definition of ∆ that one has (∆H(ϕ′′))([z′′]) = [(Σϕ′)(z′)].
That is, the square (1) is commutative.

HOMOTOPY

2.1.46 Definition. A chain map of R-complexes α : M→ N is called null-homotopic
if there exists a graded homomorphism σ : M\→ N\ of degree |α|+1 such that the
equality α= ∂Nσ+(−1)|α|σ∂M holds.

Two chain maps of R-complexes α,α′ : M→ N of the same degree are called
homotopic, in symbols α∼ α′, if the difference α−α′ is null-homotopic.

2.1.47. Let M and N be R-complexes and let n be an integer. It is elementary to
verify that homotopy ’∼’ is an equivalence relation on the set of chain maps M→ N
of degree n.

2.1.48. Let α : M→ N be a morphism of R-complexes. If α is null-homotopic, then
there is an inclusion α(Z(M))⊆B(M), so the induced morphism H(α) is 0. Because
homology is an additive functor, this means that for homotopic morphisms α ∼ α′

one has H(α) = H(α′).

2.1.49 Example. Consider an R-complex

M = 0−→ M2 −→ M1 −→ M0 −→ 0 .

One has H(1M) = 0 if and only if M is exact as a sequence in M(R), while 1M is
null-homotopic if and only if M is split exact as a sequence in M(R).

2.1.50 Definition. A morphism of R-complexes α : M→ N is called a homotopy
equivalence if there exists a morphism β : N→ M such that 1M − βα and 1N −αβ
are null-homotopic. Such a morphism β is called a homotopy inverse of α.

2.1.51. Let α : M→ N be a morphism of R-complexes. If α is an isomorphism,
then α−1 is a homotopy inverse of α. If α is a homotopy equivalence with homotopy
inverse β, then 2.1.48 implies that H(α) is an isomorphism with inverse H(β).
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2.1.52. A diagram in C(R),

M

ϕ

��

α
// M′

ϕ′

��

N
β
// N′ ,

is called commutative up to homotopy if one has ϕ′α ∼ βϕ. Notice that, in view of
2.1.48, the induced diagram in homology is then commutative.

EXERCISES

E 2.1.1 Let n be an integer. (a) Show that there is a full embedding M(R)→Mgr(R) that
equips an R-module M with the grading Mn = M and Mv = 0 for n 6= v. (b) Show that
there is a functor Mgr(R)→M(R) that forgets the modules Mv for v 6= n.

E 2.1.2 Let ϕ : M→ N be a graded homomorphism. Show that if ϕ is a bijective map, then its
inverse is a graded homomorphism of degree −|ϕ|.

E 2.1.3 Let f : X→ Y be a continuous map between topological spaces; that is, a morphism in
the category T of topological spaces. (a) Show that the assignment σ 7→ fσ defines a
morphism of singular chain complexes S (X)→ S (Y). (b) Show that there is a functor
T→C(Z) that assigns to a topological space X its singular chain complex S (X).

E 2.1.4 Show that a morphism in C(R) is a monomorphism if and only if it is injective, and that
it is an epimorphism if and only if it is surjective.

E 2.1.5 Show that a surjective morphism of complexes is surjective on boundaries and that an
injective morphism is injective on cycles.

E 2.1.6 (Cf. 2.1.18) Let β : L→ M and α : M→ N be chain maps of R-complexes; show that
the composite αβ : L→ N is a chain map of R-complexes of degree |α|+ |β|.

E 2.1.7 (Cf. 2.1.21) Let α : M→ N be a chain map of R-complexes. Show that Kerα is a sub-
complex of M and that Imα is a subcomplex of N.

E 2.1.8 (Cf. 2.1.21) Verify that C(R) is an Abelian category.
E 2.1.9 (Cf. 2.1.23) Let α be a morphism of R-complexes. Show that α is an isomorphism of

R-complexes if and only if it is an isomorphism of the underlying graded R-modules.
E 2.1.10 Show that every split exact sequence in C(R) is degreewise split. Is the converse true?
E 2.1.11 Give a proof of 2.1.34.
E 2.1.12 Let α be a morphism of R-complexes and assume that H(α) is an isomorphism. Show

that the following conditions are equivalent: (i) α is injective; (ii) α is injective on
cycles; (iii) α is injective on boundaries; (iv) α is injective on cycles and on boundaries.

E 2.1.13 (Cf. 2.1.42) Prove that homology H: C(R)→C(R) is a k-linear functor.
E 2.1.14 For n > 0 show that singular homology Hn(S (–)) is a functor from the category T of

topological spaces to M(Z). Hint: E 2.1.1 and E 2.1.3.
E 2.1.15 Let f ,g : X→ Y be continuous maps between topological spaces, and assume that f

and g are homotopic in the topological sense, that is, there exists a continuous map
H : X× [0,1]→ Y such that H(x,0) = f (x) and H(x,1) = g(x) for all x ∈ X. Show that
the induced morphisms S ( f ),S (g) : S (X)→ S (Y) in C(Z) are homotopic in the sense
of 2.1.46. Is the converse true?

E 2.1.16 Let M be an R-complex. Show that ∂M is a null-homotopic chain map.
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E 2.1.17 (Cf. 2.1.47) Let M and N be R-complexes and let n be an integer. Show that ’∼’ is an
equivalence relation on the set of chain maps M→ N of degree n.

E 2.1.18 Let γ : K→ L and β,β′ : L→ M and α : M→ N be chain maps of R-complexes. Show
that if β and β′ are homotopic, β∼ β′, then one has αβ∼ αβ′ and βγ ∼ β′γ.

E 2.1.19 Prove that a morphism that is homotopic to an homotopy equivalence is a homotopy
equivalence.

E 2.1.20 Let α : M→ N be a morphism of R-complexes. Show that α is a homotopy equivalence
if there exist morphisms β,β′ : N→ M such that αβ′ ∼ 1N and βα∼ 1M .

E 2.1.21 Show that the inclusion functor Mgr(R)→C(R) has a left adjoint C: C(R)→Mgr(R).
E 2.1.22 Show that the inclusion functor Mgr(R)→C(R) has a right adjoint Z: C(R)→Mgr(R).

2.2 Homomorphisms

SYNOPSIS. Hom complex; chain map; homotopy; Hom functor.

2.2.1 Definition. A homomorphism of complexes is a graded homomorphism of
the underlying graded modules; see 2.1.5. For R-complexes M and N, the complex
HomR(M,N) is the k-complex with underlying graded module

HomR(M,N)\ = HomR(M\,N\)

and differential given by

∂HomR(M,N)(α) = ∂Nα− (−1)|α|α∂M

for a homogeneous element α.

2.2.2. It is elementary to verify that ∂HomR(M,N) is square zero. Indeed, one has

∂HomR(M,N)∂HomR(M,N)(α) = ∂HomR(M,N)(∂Nα− (−1)|α|α∂M)

= ∂N(∂Nα− (−1)|α|α∂M)

− (−1)|α|−1(∂Nα− (−1)|α|α∂M)∂M

= 0 .

2.2.3 Proposition. Let α : M→ N be a homomorphism of R-complexes.

(a) The homomorphism α is a cycle in the complex HomR(M,N) if and only if it
is a chain map.

(b) The homomorphism α is a boundary in the complex HomR(M,N) if and only
if it is a null-homotopic chain map.

PROOF. The assertions are immediate from the definition of the differential on the
Hom complex; see 2.2.1.

12-Oct-2011 Draft, not for circulation



2.2 Homomorphisms 49

2.2.4. Let L
β−→ M α−→ N be homomorphisms of R-complexes. The differentials on

the Hom complexes interact with the composition rule from 2.1.7 as follows,

∂HomR(L,N)(αβ) = ∂Nαβ− (−1)|αβ|αβ∂L

=
(
∂Nα− (−1)|α|α∂M)β+(−1)|α|α

(
∂Mβ− (−1)|β|β∂L)

= ∂HomR(M,N)(α)β+(−1)|α|α∂HomR(L,M)(β) .

Assume that α and β are chain maps. It follows from the identity above and 2.2.3
that αβ is a chain map; this recovers 2.1.18. Moreover, it follows that αβ is null-
homotopic if α or β is null-homotopic.

REMARK. A differential graded k-algebra is a k-complex A, which is a graded k-algebra, such that
the Leibniz rule ∂A(ab) = ∂A(a)b+(−1)|a|a∂A(b) holds for all homogeneous elements a,b ∈ A.
For an R-complex M, 2.1.7 and 2.2.4 yield that HomR(M,M) is a differential graded k-algebra.

FUNCTORIALITY

2.2.5 Definition. Let α : M′→ M and β : N→ N′ be homomorphisms of R-com-
plexes. Denote by HomR(α,β) the degree |α|+ |β| homomorphism of k-complexes

HomR(M,N)−→ HomR(M′,N′) given by ϑ 7−→ (−1)|α|(|β|+|ϑ|)βϑα .

Furthermore, set HomR(α,N) = HomR(α,1N) and HomR(M,β) = HomR(1M ,β).

2.2.6. It is straightforward to verify that the assignment (α,β) 7→ HomR(α,β), for
homomorphisms α and β of R-complexes, is k-bilinear. It is also immediate from
the definition that one has

HomR(1M ,1N) = 1HomR(M,N) .

For homomorphisms M′′ α−→M α′−→M′ and N′
β′−→N

β−→N′′ of R-complexes there
is an equality

HomR(α
′α,ββ′) = (−1)|α

′|(|α|+|β|) HomR(α,β)HomR(α
′,β′) .

Indeed, for every homomorphism ϑ : M′→ N′ one has

HomR(α
′α,ββ′)(ϑ) = (−1)|α

′α|(|ββ′|+|ϑ|)(ββ′)ϑ(α′α)

= (−1)|α
′α|(|ββ′|+|ϑ|)(−1)|α|(|β|+|β

′ϑα′|) HomR(α,β)(β
′ϑα′)

= (−1)|α
′|(|α|+|β|)(−1)|α

′|(|β′|+|ϑ|) HomR(α,β)(β
′ϑα′)

= (−1)|α
′|(|α|+|β|) HomR(α,β)HomR(α

′,β′)(ϑ) .

In particular, there are equalities,
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HomR(α
′α,N) = (−1)|α

′||α|HomR(α,N)HomR(α
′,N) ,

HomR(M,ββ′) = HomR(M,β)HomR(M,β′) ,

and, furthermore, a commutative diagram of homomorphisms of k-complexes,

HomR(M,N)
Hom(M,β)

//

Hom(α,β)

))

(−1)|α||β|Hom(α,N)

��

HomR(M,N′′)

Hom(α,N′′)

��

HomR(M′′,N)
Hom(M′′,β)

// HomR(M′′,N′′) .

2.2.7 Lemma. Let α : M′→ M and β : N→ N′ be homomorphisms of R-complexes.
With H = Homk(HomR(M,N),HomR(M′,N′)) there is an equality

∂H(HomR(α,β)) = HomR(∂
HomR(M′,M)(α),β)+(−1)|α|HomR(α,∂

HomR(N,N′)(β)) .

PROOF. Let ϑ : M→ N be a homomorphism. The definitions yield(
∂H(HomR(α,β))

)
(ϑ)

=
(
∂HomR(M′,N′) HomR(α,β)

)
(ϑ)

− (−1)|α|+|β|
(

HomR(α,β)∂
HomR(M,N)

)
(ϑ)

= ∂HomR(M′,N′)((−1)|α|(|β|+|ϑ|)βϑα)

− (−1)|α|+|β|HomR(α,β)(∂
Nϑ− (−1)|ϑ|ϑ∂M)

= (−1)|α|(|β|+|ϑ|)(∂N′βϑα− (−1)|β|+|ϑ|+|α|βϑα∂M′)

− (−1)|α|+|β|(−1)|α|(|β|+|ϑ|−1)β(∂Nϑ− (−1)|ϑ|ϑ∂M)α .

Further, one has(
HomR(∂

HomR(M′,M)(α),β)+(−1)|α|HomR(α,∂
HomR(N,N′)(β))

)
(ϑ)

= (−1)(|α|−1)(|β|+|ϑ|)βϑ∂HomR(M′,M)(α)

+(−1)|α|(−1)|α|(|β|−1+|ϑ|)∂HomR(N,N′)(β)ϑα

= (−1)(|α|−1)(|β|+|ϑ|)βϑ(∂Mα− (−1)|α|α∂M′)

+(−1)|α|(−1)|α|(|β|−1+|ϑ|)(∂N′β− (−1)|β|β∂N)ϑα .

Compare the two expressions above to see that they are identical.

2.2.8 Proposition. Let α and β be chain maps of R-complexes. The homomorphism
HomR(α,β) is a chain map of degree |α|+ |β|, and if α or β is null-homotopic, then
HomR(α,β) is null-homotopic.
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PROOF. Let α : M′→ M and β : N→ N′ be chain maps; by 2.2.3 they are cycles in
the complexes HomR(M′,M) and HomR(N,N′). That is, one has ∂HomR(M′,M)(α)= 0
and ∂HomR(N,N′)(β)= 0. With H =Homk(HomR(M,N),HomR(M′,N′)), 2.2.7 yields
∂H(HomR(α,β)) = 0, so HomR(α,β) is a chain map by 2.2.3.

If α is null-homotopic, then one has α= ∂HomR(M′,M)(ϑ) for a ϑ in HomR(M′,M);
see 2.2.3. Now 2.2.7 yields HomR(α,β) = ∂H(HomR(ϑ,β)), whence HomR(α,β) is
null-homotopic. Similarly, if one has β= ∂HomR(N,N′)(ϑ) for some ϑ in HomR(N,N′),
then 2.2.7 yields HomR(α,β) = ∂H(HomR(α,(−1)|α|ϑ)).

2.2.9 Corollary. Let M be an R-complex.

(a) If β and β′ are homotopic chain maps between R-complexes, then HomR(M,β)
and HomR(M,β′) are homotopic chain maps.

(b) If β is a homotopy equivalence between R-complexes, then HomR(M,β) is a
homotopy equivalence.

PROOF. (a): By 2.2.8 the homomorphisms HomR(M,β) and HomR(M,β′) are chain
maps. By assumption β− β′ is null-homotopic, so the chain map HomR(M,β− β′)
is null-homotopic by 2.2.8, and by 2.2.6 one has HomR(M,β−β′) = HomR(M,β)−
HomR(M,β′). Thus, HomR(M,β) and HomR(M,β′) are homotopic.

(b): Assume that β : N→ N′ is a homotopy equivalence. By definition there exists
a morphism α : N′→ N, such that 1N −αβ and 1N′ − βα are null-homotopic. Note
from 2.2.8 that HomR(M,α) and HomR(M,β) are morphisms. It follows from 2.2.6
and 2.2.8 that the morphisms

HomR(M,1N−αβ) = 1HomR(M,N)−HomR(M,α)HomR(M,β) and

HomR(M,1N′ −βα) = 1HomR(M,N′)−HomR(M,β)HomR(M,α)

are null-homotopic. Thus, HomR(M,β) is a homotopy equivalence.

2.2.10 Corollary. Let N be an R-complex.

(a) If α and α′ are homotopic chain maps between R-complexes, then HomR(α,N)
and HomR(α

′,N) are homotopic chain maps.
(b) If α is a homotopy equivalence between R-complexes, then HomR(α,N) is a

homotopy equivalence.

PROOF. Parallel to the proof of 2.2.9.

In the k-linear category C(R), each Hom set C(R)(M,N) is a k-module. Homo-
topy ’∼’ is by 2.1.47 an equivalence relation on C(R)(M,N), and it is straightfor-
ward to verify that the set C(R)(M,N)/∼ of equivalence classes is a k-module under
induced addition, [α]∼+[β]∼ = [α+β]∼, and k-multiplication x[α]∼ = [xα]∼.

2.2.11 Theorem. The functions

HomR(–,–) : C(R)op×C(R) −→ C(k) ,
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defined on objects in 2.2.1 and on morphisms in 2.2.5, constitute a k-bilinear and
left exact functor.

For R-complexes M and N, the complex HomR(M,N) and the module C(R)(M,N)
are related by the following identities of k-modules,

Z0(HomR(M,N)) = C(R)(M,N) and
H0(HomR(M,N)) = C(R)(M,N)/∼ .

PROOF. It follows from 2.2.1 and 2.2.8 that HomR(–,–) takes objects and mor-
phisms in C(R)op×C(R) to objects and morphisms in C(k). The functoriality and
the k-bilinearity are established in 2.2.6. To prove left exactness, let

0−→ (M′,N′)
(α′,β′)−−−→ (M,N)

(α,β)−−−→ (M′′,N′′)−→ 0

be an exact sequence in C(R)op×C(R). It is sufficient to verify that the sequence

(1) 0−→ HomR(M′,N′)v
Hom(α′,β′)v−−−−−−−→ HomR(M,N)v

Hom(α,β)v−−−−−−→ HomR(M′′,N′′)v

in M(k) is exact for every v ∈ Z. By 2.1.5 and 2.2.5 such a sequence is a product of
exact sequences; indeed HomR(α

′,β′)v is the product

∏
i∈Z

HomR(α
′
i,β
′
i+v) : ∏

i∈Z
HomR(M′i ,N

′
i+v) −→ ∏

i∈Z
HomR(Mi,Ni+v) ,

and HomR(α,β)v has a similar form. It follows that (1) is exact; cf. 1.1.9.
Finally, the equalities of k-modules follow from 2.2.3.

REMARK. The proof above uses the fact—which is immediate from 1.1.9—that a product of exact
sequences in M(R) is an exact sequence. This property does not hold in a general Abelian category.

2.2.12 Addendum. If M is in C(R–Q) and N is in C(R–S ), then it follows from
2.1.6 that HomR(M,N)\ is a graded Q–S -bimodule, and it is elementary to verify
that ∂HomR(M,N) is Q- and S o-linear. That is, HomR(M,N) is an object in C(Q–S ).
For morphisms α in C(R–Q) and β in C(R–S ) it is straightforward to verify that
HomR(α,β) is a morphism in C(Q–S ). Thus, there is an induced k-bilinear functor,

HomR(–,–) : C(R–Q)×C(R–S ) −→ C(Q–S ) .

Recall from 2.1.37 that for every complex X and every integer s there is an in-
vertible chain map σs

X : X→ Σ
s X. If one interprets these maps as identities, then the

isomorphism in 2.2.13 below is given by the assignment ψ 7→ (−1)s|ψ|ψ.

2.2.13 Proposition. Let M and N be R-complexes, and let s be an integer. The
composite σs

Hom(M,N) ◦HomR(σ
−s
M ,N) is an isomorphism of k-complexes,

HomR(Σ
−s M,N)

∼=−−→ Σ
s HomR(M,N) ,

and it is natural in M and N.
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PROOF. As recalled above, σs
Hom(M,N) is an invertible chain map of degree s, and

σ−s
M is a degree −s invertible chain map with inverse σs

Σ−s M; see 2.1.37. It follows
from 2.2.6 and 2.2.8 that HomR(σ

−s
M ,N) is a degree −s invertible chain map with

inverse (−1)s HomR(σ
s
Σ−s M ,N). Thus, the composite σs

Hom(M,N) ◦HomR(σ
−s
M ,N) is

an invertible chain map of degree 0, i.e. an isomorphism in the category C(k).
To prove that this isomorphism is natural in M and N, let α : M′→ M and

β : N→ N′ be morphisms of R-complexes. It suffices to show that the following
diagram of homomorphisms of k-complexes is commutative,

HomR(Σ
−s M,N)

Hom(σ−s
M ,N)

//

Hom(Σ−s α,β)

��

HomR(M,N)
σs

Hom(M,N)
//

Hom(α,β)

��

Σ
s HomR(M,N)

Σs Hom(α,β)

��

HomR(Σ
−s M′,N′)

Hom(σ−s
M′ ,N

′)
// HomR(M′,N′)

σs
Hom(M′ ,N′)

// Σ
s HomR(M′,N′) .

The equality σ−s
M α= (Σ−sα)σ−s

M′ from (2.1.37.1) conspires with 2.2.6 to give

HomR(α,β)HomR(σ
−s
M ,N) = HomR(σ

−s
M α,β)

= HomR((Σ
−sα)σ−s

M′ ,β)

= HomR(σ
−s
M′ ,N

′)HomR(Σ
−sα,β) .

This shows that the left-hand square is commutative. The right-hand square is com-
mutative by (2.1.37.1).

If one interprets the degree changing chain maps σ, defined in 2.1.37, as identi-
ties, then the isomorphism in 2.2.14 below is an equality.

2.2.14 Proposition. Let M and N be R-complexes, and let s be an integer. The
composite σs

Hom(M,N) ◦HomR(M,σ−s
Σs N) is an isomorphism of k-complexes,

HomR(M,Σs N)
∼=−−→ Σ

s HomR(M,N) ,

and it is natural in M and N.

PROOF. Parallel to the proof of 2.2.13.

EXERCISES

E 2.2.1 Generalize the identity in 2.2.4 as follows. If M1 α1
−→ M2 α2

−→ ·· · −→ Mn αn
−→ Mn+1 are

homomorphisms of R-complexes, then one has

∂HomR(M1 ,Mn+1)(αn · · ·α2α1)

= ∑
n
i=1(−1)|α

i+1|+···+|αn|αn · · ·αi+1∂HomR(Mi ,Mi+1)(αi)αi−1 · · ·α1 .
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E 2.2.2 Give a proof of 2.2.10.
E 2.2.3 For R-complexes M and N consider the homomorphisms ∂HomR(M,N), HomR(∂

M ,N), and
HomR(M,∂N) of degree −1 from the complex HomR(M,N) to itself. Verify the identity

∂HomR(M,N) = HomR(M,∂N)−HomR(∂
M ,N) .

E 2.2.4 Let M and N be R-complexes. Show that the equivalence classes in the k-module
C(R)(M,N) under homotopy ’∼’ form a k-module with addition and k-multiplication
given by [α]∼+[β]∼ = [α+β]∼ and x[α]∼ = [xα]∼.

E 2.2.5 (Cf. 2.2.12) Let α be a homomorphism of complexes of R–Q-bimodules and let β be a
homomorphism of complexes of R–S -bimodules. Show that HomR(α,β) is a homomor-
phism of complexes of Q–S -bimodules.

E 2.2.6 Give a proof of 2.2.14.

2.3 Tensor Products

SYNOPSIS. Tensor product complex; chain map, homotopy; tensor product functor.

2.3.1 Definition. Let M be an Ro-complex and let N be an R-complex. The tensor
product complex M⊗R N is the k-complex with underlying graded module

(M⊗R N)\ = M\⊗R N\

and differential given by

∂M⊗RN(m⊗n) = ∂M(m)⊗n+(−1)|m|m⊗∂N(n)

for homogeneous elements m and n.

2.3.2. It is elementary to verify that ∂M⊗RN is square zero. Indeed, one has

∂M⊗RN∂M⊗RN(m⊗n) = ∂M⊗RN(∂M(m)⊗n+(−1)|m|m⊗∂N(n))

= ∂M∂M(m)⊗n+(−1)|m|−1∂M(m)⊗∂N(n)

+(−1)|m|(∂M(m)⊗∂N(n)+(−1)|m|m⊗∂N∂N(n))

= 0 .

FUNCTORIALITY

2.3.3 Definition. Let α : M→ M′ be a homomorphism of Ro-complexes and let
β : N→ N′ a homomorphism of R-complexes. Denote by α⊗R β the degree |α|+ |β|
homomorphism of k-complexes

M⊗R N −→ M′⊗R N′ given by m⊗n 7−→ (−1)|β||m|α(m)⊗β(n) .
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Furthermore, set α⊗R N = α⊗R 1N and M⊗R β= 1M⊗R β.

2.3.4. It is straightforward to verify that the assignment (α,β) 7→ α⊗R β, for ho-
momorphisms α and β of complexes, is k-bilinear. It is also immediate from the
definition that one has

1M⊗R 1N = 1M⊗RN .

For homomorphisms M′ α′−→ M α−→ M′′ of Ro-complexes and homomorphisms

N′
β′−→ N

β−→ N′′ of R-complexes there is an equality

(αα′)⊗R (ββ
′) = (−1)|α

′||β|(α⊗R β)(α
′⊗R β

′) .

Indeed, for homogeneous elements m′ in M′ and n′ in N′ one has

((αα′)⊗R (ββ
′))(m′⊗n′) = (−1)|ββ

′||m′|(αα′)(m′)⊗ (ββ′)(n′)

= (−1)|ββ
′||m′|(−1)|β||α

′(m′)|(α⊗R β)(α
′(m′)⊗β′(n′))

= (−1)|α
′||β|(−1)|β

′||m′|(α⊗R β)(α
′(m′)⊗β′(n′))

= (−1)|α
′||β|(α⊗R β)((α

′⊗R β
′)(m⊗n)) .

In particular, there are equalities,

(αα′)⊗R N = (α⊗R N)(α′⊗R N) ,

M⊗R (ββ
′) = (β⊗R N)(β′⊗R N) ,

and, furthermore, a commutative diagram of homomorphisms of k-complexes,

M⊗R N
M⊗β

//

α⊗β

((

α⊗N

��

M⊗R N′′

α⊗N′′

��

M′′⊗R N
M′′⊗β

// M′′⊗R N′′ .

2.3.5 Lemma. Let α : M→M′ be a homomorphism of Ro-complexes and β : N→N′

be a homomorphisms of R-complexes. With H =Homk(M⊗R N,M′⊗R N′) one has

∂H(α⊗R β) = ∂HomRo (M,M′)(α)⊗R β+(−1)|α|α⊗R ∂
HomR(N,N′)(β) .

PROOF. Let m and n be homogeneous elements in M and N. There are equalities,
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56 2 Complexes(
∂H(α⊗R β)

)
(m⊗n)

=
(
∂M′⊗RN′(α⊗R β)− (−1)|α|+|β|(α⊗R β)∂

M⊗RN)(m⊗n)

= (−1)|β||m|∂M′⊗RN′(α(m)⊗β(n))

− (−1)|α|+|β|(α⊗R β)(∂
M(m)⊗n+(−1)|m|m⊗∂N(n))

= (−1)|β||m|(∂M′α(m)⊗β(n)+(−1)|α|+|m|α(m)⊗∂N′β(n))

− (−1)|α|+|β|
(
(−1)|β|(|m|−1)α∂M(m)⊗β(n)

+(−1)|m|(−1)|β||m|α(m)⊗β∂N(n)
)
.

Further, one has(
∂HomRo (M,M′)(α)⊗R β+(−1)|α|α⊗R ∂

HomR(N,N′)(β)
)
(m⊗n)

= (−1)|β||m|(∂HomRo (M,M′)(α))(m)⊗β(n)

+(−1)|α|(−1)(|β|−1)|m|α(m)⊗ (∂HomR(N,N′)(β))(n)

= (−1)|β||m|(∂M′α− (−1)|α|α∂M)(m)⊗β(n)

+(−1)|α|(−1)(|β|−1)|m|α(m)⊗ (∂N′β− (−1)|β|β∂N)(n) .

Compare the two expressions above to see that they are identical.

2.3.6 Proposition. Let α : M→ M′ be a chain map of Ro-complexes and β : N→ N′

be a chain map of R-complexes. The homomorphism α⊗R β is a chain map of degree
|α|+ |β|, and if α or β is null-homotopic, then α⊗R β is null-homotopic.

PROOF. By 2.2.3 the chain maps α and β are cycles in the complexes HomRo(M,M′)
and HomR(N,N′). That is, one has ∂HomRo (M,M′)(α) = 0 and ∂HomR(N,N′)(β) = 0. De-
note by H the complex Homk(M⊗R N,M′⊗R N′), then 2.3.5 yields ∂H(α⊗R β)= 0,
so α⊗R β is a chain map by 2.2.3.

If α is null-homotopic, then α = ∂HomRo (M,M′)(ϑ) for some ϑ ∈ HomRo(M,M′);
see 2.2.3. Now 2.3.5 yields α⊗R β= ∂H(ϑ⊗R β), whence α⊗R β is null-homotopic.
Similarly, β= ∂HomR(N,N′)(ϑ) implies α⊗R β= ∂H((−1)|α|α⊗R ϑ).

2.3.7 Corollary. Let M be an Ro-complex.

(a) If β and β′ are homotopic chain maps between R-complexes, then M⊗R β and
M⊗R β

′ are homotopic chain maps.
(b) If β is a homotopy equivalence between R-complexes, then M⊗R β is a ho-

motopy equivalence.

PROOF. (a): By 2.3.6 the homomorphisms M⊗R β and M⊗R β
′ are chain maps. By

assumption β−β′ is null-homotopic, so it follows from 2.3.6 that M⊗R (β−β′) is a
null-homotopic chain map, and by 2.3.4 one has M⊗R (β−β′) = M⊗R β−M⊗R β

′.
(b): Assume that β : N→ N′ is a homotopy equivalence. By definition there exists

a morphism α : N′→ N such that 1N −αβ and 1N′ − βα are null-homotopic. Note
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from 2.3.6 that M⊗R α and M⊗R β are morphisms. It follows from 2.3.4 and 2.3.6
that the morphisms

M⊗R (1N−αβ) = 1M⊗RN− (M⊗R α)(M⊗R β) and

M⊗R (1N′ −βα) = 1M⊗RN′ − (M⊗R β)(M⊗R α)

are null-homotopic. Thus, M⊗R β is a homotopy equivalence.

2.3.8 Corollary. Let N be an R-complex.

(a) If α and α′ are homotopic chain maps between Ro-complexes, then α⊗R N
and α′⊗R N are homotopic chain maps.

(b) If α is a homotopy equivalence between Ro-complexes, then α⊗R N is a ho-
motopy equivalence.

PROOF. Parallel to the proof of 2.3.7.

2.3.9 Theorem. The functions

–⊗R – : C(Ro)×C(R) −→ C(k) ,

defined on objects in 2.3.1 and on morphisms in 2.3.3, constitute a k-bilinear and
right exact functor.

PROOF. It follows from 2.3.1 and 2.3.6 that –⊗R – takes objects and morphisms
in C(Ro)× C(R) to objects and morphisms in C(k). The functoriality and the k-
bilinearity are established in 2.3.4. To prove right exactness, let

0−→ (M′,N′)
(α′,β′)−−−→ (M,N)

(α,β)−−−→ (M′′,N′′)−→ 0

be an exact sequence in C(Ro)×C(R). It is sufficient to verify that the sequence

(1) (M′⊗R N′)v
(α′⊗β′)v−−−−−→ (M⊗R N)v

(α⊗β)v−−−−→ (M′′⊗R N′′)v −→ 0

in M(k) is exact for every v ∈ Z. By 2.1.8 and 2.3.3 such a sequence is a coproduct
of exact sequences; indeed (α′⊗R β

′)v is the coproduct∐
i∈Z

α′i⊗R β
′
v−i :

∐
i∈Z

M′i⊗R N′v−i −→
∐
i∈Z

Mi⊗R Nv−i ,

and (α⊗R β)v has a similar form. It follows that (1) is exact; cf. 1.1.9.

2.3.10 Addendum. If M is in C(Q–R) and N is in C(R–S ), then it follows from
2.1.9 that M⊗R N\ is a graded Q–S -bimodule, and it is elementary to verify that
∂M⊗RN is Q- and S o-linear. That is, M⊗R N is an object in C(Q–S ). For morphisms
α in C(R–Q) and β in C(R–S ) it is straightforward to verify that α⊗R β is a mor-
phism in C(Q–S ). Thus, there is an induced k-bilinear functor
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–⊗R – : C(Q–R)×C(R–S ) −→ C(Q–S ) .

Recall from 2.1.37 that for every complex X and every integer s there is an in-
vertible chain map σs

X : X→ Σ
s X. If one interprets these maps as identities, then the

isomorphism in 2.3.11 below is given by the assignment m⊗n 7→ (−1)s|m|.

2.3.11 Proposition. Let M be an Ro-complex and let N be an R-complex. For every
s ∈ Z the composite σs

M⊗N ◦ (M⊗Rσ
−s
Σs N) is an isomorphism of k-complexes,

M⊗R Σ
s N

∼=−−→ Σ
s (M⊗R N) ,

and it is natural in M and N.

PROOF. As recalled above, σs
M⊗N is an invertible chain map of degree s, and σ−s

Σs N
is a degree −s invertible chain map with inverse σs

N ; see 2.1.37. It follows from
2.3.4 and 2.3.6 that M⊗Rσ

−s
Σs N is a degree −s invertible chain map with inverse

M⊗Rσ
s
N . Thus, the composite σs

M⊗N ◦ (M⊗Rσ
−s
Σs N) is an invertible chain map of

degree 0, i.e. an isomorphism in the category C(k).
To prove that this isomorphism is natural in M and N, let α : M→ M′ and

β : N→ N′ be morphisms of complexes. It suffices to show that the following di-
agram of homomorphisms of k-complexes is commutative,

M⊗R Σ
s N

α⊗Σs β

��

M⊗σ−s
Σs N

// M⊗R N
σs

M⊗N
//

α⊗β
��

Σ
s (M⊗R N)

Σs (α⊗β)
��

M′⊗R Σ
s N′

M′⊗σ−s
Σs N′
// M′⊗R N′

σs
M′⊗N′

// Σ
s (M′⊗R N′) .

The equality βσ−s
Σs N = σ−s

Σs N′ Σ
s β, which follows from (2.1.37.1), conspires with

2.3.4 to give

(α⊗R β)(M⊗Rσ
−s
Σs N) = α⊗R (βσ

−s
Σs N)

= α⊗R (σ
−s
Σs N′ Σ

s β)

= (M′⊗Rσ
−s
Σs N′)(α⊗R Σ

s β) .

This shows that the left-hand square is commutative. The right-hand square is com-
mutative by (2.1.37.1).

If one interprets the degree changing chain maps σ, defined in 2.1.37, as identi-
ties, then the isomorphism in 2.3.12 below is an equality.

2.3.12 Proposition. Let M be an Ro-complex and let N be an R-complex. For every
s ∈ Z the composite σs

M⊗N ◦ (σ
−s
Σs M⊗R N) is an isomorphism of k-complexes,

Σ
s M⊗R N

∼=−−→ Σ
s (M⊗R N) ,
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and it is natural in M and N.

PROOF. Parallel to the proof of 2.3.11.

EXERCISES

E 2.3.1 Let M be an Ro-complex and N be an R-complex. Consider the degree −1 homomor-
phisms ∂M⊗RN , ∂M⊗R N, and M⊗R ∂

N from M⊗R N to itself. Verify the identity

∂M⊗RN = ∂M⊗R N + M⊗R ∂
N .

E 2.3.2 Give a proof of 2.3.8.
E 2.3.3 (Cf. 2.3.10) Let α be a homomorphism of complexes of Q–R-bimodules and let β be a

homomorphism of complexes of R–S -bimodules. Show that α⊗R β is a homomorphism
of complexes of Q–S -bimodules.

2.4 Boundedness and Finiteness

SYNOPSIS. Degreewise finite generation; boundedness above/below; supremum; infimum; ampli-
tude; Hom of bounded complexes; tensor product of bounded complexes; hard/soft truncation.

2.4.1 Definition. An R-complex M is called degreewise finitely generated if Mv is
a finitely generated R-module for every v ∈ Z.

REMARK. A complex may be degreewise finitely generated without the underlying graded module
being finitely generated; see E 2.4.1.

2.4.2 Definition. Let M be a complex, and let w6 u be integers. The complex M is
said to be concentrated in degrees w, . . . ,u if one has Mv = 0 for all v /∈ {w, . . . ,u};
it is then visualized like this:

0−→ Mu −→ Mu−1 −→ ·· · −→ Mw+1 −→ Mw −→ 0 .

The complex M is called bounded above if Mv = 0 holds for v� 0, bounded below
if Mv = 0 holds for v� 0, and bounded if it is bounded above and below.

REMARK. Other words for bounded above/below are bounded on the left/right.

2.4.3. Suppressing the full embeddings of categories M(R) −→Mgr(R) −→ C(R),
see 2.1.11 and 2.1.21, an R-module M is considered as an R-complex 0→ M→ 0
concentrated in degree 0. Conversely, an R-complex M that is concentrated in de-
gree 0 is identified with the module M0; this amounts to suppressing the forgetful
functors C(R)−→Mgr(R)−→M(R).

More generally, a diagram in M(R),

M0 α0
−−→ ·· · −→ Mp−1 αp−1

−−−→ Mp ,
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such that αn−1αn = 0 holds for all n in {1, . . . , p−1}, can be considered, for every
u ∈ Z, as a complex concentrated in degrees u, . . . , p+u.

The supremum and infimum of a complex, which will be defined next, capture
its homological position; the amplitude captures its homological size.

2.4.4 Definition. Let M be a complex. The supremum and infimum of M are defined
as follows,

sup M = sup{v ∈ Z | Hv(M) 6= 0} and inf M = inf{v ∈ Z | Hv(M) 6= 0} ,

with the convention that one sets sup M = −∞ and inf M = ∞ if M is acyclic. The
amplitude of M is the difference

amp M = sup M− inf M ,

with the convention that one sets amp M =−∞ if M is acyclic.

2.4.5. For every complex M one has H(M\) = M\ and, therefore,

sup M\ = sup{v ∈ Z | Mv 6= 0} and inf M\ = inf{v ∈ Z | Mv 6= 0} .

Thus, a complex M 6= 0 is bounded above if and only if sup M\ is not ∞; and M is
bounded below if and only if inf M\ is not −∞.

HOM COMPLEXES

2.4.6 Lemma. Let M and N be R-complexes with Mv = 0 for all v < 0 and Nv = 0
for all v > 0. There are isomorphisms of k-modules,

H0(HomR(M,N)) ∼= Z0(HomR(M,N)) ∼= HomR(H0(M),H0(N)) .

PROOF. It follows by the assumptions that the only degree 1 homomorphism from
M to N is the zero map. In particular, the only null-homotopic morphism M→ N is
the zero map. In view of this fact and 2.2.11 one sees that the canonical surjection

Z0(HomR(M,N)) = C(R)(M,N)−→ C(R)(M,N)/∼ = H0(HomR(M,N))

is an isomorphism. This proves the first isomorphism in 2.4.6.
To prove the second isomorphism, note that the assumptions on M and N yield

equalities H0(M) = C0(M) and H0(N) = Z0(N), so that one has

HomR(H0(M),H0(N)) = HomR(C0(M),Z0(N)) .

Let π0 : M0→ C0(M) be the canonical surjection, and let ι0 : Z0(N)� N0 be the
embedding. There is an isomorphism of k-modules,
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2.4 Boundedness and Finiteness 61

ϕ : HomR(C0(M),Z0(N))
∼=−−→ C(R)(M,N) ,

defined by assigning to a homomorphism α : C0(M)→ Z0(N) of modules the mor-
phism of complexes given by:

· · · // M2

��

∂M
2
// M1

��

∂M
1
// M0

ι0απ0

��

// 0

��

// 0

��

// · · ·

· · · // 0 // 0 // N0
∂N

0
// N−1

∂N
−1
// N−2 // · · · .

The inverse of ϕ is defined as follows. Let β= (βv)v∈Z : M→ N be a morphism.
The homomorphism β0 : M0→ N0 satisfies β0∂

M
1 = 0 and ∂N

0 β0 = 0. Hence there is
a unique homomorphism β̃ : C0(M)→ Z0(N) that makes the diagram

M0

β0

��

π0
// // C0(M)

β̃

��

N0 Z0(N)oo
ι0

oo

commutative. Now, set ϕ−1(β) = β̃.

2.4.7. Let M and N be R-complexes. Suppose there exist integers w and u such that
one has Mv = 0 for all v < u and Nv = 0 for all v > w. For each v ∈ Z the module
HomR(M,N)v is then a direct sum

HomR(M,N)v = ∏
i∈Z

HomR(Mi,Ni+v) =
w−v⊕
i=u

HomR(Mi,Ni+v) .

If one has w− v < u, then HomR(M,N)v = 0 holds.

2.4.8 Proposition. Let M and N be R-complexes. If M is bounded below and N is
bounded above, then the complex HomR(M,N) is a bounded above. More precisely,
if one has Mv = 0 for all v < u and Nv = 0 for all v >w, then the next assertions hold.

(a) HomR(M,N)v = 0 for v > w−u.
(b) HomR(M,N)w−u = HomR(Mu,Nw).
(c) Hw−u(HomR(M,N))∼= HomR(Hu(M),Hw(N)).

PROOF. Parts (a) and (b) are immediate from 2.4.7.
(c): By 2.1.42, 2.2.13, and 2.2.14 there is an isomorphism

Hw−u(HomR(M,N)) = H0(Σ
u−w HomR(M,N)) ∼= H0(HomR(Σ

−u M,Σ−w N)) .

The complexes Σ
−u M and Σ

−w N are concentrated in non-negative and non-positive
degrees, respectively, so by 2.4.6 there is an isomorphism
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H0(HomR(Σ
−u M,Σ−w N))∼= HomR(H0(Σ

−u M),H0(Σ
−w N))

= HomR(Hu(M),Hw(N)) .

2.4.9 Proposition. Assume that k is Noetherian and that R is a finitely gener-
ated k-module. Let M be a bounded below R-complex and let N be a bounded
above R-complex. If M and N are degreewise finitely generated, then the k-complex
HomR(M,N) is bounded above and degreewise finitely generated.

PROOF. For every v ∈ Z and i ∈ Z the k-module HomR(Mi,Ni+v) is finitely gener-
ated; see 1.3.11. By assumption there exist integers w and u such that Mv = 0 for all
v < u and Nv = 0 for all v > w. It follows from 2.4.7 that the module HomR(M,N)v
is finitely generated for every v, and by 2.4.8 it vanishes if v > w−u holds.

TENSOR PRODUCT COMPLEXES

2.4.10 Lemma. Let M be an Ro-complex and let N be an R-complex with Mv = 0
and Nv = 0 for all v < 0. There are isomorphisms of k-modules

H0(M⊗R N) ∼= C0(M⊗R N) ∼= H0(M)⊗R H0(N) .

PROOF. By definition of the tensor product complex, see 2.3.1, and by the assump-
tions on M and N, it follows that the sequence

(M⊗R N)1
∂

M⊗RN
1−−−−→ (M⊗R N)0

∂
M⊗RN
0−−−−→ (M⊗R N)−1

equals
(M1⊗R N0)
⊕

(M0⊗R N1)

(∂M
1 ⊗RN0 M0⊗R∂

N
1 )

−−−−−−−−−−−−→ M0⊗R N0 −→ 0 .

The first isomorphism in 2.4.10 follows as ∂M⊗RN
0 is 0.

To prove the second isomorphism, note that one has H0(M) = C0(M) and
H0(N) = C0(N), as ∂M

0 = 0 and ∂N
0 = 0. Thus, we must establish an isomorphism

of k-modules, C0(M⊗R N)∼= C0(M)⊗R C0(N). Consider the homomorphism,

ϕ : M0⊗R N0 −→ C0(M)⊗R C0(N) ,

defined by m⊗ n 7→ [m]B0(M) ⊗ [n]B0(N). The description of ∂M⊗RN
1 given above

yields B0(M⊗R N)⊆ Kerϕ, and hence ϕ induces a homomorphism,

ϕ̄ : C0(M⊗R N) −→ C0(M)⊗R C0(N) ,

given by [m⊗ n]B0(M⊗RN) 7→ [m]B0(M)⊗ [n]B0(N). To see that ϕ̄ is an isomorphism,
note that there is a well-defined map,
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ψ : C0(M)×C0(N) −→ C0(M0⊗R N0) ,

given by ([m]B0(M), [n]B0(N)) 7→ [m⊗n]B0(M⊗RN). Indeed, if m−m′ is in B0(M) and
n−n′ is in B0(N), then one has m−m′ = ∂M

1 (m0) and n−n′ = ∂N
1 (n0) for suitable

m0 ∈ M0 and n0 ∈ N0, and consequently,

m⊗n−m′⊗n′ = (∂M
1 ⊗R N0)(m0⊗n)+(M0⊗R ∂

N
1 )(m

′⊗n0) ∈ B0(M⊗R N) .

It is straightforward to verify that ψ is k-bilinear and middle R-linear, whence it
induces a homomorphism of k-modules,

ψ̄ : C0(M)⊗R C0(N) −→ C0(M0⊗R N0) ,

given by [m]B0(M)⊗ [n]B0(N) 7→ [m⊗n]B0(M⊗RN). Clearly, ψ̄ is an inverse of ϕ̄.

2.4.11. Let M be an Ro-complex and let N be an R-complex. Suppose there exist
integers u and w such that Mv = 0 for v < u and Nv = 0 for v < w. For each v ∈ Z the
module (M⊗R N)v is then a direct sum

(M⊗R N)v =
∐
i∈Z

Mi⊗R Nv−i =
v−w⊕
i=u

Mi⊗R Nv−i .

If one has v−w < u, then (M⊗R N)v = 0 holds.

2.4.12 Proposition. Let M be an Ro-complex and let N be an R-complex. If M and
N are bounded below, then the complex M⊗R N is a bounded below. More precisely,
if one has Mv = 0 for v < u and Nv = 0 for v < w, then the next assertions hold.

(a) (M⊗R N)v = 0 for v < u+w.
(b) (M⊗R N)u+w = Mu⊗R Nw.
(c) Hu+w(M⊗R N)∼= Hu(M)⊗R Hw(N).

PROOF. Parts (a) and (b) are immediate from 2.4.11.
(c): By 2.1.42, 2.3.11, and 2.3.12 there is an isomorphism

Hu+w(M⊗R N) = H0(Σ
−u−w (M⊗R N)) ∼= H0((Σ

−u M)⊗R (Σ
−w N)) .

The complexes Σ
−u M and Σ

−w N are concentrated in non-negative degrees, so by
2.4.10 there is an isomorphism

H0((Σ
−u M)⊗R (Σ

−w N))∼= H0(Σ
−u M)⊗R H0(Σ

−w N)

= Hu(M)⊗R Hw(N) .

2.4.13 Proposition. Assume that R is finitely generated as a k-module. Let M be
a bounded below Ro-complex and let N be a bounded below R-complex. If M and
N are degreewise finitely generated, then the k-complex M⊗R N is bounded below
and degreewise finitely generated.
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PROOF. For every v ∈ Z and i ∈ Z the k-module Mi⊗R Nv−i is finitely generated;
see 1.3.12. By assumption there exist integers u and w such that Mv = 0 for v < u
and Nv = 0 for v < w. It follows from 2.4.11 that the module (M⊗R N)v is finitely
generated for every v, and by 2.4.12 it vanishes if v < u+w holds.

TRUNCATIONS

2.4.14 Definition. Let M be an R-complex and n be an integer. The hard truncation
above of M at n is the complex M6n defined by (M6n)v = 0 for v> n and ∂

M6n
v = ∂M

v
for v6 n. It can be visualized as follows,

M6n = 0−→ Mn
∂M

n−−→ Mn−1
∂M

n−1−−→ Mn−2 −→ ·· · .

Similarly, the hard truncation below of M at n is the complex M>n defined by

(M>n)v = 0 for v < n and ∂
M>n
v = ∂M

v for v > n. It can be visualized as follows,

M>n = · · · −→ Mn+2
∂M

n+2−−→ Mn+1
∂M

n+1−−→ Mn −→ 0 .

2.4.15. Let M be an R-complex. For every n ∈ Z, the truncation M6n is a subcom-
plex of M, and the quotient complex M/M6n is the truncation M>n+1. In particular,
there is a short exact sequence of R-complexes

0−→ M6n −→ M −→ M>n+1 −→ 0 .

2.4.16 Definition. Let M be an R-complex and n be an integer. The soft truncation
above of M at n is the complex M⊂n defined by

(M⊂n)v =

{
0 for v > n
Cn(M) for v = n

and ∂M⊂n
v =

{
∂̄M

n for v = n
∂M

v for v < n

where ∂̄M
n : Cn(M)→ Mn−1 is the homomorphism induced by ∂M

n . The complex can
be visualized as follows,

M⊂n = 0−→ Cn(M)
∂̄M

n−→ Mn−1
∂M

n−1−−→ Mn−2 −→ ·· · .

Similarly, the soft truncation below of M at n is the complex M⊃n defined by:

(M⊃n)v =

{
Zn(M) for v = n
0 for v < n

and ∂M⊃n
v = ∂M

v for v > n .

The complex can be visualized as follows,
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M⊃n = · · · −→ Mn+2
∂M

n+2−−→ Mn+1
∂M

n+1−−→ Zn(M)−→ 0 .

2.4.17. Let M be an R-complex. The canonical surjection

(2.4.17.1) τM
⊂n : M −→ M⊂n

induces an isomorphism in homology in degree n and below. That is, Hv(τ
M
⊂n) is an

isomorphism for v6 n. Similarly, the embedding

(2.4.17.2) τM
⊃n : M⊃n −→ M

induces an isomorphism in homology in degree n and above. That is, Hv(τ
M
⊃n) is an

isomorphism for v> n.

EXERCISES

E 2.4.1 Let M be an R-complex. Prove that if M\ is finitely generated in Mgr(R), then M is
degreewise finitely generated. Show that the converse is not true.

2.5 Categorical Constructions

SYNOPSIS. Coproduct; product; direct sum; (filtered) colimit; pushout; telescope; limit; pullback;
tower.

The goal of this section is to establish that the category C(R) has set indexed prod-
ucts and coproducts. As C(R) is Abelian, it will then follow from general principles
that it has all small limits and colimits, but we restrict our treatment to (co)limits
over preordered sets.

COPRODUCTS

2.5.1 Construction. Let {Mu}u∈U be a family of R-complexes. Consider the graded
R-module whose module in degree v is the coproduct

∐
u∈U Mu

v in M(R). It is sim-
ple to verify that this graded module endowed with the differential with degree v
component

∐
u∈U ∂

Mu
v is a complex; it is denoted

∐
u∈U Mu.

Notice that the embedding

(2.5.1.1) ιu : Mu �
∐

u∈U
Mu

is a morphism of R-complexes for every u ∈ U. An element in
∐

u∈U Mu has the
form (mu)u∈U = ∑u∈U ι

u(mu), where mu = 0 in Mu for all but finitely many u ∈ U.
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2.5.2 Lemma. Given an R-complex N and a family {αu : Mu→ N}u∈U of mor-
phisms in C(R), the assignment

(mu)u∈U 7−→ ∑
u∈U

αu(mu)

defines a morphism α :
∐

u∈U Mu→ N with the property that αu = αιu holds for all
u ∈ U; here ιu is the embedding (2.5.1.1). Moreover, α is unique with this property.

PROOF. The assignment defines a morphism of graded R-modules with αu = αιu

for all u∈U, and it is straightforward to verify that it is a morphism of R-complexes.
For any morphism α′ :

∐
u∈U Mu→ N in C(R) with αu = α′ιu for all u ∈U, one has

α′(∑u∈U ι
u(mu)) = ∑u∈U α

′ιu(mu) = ∑u∈U α
u(mu) = α(∑u∈U ι

u(mu)).

In terms of the diagram ∐
u∈U Mu

α

##

Mu

ιu

OO

αu
// N

the lemma sums up as: given the solid morphisms, there is a unique dotted morphism
that makes the diagram commutative; it is called the universal morphism for the
solid morphisms.

The lemma verifies the requirements of a categorial coproduct in C(R).

2.5.3 Definition. Let {Mu}u∈U be a family of R-complexes. The complex
∐

u∈U Mu

together with the family of canonical embeddings {ιu}u∈U , constructed in 2.5.1, is
called the coproduct of {Mu}u∈U in C(R).

REMARK. Another name for the coproduct defined above is direct sum; we reserve that term for
the (iterated) biproduct; see 2.5.21.

2.5.4 Definition. Let {αu : Mu→ Nu}u∈U be a family of morphisms in C(R). The
morphism of R-complexes∐

u∈U

αu :
∐
u∈U

Mu −→
∐
u∈U

Nu given by (mu)u∈U 7−→ (αu(mu))u∈U

is called the coproduct of {αu : Mu→ Nu}u∈U in C(R).

2.5.5. It is straightforward to verify that for a family {αu : Mu→ Nu}u∈U of mor-
phisms in C(R), the unique morphism α that makes the diagram∐

u∈U Mu α
//
∐

u∈U Nu

Mu αu
//

OO

OO

Nu
OO

OO
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commutative for every u ∈ U is α=
∐

u∈U α
u.

One readily sees that the coproduct is exact.

2.5.6. Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be families of morphisms
in C(R). The sequence∐

u∈U

Mu
∐

u∈U α
u

−−−−−→
∐
u∈U

Nu
∐

u∈U β
u

−−−−−→
∐
u∈U

Xu

is exact if and only if the sequence Mu αu
−→ Nu βu

−→ Xu is exact for every u ∈ U.

2.5.7. For an integer s and a family {Mu}u∈U of R-complexes there is an equality
Σ

s∐
u∈U Mu =

∐
u∈U Σ

s Mu. Moreover, if {αu : Mu→ Nu}u∈U is a family of mor-
phisms in C(R), then one has Σ

s∐
u∈U α

u =
∐

u∈U Σ
sαu.

2.5.8. Let {Mu}u∈U be a family of R-complexes. Note that the differential ∂
∐

u∈U Mu
,

considered as a morphism
∐

u∈U Mu→ Σ
∐

u∈U Mu, is the coproduct of the family
of morphisms {∂Mu

: Mu→ Σ Mu}u∈U . Hence, there are equalities

(2.5.8.1) Z(
∐

u∈U
Mu) =

∐
u∈U

Z(Mu) and B(
∐

u∈U
Mu) =

∐
u∈U

B(Mu)

of subcomplexes of
∐

u∈U Mu; cf. 2.5.6.

Homology, as a functor H: C(R)→ C(R), preserves coproducts.

SETUP FOR 2.5.9. Let {Mu}u∈U be a family of R-complexes. For every u ∈ U the
embedding (2.5.1.1) induces a morphism H(ιu) : H(Mu)→ H(

∐
u∈U Mu), so there

is a canonical morphism of R-complexes,

(2.5.9.1)
∐
u∈U

H(Mu)−→ H
(∐

u∈U

Mu) ,
given by (hu)u∈U 7→ ∑u∈U H(ιu)(hu); cf. 2.5.2.

2.5.9 Proposition. The canonical map (2.5.9.1) is an isomorphism.

PROOF. A homology class in H(
∐

u∈U Mu) has by (2.5.8.1) the form

[(zu)u∈U ] = [∑
u∈U

ιu(zu)] = ∑
u∈U

[ιu(zu)] = ∑
u∈U

H(ιu)([zu]),

for cycles zu ∈ Z(Mu). Thus, the assignment [(zu)u∈U ] 7→ ([zu])u∈U defines an in-
verse to the canonical morphism (2.5.9.1).

The tensor product, as a functor from C(R) to C(k), preserves coproducts.
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SETUP FOR 2.5.10. Let {Mu}u∈U be a family of Ro-complexes and let N be an
R-complex. For every u ∈ U the canonical embedding (2.5.1.1) induces a mor-
phism ιu⊗R N : Mu⊗R N→ (

∐
u∈U Mu)⊗R N, so there is a canonical morphism of

k-complexes

(2.5.10.1)
∐
u∈U

(Mu⊗R N)−→
(∐

u∈U

Mu)⊗R N

given by (tu)u∈U 7→ ∑u∈U(ι
u⊗R N)(tu); cf. 2.5.2.

2.5.10 Proposition. The canonical map (2.5.10.1) is an isomorphism.

PROOF. In an element (tu)u∈U each tu is a finite sum ∑iu(m
u
(iu)
⊗R n(iu)). An ele-

ment in
(∐

u∈U Mu
)
⊗R N is a finite sum ∑i (∑u∈U mu

(i))⊗R n(i). Therefore, the as-
signment

∑i (∑u∈U mu
(i))⊗R n(i) 7−→ (∑i(mu

(i)⊗R n(i)))u∈U

defines an inverse to the morphism (2.5.10.1).

SETUP FOR 2.5.11. Let M be an Ro-complex and let {Nu}u∈U be a family of R-
complexes. Similarly to (2.5.10.1) there is a canonical morphism of k-complexes

(2.5.11.1)
∐
u∈U

(M⊗R Nu)−→ M⊗R
∐
u∈U

Nu

given by (tu)u∈U 7→ ∑u∈U(M⊗R ι
u)(tu).

2.5.11 Proposition. The canonical map (2.5.11.1) is an isomorphism.

PROOF. Follows from 2.5.10 and commutativity 3.1.2.

PRODUCTS

2.5.12 Construction. Let {Nu}u∈U be a family of R-complexes. Consider the
graded R-module whose module in degree v is the product ∏u∈U Nu

v in M(R). It
is elementary to verify that this graded module endowed with the differential whose
degree v component is ∏u∈U ∂

Nu
v is a complex; it is denoted ∏u∈U Nu.

Notice that for every u ∈ U the canonical projection

(2.5.12.1) πu : ∏
u∈U

Nu→ Nu

is a morphism of R-complexes. An element n∈∏u∈U Nu has the form n=(nu)u∈U =
(πu(n))u∈U , where nu = πu(n) belongs to Nu.

2.5.13 Lemma. Given an R-complex M and a family {βu : M→ Nu}u∈U of mor-
phisms in C(R), the assignment
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m 7−→ (βu(m))u∈U

defines a morphism β : M→∏u∈U Nu such that βu = πuβ holds for all u ∈ U; here
πu is the canonical projection (2.5.12.1). Moreover, β is unique with this property.

PROOF. The assignment defines a morphism of graded R-modules with βu = πuβ
for all u∈U, and it is straightforward to verify that it is a morphism of R-complexes.
For any morphism β′ : M→∏u∈U Nu in C(R) with βu = πuβ′ for all u ∈ U, one has
β′(m) = (πuβ′(m))u∈U = (βu(m))u∈U = β(m).

In terms of the diagram

∏u∈U Nu

πu

��

M

β
;;

βu
// Nu

the lemma sums up as: given the solid morphisms, there is a unique dotted morphism
that makes the diagram commutative; it is called the universal morphism for the
solid morphisms.

The lemma verifies the requirements of a categorial product in C(R); hence:

2.5.14 Definition. For a family of R-complexes {Nu}u∈U , the complex ∏u∈U Nu

together with the family of canonical projections {πu}u∈U , constructed in 2.5.12, is
called the product of {Nu}u∈U in C(R).

REMARK. The product defined above is sometimes called the direct product.

2.5.15 Definition. Let {βu : Nu→ Mu}u∈U be a family of morphisms in C(R). The
morphism of R-complexes

∏
u∈U

βu : ∏
u∈U

Nu −→ ∏
u∈U

Mu given by (nu)u∈U 7−→ (βu(nu))u∈U

is called the product of {βu : Nu→ Mu}u∈U in C(R).

The product is exact.

2.5.16. Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be families of morphisms
in C(R). The sequence

∏
u∈U

Xu∏u∈U α
u

−→ ∏
u∈U

Nu∏u∈U β
u

−→ ∏
u∈U

Mu

in C(R) is exact if and only if each sequence Xu αu
−→ Nu βu

−→ Mu is exact.

2.5.17. Let {Nu}u∈U be a family of R-complexes. The differential ∂∏u∈U Nu
is the

product of the family of morphisms {∂Nu
: Nu→ Σ Nu}u∈U , and it is immediate

from 2.5.16 that there are equalities
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(2.5.17.1) Z( ∏
u∈U

Nu) = ∏
u∈U

Z(Nu) and B( ∏
u∈U

Nu) = ∏
u∈U

B(Nu)

of subcomplexes of ∏u∈U Nu.

Homology, as a functor H: C(R)→ C(R), commutes with products.

SETUP FOR 2.5.18. Let {Nu}u∈U be a family of R-complexes. For every u ∈U the
canonical projection (2.5.12.1) induces a morphism H(πu) : H(∏u∈U Nu)→ H(Nu),
so there is a canonical morphism of R-complexes

(2.5.18.1) H
(
∏
u∈U

Nu)−→ ∏
u∈U

H(Nu) ,

given by h 7→ (H(πu)(h))u∈U ; cf. 2.5.13.

2.5.18 Proposition. The canonical map (2.5.18.1) is an isomorphism.

PROOF. An element h ∈ H(∏u∈U Nu) is by 2.5.17 a class [(zu)u∈U ], where each
zu belongs to Z(Nu), and it gets mapped to ([zu])u∈U . The assignment ([zu])u∈U 7→
[(zu)u∈U ], therefore, defines an inverse to (2.5.18.1).

The functor HomR(M,–), from C(R) to C(k), preserves products.

SETUP FOR 2.5.19. Let M be an R-complex and let {Nu}u∈U be a family of R-
complexes. The canonical projection (2.5.12.1) induces for every u ∈ U a mor-
phism of k-complexes HomR(M,πu) : HomR(M,∏u∈U Nu)→ HomR(M,Nu). It fol-
lows that there is a canonical morphism in C(k),

(2.5.19.1) HomR(M,∏
u∈U

Nu)−→ ∏
u∈U

HomR(M,Nu),

given by ϑ 7→ (HomR(M,πu)(ϑ))u∈U = (πuϑ)u∈U ; cf. 2.5.13.

2.5.19 Proposition. The canonical map (2.5.19.1) is an isomorphism.

PROOF. Assign to an element (ϑu)u∈U in ∏u∈U HomR(M,Nu) the homomorphism
ϑ in HomR(M,∏u∈U Nu) that maps an element m ∈ M to (ϑu(m))u∈U in ∏u∈U Nu.
This assignment defines an inverse to (2.5.19.1).

REMARK. The category C(R)op has products because C(R) has coproducts.

The functor HomR(–,N), from C(R)op to C(k), preserves products.

SETUP FOR 2.5.20. Let N be an R-complex and let {Mu}u∈U be a family of R-
complexes. The canonical embedding (2.5.1.1) induces for every u ∈ U a mor-
phism of k-complexes HomR(ι

u,N) : HomR(
∐

u∈U Mu,N)→ HomR(Mu,N). It fol-
lows that there is a canonical morphism in C(k),

(2.5.20.1) HomR(
∐
u∈U

Mu,N)−→ ∏
u∈U

HomR(Mu,N),

given by ϑ 7→ (HomR(ι
u,N)(ϑ))u∈U = (ϑιu)u∈U ; cf. 2.5.13.
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2.5.20 Proposition. The canonical map (2.5.20.1) is an isomorphism.

PROOF. Assign to an element (ϑu)u∈U in ∏u∈U HomR(Mu,N) the homomorphism
in HomR(

∐
u∈U Mu,N) that maps an element ∑u∈U ι

u(mu) to ∑u∈U ϑ
u(mu). This

assignment defines an inverse to (2.5.20.1).

BOUNDEDNESS AND FINITENESS

2.5.21. For every family {Mu}u∈U of R-complexes, the coproduct
∐

u∈U Mu is a
subcomplex of the product ∏u∈U Mu. If U is a finite set, then the product and co-
product coincide; per 1.1.8 we use the biproduct notation

⊕
u∈U Mu for this com-

plex, and we call it the direct sum of {Mu}u∈U in C(R).

If M\ is finitely presented, then the functor M⊗R – preserves products.

SETUP FOR 2.5.22. Let M be an Ro-complex and let {Nu}u∈U be a family of
R-complexes. For every u ∈ U the canonical projection (2.5.12.1) induces a mor-
phism of k-complexes M⊗R π

u : M⊗R ∏u∈U Nu→ M⊗R Nu. It follows that there
is a canonical morphism in C(k),

(2.5.22.1) M⊗R ∏
u∈U

Nu −→ ∏
u∈U

(M⊗R Nu) ,

given by t 7→ ((M⊗R π
u)(t))u∈U ; cf. 2.5.13.

2.5.22 Proposition. If M is a bounded complex of finitely presented Ro-modules,
then the canonical map (2.5.22.1) is an isomorphism.

PROOF. Assume that M is a bounded complex of finitely presented Ro-modules. It
follows that the graded module M\ has a presentation L1 → L0 → M → 0, where
L0 and L1 are finitely generated graded free Ro-modules. Consider the commutative
diagram whose upper row is obtained by application of the functor –⊗R ∏u∈U Nu to
the presentation of M\,

L1⊗R ∏u∈U Nu //

κL1

��

L0⊗R ∏u∈U Nu //

κL0

��

M⊗R ∏u∈U Nu //

κM

��

0

∏u∈U(L1⊗R Nu) // ∏u∈U(L0⊗R Nu) // ∏u∈U(M⊗R Nu) // 0 .

The rows are exact; the vertical morphism κM is the canonical morphism (2.5.22.1),
and the morphisms κL0 and κL1 are defined by l⊗(nu)u∈U 7→ (l⊗nu)u∈U . For every
v, the module (L1⊗R ∏u∈U Nu)v is a direct sum,

sup L1⊕
i=inf L1

L1
i ⊗R ( ∏

u∈U
Nu)v−i ∼= ∏

u∈U
(
⊕

i
L1

i ⊗R Nu
v−i)
∼= ∏

u∈U
(L1⊗R Nu)v ,
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and this composite isomorphism is κL1
in degree v. Similarly, κL0

is an isomor-
phism, so it follows from the Five Lemma 2.1.27 that κM is an isomorphism.

If N\ is finitely presented, then the functor –⊗R N preserves products.

SETUP FOR 2.5.23. Let {Mu}u∈U be a family of Ro-complexes and let N be an
R-complex. Similar to (2.5.22.1) there is a canonical morphism in C(k),

(2.5.23.1)
(
∏
u∈U

Mu)⊗R N −→ ∏
u∈U

(Mu⊗R N) ,

given by t 7→ ((πu⊗R N)(t))u∈U .

2.5.23 Proposition. If N is a bounded complex of finitely presented R-modules,
then the canonical map (2.5.23.1) is an isomorphism.

PROOF. Follows from 2.5.22 and commutativity 3.1.2.

If M\ is finitely generated, then the functor HomR(M,–) preserves coproducts.

SETUP FOR 2.5.24. Let M be an R-complex and let {Nu}u∈U be a family of R-
complexes. The canonical embedding (2.5.1.1) induces for every u ∈ U a mor-
phism of k-complexes HomR(M, ιu) : HomR(M,Nu)→ HomR(M,

∐
u∈U Nu). It fol-

lows that there is a canonical morphism in C(k),

(2.5.24.1)
∐
u∈U

HomR(M,Nu)−→ HomR(M,
∐
u∈U

Nu) ,

given by (ϑu)u∈U 7→ ∑u∈U HomR(M, ιu)(ϑu) = ∑u∈U ι
uϑu; cf. 2.5.2.

2.5.24 Proposition. If M is a bounded complex of finitely generated R-modules,
then the canonical map (2.5.24.1) is an isomorphism.

PROOF. Let M be a bounded complex of finitely generated R-modules. The graded
module M\ is then finitely generated, so a homomorphism ϑ : M→

∐
u∈U Nu factors

through a subcomplex
⊕

u∈U ′ N
u, where U ′ is a finite subset of U. For u∈U ′ denote

by πu :
⊕

u∈U ′ N
u→ Nu the canonical projection. Assign to a homomorphism ϑ in

HomR(M,
∐

u∈U Nu) the element (ϑu)u∈U in
∐

u∈U HomR(M,Nu) with ϑu = πuϑ for
u ∈ U ′ and ϑu = 0 for u /∈ U ′. This defines an inverse to (2.5.24.1).

COLIMITS

2.5.25 Definition. Let (U,6) be a preordered set. A U-direct system in C(R) is a
family {µvu : Mu→ Mv}u6v of morphisms in C(R) with the following properties

(1) µuu = 1Mu
for all u ∈ U;

(2) µwvµvu = µwu for all u6 v6 w in U.
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Mention of a U-direct system {µvu : Mu→ Mv}u6v includes the tacit assumption
that (U,6) is a preordered set. A Z-direct system is simply called a direct system.

2.5.26 Construction. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). The
quotient of the coproduct

∐
u∈U Mu by the subcomplex generated by the set of ele-

ments {ιu(mu)− ιvµvu(mu) | mu ∈ Mu, u6 v} can be described as the cokernel of a
morphism between coproducts in C(R).

Set ∇(U) = {(u,v) ∈ U×U | u 6 v} and set M(u,v) = Mu for all (u,v) ∈ ∇(U).
The assignment

(m(u,v))(u,v)∈∇(U) 7−→ ∑
(u,v)∈∇(U)

(ιu(m(u,v))− ιvµvu(m(u,v))) ,

where ι is the canonical embedding (2.5.1.1), defines a morphism of R-complexes

∆µ :
∐

(u,v)∈∇(U)

M(u,v) −→
∐
u∈U

Mu ;

the cokernel of ∆µ is denoted colimu∈U Mu.
Notice that for every u ∈U the composite of ιu from (2.5.1.1) with the canonical

projection onto colimu∈U Mu is a morphism of R-complexes,

(2.5.26.1) µu : Mu→ colim
u∈U

Mu,

and one has µu = µvµvu for all u 6 v. Every element in colimu∈U Mu has the form
∑u∈U µ

u(mu) for some element ∑u∈U ι
u(mu) in

∐
u∈U Mu, and one has

(2.5.26.2) ∂colimu∈U Mu
(∑

u∈U
µu(mu)) = ∑

u∈U
µu(∂Mu

(mu)).

REMARK. Though the complex colimu∈U Mu depends on the morphims µvu : Mu→ Mv, it is stan-
dard to use this symbold that supresses the morphisms.

2.5.27 Lemma. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Given an
R-complex N and a family of morphisms {αu : Mu→ N}u∈U with αu = αvµvu for
all u6 v, the assignment

∑
u∈U

µu(mu) 7−→ ∑
u∈U

αu(mu)

defines a morphism α : colimu∈U Mu→ N in C(R) with the property that αu = αµu

holds for every u ∈ U. Moreover, α is unique with this property.

PROOF. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Let an R-complex
N and a family of morphisms {αu : Mu→ N}u∈U with αu = αvµvu for all u6 v be
given. The identities αu = αvµvu ensure that the morphism

∐
u∈U Mu → N from

2.5.2 factors through colimu∈U to yield a morphism α with the stipulated definition.
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It is evident from the definition that α satisfies αu = αµu for all u ∈U. Moreover,
for any morphism α′ : colimu∈U Mu→ N that satisfies αu = α′µu for all u ∈ U, one
has α′(∑u∈U µ

u(mu)) = ∑u∈U α
′µu(mu) = ∑u∈U α

u(mu) = α(∑u∈U µ
u(mu)).

In terms of the diagram

colimu∈U Mu α

$$

N

Mv

µv

bb

αv

>>

Mu

µu

OO

µvu 55
αu

JJ

the lemma sums up as: given the commutative diagram of solid morphisms, there is
a unique dotted morphism that makes the total diagram commutative; it is called the
universal morphism for the solid diagram.

The lemma verifies the requirements of a categorical colimit in C(R); hence:

2.5.28 Definition. For a U-direct system {µvu : Mu→ Mv}u6v in C(R) the complex
colimu∈U Mu together with the canonical morphisms µu, constructed in 2.5.26, is
called the colimit of {µvu : Mu→ Mv}u6v in C(R).

REMARK. Other names for the colimit defined above are direct limit, inductive limit, and injective
limit; other symbols used for this gadget are lim−→ and inj lim.

Every coproduct is a colimit.

2.5.29 Example. Let {Mu}u∈U be a family of R-complexes. Endowed with the dis-
crete order, U is a preordered set, and {µuu = 1Mu}u∈U is a U-direct system with
colimu∈U Mu =

∐
u∈U Mu and µu = ιu for all u ∈ U.

2.5.30 Definition. Let {µvu : Mu→ Mv}u6v and {νvu : Nu→ Nv}u6v be U-direct
systems in C(R). A family of morphisms {αu : Mu→ Nu}u∈U in C(R) that satisfy
νvuαu = αvµvu for all u6 v is called a morphism of U-direct systems.

Given a morphism {αu : Mu→ Nu}u∈U of U-direct systems in C(R), the map

colim
u∈U

αu : colim
u∈U

Mu −→ colim
u∈U

Nu given by ∑
u∈U

µu(mu) 7−→ ∑
u∈U

νuαu(mu)

is a morphism in C(R) called the colimit of {αu : Mu→ Nu}u∈U .

2.5.31 Example. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Because
the maps µvu are morphisms in C(R), the family {∂Mu

: Mu→ Σ Mu}u∈U is a mor-
phism of U-direct systems. From definitions one has colimu∈U ∂

Mu
= ∂colimu∈U Mu

.

The next statement sum up as: colimits are right exact.
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2.5.32 Lemma. Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be morphisms of
U-direct systems in C(R). If the sequence Mu → Nu → Xu → 0 is exact for every
u ∈ U, then the sequence

colim
u∈U

Mucolimu∈U α
u

−→ colim
u∈U

Nucolimu∈U β
u

−→ colim
u∈U

Xu −→ 0

is exact.

PROOF. Let ∇(U) be as in 2.5.26, and for all (u,v) ∈ ∇(U) set α(u,v) = αu and
β(u,v) = βu . By of 2.5.6 and 2.5.30 there is a commutative diagram with exact
columns and exact upper and middle rows,

∐
∇(U)

M(u,v)
∐
α(u,v)
//

∆

��

∐
∇(U)

N(u,v)
∐
β(u,v)
//

∆

��

∐
∇(U)

X(u,v) //

∆

��

0

∐
u∈U

Mu

��

∐
αu

//
∐

u∈U
Nu

��

∐
βu

//
∐

u∈U
Xu

��

// 0

colim
u∈U

Mu colimαu
// colim

u∈U
Nu colimβu

// colim
u∈U

Xu // 0 ,

,

where the vertical morphisms ∆ are defined in 2.5.26 A simple diagram chase now
shows that the lower row in the diagram is exact.

The tensor product, as a functor from C(R) to C(k), preserves colimits.

SETUP FOR 2.5.33. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(Ro) and
let N be an R-complex. It is straightforward to verify that the induced family

{µvu⊗R N : Mu⊗R N→ Mv⊗R N}u6v

is a U-direct system in C(k). Let ηu : Mu⊗R N→ colimu∈U(Mu⊗R N) be the canon-
ical morphism; cf. (2.5.26.1). The morphisms in the family {µu⊗R N}u∈U satisfy
µu⊗R N = (µv⊗R N)(µvu⊗R N) for all u 6 v, so there is a canonical morphism of
k-complexes

(2.5.33.1) colim
u∈U

(Mu⊗R N)−→ (colim
u∈U

Mu)⊗R N

given by ∑u∈U η
u(tu) 7→ ∑u∈U(µ

u⊗R N)(tu); cf. 2.5.27.

2.5.33 Proposition. The canonical map (2.5.33.1) is an isomorphism in C(k).

PROOF. There is a commutative diagram in C(k) with exact rows
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∐
∇(U)

(M(u,v)⊗R N)
∆µ⊗N

//

∼=
��

∐
u∈U

(Mu⊗R N) //

∼=
��

colim
u∈U

(Mu⊗R N) //

κ

��

0

( ∐
∇(U)

M(u,v))⊗R N
∆µ⊗N

//
( ∐

u∈U
Mu)⊗R N // (colim

u∈U
Mu)⊗R N // 0

where κ is the canonical morphism (2.5.33.1), and the middle and left-most vertical
maps are isomorphisms by 2.5.11. It follows from the Five Lemma 2.1.27 that κ is
an isomorphism.

SETUP FOR 2.5.34. Let M be an Ro-complex and {νvu : Nu→ Nv}u∈U be a U-
direct system in C(R). Similar to (2.5.33.1) there is a morphism of k-complexes,

(2.5.34.1) colim
u∈U

(M⊗R Nu)−→ M⊗R colim
u∈U

Nu ,

given by ∑u∈U η
u(tu) 7→ ∑u∈U(M⊗R ν

u)(tu)

2.5.34 Proposition. The canonical map (2.5.34.1) is an isomorphism in C(k).

PROOF. Follows from 2.5.33 and commutativity 3.1.2.

If M\ is finitely generated, then the functor HomR(M,–) from C(R) to C(k) pre-
serves colimits.

PUSHOUTS

2.5.35 Construction. Let U = {u,v,w} be a set, preordered as follows v > u < w.

Given a diagram M α←− X
β−→ N in C(R), set

Mv = M, Mu = X, Mw = N,

µvv = 1M , µvu = α, µuu = 1X , µwu = β, and µww = 1N .

This defines a U-direct system in C(R). It is straightforward to verify that the colimit
of this system is the cokernel of the morphism (−α,β) : X→ M⊕N.

2.5.36 Definition. For a diagram M α←− X
β−→ N in C(R), the colimit of the U-direct

system constructed in 2.5.35 is called the pushout of (α,β) and denoted MtX N.

REMARK. As for the colimit, the notation for the pushout supresses the morphisms.

2.5.37. Given morphisms α : X→ M and β : X→ N, the pushouts of (α,β) and
(β,α) are canonically isomorphic via the map induced by the canonical isomor-
phism M⊕N ∼= N⊕M.
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SETUP FOR 2.5.38. Given a diagram in M α←− X
β−→ N in C(R), let

α′ : N −→ MtX N and β′ : M −→ MtX N

be the canonical morphisms (2.5.26.1); they are given by n 7→ [(0,n)]Im(−α,β) and
m 7→ [(m,0)]Im(−α,β). There is a commutative diagram with exact rows and columns

(2.5.38.1)

X
β

//

α

��

N //

α′

��

Cokerβ //

ᾱ

��

0

M
β′
//

��

MtX N //

��

Cokerβ′ // 0

Cokerα
β̄
//

��

Cokerα′

��

0 0 ,

where β̄ is the morphism induced by β′, it maps [m]Imα to [β′(m)]Imα′ , and ᾱ is
defined similarly.

2.5.38 Proposition. Let M α←− X
β−→ N be a diagram in C(R). The following asser-

tions hold for the morphisms in (2.5.38.1).

(a) If α is injective, then α′ is injective.
(b) β̄ is an isomorphism, whence α is surjective if and only if α′ is surjective.
(c) If β is injective, then β′ is injective.
(d) ᾱ is an isomorphism, whence β is surjective if and only if β′ is surjective.

Further, given a diagram M
β′′−→ Y α′′←− N in C(R) with β′′α= α′′β, the assignment

[(m,n)]Im(−α,β) = α′(n)+β′(m) 7−→ α′′(n)+β′′(m)

defines a morphism γ : MtX N→ Y with γα′ = α′′ and γβ′ = β′′, and γ is unique
with this property.

In terms of the diagram

X
β

//

α

��

N

α′

��
α′′

��

M
β′
//

β′′

//

MtX N
γ

##

Y ,
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the last assertion in 2.5.38 sums up as: given a commutative diagram of solid mor-
phisms, there is a unique dotted morphism that makes the total diagram commuta-
tive; it is called the universal morphism for the solid diagram.

PROOF. The assertions about γ are immediate from 2.5.27.
By symmetry, see 2.5.37, it is sufficient to prove parts (a) and (b). If n is in Kerα′,

then one has n = β(x) for some x in Kerα; this proves (a). Let m be in M; if β′(m)
is in Imα′, then m is in Imα, so β̄ is injective. For every element α′(n) + β′(m)
in M tX N one has (α′(n) + β′(m)) + Imα′ = β′(m) + Imα′ in Cokerα′, so β̄ is
surjective.

FILTERED COLIMITS

Every complex is a colimit of complexes bounded above.

2.5.39 Example. Let M be an R-complex. The inclusions among subcomplexes
M6u give rise to a direct system {µvu : M6u→ M6v}u6v in C(R). The embeddings
αu : M6u� M satisfy αu = αvµvu for all u 6 v, so there is a canonical morphism
α : colimu∈Z M6u→ M, given by ∑u∈Z µ

u(mu) = ∑u∈Z mu. It is surjective by con-
struction. Let m = ∑u∈Z µ

u(mu) be an element in Kerα and set v = max{u ∈ Z |
mu 6= 0}, then one has ∑u∈Z ι

vµvu(mu) = ιv(∑u∈Z mu) = 0, so in
∐

u∈Z Mu one then
has ∑u∈Z ι

u(mu) = ∑u∈Z(ι
u(mu)− ιvµvu(mu)). This element is in the image of ∆µ,

see 2.5.26, so m is zero in colimu∈Z M6u. Thus, α is an isomorphism.

2.5.40 Lemma. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). If U is
filtered, then the following assertions hold.

(a) For every m in colimu∈U Mu there is a v∈U and an mv ∈Mv with µv(mv) =m.
(b) If mv in Mv has µv(mv) = 0, then there is a w∈U with v6w and µwv(mv) = 0.
(c) If elements mu ∈ Mu and mv ∈ Mv satisfy µu(mu) = µv(mv), then there is a w

in U with u6 w, v6 w, and µwu(mu) = µwv(mv).

PROOF. (a): Fix an element m in colimu∈U Mu; it has the form m = ∑u∈U µ
u(mu).

As U is filtered, one can choose v ∈U with v> {u ∈U |mu 6= 0}, and then one has

m = ∑u6v µ
vµvu(mu) = µv(∑u6v µ

vu(mu)).

(b): If µv(mv) = 0 holds, then one has

(1) ιv(mv) = ∑(t,u)∈∇(U)(ι
t(m(t,u))− ιuµut(m(t,u))),

for some element (m(t,u))(t,u)∈∇(U) in
∐

(t,u)∈∇(U) M(t,u); see 2.5.26. Choose a w
in U with w > {t ∈ U | m(t,u) 6= 0}. Now apply the morphism

∐
u∈U Mu → Mw

given by ∑u∈U ι
u(mu) 7→ ∑u6w µ

wu(mu) to both sides in (1) to get µwv(mv) =

∑(t,u)∈∇(U)(µ
wtm(t,u)−µwuµut(m(t,u))) = 0.
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(c): Choose w ∈ U with u,v 6 w, then one has µw(µwu(mu)−µwv(mv)) = 0. By
part (b) there is a now a w′ in U with w′ > w and 0 = µw′w(µwu(mu)−µwv(mv)) =

µw′u(mu)−µw′v(mv).

A classical application of colimits is to write an arbitrary module as a colimit of
finitely generated modules.

2.5.41 Example. Let M be an R-module and let U be the set of all finitely generated
submodules of M. The set U is preordered under inclusion and filtered. For submod-
ules M′ ⊆M′′ in U let µM′′M′ be the inclusion map, then {µM′′M′ : M′→ M′′}M′⊆M′′

is a U-direct system. The morphisms in the family {αM′ : M′� M}M′∈U of embed-
dings satisfy αM′ = αM′′µM′′M′ for all M′ ⊆ M′′, so there is a morphism

α : colim
M′∈U

M′ −→ M ,

given by ∑M′∈U µ
M′(m′) = ∑M′∈U α

M′(m′) = ∑M′∈U m′. An element m∈M is in the
image of αRm, so the morphism α is surjective. Assume that m ∈ colimM′∈U M′ is
in the kernel of α. By 2.5.40(a) there is a submodule M′ in U and an m′ in M′ with
µM′(m′) = m. In M one now has m′ = αM′(m′) = αµM′(m′) = α(m) = 0. Thus, α is
an isomorphism

A colimit of a U-direct system is called filtered if the set U is filtered. The next
result sums up as: filtered colimits are exact.

2.5.42 Proposition. Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be morphisms
of U-direct systems in C(R). If the sequence 0→ Mu→ Nu→ Xu→ 0 is exact for
every u ∈ U and U is filtered, then the sequence

0−→ colim
u∈U

Mucolimu∈U α
u

−→ colim
u∈U

Nucolimu∈U β
u

−→ colim
u∈U

Xu −→ 0

is exact.

PROOF. By 2.5.32 it is sufficient to prove that α = colimu∈U α
u is injective. Let

m ∈ Kerα and choose by 2.5.40(a) a v in U and an mv in Mv with µv(mv) = m,
then one has 0 = αµv(mv) = νvαv(mv). By 2.5.40(b) there is a w ∈ U with w > v
and 0 = νwvαv(mv) = αwµwv(mv). Since αw is injective, one has µwv(mv) = 0 and,
therefore, m = µv(mv) = µwµwv(mv) = 0.

2.5.43. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). It induces U-direct
systems {µvu : B(Mu)→ B(Mv)}u6v and {µvu : Z(Mu)→ Z(Mv)}u6v of subcom-
plexes, and it follows from (2.5.26.2) that the family {µu}u∈U , see (2.5.26.1), in-
duces canonical morphisms,

µB : colim
u∈U

B(Mu)→ B(colim
u∈U

Mu) and µZ : colim
u∈U

Z(Mu)→ Z(colim
u∈U

Mu) ,

that map a coset generated by ∑u∈U ι
u(mu) in colimu∈U B(Mu) or colimu∈U Z(Mu)

to ∑u∈U µ
u(mu). Notice that µB is surjective. By (2.1.40.1) and 2.5.32 there is a
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commutative diagram with exact rows

colim
u∈U

B(Mu)
%
//

µB

��

colim
u∈U

Mu //

=

��

colim
u∈U

C(Mu) //

µC

��

0

0 // B(colim
u∈U

Mu) // colim
u∈U

Mu // C(colim
u∈U

Mu) // 0 .

It follows from the Snake Lemma 2.1.29 that µC, which maps a coset generated by
∑u∈U ι

u(mu +B(Mu)) to ∑u∈U µ
u(mu)+B(colim

u∈U
Mu), is an isomorphism.

Assume now that U is filtered. By 2.5.42 the morphism % is then injective, so
µB is an isomorphism; again by application of the Snake Lemma to the diagram.
Finally, a similar commutative diagram based on (2.1.40.2) shows that µZ is an
isomorphism. In particular, one has

(2.5.43.1) colim
u∈U

B(Mu) ∼= B(colim
u∈U

Mu) and colim
u∈U

Z(Mu) ∼= Z(colim
u∈U

Mu) .

Filtered colimits commute with homology.

SETUP FOR 2.5.44. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). The
induced morphisms H(µvu) : H(Mu)→ H(Mv) form a U-direct system in C(R); let
ηw denote the canonical morphism H(Mw)→ colimu∈U H(Mu); cf. (2.5.26.1). The
morphisms H(µw) : H(Mw)→ H(colimu∈U Mu) satisfy H(µw) = H(µv)H(µvw) for
all w6 v, so there is a canonical morphism in C(R)

(2.5.44.1) colim
u∈U

H(Mu)−→ H(colim
u∈U

Mu),

given by ∑u∈U η
u(hu) 7→ ∑u∈U H(µu)(hu); cf. 2.5.27.

2.5.44 Theorem. If U is filtered, then the canonical map (2.5.44.1) is an isomor-
phism in C(R).

PROOF. From the U-direct system {µvu : Mu→ Mv}u6v one gets direct systems
of boundaries and cycles, see 2.5.43. In the following commutative diagram, the
middle and left-most vertical maps are the isomorphisms established in 2.5.43, and
κ is the canonical morphism (2.5.44.1).

0 // colim
u∈U

B(Mu) //

∼= µB

��

colim
u∈U

Z(Mu) //

∼= µZ

��

colim
u∈U

H(Mu) //

κ
��

0

0 // B(colim
u∈U

Mu) // Z(colim
u∈U

Mu) // H(colim
u∈U

Mu) // 0

It follows from (2.1.40.4) and 2.5.42 that the rows in the diagram are exact, and then
it follows from the Five Lemma 2.1.27 that κ is an isomorphism.
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TELESCOPES

2.5.45 Construction. Let {κu : Mu→ Mu+1}u∈Z be a family of morphisms in C(R).
It determines a direct system {µvu : Mu→ Mv}u6v as follows; set

µuu = 1Mu
for all u in Z and µvu = κv−1 · · ·κu for all u < v in Z.

Given additional families {λu : Nu→ Nu+1}u∈Z and {αu : Mu→ Nu}u∈Z of mor-
phisms, such that αu+1κu = λuαu holds for all u ∈ Z, it is simple to verify that
{αu}u∈Z is a morphism of the systems determined by {κu}u∈Z and {λu}u∈Z .

2.5.46 Definition. A family {κu : Mu→ Mu+1}n∈Z of morphisms in C(R) with
Mu = 0 for all u� 0 is called a telescope in C(R). The colimit colimu∈Z Mu of the
associated direct system, see 2.5.45, is called the colimit of the telescope in C(R).

Given telescopes {κu : Mu→ Mu+1}u∈Z and {λu : Nu→ Nu+1}u∈Z , a family of
morphisms {αu : Mu→ Nu}u∈Z that satisfy αu+1κu = λuαu for all u ∈ Z is called
a morphism of telescopes. The morphism limu∈Zα

u : limu∈Z Mu→ limu∈Z Nu, see
2.5.45 and 2.5.30, is called the colimit of {αu : Mu→ Nu}u∈Z .

2.5.47. Let {κu : Mu→ Mu+1}n∈Z be a telescope and let {µvu : Mu→ Mv}u6v be
the associated direct system in C(R). Given an R-complex N and a family of mor-
phisms {αu : Mu→ N}u∈Z that satisfy αu =αu+1κu for all u∈Z, one has αu =αvµvu

for all u 6 v, so there is a morphism α : colimu∈U Mu→ N in C(R) with properties
as described in 2.5.27.

2.5.48 Example. Let M0 ⊆ M1 ⊆ M2 ⊆ ·· · be an ascending chain of R-complexes.
The natural embeddings κu : Mu→ Mu+1 form a telescope; let {µvu : Mu→ Mv}u6v
be the associated direct system; see 2.5.45. Set M = ∪u∈ZMu, and for every u let αu

be the natural embedding Mu� M. One has αu = αu+1κu for all u ∈ Z, so there is
a surjective morphism α : colimu∈Z Mu→ M, given by α(∑u∈Z µ

u(mu)) = ∑u∈Z mu;
see 2.5.47. Let ∑u∈Z µ

u(mu) be in Kerα and set v = max{n ∈ Z | mn 6= 0}. One has

∑
u∈Z

ιu(mu) = ∑
u6v

ιu(mu)− ιv(∑
u6v

µvu(mu)) = ∑
u6v

ιu(mu)− ιvµvu(mu) ,

so the element ∑u∈Z ι
u(mu) in

∐
u∈Z Mu is in the image of ∆µ, see 2.5.26, whence

one has ∑u∈Z µ
u(mu) = 0, and α is an isomorphism.

2.5.49 Proposition. Let {κu : Mu→ Mu+1}u∈Z be a telescope in C(R). The follow-
ing assertions hold.

(a) If κu = 0 holds for all u� 0, then one has colimu∈Z Nu = 0.
(b) If κu is bijective for all u� 0, then one has colimu∈Z Nu ∼= Nv for all v� 0.

PROOF. Let {µvu : Mu→ Mv}u∈Z be the direct system associated to the telescope.
(a): Assume that κu = 0 holds for all u > t; one then has µvu = 0 for all u6 v

with v > t. For every u in Z one can choose v with u, t < v, and then one has
ιu(mu) = ιu(m(u,v))− ιvµvu(m(u,v)) in

∐
u∈Z Mu for every element m(u,v) = mu in
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M(u,v) = Mu. Thus, the morphism ∆µ, see 2.5.26, is surjective, and colimu∈Z Nu = 0
holds as desired.

(b): Assume that κu is an isomorphism for u > w, then µvu is an isomorphism
for all u 6 v with u > w. For each isomorphism µvu, let νuv denote the inverse. The
assignment

∑
u∈Z

ιu(mu) 7−→ ∑
u6w

µwu(mu)+ ∑
u>w

νwu(mu)

defines a surjective morphism of R-complexes % :
∐

u∈Z Mu→ Mw. For every ele-
ment m̈ in

∐
(u,v)∈∇(U) M(u,v) one has %∆µ(m̈) = 0, cf. 2.5.26, so ρ factors through

the quotient colimu∈Z Mu. To show that the induced map colimu∈Z Mu→ Mw is an
isomorphism, let m = ∑u∈Z ι

u(mu) be in Ker%; the goal is then to show that m is in
the image of ∆µ. Define m̈= (m(u,v))(u,v)∈∇(U) as follows: set m(u,v) = 0 for v 6= u+1,
and set

m(u,u+1) = mu + ∑
t<u
µut(mt) for u < w and m(u,u+1) =− ∑

u>w
νwu(mu) for u> w .

Now it is straightforward to verify that one has ∆µ(m̈) = m+%(m) = m.

LIMITS

2.5.50 Definition. Let (U,6) be a preordered set. A U-inverse system in C(R) is a
family {νuv : Nv→ Nu}u6v of morphisms in C(R) with the following properties:

(1) νuu = 1Nu
for all u ∈ U;

(2) νuvνvw = νuw for all u6 v6 w in U.

Mention of a U-inverse system {νuv : Nv→ Nu}u6v includes the tacit assumption
that (U,6) is a preordered set. A Z-inverse system is just called an inverse system.

2.5.51 Construction. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). The
subcomplex of the product ∏u∈U Nu generated by the elements (nu)u∈U with nu =
νuv(nv) for all u6 v, is the kernel of a morphism between products in C(R).

Indeed, let ∇(U) be as in 2.5.26 and set N(u,v) = Nu for all (u,v) ∈ ∇(U). The
assignment

(nu)u∈U 7−→ (nu− νuv(nv))(u,v)∈∇(U) ,

defines a morphism of R-complexes

∆ν : ∏
u∈U

Nu −→ ∏
(u,v)∈∇(U)

N(u,v) ;

the kernel of ∆ν is denoted limu∈U Nu.
Note that for every u∈U, restriction of the canonical projection (2.5.12.1) yields

a morphism of R-complexes,
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(2.5.51.1) νu : lim
u∈U

Nu→ Nu ,

and one has νu = νuvνv for all u6 v.

REMARK. As with the colimit, it is standard to use notation that supresses the morphisms νuv,
though the complex limu∈U Nu depends on them.

2.5.52 Lemma. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). Given an
R-complex M and a family of morphisms {βu : M→ Nu}u∈U with βu = νuvβv for all
u6 v, the assignment

m 7−→ (βu(m))u∈U

defines a morphism β : M→ limu∈U Nu in C(R) with the property that βu = νuβ holds
for every u ∈ U. Moreover, β is unique with this property.

PROOF. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). Let an R-complex
M and a family of morphisms {βu : M→ Nu}u∈U with βu = νuvβv for all u6 v be
given. The identities βu = νuvβv ensure that the morphism β : M→∏u∈U Nu from
2.5.13 maps to the subcomplex limu∈U Nu.

It is evident from the definition that β satisfies βu = νuβ for all u ∈ U. Moreover,
for any morphism β′ : M→ limu∈U Nu that satisfy βu = νuβ′ for all u ∈ U, one has
β′(m) = (νu(β′(m))u∈U = (βu(m))u∈U = β(m).

In terms of the diagram

limu∈U Nu

νu

��

νv

}}

M

βu

..

βv

//

β //

Nv
νuv

((
Nu

the lemma sums up as: given the commutative diagram of solid morphisms, there is
a unique dotted morphism that makes the total diagram commutative; it is called the
universal morphism for the solid diagram.

The lemma verifies the requirements of a categorial limit in C(R); hence:

2.5.53 Definition. For a U-invers system {νuv : Nv→ Nu}u6v in C(R) the complex
limu∈U Nu together with the canonical morphisms νu, constructed in 2.5.51, is called
the limit of {νuv : Nv→ Nu}u6v in C(R).

REMARK. Other names for the limit defined above are inverse limit and projective limit; other
symbols used for this gadget are lim←− and proj lim.

Every product is a limit.

2.5.54 Example. Let {Nu}u∈U be a family of R-complexes. Endowed with the dis-
crete order, U is a preordered set, and {νuu = 1Nu}u∈U is a U-inverse system with
limu∈U Nu = ∏u∈U Nu and νu = πu for all u ∈ U.
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2.5.55 Definition. Let {νuv : Nv→ Nu}u6v and {µuv : Mv→ Mu}u6v be U-inverse
systems in C(R). A family of morphisms {βu : Nu→ Mu}u∈U in C(R) that satisfies
βuνuv = µuvβv for all u6 v is called a morphism of U-inverse systems.

Given a morphism {βu : Nu→ Mu}u∈U of U-inverse systems in C(R), the map

lim
u∈U

βu : lim
u∈U

Nu −→ lim
u∈U

Mu given by (nu)u∈U 7−→ (βu(nu))u∈U

is a morphism in C(R) called the limit of {βu : Nu→ Mu}u∈U .

2.5.56 Example. Let {νuv : Nv→ Nu}u6v be a U-inverse system. Because the maps
νuv are morphisms in C(R), the family {∂Nu

: Nu→ Σ Nu}u∈U is a morphism of U-
inverse systems. From the definitions one has limu∈U ∂

Mu
= ∂limu∈U Mu

.

2.5.57 Construction. Consider U-inverse systems in C(R)

{χuv : Xv→ Xu}u6v , {νuv : Nv→ Nu}u6v , and {µuv : Mv→ Mu}u6v .

Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be morphisms of U-inverse sys-
tems, such that the sequence Xu → Nu → Mu is exact for every u ∈ U. Let ∇(U)
be as in 2.5.26, and for all (u,v) ∈ ∇(U) set α(u,v) = αu and β(u,v) = βu . In view
of 2.5.16 and 2.5.55 there is a commutative diagram with exact columns and exact
lower and middle rows

(2.5.57.1)

limu∈U Xu limαu
//

��

limu∈U Nu limβu
//

��

limu∈U Mu

��

∏
u∈U

Xu

∆χ

��

∏αu
// ∏
u∈U

Nu

∆ν

��

∏βu
// ∏
u∈U

Mu

∆µ

��

∏
∇(U)

X(u,v) ∏α(u,v)
// ∏
∇(U)

N(u,v) ∏β(u,v)
// ∏
∇(U)

M(u,v)

where the vertical morphisms ∆ are defined in 2.5.51.

Limits are left exact.

2.5.58 Lemma. Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be morphisms of
U-inverse systems in C(R). If the sequence 0→ Xu→ Nu→ Mu is exact for every
u ∈ U, then the sequence

0−→ lim
u∈U

Xulimu∈U α
u

−→ lim
u∈U

Nulimu∈U β
u

−→ lim
u∈U

Mu

is exact.

PROOF. Consider the commutative diagram (2.5.57.1). Assuming that each se-
quence 0→ Xu → Nu → Mu is exact, it follows from 2.5.16 that the morphisms
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∏u∈U α
u and ∏(u,v)∈∇(U)α

(u,v) are injective. Now a simple diagram chase yields the
desired exact sequence.

The functor HomR(M,–) from C(R) to C(k) preserves limits.

SETUP FOR 2.5.59. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R) and let
M be an R-complex. It is elementary to verify that the induced family

{HomR(M, νuv) : HomR(M,Nv)→ HomR(M,Nu)}u6v

is a U-inverse system in C(k). The morphisms in the family {HomR(M, νu)}u∈U sat-
isfy HomR(M, νu)=HomR(M, νuv)HomR(M, νv) for all u6 v, so there is a canonical
morphism of k-complexes,

(2.5.59.1) HomR(M, lim
u∈U

Nu)−→ lim
u∈U

HomR(M,Nu) ,

given by ϑ 7→ (HomR(M, νu)(ϑ))u∈U = (νuϑ)u∈U ; cf. 2.5.52.

2.5.59 Proposition. The canonical map (2.5.59.1) is an isomorphism in C(k).

PROOF. There is a commutative diagram in C(k) with exact rows

0 // HomR(M, lim
u∈U

Nu) //

κ

��

HomR(M, ∏
u∈U

Nu)

∼=
��

HomR(M,∆ν)
// HomR(M, ∏

∇(U)
N(u,v))

∼=
��

0 // lim
u∈U

HomR(M,Nu) // ∏
u∈U

HomR(M,Nu)
∆Hom(M,ν)

// ∏
∇(U)

HomR(M,N(u,v)) ,

where κ is the canonical morphism (2.5.59.1), and the middle and right-most verti-
cal maps are isomorphisms by 2.5.19. It follows from the Five Lemma 2.1.27 that
κ is an isomorphism.

REMARK. The category C(R)op has limits because C(R) has colimits.

The functor HomR(–,N), from C(R)op to C(k), preserves limits.

SETUP FOR 2.5.60. Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R) and let
N be an R-complex. It is elementary to verify that the induced family

{HomR(µ
vu,N) : HomR(Mv,N) −→ HomR(Mu,N)}u6v

is a U-inverse system in C(k). The morphisms in the family {HomR(µ
u,N)}u∈U sat-

isfy HomR(µ
u,N) =HomR(µ

vu,N)HomR(µ
v,N) for all u6 v, so there is a canonical

morphism of k-complexes,

(2.5.60.1) HomR(colim
u∈U

Mu,N)−→ lim
u∈U

HomR(Mu,N) ,

given by ϑ 7→ (HomR(µ
u,N)(ϑ))u∈U = (ϑµu)u∈U ; cf. 2.5.52.
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2.5.60 Proposition. The canonical map (2.5.60.1) is an isomorphism in C(k).

PROOF. There is a commutative diagram in C(k) with exact rows

0 // HomR(colim
u∈U

Mu,N) //

κ

��

HomR(
∐

u∈U
Mu,N)

∼=
��

HomR(∆µ,N)
// HomR(

∐
∇(U)

M(u,v),N)

∼=
��

0 // lim
u∈U

HomR(Mu,N) // ∏
u∈U

HomR(Mu,N)
∆Hom(µ,N)

// ∏
∇(U)

HomR(M(u,v),N) ,

where κ is the canonical morphism (2.5.60.1), and the middle and right-most verti-
cal maps are isomorphisms by 2.5.20. It follows from the Five Lemma 2.1.27 that
κ is an isomorphism.

PULLBACKS

2.5.61 Construction. Let U = {u,v,w} be a set, preordered as follows v > u < w.

Given a diagram N
β−→ Y α←− M in C(R), set

Nv = N, Nu = Y, Nw = M,

νvv = 1N , νuv = β, νuu = 1Y , νuw = α, and νww = 1M .

This defines a U-inverse system in C(R). It is straightforward to verify that the limit
of this system is the kernel of the morphism (β,−α) : N⊕M→ Y .

2.5.62 Definition. For a diagram N
β−→ Y α←− M in C(R), the limit of the U-inverse

system constructed in 2.5.61 is called the pullback of (β,α) and denoted NuY M.

REMARK. As for the limit, the notation for the pullback supresses the morphisms.

2.5.63. Given morphisms α : M→ Y and β : N→ Y , the pullbacks of (β,α) and
(α,β) are canonically isomorphic via the map induced by the canonical isomorphism
N⊕M ∼= M⊕N.

SETUP FOR 2.5.64. Given a diagram in N
β−→ Y α←− M in C(R), let

α′ : NuY M −→ N and β′ : NuY M −→ M

be the canonical morphisms (2.5.51.1); they are given by restrction: (n,m) 7→ n and
(n,m) 7→ m. There is a commutative diagram with exact rows and columns
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(2.5.64.1)

0

��

0

��

Kerα′
β̃
//

��

Kerα

��

0 // Kerβ′ //

α̃

��

NuY M
β′

//

α′

��

M

α

��

0 // Kerβ // N
β

// Y

where α̃ and β̃ are restrictions of α′ and β′.

2.5.64 Proposition. Let N
β−→ Y α←− M be a diagram in C(R). The following asser-

tions hold for the morphisms in (2.5.64.1).

(a) If α is surjective, then α′ is surjective.
(b) β̃ is an isomorphism, whence α is injective if and only if α′ is injective.
(c) If β is surjective, then β′ is surjective.
(d) α̃ is an isomorphism, whence β is injective if and only if β′ is injective.

Further, given a diagram N α′′←− X
β′′−→ M in C(R) with βα′′ = αβ′′, the assignment

x 7−→ (α′′(n),β′′(m))

defines a morphism γ : X→ NuY M with α′γ = α′′ and β′γ = β′′, and γ is unique
with this property.

In terms of the diagram

X

##

β′′

��

α′′

--

NuY M
β′

//

α′

��

M

α

��

N
β

// Y

the last assertion in 2.5.64 sums up as: given a commutative diagram of solid mor-
phisms, there is a unique dotted morphism that makes the total diagram commuta-
tive; it is called the universal morphism for the solid diagram.

PROOF. The assertions about γ are immediate from 2.5.52. By symmetry, see
2.5.63, it is sufficient to prove parts (a) and (b).

(a): Assume that α is surjective. For every n in N there is then an m ∈ M with
α(m) = β(n). The pair (n,m) is, therefore, in NuY M and one has n = α′(n,m).
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(b): The kernel of α′ consists of all pairs (0,m) in N⊕M with α(m) = 0.

TOWERS

Every complex is a limit of bounded below complexes.

2.5.65 Example. Let N be an R-complex. The canonical surjections among the
quotient complexes N>u give rise to a direct system {νuv : N>−v→ N>−u}u6v in
C(R). The projections βu : N� N>−u satisfy βu = νuvβv for all u 6 v, so there is a
canonical morphism β : N→ limu∈Z N>−u, given by β(n) = (βu(n))u∈Z; cf. 2.5.52.
It is injective by construction. To see that β is surjective, assume without loss of
generality that (nu)u∈Z in limu∈Z N>−u is homogeeous of degree−w, and set n = nw

considered as an element in the module N−w. Then one has βu(n) = 0= nu for u<w,
and for u> w one has βu(n) = nu as the homomorphisms νwu

−w : Nu
−w→ Nw

−w are the
identity map on N−w for w6 u. Thus, β is an isomorphism.

2.5.66 Construction. Let {λu : Nu→ Nu−1}u∈Z be a family of morphisms in C(R).
It determines an inverse system {νuv : Nv→ Nu}u6v as follows; set

νuu = 1Nu
for all u in Z and νuv = λu+1 · · ·λv for all u < v in Z.

Given additional families {κu : Mu→ Mu−1}u∈Z and {βu : Nu→ Mu}u∈Z of mor-
phisms, such that βu−1λu = κuβu holds for all u ∈ Z, it is simple to verify that
{βu}u∈Z is a morphism of the systems determined by {λu}u∈Z and {κu}u∈Z .

2.5.67 Definition. A family {λu : Nu→ Nu−1}n∈Z of morphisms in C(R) with Nu =
0 for all u� 0 is called a tower in C(R). The limit limu∈Z Nu of the associated
inverse system, see 2.5.66, is called the limit of the tower in C(R).

Given towers {λu : Nu→ Nu−1}u∈Z and {κu : Mu→ Mu−1}u∈Z in C(R), a family
of morphisms {βu : Nu→ Mu}u∈Z that satisfy βu−1λu = κuβu for all u∈Z is called a
morphism of towers. The morphism limu∈Z β

u : limu∈Z Nu→ limu∈Z Mu, cf. 2.5.66
and 2.5.55, is called the limit of {βu : Nu→ Mu}u∈Z .

2.5.68. Let {λu : Nu→ Nu−1}n∈Z be a tower and let {νuv : Nv→ Nu}u6v be the
associated inverse system in C(R). Given an R-complex M and a family of mor-
phisms {βu : M→ Nu}u∈Z that satisfy βu−1 = λuβu for all u∈Z, one has βu = νuvβv

for all u 6 v, so there is a morphism β : M→ limu∈U Nu in C(R) with properties as
described in 2.5.52.

2.5.69 Example. Let N0 ⊆ N1 ⊇ N2 ⊇ ·· · be a descending chain of R-complexes.
The natural embeddings λu : Nu→ Nu−1 form a telescope; let {νuv : Nv→ Nu}u6v
be the associated inverse system; see 2.5.66. Set N =∩u∈ZNu, and for every u let βu

be the natural embedding N� Nu. One has βu = λuβu+1 for all u∈Z, so there is an
injective morphism β : N→ limu∈Z Nu, given by β(n) = (βu(n))i∈Z; see 2.5.68. Let
(nu)u∈Z be an element in limu∈Z Nu; in particular one then has
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0 = nu−λu+1(nu+1) = nu−nu+1

for all u ∈ Z, so (nu)u∈Z is in the image of β.

2.5.70 Proposition. Let {λu : Nu→ Nu−1}u∈Z be a tower in C(R). The following
assertions hold.

(a) If λu = 0 holds for all u� 0, then one has limu∈Z Nu = 0.
(b) If λu is bijective for all u� 0, then one has limu∈Z Nu ∼= Nv for all v� 0.

PROOF. (a): Assume that λu = 0 holds for all u > v. For an element (nu)u∈Z in
limu∈Z Nu one has nu = λu+1(nu+1) for all u ∈ Z. The assumption yields nu = 0 for
u> v, and it follows by descending recursion that nu = 0 holds for u < v as well.

(b): Assume that λu is bijective for all u > v, and let κu−1 : Nu−1→ Nu denote
the inverse of λu for u > v. Assign to n ∈ Nv the element (nu)u∈Z in ∏u∈Z Nu with
nu = λu+1 · · ·λv(n) for u < v, nv = n, and nu = κu−1 · · ·κv(n) for u > v. For the mor-
phisms νuv defined in 2.5.66, one has nu = νuvnv for all u6 v, so (nu)u∈Z belongs to
limu∈Z Nu. This assignment n 7→ (nu)u∈Z defines a morphism Nv→ limu∈Z Nu, and
it is an isomorphism as the canonical morphism limu∈Z Nu→ Nv is an inverse.

2.5.71 Theorem. Let {αu : Xu→ Nu}u∈U and {βu : Nu→ Mu}u∈U be morphisms
of towers in C(R), and assume that maps in the tower {ξu : Xu→ Xu−1}u∈Z are
surjective. If the sequence 0→ Xu→ Nu→ Mu→ 0 is exact for every u ∈ U, then
the sequence

0−→ lim
u∈Z

Xulimu∈Z α
u

−→ lim
u∈Z

Nulimu∈Z β
u

−→ lim
u∈Z

Mu −→ 0

is exact.

PROOF. Let {χuv}u6v , {νuv}u6v , and {µuv}u6v be the inverse systems determined
by the towers and consider the commutative diagram (2.5.57.1). Assuming that
each sequence 0 → Xu → Nu → Mu → 0 is exact, it follows from 2.5.16 and
the Snake Lemma 2.1.29 that it suffices to prove that the connecting morphism
δ : limu∈Z Mu→ Coker∆χ is the zero map. Set α̈ = ∏(u,v)∈∇(U)α

(u,v); given an el-
ement m in limu∈Z Mu, the image δ(m) in Coker∆χ is the coset generated by an
element ẍ = (x(u,v))(u,v)∈∇(U) with α̈(ẍ) = ∆ν(n) for a preimage n = (nu)u∈Z of m.
The goal is to prove that ẍ is in the image of ∆χ. The map α̈ is injective, so it is
sufficient to construct an element x = (xu)u∈Z in ∏u∈Z Xu with

(1) α̈(∆χ(x)− ẍ) = 0 .

Without loss of generality, assume that one has Nu = 0 for u < 0. It follows that
∆ν(n)(u,v) is zero for all (u,v) in ∇(U) with u6 0. Set xu = 0 for u6 0, then one has
(α̈(∆χ(x)− ẍ))(u,v) = 0 for all (u,v) ∈∇(U) with u6 0. For u> 0 one can, because
αu is injective and ξu+1 is surjective, choose xu+1 such that the equality

(2) αu(xu− ξu+1(xu+1)) = (nu−λu+1(nu+1)) = ∆ν(n)(u,u+1)
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holds. One then has (α̈(∆χ(x)− ẍ))(u,u+1) = 0 for all u> 0, and an induction argu-
ment now finishes the proof. Fix n> 2 and assume that (α̈(∆χ(x)− ẍ))(u,u+n−1) = 0
holds for all u > 0. In the computation below, the fourth equality follows from this
hypothesis, and the last equality follows from the already established case n = 2.

(α̈(∆χ(x)− ẍ))(u,u+n)

= (ä(∆χ(x)))(u,u+n)− (∆ν(n))(u,u+n)

= αu(xu−χuu+n(xu+n))− (nu− νuu+n(nu+n))

= αu(xu−χuu+n−1(xu+n−1)+χuu+n−1(xu+n−1− ξu+n(xu+n)))

− (nu− νuu+n(nu+n))

= αuχuu+n−1(xu+n−1− ξu+n(xu+n))− (νuu+n−1(nu+n−1)− νuu+n(nu+n))

= νuu+n−1(αu+n−1(xu+n−1− ξu+n(xu+n)− (nu+n−1−λu+n(nu+n))))

= νuu+n−1((α̈(∆χ(x)− ẍ))(u+n−1,u+n)) = 0 .

REMARK. One can realize the limit of a tower {λu : Nu→ Nu−1}u∈Z as the kernel of a morphism
∏u∈Z Nu→∏u∈Z Nu, and that opens to an even more elementary proof of 2.5.71; see E 2.5.22.

2.5.72. Let {νuv : Mv→ Mu}u6v be a U-inverse system in C(R); it induces U-
inverse systems {νuv : B(Mv)→ B(Mu)}u6v and {νuv : Z(Mv)→ Z(Mu)}u6v of
subcomplexes. The morphisms (2.5.51.1) induce canonical morphisms between
subcomplexes of ∏u∈U Nu,

νB : B(lim
u∈U

Nu)→ lim
u∈U

B(Nu) and νZ : Z(lim
u∈U

Nu)→ lim
u∈U

Z(Nu) .

Notice that both maps are injective. By (2.1.40.2) and 2.5.58 there is a commutative
diagram with exact rows

(2.5.72.1)

0 // Z(lim
u∈U

Nu) //

νZ

��

lim
u∈U

Nu //

=

��

Σ B(lim
u∈U

Nu) //

Σ νB

��

0

0 // lim
u∈U

Z(Mu) // lim
u∈U

Nu // Σ lim
u∈U

B(Nu)

The Snake Lemma 2.1.29 implies that νZ is an isomorphism. In particular, one has

(2.5.72.2) Z(lim
u∈U

Nu) ∼= lim
u∈U

Z(Nu) .

SETUP FOR 2.5.73. Let {νuv : Nv→ Nu}u6v be a U-inverse system in C(R). The
induced morphisms H(νuv) : H(Nv)→ H(Nu) form a U-inverse system as well. The
morphisms in the family {H(νu)}u∈Z satisfy H(νu) = H(νuv)H(νv) for all u6 v, so
there is a canonical morphism in C(R),

(2.5.73.1) H(lim
u∈U

Nu)−→ lim
u∈U

H(Nu) ,
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given by h 7→ (H(νu)(h))u∈U ; cf. 2.5.52.

2.5.73 Theorem. Let {λu : Nu→ Nu−1}u∈Z be a tower in C(R). If each morphism
λu is surjective, then the following assertions hold.

(a) The canonical map (2.5.73.1) is surjective.
(b) If H(λu) = 0 holds for all u� 0, then one has H(limu∈Z Nu) = 0.
(c) Let n ∈ Z; if the homomorphisms Hn+1(λ

u) are surjective for all u ∈ Z, then
the degree n component of the canonical map (2.5.73.1) is an isomorphism;
that is, one has Hn(limu∈Z Nu)∼= limu∈Z Hn(Nu).

PROOF. (a): Let {νuv : Nv→ Nu}u6v be the inverse system in C(R) determined by
the tower {λu}u∈Z . The morphisms νuv are surjective, by the assumptions on the
tower, so they are surjective on boundaries; that is, the morphisms in the system
{νuv : B(Mv)→ B(Mu)}u6v are surjective; cf. 2.5.72. It follows from (2.1.40.4) and
2.5.71 that there is a commutative diagram with exact rows,

(1)

0 // B(lim
u∈Z

Nu) //

νB

��

Z(lim
u∈Z

Nu) //

∼= νZ

��

H(lim
u∈Z

Nu) //

κ

��

0

0 // lim
u∈Z

B(Nu)
%
// lim
u∈Z

Z(Nu) // lim
u∈Z

H(Nu) // 0 ,

where νB and νZ are the canonical morphisms from 2.5.72, and κ is the morphism
(2.5.73.1). It follows from the Snake Lemma 2.1.29 that κ is surjective.

(b): If H(λu)= 0 holds for all u� 0, then one has limu∈Z H(Nu)= 0 by 2.5.70(a),
so the morphism % in (1) is surjective. Let z = (zu)u∈Z be a cycle in limu∈Z Nu; inter-
preted as an element in limu∈Z Z(Nu), via νZ, it has the form (∂Nu

(nu))u∈Z. There-
fore, one has z = ∂limu∈Z Nu

(n) for n = (nu)u∈Z, and H(limu∈Z Nu) = 0 as desired.
(c): The degree n component of κ is an isomorphism if (and only if) the de-

gree n component of νB is surjective. Let (bu)u∈Z = (∂Nu

n+1(n
u))u∈Z be an element

in (limu∈Z B(Nu))n = limu∈Z Bn(Nu). It is in the image of νB if the homomorphism
limu∈Z ∂

Nu

n+1 : limu∈Z Nu
n+1→ limu∈Z Bn(Nu) is surjective. Assume that the homo-

morphisms Hn+1(λ
u) are surjective for all u ∈ Z, then all the homomorphisms

Hn+1(ν
uv) are surjective, and since the homomorphisms νuv

n+1 are, themselves, sur-
jective (and surjective on boundaries), it follows that they are surjective on kernels.
Thus, the morphisms in the system {νuv

n+1 : Zn+1(Nv)→ Zn+1(Nu)}u6v are surjec-
tive. For every u ∈ Z there is an exact sequence

0−→ Zn+1(Nu)−→ Nu
n+1

∂Nu
n+1−→ Bn(Nu)−→ 0,

and it follows from 2.5.71 that limu∈Z ∂
Nu

n+1 is surjective.
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EXERCISES

E 2.5.1 Let U be a set. Show that U-indexed families of R-complexes form an Abelian category,
and that the product and coproduct are exact functors from this category to C(R).

E 2.5.2 Let {Mu}u∈U be a family of R-complexes; show that one has

sup
(∐

u∈U Mu
)
= sup

u∈U
{sup Mu}= sup

(
∏
u∈U

Mu)
inf
(∐

u∈U Mu
)
= inf

u∈U
{inf Mu} = inf

(
∏
u∈U

Mu)
E 2.5.3 Define U-direct systems in M(R). Show the every such system is a U-direct system

in C(R) and that its colimit in C(R) is a colimit in M(R). Conclude that M(R) has
colimits.

E 2.5.4 Show that Mgr(R) has colimits.
E 2.5.5 Show that the categories M(R) and Mgr(R) have pushouts and pullbacks.
E 2.5.6 Given a U-direct system {µvu : Mu→ Mv}u6v in C(R) and a functor F: C(R)→C(S ),

show that there is a canonical morphism colimu∈U F(Mu)→ F(colimu∈U Mu).
E 2.5.7 Let {µvu : Mu→ Mv}u6v be a U-direct system in C(R). Show that the inequalities

sup(colimu∈U Mu)6 supu∈U{sup Mu} and inf(colimu∈U Mu)> infu∈U{inf Mu}

hold if U is filtered.
E 2.5.8 Show that U-direct systems in C(R) and their morphisms form an Abelian category and

that the colimit is a right exact functor from this category to C(R).
E 2.5.9 Let {αu : Mu→ Nu}u∈U and {βu : Nu→ Xu}u∈U be morphisms of U-direct systems in

C(R). Show that if the sequence 0→ Mu→ Nu→ Xu is exact for every u ∈U, then the
sequence 0−→Ker∆µ→Ker∆ν→Ker∆µ is exact. Show also that if each morphims βu

is surjective and U is filtered, then the morphism Ker∆ν→ Ker∆µ is surjective.
E 2.5.10 (Cf. 2.5.35) Verify the isomorphism colimu∈U Mu ∼= Coker(−α,β) in 2.5.35.

Hint: establish an isomorphism

M⊕X⊕N
{(−α(x′), x′+ x′′,−β(x′′)) | x′, x′′ ∈ X}

∼=−→ M⊕N
{(−α(x),β(x)) | x ∈ X}

.

E 2.5.11 Show that a filtered colimit of flat modules is flat.
E 2.5.12 Show that the following conditions on R are equivalent: (i) R is von Neuman regular;

(ii) R/b is a is a flat Ro-module for every right ideal b in R; (iii) every R-module is flat.
E 2.5.13 Let {κu : Mu→ Mu+1}u∈Z be a telescope. Show that colimu∈Z Mu can be realized as

the cokernel of an injective endomorphism of
∐

u∈Z Mu.
E 2.5.14 Let {κu : Mu→ Mu+1}u∈Z be as in 2.5.45 and show that the colimit of the associated

direct system does not depend on κu for u� 0.
E 2.5.15 Show that every complex is the colimit of a telescope of bounded above complexes.
E 2.5.16 Define U-inverse systems in M(R). Show the every such system is a U-inverse system

in C(R) and that its limit in C(R) is a limit in M(R). Conclude that M(R) has limits.
E 2.5.17 Show that Mgr(R) has limits.
E 2.5.18 Given a U-inverse system {νuv : Nv→ Nu}u6v in C(R) and a functor F: C(R)→C(S ),

show that there is a canonical morphism F(limu∈U Nu)→ limu∈U F(Nu).
E 2.5.19 Given a U-direct system {µvu : Mu→ Mv}u6v in C(R) and a functor F: C(R)op→C(S ),

show that there is a canonical morphism F(colimu∈U Mu)→ limu∈U F(Mu).
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E 2.5.20 Show that U-inverse systems in C(R) and their morphisms form an Abelian category
and that the limit is a right left functor from this category to C(R).

E 2.5.21 (Cf. 2.5.61) Verify the isomorphism limu∈U Nu ∼= Ker(β,−α) in 2.5.61.
E 2.5.22 Let {λu : Nu→ Nu−1}u∈Z be a tower. Show that limu∈Z Nu can be realized as the kernel

of an injective endomorphism of ∏u∈Z Nu. Use this to prove 2.5.71.
E 2.5.23 Let {λu : Nu→ Nu−1}u∈Z be as in 2.5.66 and show that the limit of the associated

inverse system does not depend on λu for u� 0.
E 2.5.24 Show that every complex is the limit of a tower of bounded below complexes.
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∼ homotopy, 46

∇ superdiagonal, 73

direct sum,
in category of complexes, 71

⊗ tensor product,
in category of complexes, 54∐

coproduct,
in category of complexes, 65

∏ product,
in category of complexes, 69

u pullback, 86
t pushout, 76

[·] homology class, 44
| · | degree of an element, 33
(·)\ graded module underlying a complex,
35
(·)o opposite ring, xxiii
(·)op opposite category/functor, xxiii
(·)6n hard truncation above, 64
(·)>n hard truncation below, 64
(·)⊂n soft truncation above, 64
(·)⊃n soft truncation below, 64

∂M differential, 35

Σ shift, 42

δM
X biduality,

ηXNM homomorphism evaluation,
ρXMN adjunction,

ωMXN associativity,
ςMNX swap,
$MN commutativity,
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C category of complexes, 38
Mgr category of graded modules, 34

B(·) subcomplex of boundaries, 43
C(·) cokernel of differential, 43

Coker cokernel,
H(·) homology complex, 43
Hom Hom(omorphism) functor,

in category of complexes, 48
Ker kernel,
Z(·) subcomplex of cycles, 43

amp amplitude, 60
colim colimit, 74

inf infimum, 60
lim limit, 83
sup supremum, 60
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A

acyclic complex 43
amplitude of complex 60

B

boundary 43
bounded (above/below) complex 59

C

category
opposite xxiii

chain map 37, 48
colimit 74

filtered 79
of telescope 81

complex 35
acyclic 43
bounded 59
bounded above 59
bounded below 59
concentrated in certain degrees 59
degreewise finitely generated 59
homomorphism of ∼es 48
morphism of ∼es 37
sub- 38

connecting morphism 40, 45
contravariant functor xxiii
coproduct

in C(R) 66, 74
in category of complexes 66

covariant functor xxiii
cycle 43

D

degree
of graded homomorphism 34
of homogeneous element 33

degreewise finitely generated complex 59
degreewise split exact sequence 41
diagram

commutative up to homotopy 47
differential 35
direct sum

in C(R) 71
direct system 72

category of (92)
Dold complex 35

E

exact sequence
in category of complexes 39

F

Five Lemma
in category of complexes 39

flat module 92
functor

opposite xxiii

G

graded k-algebra 34
graded homomorphism 34
graded module 33

(homo)morphism of ∼s 34
graded submodule 34
graded tensor product 34
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H

hard truncation 64
Hom complex 48

bounded above 61
degreewise finitely generated 62

Hom functor 51
homogeneous element 33
homology 43
homology class 44
homomorphism

graded 34
of complexes 48

homothety 37
homotopy 46

diagram, commutative up to 47
homotopy equivalence 46
homotopy inverse 46

I

infumum of complex 60
inverse system 82

category of (92)
morphism of ∼s 84

L

Leibniz rule 49
limit

in C(R) 83
in C(R)op 85
of tower in C(R) 88

M

module
graded 33
in degree v 33

morphism
connecting 45
of complexes 37

homotopy equivalence 46
null-homotopic 46

of direct systems 74
of graded modules 34

N

null-homotopic chain map 46, 48

O

opposite category xxiii
opposite functor xxiii
opposite ring xxiii

P

product

in C(R) 69, 83
in C(R)op 70

pullback 86
pushout 76

Q

quotient complex 38

R

ring
opposite xxiii

S

shift 42
short exact sequence

in category of complexes 39
Snake Lemma

in category of complexes 40
split exact sequence

of complexes 40
subcomplex 38
supremum of complex 60

T

telescope 81
morphism of ∼s 81

tensor product
in category of graded modules 34

tensor product complex 54
bounded below 63
degreewise finitely generated 63

tensor product functor 57
tower 88

morphism of ∼s 88
truncation

above 64
below 64
hard 64
soft 64

U

universal morphism
for colimit 74
for coproduct in C(R) 66
for limit 83
for product 69
for pullback 87
for pushout 78

V

von Neumann regular ring (92)
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