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ABSTRACT. We are interested in the structure of almost complete intersection
ideals of grade 3. We give three constructions of these ideals and their free
resolutions: one from the commutative algebra point of view, an equivariant
construction giving a nice canonical form, and finally an interpretation in terms
of open sets in certain Schubert varieties.
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INTRODUCTION

Let R be a commutative noetherian local ring. A celebrated result of Buchsbaum
and Eisenbud [10] states that every Gorenstein ideal in R of grade 3 is generated
by the 2m x 2m Pfaffians of a (2m + 1) x (2m + 1) skew symmetric matrix. Later,
Avramov [2] and Brown [6] independently proved a similar result for almost com-
plete intersections. Their proofs are based on the fact that an almost complete
intersection ideal is linked to a Gorenstein ideal; this means that their descriptions
of the resolutions depend on certain choices, so they are not coordinate free.

In this paper we take three approaches to almost complete intersection ideals of
grade 3. They involve different languages, so they can be appreciated by different
audiences. However we show how these three approaches intertwine and influence
each other.

The first approach uses only commutative and linear algebra. The main theorems
about grade 3 almost complete intersection ideals in the local ring R are stated in
Section[I} They are proved in Section 2]and Appendices[AHC| by specialization from
the generic case. In the generic case we use the Buchsbaum-Eisenbud Acyclicity
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Criterion and a computation with Pfaffians inspired by the Buchsbaum—Eisenbud
Structure Theorems, see Remark to construct the minimal free resolutions. We
emphasize that our description of the resolutions in the generic case does not depend
on linkage; this avoids an implicit change of basis present in [6], see Remark
Under this first and purely algebraic approach all statements are given full proofs;
the next two approaches offer interpretations of the same statements.

The second approach, taken in Section [3] is to provide canonical equivariant
forms of almost complete intersections. The ideals one obtains depend on a skew
symmetric matrix and three vectors. This view of almost complete intersections was
reached by analyzing the generic ring Rye, constructed by Weyman [27]. The idea
was to look for an open set in Rgen of points where the corresponding resolution
is a resolution of a perfect ideal. This set can be explicitly described as the points
where localization of certain complex over Rgm is split exact. Calculating this
“splitting form” of an ideal of grade 3 with four generators led to our form of
almost complete intersection. One could use the geometric technique of calculating
syzygies to prove the acyclicity of these complexes but they are identical to those
from the commutative algebra approach so we do not follow through on that. The
advantage of this method is that one can give a geometric interpretation of the zero
set of almost complete intersection ideals. Moreover the fact, first noticed in [2],
that the skew symmetric matrix associated to an almost complete intersection ideal
can be chosen with a 3 x 3 block of zeros on the diagonal is particularly natural
under this approach.

Finally, in Section[d], we give a geometric interpretation of both Gorenstein ideals
and almost complete intersections of grade 3. It turns out that they are intersec-
tions of the so-called big open cell with two Schubert varieties of codimension 3 in
the connected component of the orthogonal Grassmannian OGr(n,2n) of isotropic
subspaces of dimension n in a 2n-dimensional orthogonal space. It is interesting
that in this construction the two Schubert varieties appear together with a regular
sequence by which they are linked. This pattern generalizes from the D,, root sys-
tem to Eg, F7 and Eg; see Sam and Weyman [24]. We show that the defining ideals
are exactly the same as in commutative algebra approach, but we indicate how one
could see the graded format of the finite free resolutions just from representation
theory viewpoint. Also, the fact about three submaximal Pfaffians forming a regu-
lar sequence get a clear geometric interpretation, as one can see geometrically that
their zero set has codimension 3.

1. ALMOST COMPLETE INTERSECTIONS FOLLOWING AVRAMOV AND BROWN

For a grade 3 perfect ideal a in a commutative noetherian local ring (R, m, k), the
minimal free resolution of the quotient ring R/a has the form

F=0—F—F-—F—F,

and we refer to the rank of Fj as the type of R/a; if R is Cohen—Macaulay, then
this is indeed the Cohen—Macaulay type. Throughout the paper we treat quotients
of odd and even type separately.

By a result of Buchsbaum and Eisenbud [10] the minimal free resolution F has a
structure of a skew commutative differential graded algebra. This structure is not
unique, but the induced skew commutative algebra structure on Torf(R/a, k) is
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unique. It provides for a classification of quotients R/a as worked out Weyman [20]
and by Avramov, Kustin, and Miller [3].

To state the main theorems about grade 3 almost complete intersection ideals in
local rings we introduce some matrix-related notation.

1.1 Notation. Let M be an m X n matrix with entries in a commutative ring. For
subsets

I:{ilvu';ik}g{la"'?m} and J:{]ha]l}g{laan}

with 47 < -+ < and j; < --- < j; we write M[iy ...ik; 41 ...Ji] for the submatrix
of M obtained by taking the rows indexed by I and the columns indexed by J. At
times, it is more convenient to specify a submatrix in terms of removal of rows and
columns: The symbol M[iq .. .1; j1 ... Ji] specifies the submatrix of M obtained by
removing the rows indexed by I and the columns indexed by J. These notations
can also be combined: For example, M|y ...4x; 1 ... 7] is the submatrix obtained
by taking the rows indexed by the complement of I and the columns indexed by J.
For an n x n skew symmetric matrix 7', the Pfaffian of T is written Pf(T"). For a
subset {i1,...,ix} C {1,...,n} the Pfaffian of the submatrix T[iy ... dx; %1 ... 9x] is
written Pf;, ;, (T) while the Pfaffian of T[iy ... 4x; 41 ... 1] is written me(T).

1.2 Theorem. Let n > 5 be an odd number. Let (R,m, k) be a local ring and
a C R a grade 3 almost complete intersection ideal such that R/a is of type n — 3.
There exists an n X n skew symmetric block matrix

0 0 0 tia  ti5 ...
0 0 0 toa tos ...

I 0] B 0 0 0 taa  t3s ...
T\ =BTl A ] | —tia —tas —ta| 0 g5 ...

—t15 —tos —l35 | —tss O

with entries in m such that the minimal free resolution of R/a,

F=0—sR3 %, pgn %2, pt 9, p

05 = (f) :

has differentials

Pf(A) 0 0 — Plygz(U) Plage(U) --- Pgg(U)

5 _ 0 Pf(A) 0 —Pt;(U) Pe(U) --- Pf(U)

2 0 0 Pf(A) —Pf(U) Pfgs(U) -+ Pl (U) ]’
Pfr(U) —Pf5(U) Piz(U) —Pff(U) Piz(U) --- Ptz(U)

and
o = (—Pfp(U) Piz(U) —Pfz(U) Pf(A)) .
In particular, a is generated by Pf(U), Pt5(U), Pf5(U), and Pf(A). Moreover, the

multiplicative structure on Tor(R/a, k) is of class H(3,2) if R/a is of type 2 and
otherwise of class H(3,0).

The proof of this theorem is given in[2.7]and the next theorem is proved in[2.12]
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1.3 Theorem. Let n > 6 be an even number. Let (R,m, k) be a local ring and
a C R a grade 3 almost complete intersection ideal such that R/a is of type n — 3.
There exists an n X n skew symmetric block matrix U as in Theorem such that
the minimal free resolution of R/a,

F=0-—R"3%2,pn 2, pt 2. p

o (2).

has differentials

0 0 0 Pf1234( ) Pf1235( ) "'_PfT?m(U)
g, = | PfsU) —PigU) 0 Pizz(U) —Pigs(U) -+ Pig(U)
—PimU) 0 Pigg(U) —Pig(U) PigU) - —Pig(U) |’
0 Pfﬁ(U) —Pfﬁ(U) Pfﬁ(U) PflO(U) Pfﬁ(U)

and

o1 = (PHU) Pl(U) Pig(U) Pig(U) .
In particular, a is generated by Pf( ), Piz(U), Piz(U), and Pis5(U). Moreover,
the multiplicative structure on Torf(R/a, k) is of class T.

The proofs Theorems [I.2 and [I.3 have been deferred to the next section because
we obtain them by specialization of statements about generic almost complete in-
tersections.

2. GENERIC ALMOST COMPLETE INTERSECTIONS

In this section and the appendices we deal extensively with relations between Pfaf-
fians of submatrices T'[iy ... ig; 41 ... of a fixed skew symmetric matrix 7. It is,
therefore, convenient to have the following variation on the notation from

(201) pr (’Ll .. ’Lk) = Pf“Zk(T) and pr(il . ) = P‘fl1 1k( )

It emphasizes the subset, which changes, over the matrix, which is fixed; for homo-
geneity we set pf = Pf(T).

2.1 Setup. Let n be a natural number and R = Z[r;; | 1 < i < j < n| the
polynomial algebra in indeterminates 7;; over Z. Let T be the n xn skew symmetric
matrix with entries 7[i;j] = 7;; = —T[j;1] for 1 < i < j < n and zeros on the
diagonal. It looks like this:

0 Ti2  T13 T4
—T12 0 723 724 ...
T — —T13 —T23 0 T34 .-

—Tia —Tog —T34 O

2.2 Lemma. Adopt the setup from [2.1] and denote by 9 the ideal generated by
the indeterminates 7;;. Let : R"™3 — R™ be the linear map given by the matrix
T[l...n;4...n]. One has (R"~3) NMZR" = J(IMR"3).
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Proof. Let g4,...,9, and f1,... fn, be the standard bases for the free modules
R"3 and R". Let x = 22;4 a;g; be an element of R™~3; one has

n i—1 n n j—1 n
o) = Y ai(Yomifi = D k) = 2 (X —ami+ D am )i
i=4 j=1 j=i+1 j=1 i=4 i=j+1

Thus, if d(z) is contained in M?R™, then all the elements a;7;; and a;7;; belong to
92, which implies that the every a; is in 9. Thus, 9(R"~3) N IM2R™ is contained
in Q(MR"~3), and the opposite containment is trivial. |

Quotients of even type.

2.3 Theorem. Let n > 5 be an odd number; consider the ring R and the n x n
matrix T from The homomorphisms given by the matrices

05 = T[l...n;4...n],

pf(123) 0 0 —pfr(234) pfr(235) pfr(23n)

5 — 0 pfr(123) 0  —pfp(134) pfy(135) pfr(13n)

? 0 0 pfy(123) —pfy(124) pfy(125) --- pfy(12n) )~
pir(1)  —pfr(2) pir(3)  —pfr(4)  pir(5) pir(m)

and
o = (—pfr(1) pfr(2) —pfr(3) ptr(123)) ,
define an exact sequence

F=0—sR3 B, gn %2, p4 0, p

That is, denoting by 2, the ideal generated by the entries of 01, the complex F is
a free resolution of R/,,. Moreover, the ideal 2,, is perfect of grade 3.

The proof of this theorem relies on a series of technical results that we defer to
Appendix [C] The proof shows how they come together.

Proof. It follows from Lemma that F is a complex. The expected ranks of
the homomorphisms 93, J5, and 0, are n — 3, 3, and 1. To show that the complex
is exact at R"~3, R", and R* it suffices by the Buchsbaum-Eisenbud Acyclicity
Criterion [§] to verify the inequalities

gradeg (I,—3(03)) =2 3, gradeg(I3(d2)) =2, and gradeg(I1(d1)) =1,

where as usual I,.(9) denotes the ideal generated by the r x r minors of 9. By
Lemma the ideal I1(01) = 2, has grade at least 3. By Lemma the radical
V2, is contained in /I,,_3(93), so gradeg (I,_3(93)) > gradeg (2,,) > 3 holds. By
Proposition the generators of I3(92) are products of generators of the ideals
I,-3(03) and I;(91) = A,,. It follows that the radical y/I3(d2) contains /2, so one
also has gradeg (I3(02)) > 3. Thus, F is a free resolution of R/2,; in particular,
the projective dimension of R /%, is at most 3. As the grade of 2, is at least 3, it
follows that 2, is perfect of grade 3. (]

The following commentary also applies to the proof of Theorem [2.9]

2.4 Remark. The proof of Theorem [2.3] is based on establishing containments
among radicals to ensure that the rank conditions in the Buchsbaum—Eisenbud
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Acyclicity Criterion are met; per [9, Theorem 2.1] the conclusion that F is exact
implies that the radicals \/In,g(ag), \/13(82), and /11 (01) agree.

The inspiration for the pivotal Proposition [C:4] came from the same paper,
namely from the Buchsbaum-Eisenbud Structure Theorems which, in the guise
of [9; Corollary 5.1], say that for F to be a resolution the equality I,,_3(05)I1(01) =
I5(9;) must hold. The vehicle for the proof of Proposition is a relation be-
tween the sub-Pfafians and general minors of a skew symmetric matrix; it was first
discovered by Brill [4] and reproved by us in [11] using Knuth’s [I7] combinatorial
approach to Pfaffians in the same vein as in Appendices [AHC]

As noticed in [2] one can replace the upper left 3 x 3 block in 7 with a block of
zeros without changing the ideal 2,,.

2.5 Lemma. Letn > 5 be an odd number and T' = (t;;) an n x n skew symmetric
matrix with entries in a commutative ring R. Let U be the matrix obtained from
T by replacing the upper left 3 x 3 block by a block of zeros; i.e.

0 0 0 t14 tis ...

0 0 0 tog  tos ...

0 0 0 tsg tzs ...
—t1a —tog —t3za 0 tg5 ...
—t15  —tos —tl3zs —ts5 O

U:

There is an equality of ideals in R,

Proof. Notice that Pfi5;(T") = Pfi5;(U) holds for i € {3,...,n}. Lemma
applied with w1 ...ux =2...n and £ = 1 now yields

Pi(T) = Zt2z )" Plyg(T)

= to3 Pf123 + Z tgz Z 1 Pf@( ) = 193 Pf@(U) + PfT(U) .

Similarly, one gets

n
Pz(T) = Y t1(=1)""" Plyg(T)
=3
= t13 Plpgg(U +Zth )L Pls(U) = t13 Pigg(U) + Pig(U)
and

Pfz(T) = t1p Pfgg(T +Zt“ )T Plg(T)

= t1y Pfgg(U +Zth )L Pigo(U) = t1a Pigs(U) + Pfz(U) .

The asserted equality of ideals is immediate from these three expressions. [
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2.6 Proposition. Letn > 5 be an odd number. Consider the ring R and the n xn
matrix T from[2.1] as well as the ideal 2,, from Theorem[2.3] Let U be the matrix
obtained from T by replacing the upper left 3 x 3 block by a block of zeros; i.e.

0 0 0 T4  Ti5
0 0 0 T24 T25 ..
0 0 0 T34 T35 «..

u =
—T14 —T24 —T34 0 T45 ..

—Ti5 —To5 —T35 —T45 O

The homomorphisms given by the matrices

05 = U[l...n;4...n],

pf;,(123) 07 0 —Pfu(ﬁ) pfu(ﬁ) pfy( ﬂ)

9, — 0 pf;,(123) 0  —pfy(134) pfy(135) pfy(13n)

2 0 0 pf,(123) —pfy,(124) pf,(125) pf,(12n) |
pfy (1)  —pfy(2) pfy(3)  —pfy(d)  pfy(5) pfy, (1)

and

o = (—pfy(1) pfy(2) —pfy3) pf(123)),
define a free resolution £ = 0 —s R*—3 225 Rr 225 Rt 2 R of R/2U,. In
particular, the ideal ,, is generated by pf,(1), pfy;(2), pfy(3), and pf;,(123).
Proof. By Lemma 2.5 one has

(pfy (1), pfy(2), pfy(3), pfy,(123)) = (pf,(1), pf(2), pf(3), pfr(123)) = A, .

Next we show how to obtain the free resolution £ from the resolution F from Theo-
rem[2.3] To distinguish the differentials on the resolutions we introduce superscripts
L and F. Consider the matrix

1 0 0 O 1 0 0 0

I R R o 1 0 o
S = 0 0 1 0 with inverse S~ = 0 0 1 0
T3 —Ti13 Ti2 1 —To3 T3 —Ti2 1

As in the proof of Lemma [2.5] one has

(1) pf(1) = 723 pfy,(123) + pfy, (1),

(2) pfr(2) = mi3pfy,(123) + pfy(2),

(3) pfr(3) = m2pfy(123) + pfy(3), and
(4) pfr(123) = pfy,(123).

These identities show that one has 9 = d{ S. Thus, the matrices
oy, S7'oy, and 9SS

determine a free resolution of R/%,. As the submatrices 95 = U[l...n;4...n]
and 9 = T[1...n;4...n] agree, it suffices to show that 05 = S~19 holds.
For indices 1 < i < n one has

pfr(12i) = pfy,(12i), pfr(137) = pfy,(13i), and pfr(23i) = pfy,(23i).
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It follows that the first three rows in the matrices 9%, 94, and S0 agree. We
now focus of the fourth rows of 95 and S~105 . The first three entries in the fourth
rows agree by the identities (1), (2), and (3). Now fix j € {4,...,n}. Another
application of Lemma yields

pfr(j) = T2 pfr(12)) — 713 pf(13))

n

Jj—1
+ ) (=D pfr(Ti) + > (=1) ' pt(Ti) -
i—4 i=j+1

One has pr(lm) = T23 pr<123ij) + pfy (W% again by Lemma and therefore
pfr(j) — T2 pt(125) + 713 pf-(135)

j—1 n
_ 723(;(—1)%11- pf (1237)) + i:;l(—l)lflm pr(123ij))

+Z Yers pfy (147) + Z (=1)" 7y pfy, (T3g)
i=j+1
= T3 Pf7(23]) +pfy (),

where the last equality follows from two applications of Lemma This identity
shows that the fourth row entries of 95 and S~'04 agree in column j. O

One could also establish Proposition as follows: After invoking Lemma
repeat the proof of Theorem [2.3] noticing at every step that the conclusions remain
valid after evaluation at 710 = 73 = 793 = 0.

2.7 Proof of Theorem An almost complete intersection ideal of grade 3 is
by [10, Proposition 5.2] linked to a Gorenstein ideal of grade 3, and Brown [0,
Proposition 4.3] uses this to show that there exits a skew symmetric matrix T with
entries in m such that a is generated by the Pfaffians Pf(T"), Pf5(T), Pf3(T), and
Pfi55(T"). Lemma shows than one can replace the upper left 3 x 3 block in T'
with zeroes and arrive at the asserted block matrix U.

Adopt Setup2.1} Let R — R be given by 7;; — t;;; it makes R an R-algebra and
maps Pfaffians of submatrices of 7 to the corresponding Pfaffians of submatrices of
U, i.e. pf(123) maps to Pfs5(U) etc. Let F be the free resolution of R/2, from
Theorem As one has R/a = R/, ®r R and a has grade 3 it follows from
Bruns and Vetter [7, Theorem 3.5] that

(0) F=F®rR

is a free resolution of R/a over R, and it is minimal as the differentials are given
by matrices with entries in m.

We now establish parts of a multiplicative structure on F: just enough to de-
termine the multiplicative structure on the k-algebra TorZ(R/a, k). Let ey, ..., ea,
fi,---y fn,and g1, ..., gn_3 be the standard bases for the free modules Fy, F5, and
F35. From the three obvious Koszul relations one gets

Oa(eser) = Plgg(U)er + Pig(U)es = 92(f1) ,
(92(6462) = me(U) — Pf*(U) (92(f2) y and
82(6463) = Pf123(U)€3 + Piz (U) 82(f3) .
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Thus one can set
(1) eqer = f1, egeg = fo, and ege3 = f3.

These three products in F' induce non-trivial products in Tor (R/a, k). Applying
Lemma[A'2] the same way as in the proof of Lemma one gets:

Ds(e1e2) = —Pfp(U)es — Pi5(U)e; = 62(Zt3ifi)v
=4

82(6263> = Pfi(U)eg, —‘rPfg(U)eg = 02(Zt1ifi), and

n

O(eser) = — Pls(U)es + Plr(U)es = (Z %i f)

i=4
Thus one can set

n n n
(2) eley = Zt?)ifia ege3z = Ztufi, and eze; = ZtQifi-
) Py} =1

The products (2) induce trivial products in Tor(R/a, k). We have now accounted
for all products of elements from Fi, so R/a is of class H(3,q), where ¢ denotes
the dimension of the subspace Tor(R/a, k) - Tors(R/a, k) of Tor¥(R/a, k); see [3,
Theorem 2.1].
For j € {1,2,3} one has
83(€4fj) = Pf@(U)f] — €4 (me(U)eJ + Pf}(U)&l) =0
by (1). Since 05 is injective, one has
eafi = eafa = esfs = 0.
For j € {4,...,n} one gets
O3(eaf;) = Pligg(U)f;
(3) + (—1) e (Pyg;(U)er + Plyg;(U)ea + Plyg;(U)es PIH(U)es)
= (=1)? (Pgg;(U) f1 + Plz;(U) f2 + Plg;(U) f3) — Plgz(U) f; .
again by (1). Thus, for n > 7 one has 93(e4fj) € m?F». In this case it follows from
Lemma and (0) that there is an element z; € mF3 with 03(z;) = 03(eaf;), so
by injectivity of O3 one has e4f; = x;; in particular this product induces a trivial
product in Torf(R/a, k). For n =5 one has j € {4,5} and (3) specializes to
O3(eafs) = tisfi +tasfo +tasfs —tasfa = O03(g2) and
O3(eafs) = —(tiafi +toafo +t3afs +tasfs) = —0s(g1) -

As 05 is injective, this shows that in this case one has

esfs = g2 and esfs = —g1.

To prove the assertion about the multiplicative structure on Tor®(R/a, k), it suffices
to show that there are no further non-zero products in Torf'(R/a, k) - Tory (R/a, k).
To this end it suffices by Lemmaand (0) to shows that 03 (e; f;) belongs to m? F
for indices 1 <7< 3 and 1 < j < n. For 1 <14,5 <3 one has

ds(eif;) = (-1)'PE(U)f; — ei(Plrgg(U)e; + (=1)' 7' PE5(U)es) -
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This is indeed in m*F, as Pf3(U) and Pf+(U) belong to m?, and e;e; € mFj by (2).
For indices 1 < ¢ < 3 and 4 < j < n one has

33(€ifj) = (*Ule?(U)fj
— e;(=1)7 71 (Pfgg;(U)er + Plg;(U)ez + Pygs(U)es + Pi(U)es) .

As above Pf;(U) and Pfjf-(U) belong to m?, and the products e;e;, e;es, and e;es
belong to mF, by (2). O

Quotients of odd type.

2.8 Remark. In Brown’s work [6], the statements to the effect that all almost
complete intersection ideals come from skew symmetric matrices—Propositions 4.2
and 4.3 in loc. cit. as cited in our proofs of Theorems and [[.3] -are separated
from the descriptions of the free resolutions: Propositions 3.2 and 3.3 in loc. cit.
The proofs of all four statements in [6] rely on the fact from [I0] that almost
complete intersection ideals are linked to Gorenstein ideals, but compare the proofs
of [6, Propositions 3.2 and 4.2] for almost complete intersections of odd type: The
linking sequence used in the description of the free resolution is different from the
one used to associate a skew symmetric matrix; a change of basis argument is thus
required to reconcile the two. Our explicit construction of the free resolution in the
generic case, Theorems 2.3 and [2.9] allows us to avoid such issues in the proofs of
Theorems [[.2] and [L.3]

2.9 Theorem. Let n 2> 6 be an even number; consider the ring R and the n X n
matrix T from[2.1] The homomorphisms given by the matrices

05 = T[l...n;4...n],

0 0 0 —pfr(1234) pfr(1235) ---—pf,(123n)

9y — pr(lﬁ —pf(23) 0 PfT(37) *PfTL ) - PfT(37L)

2 —pf+(12) 0 pfyp(23) —pfr(24) pfr(25) - —pfyr(2n) |’
0 pfr(12) —pfr(13) pfr(14) —pfr(15) - pir(In

and
o = (pfr pir(12) pfr(13) pfr(23))
define an exact sequence
F=0—0Rw3 B,gn 2,04 2,0,
That is, denoting by 2,, the ideal generated by the entries of 01, the complex F is
a free resolution of R/,,. Moreover, the ideal 2,, is perfect of grade 3.

Proof. The proof of Theorem applies, one only needs to replace the references

to [C.IHC.4l with references to [C.5HC.8 O

2.10 Lemma. Letn > 6 be an even number and T' = (t;;) an nxn skew symmetric
matrix with entries in a commutative ring R. Let U be the matrix obtained from
T by replacing the upper left 3 x 3 block by a block of zeros; see Lemmal2.5] There
is an equality of ideals in R

(PE(T), Pi(T), Pig(T), Pisg(T)) = (PL(U), Pi(U), Pig(U), Pig(U)) .
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Proof. First notice that one has
(1) Pifx(T) = Pip(U), Pifg(T) = PiU), and Pig(T) = PigU).
Lemma[A2) applied with u;...ux =1...n and ¢ = 1 yields

Pf(T) = Y t1i(—1)" Pi(T)
(2) =
= t19 Pi(T) — t13 Piz(T +Zth )i PEy(T) .

For i > 4 the same lemma applied with uy ...ux =2...n\ ¢ and £ = 2 yields
(3) PI5(T) = ta3 Pf@( ) + P (U) .
From (2), (3), and further applications of one now gets

Pf(T) — t1o Pi5(T) + t13 Pi5(T)

(4) = ta3 Ztli(_l)i o5 (T) + Ztlz f(U)
i=4
= t93 Pioz(T) + PL(U).
The asserted equality of ideals is immediate from (1) and (4). O

2.11 Proposition. Let n > 6 be an even number. Consider the ring R and the
n X n matrix 7 from as well as the ideal ,, from Theorem Let U be the
matrix obtained from T by replacing the upper left 3 x 3 block by a block of zeros;
see Proposition[2.6] The homomorphisms given by the matrices

05 = U[L,...,m4,...,n],

0 0 0 —pfy(1234) pfy(1235) ---—pfy,(123n)
9y — pfy(13) —pfy(23) 07 Pfu(?’ﬂ —pfy( ) Pfu(3£)
? —pfy(12) 0 Pfu(zﬁ —pqu4) pfy(25) - —pfu(z")
0 pfy(12) —pfy(13) pfy(14)  —pfy(15) -~ pfy(In)

and o o o

o = (pfy pfy(12) pfy,(13) Pfu(23))
define a free resolution £ = 0 —s R*=3 22, gn %2, pa 9 p of R/A,. In
particular, the ideal 2,, is generated by pfy,, pf;,(12), pfu(l?)) and pf,,(23).

Proof. By Lemma [2.10| one has

(pr7 pfu(ﬁ)v pfu(ﬁ)v pfu(%)) = (pra pr(ﬁ)v pf’T(Tg)a pf:—,—(ﬁ)) = an .
As in the proof of Proposition [2:6] we proceed to show how the free resolution L is
obtained from the resolution F from Theorem To distinguish the differentials
on the resolutions we introduce superscripts £ and F. Consider the matrix

1 0 0O 1 0 0 O

o —T12 1 0 0 . . -1 _ T12 1 0 0

S = s 001 0 with inverse S~ = rs 0 1 0
-3 0 0 1 Tos 0 0 1

Notice that one has
(1) pfy(12) = pfy(12), pfr(13) = pf,(13), and pfr(23) = pf(23).
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As in the proof of Lemma [2.10] one gets

(2) pfr = To3pf(23) + pfy, .

These identities yield 0 = d{ S. Thus, the matrices 9, S™197, and 97 S deter-
mine a free resolution of R/%,. As the matrices 95 and 9 agree, it suffices to
show that 05 = S~107 holds.

By (1) the first three columns of the matrices 05, 94, and S~'9f agree. For
indices 1 < i < n one has pf;(123i) = pf;,(123i), so also the top rows in the
matrices 05, 9 , and S~'04 agree. Now fix i € {4,...,n}. The (4,4) entry in the
matrix S7107 is

Ta3(=1)""" pfr(1234) + (—1)" pty- (1) .
To see that this is indeed (—1)*~" pf,,(1237), the (4,) entry in 05, apply LemmalA.2]
with ug...up =2...n\ ¢ and £ = 2 to get

pf7(1i) = 73 pf7(1230) + ply,(17) -
Similar applications of Lemma [A72] yield the identities
pfr(2i) = 73 pfr(1230) + pfy(20) and  pfr(3i) = ma2pfr(1230) + pfy (30) ,

which show that also the (3,¢) and (2,%) entries in the two matrices agree. O

2.12 Proof of Theorem An almost complete intersection ideal of grade 3
is by [10, Proposition 5.2] linked to a Gorenstein ideal of grade 3, and Brown [6],
Proposition 4.2] uses this to show that there exits a skew symmetric matrix T with
entries in m such that a is generated by the Pfaffians Pf(T"), Pf5(T"), Pf13(T), and
Pfs5(T). Lemma shows than one can replace the upper left 3 x 3 block in T’
with zeroes and arrive at the asserted block matrix U. Adopt Setup and let F
be the free resolution of R/, from Theorem As in the proof of Theorem
one sees that

(0) F=F®zR

is a minimal free resolution of R/a over R.

As in the proof of Theorem [I.2] we proceed to determine enough of a multiplica-
tive structure on F' to recognize the multiplicative structure on Tor®(R/a, k). Let
€1,---5€4, f1,---, fn, and g1,...,gn—3 be the standard bases for the free modules
Fi, F5, and F3. From the three obvious Koszul relations one gets

Oa(e2e3) = Pig(U)es — Pig(U)ez = da2(—f1),
82(6364) = Pfﬁ(U)&;*Pfﬁ(U)eS = 82(7]03)7 and

82(6462) = Pfﬁ(U)eg — Pfﬁ(U)&; = 82(—f2) .
Thus one can set
(1) €2€3 — _fl y €3€4 — —f3 y and €4€9 = —fg .

These three products in F induce non-trivial products in Tor®(R/a, k). Repeated
applications of Lemma, yield:

82(6162) = Pf(T)ez — Pfﬁ(U)el

—(it?ﬂ‘(_l)i me(U))el + (Z:L:tgi(—l)in?ﬂ.(U))@
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02 ( z”: t3¢f¢> ;
=4

82(6163) = Pf(T)eg —Pfﬁ(U)eg = 82(275%]2) s and
1=4

82(6164) = Pf(T)€4 - Pfg(U)el = 82(Zt11f2) .
i=4
Thus one can set
(2) eres = Y taifi, eres = » taifi, and ereq = > tyfi.
i=4 i=4 i=4
The products (2) induce trivial products in Tor®(R/a, k). We have now accounted
for all products of elements from F;. To prove that R/a is of class T it suffices to
show that all products of the form e;f; induce the zero product in Tor®(R/a, k);
see [3, Theorem 2.1]. To this end, it suffices by Lemma [2.2] and (0) to shows that
03(e; f;) belongs to m?F for all indices 1 < i < 4 and 1 < j < n. One has
Os(eif;) = Oile)f; — Da(fj)ei .
For all i one has 9;(e;) € m?, and for 1 < j < 3 also d2(f;) belongs to m?. For
4 < j < none has
82(fj)ei = (—1)j71 (Pf@(U)el — Pf@(U)@Q + Pfﬂ(U)eg, — Pfﬂ(U)&L)ez .

This too is in m?F} as the coefficients Pf(U), Pf53(U), and Pf5;(U) belong to m?
and the product e;e; is in mF5. O

3. THE EQUIVARIANT FORM OF THE FORMAT (1,4,n,n — 3)

In this section we give an equivariant interpretation of generic four generated perfect
ideals of codimension three. These ideals were already considered from a purely
algebraic point of view in Section 2] and they will be treated as linear sections of
Schubert varieties in Section [

Quotients of even type. Let n = 2m+ 3 where m is a natural number. Consider
a 2m x 2m generic skew symmetric matrix A = (¢;;) and a 3 x 2m generic matrix
B = (ug;). Thus we work over a ring

A = Symy(N*Fe F®G) = Zey,
where F' = Z?™ and G = Z? are free Z-modules. The ring A has an obvious

bigrading with |c;;| = (1,0) and |ug| = (0,1).

3.1 Proposition. Let {g1,...,g2m } be a basis for F and set

2m

C = Z cijgi Ng; and up = Zukigi for 1<k <3.

1<i<j<2m i=1
We denote by CJ the j** exterior power in /\2j F'. The ideal
I, = (Cm7 Cm A up N\ uz, Ccm A up N\ us, A Uz N\ ’LL3)

is a grade 3 almost complete intersection ideal of type 2m =n — 3.



14 L. W. CHRISTENSEN, O. VELICHE, AND J. WEYMAN

Proof. The exterior powers CV have a natural description in terms of Pfaffians of
the matrix A,

Cj = Z Pfi1..‘i2j (A) *Giy VANPIAN gizj .

1<i1<"'<i2j<2m
Plugging these in, we see that we get the generators of the ideals described in this

proposition from the matrix I/ in Propositionvia the substitutions ¢;; = 713 43
and Us,5 = Ti,j+3- O

Let us work out the minimal free resolution of the ideal defined above.

3.2 Proposition. Let n = 2m + 3 and Z,, be the ideal from Proposition The
minimal graded free resolution of the cyclic A-module A/, is

2m 3
Foi0 = Fo(AF)® e \NGoA(-2m+1,-3) 2
2m 2 2m 2m—1 3

APZoNGoA-2m+1,-2)a N\Fo N\ Fo/\GoA-2m+2 -3)
2m 2m 2

2 NF@ A(-m,0)@ A\F o \GoA(-m+1,-2) 2 A.

The differentials 03, 02, 01 are described in the proof below. For every field k the
resolution Fe ®7z k is minimal over

A = Sym (N FoFeG)) = kleij, uk] ,

with ' = F @z k and G = G ®z k. The ideal I,, ®7 k is thus perfect of grade three.

Proof. Let us first describe the differentials in the complex F, in this setting. The
last differential 95 is just a (2m + 3) x 2m matrix with the 2m x 2m block given by
the matrix A and the 3 x 2m block given by the matrix B. The differential d; can
be expressed in block form as

5 — A | Ao
2 Aoy | Ago

where Ao is given by multiplication by the representation /\2m F occurring in the
degree (m,0) component of A. The matrix Ass is given by multiplication by the
representation A"~ F ® @ occurring in the degree (m — 1,1) of A. The matrix
Ajqq is given by multiplication by the representation /\2m F® /\2 G occurring in
the degree (m — 1,2) component of A and Aj, is given by multiplication by the
representation A\*" ' F @ A® G occurring in the degree (m — 2,3) component of
A. The relations coming from the second summand are three Koszul relations
between the last generator and the three others. The differential 0y is given by the
generators of Z,,.



ALMOST COMPLETE INTERSECTION IDEALS OF GRADE 3 15

The matrices of the differentials are:

Ui Ui2 u13 coe Ul2m
U21 U22 U23 c.. U22m
u31 U32 Uus3 ceo U32m
Oy = 0 c12 c13 s Ciom |
—C12 O C23 e C22m,
—Cl2m —C22m —C32m --- 0
—r1T —X2 —XT3 w1 w2 . Wam
g, = | ™ 0 0 w31 V32 oo Y23}2m
0 T4 0 w3yt —v3y2 --- —U(13}2m
0 0 T4  V{12}1 V{1,2}2 ---  V{1.2}2m
and
0 = (581 T2 X3 $4)
with entries as defined below
xr, = Cm, To = C’mfl/\uz/\u;),, Tr3 = 6'71171/\’1L1/\’l137 Tyg = Cmil/\ul /\’UQ,
L Pf_ o dikil
Via,p}i = g uy; PfA(C) and w; = E AP P (C)
J gkl

Here A% is a 3 x 3 minor of the 3 x (2m) matrix B on columns j, k,[. Finally
is the complement of {«, 8} in the set {1,2,3}.

The exterior powers C7 have a natural description in terms of Pfaffians of the
matrix A,

¢ = Z Pfil-ui?,j (A) "Gy NN Gizj -
1< <+ <ig; <2m

Plugging these in, we see that we get the generators of the ideals described in
Proposition from the matrix ¢ from Proposition via the substitution c¢;; =
Tit3,j+3 and u; ; = 74 j43. Using this substitution we see our complex is just the
complex described in Proposition |2.6 [

Notice that the representation theory dictates what the differentials should be,
as each component of 03, 0, 07 is determined by the equivariance property with
respect to GL(F) x GL(G) up to a non-zero scalar.

Quotients of odd type. There is a nice analogue in the odd case. Let n = 2m+4
where m is a natural number. Consider a (2m+1) x (2m+1) generic skew symmetric
matrix A = (¢;;) and a 3 x (2m + 1) generic matrix B = (u;). Thus we work over
aring A= Sym,(AN°F & F ®G) = Zlcij, u;) where F = Z*™t1 and G = Z3 are
free Z-modules.

3.3 Proposition. Let {g1,...,g2m+1} be a basis for F' and set

2m—+1
C = Z cijgi Ng; and wup = Z ugig; for 1< k<3.
1<i<j<2m+1 i=1

Again we denote by C the j-th exterior power of C' in /\Zj F'. The ideal
In = (Cmil ANup A\Nug A U3,Cm A\ Ul,Cm A\ UQ,Cm A\ Ug)
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is a grade 3 almost complete intersection of type 2m + 1 =mn — 3.

Proof. The exterior powers C7 have a natural description in terms of Pfaffians of
the matrix A.

C‘j = Z Pfil...igj (A) * Giq VANIAN gizj .
1< < <ig; <2m

Plugging these in, we see that we get the generators of the ideals described in this
proposition from the matrix &/ in Proposition via the substitution ¢;; = 713 43
and U5 = Ti,543- O

Let us work out the minimal free resolution of the ideal defined above.

3.4 Proposition. Let n = 2m + 4 and Z,, be the ideal from Proposition|3.3] The
minimal graded free resolution of the cyclic A-module A/T, is

2m—+1 3
Foi0—=Fa( \ F)* e \GoA-2m,-3) 2
2m—+1 2 2m—+1 2m 3
(N PP2oN\NGoA(-2m,-2)e N\ Fo \Fo \GoA(-2m+1,-3)
2m-+1 3 2m—+1

2y N FONGOA(m+1,-3)& /\ FoG®A-m 1) 2 A.

The differentials 03, 02, 01 are described in the proof below. For every field k the
resolution Fe ®7z k is minimal over

A = Sym(N’FeF®G)) = kleij,up) ,
with F = F @z k and G = G ®z k. The ideal I,, ®z k is thus perfect of grade three.

Proof. Let us describe the differentials of the resolution in this setting. The last
differential J5 is just a (2m + 3) X 2m matrix with the 2m x 2m block given by the
matrix A and the 3 x 2m block given by three vectors. The differential d; can be

expressed in block form as
9, — ( An | A )
Az | A2z

where As; is zero. The matrix Ags is given by multiplication by the representation
/\2m F occurring in the degree (m,0) component of A. The matrix Ay is given by
2+l B @ G occurring in the degree (m, 1)
component of A and A, is given by multiplication by the representation /\2m F®
/\2 G occurring in the degree (m—1,2) component of A. The differential d; is given
by the generators of Z,.

The matrices of differentials are:

multiplication by the representation /A

U1 U12 U3 ce. Ul2m41
U21 U22 U23 s U22m41
us1 u32 uss <o U32m+1

Dy = 0 12 €13 s Clamn |
—cC12 0 c23 .. C22m41

—Cl2m+1 —C22m+1 ~—C32m41 --- 0
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0 0 0 wp W ... Wm41
by = x3 T4 0 wvi1 vi2 ... Vizm41
—xo 0 T4 V21 V22 ... V22m41
0 —T2 —I3 V31 V32 ... U32om4il
and
0 = (1‘1 T2 X3 964)
where

xr1 = Cmil/\U1/\u2/\U3, €Ty = C’m/\ul, r3 = Cm/\UQ, €Ty = Cm/\U3,

w; = £Pf(C),  and v, = Y AN PE(C).
g,k

Here Aflkﬁ is a 2 x 2 minor of the 3 x (2m + 1) matrix B on rows «, 8 and columns
J, k. Finally v is the complement of {a, 8} in the set {1,2,3}.

In order to prove exactness, notice that the exterior powers C7 have a natural
description in terms of Pfaffians of the matrix A.

C‘j = Z Pfilmigj (A) *Giqy VANPAN gizj .

1<y < <idg; <K2m

Plugging these in we see that we we get the generators of the ideals described
in Proposition from the matrix U from Proposition [2.11] with substitutions
Cij = Tit3,j+3 and u; j = 75 j4+3. Using this substitution we see our complex is just
the complex described in Proposition [2.11 [

Notice that the representation theory dictates what the differentials should be,
as each component of 03, d2, 01 is determined by the equivariance property with
respect to GL(F') x GL(G) up to a non-zero scalar.

4. SCHUBERT VARIETIES IN ORTHOGONAL (GRASSMANNIANS VS. ALMOST
COMPLETE INTERSECTION AND GORENSTEIN IDEALS OF CODIMENSION 3

In this section we discuss connections between the ideals described in the previous
sections and Schubert varieties in the isotropic Grassmannian of even dimensional
orthogonal space. We start with a 2n-dimensional vector space W over a field
k. We denote by Q(-,-) a non-degenerate quadratic form on W that admits a
hyperbolic basis {e1,ea,...,€n,En,..., e, . We deal with the special orthogonal
group SO(W) of isometries of W of determinant 1, and its double cover Spin(W).
The maximal torus T' = (k*)™ is contained in SO(W) as the diagonal matrices ¢
acting on W as follows

t(e;) = tie; and t(e;) = t;'e; for 1<i<n.

We consider the lattice of integral weights for 7', which is a free Z-module with
coordinate basis {e1, ..., €, }. We identify €; with the weight of e; under this action;
the weight of €; is —e;.

There is an associated root system of type D,, with roots

Simple roots are a; = €¢; — €41 for 1 <i<n—1and a, = €,-1 + €,. If R(D,,) is
a Z-submodule of Z™ generated by roots, then the fundamental weights w; in the
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dual Z-module (Z™)* are generators of the dual lattice A, called the weight lattice,
defined by w;(e;) = 6; ;. We see that

wi = €+--+¢ forl<i<n—2,

1 n
Wn-1 = 3516, and
_ 1xywn—1 1
Wn = 591 €& — 5€n -

The action of the Weyl group. The Weyl group W(D,,) acts on A by linear
maps that permute the roots. It is a subgroup of index 2 in a hyperoctahedral
group. W(D,,) is generated by simple reflections s1, sg,...,s,. For 1 <i<n—1
the reflection s; simply permutes ¢; and €;41, and s,, acts as follows: s, (¢;) = ¢; for
1<i<n—2 sp(€n—1) = —€n, and s,(e,) = —€,_1. It contains the permutation
group W(A,,_1) on n elements generated by simple reflections s1, ..., Sy_2, Sn.

Over the field of complex numbers, one can classify representations of the group
SO(W) and its double cover Spin(W). First, the category of representations of the
Spin group is semi-simple, so every representation is a direct sum of irreducible ones.
The irreducible representations are so-called highest weight representations V'(\),
where A = " | \w; is an integral linear combination of fundamental weights with
non-negative coefficients ;. The representations of Spin(W) are direct sums of
only those irreducibles V() for which A written in terms of ¢;’s belongs to A. Over
other fields, and over Z, one can define appropriate analogues of highest weight
representations.

We are interested in two particular representations: the half-spinor representa-
tions V(wn—1) and V(w,). They are closely connected, as we will show, to the
space of skew symmetric matrices. To that end we recall some generalities about
homogeneous spaces.

Let us work over an algebraically closed field k. Let G be a reductive algebraic
group and let P; C G be a parabolic subgroup stabilizing a fundamental weight
w; € A. Tt is well-known that there is a canonical embedding of G/P; into P(V (w;)).
To describe this embedding, consider the Weyl group W, which naturally acts on A,
and in it the stabilizer W, of the i*® fundamental weight. For each w € W/W,,,, let
w € W be the unique minimal length representative. There is a cell decomposition

G/p = || BuwP,
weW /Wy,

called the Bruhat decomposition, where B is the Borel subgroup contained in P;.
The embedding G/P; — P(V(w;)) is given by bw — [bww;]. In fact, we know that
G/P = G - v,,, where v, is the highest weight vector in V' (w;).

The cardinality of W/W,,, is the same as the cardinality of the orbit W - w;.
Now, if the fundamental weight w; is minuscule, then this number coincides with
the dimension dimy, V' (w;) of the fundamental representation. This implies that the
Bruhat graph of the Bruhat interval in the Coxeter group (W, S) corresponding to
the minimal length representatives of the elements in W/W,, coincides with the
crystal graph associated to the representation V(w;).

Throughout the rest of this section we are interested in the case of a root
system of type D, and the parabolic subgroup P,_i, the homogeneous space
Spin(2n)/P,_1 is one of the two connected components of the isotropic Grass-
mannian OGr(n, 2n).
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It is well-known, see for example Laksmibai and Raghavan [I8, Section 3.3],
that the homogeneous coordinate ring of the connected component of OGr(n,2n),
considered as a projective subvariety of the projective space P(V(wp—1)), has a
decomposition

into irreducible representations of Spin(W), so each graded component of this ring
is irreducible. The half-spinor representation V (w,_1) is a representation of dimen-
sion 2"~ ! whose weights with respect to the Cartan subalgebra are (j:%, cee :i:%)
with an even number of minuses. It has a twin representation V(w,,) of dimension
2"~1 whose weights with respect to the Cartan subalgebra are (:I:%7 RN :I:%) with
an odd number of minuses. Both half-spinor representations are constructed from
the Clifford algebra of the quadratic form Q.

It is also known—Kostant’s Theorem, see Garfinkle’s dissertation [I4]—that as
a factor of Symy, (V (wy—1)) the coordinate ring k[OGr(n,2n)] is generated by qua-
dratic equations. The generators of kK[OGr(n,2n)| are the spinor coordinates; they
can be indexed by the cosets W(D,,)/W (A, —1). We denote by ¢,, the spinor coordi-
nate corresponding to w € W(D,,)/W (A,_1); the Schubert varieties in OGr(n, 2n)
are also indexed by W(D,,)/W(A,,—1). There is a natural partial order on these
coordinates, which in the case of Schubert varieties corresponds to the inclusion
order. This partially ordered set has two combinatorial interpretations; it is a set
of 2"~1 elements.

The first interpretation of W(D,,)/W (A4,,—1) is as the set PE,, of even cardinality
subsets of {1,2,...,n}. The Weyl group W (D,,) acts on this set as follows. For
1 < ¢ < n—1 the simple reflection s; acts by switching the numbers ¢ and i 4 1.
This means the subset is fixed by s; if it contains both or none of the numbers i
and 7 + 1. The reflection s, acts non-trivially only on subsets either containing or
not intersecting the subset {n — 1,n}. It either adds the numbers n — 1 and n or
takes them away. For a subset I € P&, let £(I) denote the length of a minimal
representative of the corresponding coset in W(D,,)/W (A,,_1). For a reflection s;
such that s;(I) # I one can prove that ¢(I) = ¢(s;(I)) £ 1. The partial order is
generated by comparing I and s;(I) according to the length. In the case at hand,
there is a concrete description: The induced partial order PE,, compares subsets of
a given cardinality as usual by setting

{ivyoooyiny < ity oo yijoryi+ 1ijpn, .. in}

for 1 <43 <ip < --- <4 and i; +1 < 4;41. The partial order is generated by
these inequalities together with the inequalities {iy,..., 4.} < {i1,... %, n — 1,n}
for 1 <i; <--- < i, <m—1; this includes & < {n —1,n}.



20 L. W. CHRISTENSEN, O. VELICHE, AND J. WEYMAN

4.1 Example. The induced partial order on P&, is illustrated below where the
arrows are directed such that s;(I) < I holds.

%)
S4T
{3,4)
L=
S1 {2’4} S3
(1,4} — (2.3}
\ /
{1,3)
L=
{1,2)
S4T
{1,2,3,4}

In the second interpretation one views W(D,,)/W (A,-1) as a W(D,,)-orbit of
the weight—thought of as assigning an integer to each node of the Dynkin diagram
D, —under the natural action of W(D,,) on these weights. The action of the simple
reflection s; on a weight

An—1
ay az -+ QAp-3 0ap—2
an
changes a; to —a; and adds a; to the value at all neighboring nodes. The partial

order is generated by setting s;(w) > w if and only if s;(w) # w and the node w(7)
is positive.

4.2 Example. The bijection between the set PE4 and the W (Dy)-orbit of the
weight

0
w =00,
is as follows
@Hw:oo? {3,4}934(10):01_01

{2,4} < sgsa(w) = 1—1; {1,4} < s1s984(w) = —10;

-1 83818284 (w) -1
(2.3} © spmsa(w) = 10 L3h o s =
{1,2} < s283818284(w) = 0—1? {1,2,3,4} > s48283815284(w) = 00_01

Notice that this bijection commutes with the Weyl group action and preserves the
associated partial order.

Schubert varieties. It is known, see for example [I8], Section 3.3], that the defin-
ing ideal in k[OGr(n,2n)] of every Schubert variety 2, is generated by spinor
coordinates ¢, for v € w in the associated partial order. In our case this translates
as follows. Consider the big open cell Y in OGr(n,2n) consisting of points with
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Pliicker coordinate piqg # 0. Recall the hyperbolic basis {e1,...,en,€n,...,€1} of
W. To every subspace V € OGr(n,2n) and every basis {v1,...,v,} of V we asso-
ciate an n x 2n matrix M whose i*" row consists of the coordinates of the vector
v; written in the basis {e1,...,en,€n,...,€1}. The big open cell Y in OGr(n,2n)
discussed above consists of subspaces V' such that for every basis {v1,...,v,} of V
the corresponding matrix M has a minor corresponding to columns ey, ..., e, not
equal to zero. The set Y is an affine space of dimension (”) as for V € Y we can

2
find a unique basis of V' such that the corresponding matrix has a form

00 0 1 0 T12 T Tlp-1 Tin

0 0 1 0 —T12 0 s T2n—1 T2n
M = : Do

o1 .- 0 0 —Tip—-1 —T2p-—-1 " 0 Tn—1n

1 0 ... 00 —T1n —Ton —Tn—-1n 0

We refer to the skew symmetric n x n block as X. The restrictions to Y of the
spinor coordinates correspond to sub-Pfaffians of X of all possible sizes; see for
example Manivel [I9]. More precisely, the weights of the half-spinor representation
correspond to the subsets I of the set {1,...,n} of even cardinality. For a given
1, the corresponding weight is a vector wy = (j:%, ce j:%) with n coordinates and
an even number of minuses occurring in the positions determined by I. The corre-
sponding spinor coordinate g; restricts to Y as the Pfaffian of the skew symmetric
matrix obtained by picking from a generic n x n skew symmetric matrix the rows
and columns determined by I. Thus, the quadratic equations generating the defin-
ing ideal of the homogeneous coordinate ring k[OGr(n,2n)] are just the quadratic
equations in Pfaffians of all sizes of a generic skew symmetric matrix.

There are more facts that are known about Schubert varieties, the reference for
this is [I8, Chapter 7]. The half-spinor representation V(w,_1) is an example of
so-called minuscule representation. This means all its weight vectors are in one
W (Dy,)-orbit. This implies that the defining ideals of Schubert varieties and their
unions behave in the optimal way described below. For each cofinal subset U of the
partially ordered set PE,, we consider the ideal Jy in k[Y], the coordinate ring of
Y, generated by the spinor coordinates from that subset. This set of ideals forms a
distributive lattice Ly with the join and meet operations given by + and N. On the
other hand we can form a lattice Ly of the cofinal subsets in P&,, with operations
of join and meet given by U and N. The first part of the next statement follows
from of [I8], Section 7.2]; the assertion about Jy being radical follows from Brion
and Kumar [5, Corollary 2.3.3].

4.3 Proposition. The lattices L, and Ly are isomorphic. Moreover, the ideal Jy;
is the defining ideal of the union of the Schubert varieties it defines set-theoretically.
Thus all ideals Jy; are radical.

Notice also that if we change the half-spinor representation V (w,_1) to the other
one, i.e. V(wy) then the lattice of Schubert varieties will change to the poset PO,,
of odd sized subsets of {1,...,n}. The action of the Weyl group W(D,,) and the
poset structure are similar to those on PE,,. We refer the reader to [18], Section 7.2].

To give an interpretation of the Schubert varieties of codimension 3 in con-
crete terms, we adopt the notation from the notes by Coskun [12] Lecture 5]. Let
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OGr(n,2n) be one of the two connected components of the orthogonal Grassman-
nian of n-dimensional isotropic subspaces in a 2n-dimensional vector space W. As
above denote by @ a non-degenerate quadratic form on W that admits a hyperbolic
basis. Fix an isotropic flag
F,:0cFhCFCc---CF,=F-cF:, c.-.cF:Qcw.
Here F, is isotropic and F;- denotes the orthogonal complement of F;. The Schu-
bert varieties in OGr(n,2n) are parameterized by sequences A,
n—12A>X>--->X; 20,
of strictly decreasing integers where s has the same parity as n; notice that s <n
holds. The sequence A determines a unique sequence \ of strictly decreasing integers
n—1>5\3+1>5\5+2>~-~>5\n>0

satisfying the condition that there is no ¢,j such that \; + S\j = n — 1. In other

words, we obtain A by removing from the sequence n — 1,n — 2,...,0 the numbers
n—1—X,...,n—1— ).
The Schubert variety Q) = Qx(F,) is defined as the closure of the locus

dimp (VN F,_y,) =i, for 1<i<s
dimg (V N F5-)

oO(F,) = {V € 0Gr(n, 2n)

j, fors<j<n

The codimension of Qy is [A| = Y. A;. The cells Qg\o) (F,) are exactly the orbits of
the Borel subgroup B of the spin group Spin(2n) acting on the connected component
of OGr(n,2n).

4.4 Remark. In order to connect with the previous description, let us indicate how
the partitions A translate to the subsets PE,, and PO,,. The partition (A1,...,As)
such that

n—12XA>...>X 20
corresponds to the set w(A) of s minuses in places n — A1,n — Ag,...,n — A;. This
set is either in P&, or PO,, depending on parity of n.

The variety 2 (F,) in Coskun’s notation is then is then equal to the variety
y(x) in the notation of this section.

It is well-known—see for example the works [20, 21] 22 23] by Mehta, Ramanan,
Ramanathan, and Srinivas—that the Schubert varieties are defined over Z and are
normal and arithmetically Cohen-Macaulay and so are the affine varieties Y\ = QN
Y. Our goal in this section is to explicitly describe the varieties Y, of codimension
3 in the affine space Y, i.e. the subvarieties Y\ such that || = 3.

Spinor coordinates. Finally we describe the bijection between the spinor coor-
dinates and the Pfaffians of the matrix X.

For n even and I € P&, the corresponding spinor coordinate gy is a square root
of the minor of the matrix M with columns corresponding to e; with ¢ € I and
ey with ¢ ¢ I. This is the Pfaffian of the submatrix of X obtained by removing
the rows and columns with indices n + 1 — 4 for ¢ € I. The first spinor coordinate
corresponds to the subset @, and it is the Pfaffian of X.

For n odd we consider the elements I € PO,,. The corresponding spinor coor-
dinate gy is the Pfaffian of the submatrix of X obtained by removing the rows and
columns with indices n+ 1 — 1 for i € I. The first spinor coordinate corresponds to
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the subset {n}, and it is the Pfaffian of the submatrix obtained from X by removing
the first row and column, i.e. the matrix X[1;1] in the notation from

The case of even n. Let us intersect our Schubert varieties with the open cell Y.

For n = 2 there are evidently no Schubert varieties of codimension 3, but for
n > 4 there are precisely two of them, namely €23 o) and €23 1). For n = 4 it is easy
to see they are both complete intersections, one given by 12 = 13 = 14 = 0 and
the other by x19 = 13 = x93 = 0. We now assume n > 6.

We start with the intersection Y{3 ). The rank conditions related to the flags
FjL are easily seen to be empty because our subspace is isotropic. The condition
dimy (VN F,_3) > 1 means exactly that the rank of the submatrix X[1...n;4...n]
has to be less than n — 3. This is the matrix of the third differential of the almost
complete intersection ideal of format (1,4, n,n— 3) described in Theorem Note
that the other condition dimg(V N F,) > 2 holds as the matrix X has to be singular
and therefore of rank at most n — 2. So the defining ideal of the Schubert variety
Y(3,0) is almost complete intersection of odd type.

We turn to the intersection Y5 ;). Again the rank conditions related to the
flags FjJ- are empty because our subspace is isotropic, so we get the conditions
dimg (VN F,_2) > 1 and dimg(VNF,,_1) > 2. The first condition is now redundant.
The second condition means that the rank of the submatrix of X[1...n;2...n] has
to be at most n — 3. This means that the submaximal Pfaffians Pf{;(X) of the
matrix X[1;1] vanish for 2 < ¢ < n. It follows that the rank of this matrix is at
most n — 4, so the rank of X[1...n;2...n| is at most n — 3. We conclude that
Y{(2,1) is the subvariety given by vanishing of Pfaffians Pf;(X); in other words, the
defining ideal is a generic Gorenstein ideal of codimension 3.

The case of odd n. For n < 3 there are evidently no Schubert varieties of codi-
mension 3, but for n > 5 there are precisely two of them, namely 2(3) and 3 1 ).
Let us intersect them with the open cell Y.

We start with the intersection Y{3y. The rank conditions related to the flags
FjL are easily seen to be empty because our subspace is isotropic. The condition
dimy (V N F,_3) > 1 means that the rank of the submatrix X[1...n;4...n| has to
be less than n— 3. But this is the matrix of third differential of the almost complete
intersection ideal of format (1,4, n,n—3) described in Theorem So the defining
ideal of the Schubert variety Y(s3) is an almost complete intersection of even type.

We turn to the intersection Y(3 1 0). Again the rank conditions related to the
flags FjL are empty because our subspace is isotropic. This leaves us with the
conditions dimg(V N F,_2) > 1 and dimg(V N F,,_1) > 2. This just means that
submaximal Pfaffians of the matrix X are zero, so we get a generic Gorenstein ideal
of codimension 3.

Minimal free resolutions. Let us look at the minimal free resolutions of the
coordinate rings of the codimension 3 varieties Y) from the point of view of Schubert
varieties. The defining equations of Schubert varieties have a general description
in terms of ideals Jy; we recall its meaning in our case. The Schubert varieties of
codimension 3 correspond to elements

! i
W = 8p8p_25p—1 and W' = Sp_35,-25n—1,
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as these are the only two elements of length 3 in W (D,,)/W (A4,,—1). The generators
of the corresponding ideals are:

(qid7 an,l ? q8n728n71 ’ q<5'n738n728n71 y 7qsn71---571738n—25n—1 ot 7q81---871735n—28’n,71) Y

where there are n generators in total, and

(qidv sp—114sy_28n_15 anSn—an—l) .

Identifying these generators with the corresponding Pfaffians, we see that for n odd
the first ideal generated by the submaximal Pfaffians of X. The second ideal gives
the almost complete intersection ideal described in Theorem [2.3] For even n, the
first ideal gives the Pfaffian of X and submaximal Pfaffians of X[1;1]; in this case
the first generator is redundant. The four generator ideal gives the almost complete
intersection ideal described in Theorem

There is one more statement one can make which plays an important role. It is
be proved in terms of commutative algebra Lemmas and Here we give a
geometric reasoning proving the statement.

4.5 Proposition. The ideal generated by the first three spinor coordinates,

(Qid7 Qsp_1>s qsn725n71) ’

in the partial order on the homogeneous coordinate ring k[OGr(n,2n)| of the or-
thogonal Grassmannian is generated by a regular sequence. Therefore, these coor-
dinates restricted to the open cell Y also generate an ideal generated by a regular
sequence in k[Y]. Moreover, these elements generate a radical ideal.

Proof. Let B be a Borel subgroup of the group Spin(2n). The almost complete in-
tersection ideal (qid, s,y Qs,_ss,_,) i K[OGr(n, 2n)] is B-equivariant. This means
that its vanishing locus is a union of Schubert cells. It follows that this vanishing
set consists of the closure of the union of two Schubert varieties of codimension 3.
It is therefore an ideal of depth three generated by three elements. Such ideal is
then generated by a regular sequence, as the ring k[OGr(n, 2n)| is Cohen-Macaulay.
The ideal is radical by of [5, Corollary 2.3.3]. The result for k[Y] follows by local-
ization. (]

This result means we have an occurrence of the situation described by Ulrich
[25]. The ideal (gid,qs, _,s9s,_»s,_,) 1S the intersection I, N I,~, and thus the
ideals I, and I~ are linked via the regular sequence (¢;d, s, _1:3s,_ss,_,). This
is exactly the procedure described in [6]. By this argument, we can describe the
format of the resolutions of our almost complete intersections.

Set R = k[Y] and n = 2m + 2 for some natural number m. The resolution of the
Gorenstein ideal I, has format

0 — R(—2m —1) — R*™ " (—m —1) — R*" " (-m) — R;

we link by a regular sequence of elements of degrees m, m, and m + 1. Looking at
the mapping cone

0— R(~2m —1) —— R¥™ 1 (—m — 1) —— R¥" () —

| i ]

0— R(-3m —1) — R*(=2m — 1) ® R(—2m) — R(-m — 1) ® R*(-m) — R
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we deduce that the other ideal has a resolution with the format
0 — R*™ Y—2m —1) — R**?(-2m) — R(-m —1) & R*(-m) — R

which is exactly the format of the resolution from section [2}
Let us do this calculation for odd n = 2m+3. The resolution of Gorenstein ideal
of codimension 3 has format

0 — R(—2m —3) — R*™"3(—m —2) — R*""3(—m - 1) — R

and we link by a regular sequence with degrees m+1,m+ 1, m+ 1. Looking at the
mapping cone

0 —— R(—2m — 3) —— R¥™3(—m — 2) —— R2™3(—m — 1) —— R

| I |

0—— R(-3m—-3) —— R3(—2m -2)—— R3(—m -1)——R
we deduce that the other ideal has a resolution with the format
0 — R*(—2m —2) — R*"3(-2m — 1) — R(-m)® R*(-m —1) — R

which is exactly the format of the resolution from section Section

Next we interpret the matrices of the free resolutions of almost complete inter-
sections in terms of spinor coordinates. Before we start, let us comment on the
defining ideals of the coordinate rings k[OGr(n,2n)] thought of as factors of the
symmetric algebra on the half-spinor representation. By Kostant’s Theorem [14]
these ideals are defined by quadratic equations, therefore, they are generated by
the kernel of the map

SQ(V(wn,l)) — V(an,l) .
One has the following formula, see Adams [T}, p. 25],

S2(V(wn_1) = V(2wn_1) ) @ V(wn_4i) .

i>1

We use the notation from Section [3| for the differentials in our complexes.
Let us start with the case of odd n = 2m + 3. The generators of our ideal in
terms of Pliicker coordinates are

T1 = P1.2,...2m,2m+1,2m+2,2m+3
T2 = P12,...2m2m+1,2m+2,2m+3

T3 = P12,.2m,2m+1,2m+2,2m+3

Ta = P13,..2m,2m+1,2m+2,2m+3 *

The entries of the second differential 9, are as follows. The element w; is the
Pliicker coordinate with 2m + 2 bars, the only number without bar is 2m + 1 — 1.
The element v, gy; is a Plicker coordinate with 2m bars. The numbers without
bars are 2m + 1 — i, 2m + «, 2m + .

The entries of the matrix d3 are also Pliicker coordinates. The element wu,; is
a Pliicker coordinate with two bars, at numbers 2m + 1 — i and 2m + 4 — a. The
element c;; is a Pliicker coordinate with two bars, at numbers 2m + 1 — ¢ and
2m+1—j3.
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The gradings of the basis vectors in the modules of the complex are: The basis
element in Fy = R has weight (02%3). In the following we use 1™ to denote
(1,1,...,1) with m coordinates. The basis elements in F; = R @ R® have weights

((%)Qm’_%,_%7_%)’ ((%)Qm’_%’%’%)’ ((%)2m’%’_%,%)7 ((%)27’17%7%7_%)'
The basis elements in F» = R?™ @ R3 have weights
(127n—1) O7 03), (12m—2’ 07 1) 03), e (O, 12m—1, 03)’
(12m7070771)7 (12m,0,71’0)’ (12m,71’0’0) .
Finally the basis vectors in F3 = R>™ have weights (%, cee %, %, %, e %, (—%)3)
The composite 910s is easily explained. It is a 1 x (2m + 3) matrix. Its entry in
the i*" row is the Pliicker coordinate with the weight with 2m — 1 entries of —1’s
and 4 zeros in positions 2m+1—1i,2m+1,2m+2,2m+3. This entry is zero because
it corresponds to the extremal weight vector in the representation V(way,—1) which
occurs in the 2" symmetric power of V (way,12).
The composite 0203 is a 4 X 2m matrix with the weights in the first row be-

ing (0,0,...,0,-1,0,...,0,0,0,0), where —1 appears in positions 1,...,2m; the

entries in the second row are (0,0,...,0,—1,0,...,0,0,1,1), where —1 appears in
positions 1,...,2m; the entries in the third row are (0,0,...,0,—1,0,...,0,1,0,1),
where —1 appears in positions 1,...,2m, finally the entries in the fourth row are

(0,0,...,0,—1,0,...,0,1,1,0), where —1 appears in positions 1,...,2m.

The interpretation of the identity 92035 = 0 from this point of view requires
further analysis.

Similarly we treat the even case n = 2m + 4. The generators of the ideal I, in
terms of Pliicker coordinates are

1 = P132,..2m+4
T2 = P12,..9m,3m+1,2m+2,2m+3,2m+4
T3 = P1,2,.2m,2m+1,2m+2,2m+3,2m+4
Ta = P13,..2m,2m+1,2m+2,2m+3,2m+4 -
The entries of the second differential 9, are as follows. The element w; is the
Pliicker coordinate with 2m bars, the only numbers without bar are 2m 42 — ¢ and
2m+2,2m+ 3,2m + 4. The element v,; is a Pliicker coordinate with 2m + 2 bars.
The numbers without bars are 2m + 2 — i, 2m + 1 + a.
The entries of the matrix d3 are also Pliicker coordinates. The element wuy; is
a Pliicker coordinate with two bars, at numbers 2m + 1 — ¢ and 2m + 4 — a. The
element c;; is a Pliicker coordinate with two bars, at numbers 2m + 1 — ¢ and
2m+1— 7.
The gradings of the basis vectors in the modules of the complex are: The basis
element in Fy = R has weight (02™*4). The basis elements in F; = R @ R? have
weights

(B, (P 5553, (P -3 5,-0), ()
The basis elements in F, = R*™ @ R? have weights
(12™,0,0%), (12™71,0,1,0%),...,(0,1*™,0%),
(12"t 0,0,-1), (1?m*10,-1,0), (1> —-1,0,0).

1
Finally the basis vectors in F3 = R?™ have weights (%, ceey %, %, %, e %, (75)3)

1 1 l)
’o20 202/°
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The composite 0105 is easily explained. It is a 1 x (2m + 4) matrix. Its entry in
the i*® row is the Pliicker coordinate with the weight with 2m entries of —1’s and
4 zeros in positions 2m + 2 —¢,2m + 2,2m + 3,2m + 4. This entry is zero because
it corresponds to the extremal weight vector in the representation V' (wa,,) which
occurs in the 284 symmetric power of V (waopm+3).

The composition d203 is a 4 X (2m + 1) matrix with the weights in the first row
being (0,0,...,0,—1,0,...,0,1,1,1), where —1 appears in positions 1,...,2m + 1;
the entries in the second row are (0,0,...,0,—1,0,...,0,1,0,0), where —1 appears
in positions 1,...,2m + 1; the third row entries are (0,0,...,0,—1,0,...,0,0,1,0),
where —1 appears in positions 1,...,2m + 1; finally the entries in the fourth row
are (0,0,...,0,—1,0,...,0,0,0,1), where —1 appears in positions 1,...,2m + 1.

The interpretation of the identity d203 = 0 from this point of view requires
further analysis.

APPENDIX A. PFAFFIAN IDENTITIES FOLLOWING KNUTH

For the benefit of the reader, we quote from [I1] a short introduction to Knuth’s
[T7] combinatorial approach to Pfaffians.

Let T = (t;;) be an n x n skew symmetric matrix with entries in a commutative
ring. Assume that 7" has zeros on the diagonal; this is, of course, automatic if the
characteristic of the ring is not 2. Set P[ij] = t;; for 4,5 € {1,...,n} and extend

P to a function on words in letters from {1,...,n} as follows:
) , 0 if m is odd
Pliv. - im] = 1.z \ Dl L .

Sosgn (2 ) Plivgel - - Pljak—1jar]  if m = 2k is even
where the sum is over all partitions of {iy,...,i2;} in k subsets of cardinality
2. The order of elements in each subset is irrelevant as the difference in sign
Pljj'] = — P[j'J] is offset by a change of sign of the permutation; see [17, Section 0].

The value of P on the empty word is by convention 1, and the value of P on a word
with a repeated letter is 0. The latter is a convention in characteristic 2 and
otherwise automatic.

The function P computes the Pfaffians of submatrices of T'. Indeed, for a subset
{i1,...,ix} € {1,...,n} with elements i; < --- < i) one has

pfp(iy.. i) = Plir... i,

in the notation introduced in and ([2.0.1).

A.1 Overlapping Pfaffians. Let «, £, and v be disjoint words in letters from
{1,...,n}. For b a letter in 3, the formula [I7, (5.0)] reads

Plag]Play] = > sen (yicppe ) PlaB \ bi] Plarbi
ich
(A.1.1) 5 8 ‘ ‘
+ Z sgn (5 ) 580 (g ) PladB\ O] Plaby \ j] -
Jjey
We record a number of special cases of this formula.

For 8 = b the formula (A.1.1)) reduces to
(A.1.2) Plabd] Play] = ngn (j(;y\j) ) Plaj] Plaby \ j] -

J€Y
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For v = ¢ the formula (A.1.1]) reduces to

P[aﬁ] P[O[C] = Z sgn (bi(ﬂﬂ\bi) ) P[Oéﬁ \ bl] P[O{Cbl]
(A.1.3) i€p
+sgn (4 ) PlacB \ o] Plad] .

With ~ empty the formula (A.1.1)) reduces to

(A.1.4) = > sen (i ) PlaB \ bi] Plabi] .
icf
With « and v empty the formula 1) reduces to
(A.1.5) ngn bl(ﬂ\bl P[B\ bi] Pbi] .
i€l

In this first appendix we derive some consequences of (A.1.1)) that facilitate the
computations in Appendices[B]and [C] The first lemma is just the classic Laplacian
expansion of the Pfaffian of a skew symmetric submatrix of T'.

A.2 Lemma. For integers 1 < u; < -+ < ux < n and every integer { with
1 < ¢ <k one has
-1 ‘
(=) pfp(uy...up) = (=1)*ty;u, PEp (w1 - oug \ wiug)
i=1
k .
+ Z (=1)*typu; PEp (w1 - . g \ wiug)
i=041

Proof. With 8 =wu; ... u; and b = uy the formula (A.1.5)) yields

-1 k

P8l = > (1) PB\ wew] Plugws] + Y (1) PB\ wews] Pluews]
i=1 i=0+1
-1 ' k '
= Y (=)™ PBN wows] Plugu] + Y (1) PIB\ wpws] Plugus] . O

i=1 i=041
A.3 Lemma. For integers 1 < u; < -+- < ug < n and for every integer { with
1 < ¢ < k one has

-1 ‘

Z(il)ltuiue pr (ul PP Vi 0 7 Uk)

i=1

n

= Z (—1)itu£ui pr (Ul oo U Uiy - uk) .
i=4+1

Proof. First assume that £ > 2 holds. With o = wp, b =wuq, and v = ug ... ux \ ug
the equation (A.1.2)) yields
Plugu] P[UM]
— k _
Z 1) Pluguy) Pluguay \uj] + D (=107~ Plugws) Plugury \ uy]

j=2 j=0+1
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which after reordering and multiplication by a sign becomes

Pluiue) Plus . . . ug]
i 1) Plujue] Pluy - .. up \ ug] + Z (=177 Plugui] Plug - .. up \ uy]

j=2 j=0+1
and that can be rewritten as
-1 ‘ k A
Z(fl)J Plujue] Plus ... up \ u;] = Z (—1) Pluguj] Plus ... up \ uy] -
j=1 j=t41
Next assume that ¢ = 1 holds. With o = uy, b = us, and v = ug...u; the
equation (A.1.2)) yields
k
Pluius) Plury] Z 1)7- 177u1uj]77[u1u2’y\uj]
Jj=3
which can be rewritten as
k .
Z(—l)j Pluru;] Plug ... up \uj] = 0. O

=2

A.4 Lemma. For integers 1 < w3 < -+ < ux < n and every integer { with

1 < ¢ < k one has,
k

=Y (1) pfop (W) pfp(us . up \ witg) -
1=1
ug, and b = uy the formula (A.1.4))

(—1)*~! pfy pp (@ ay)

Proof. Witha=1...n\uy...ux, 8 =uy...
yields

PlaBl Pla] = Y (=1)"" PlaB \ uewi] Plowgu;]

=1

+ Z 1) Plag \ weus) Plaueu]
i=0+1

which after reordering and multiplying by a sign becomes
Pl...n]P[L...n\ug... ug
DI P L on \ uug | P[0\ (ug - oug \wew;)] . O

\|Ma~

A.5 Lemma. For integers 1 < w3 < -+ < ux < n and every integer { with

1 <?¢< k-1 one has
-1 ) - k ] -
> (=1 pfp(ur . uk \wi) pfp (@) = > (—1) php(ur .. uk \ i) pho (W) -

i=0+1

i=1
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Proof. Witha=1...n\uy...ug, b =ug, and v = uy ... ug_1 \ ug formula
yields
-1
Ploaug] Plan] = ) (=1)77! Plaw] Plaugy \ uj]

j=1

+ Z ) Plau;] Ploury \ uj],
Jj=0+1
which after reordering and multiplication by a sign can be rewritten as

(D) 'P[L...n \ up .. up—1) P[L...n\ weuy]

Z D/7PPIL o\ (ug g \ )] P o0\ wjug]

+ Z (=1 P[0\ (ur - oup \ ug)] P10\ weuy] .

j=0+1

This can also be written
-1

Z(—l)jP[l...n\(u1...uk\uj)]P[l...n\ujw]
k
= Z (1) PL.on\ (ugeeoup \u))] P on \ wpuy] O
Jj=t+1

A.6 Lemma. For integers 1 < uj < --+ < ug < n one has
k

Z(—l)ipr(uT) pfp(ar- w1t ug) = 0.

i=1

Proof. With a« = 1...n\ uy...ux, b = uy, and v = wus...u; equation (A.1.2)
yields

k
Plaw] Plag] = Y _(=1)! Plau;] Plowy \ u,
j=2
which after reordering and multiplication by a sign becomes
k
Z(—l)jp[l...n\ul...uj,lujﬂ...uk}P[l...n\uj] =0. O
j=1

A.7 Lemma. For integers 1 <u<v <w <z <y < z<n one has

pir(Y) pfp(wwzz) — pfy(Z) pty (wowzy)
= pir(uyz) ptr (vwT) — pfr(0yZ) ply (W)
+ pfr(wyz) pfr(woz) — pfr(zy2) pfr(wow) .
Proof. With a =1...n\ wwwzyz, 8 = wvwzy, b =y, and ¢ = z equation
yields

Plap) Plaz] — PlazB\ yl Play] = > sen (i) Plod\ vil Plazyil ,
€S
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which expands into
Plawvwzy] Plaz] — Plazuvwz] Play] = Plavwz] Plazyu] — Ploauwz] Plazyv)

+ Plauvz] Plazyw] — Plauvw] Plazyz] .
After reordering and multiplication by (—1)¥Tv+tw+z+y+2 jf hecomes

—Pl...n\2z]P[l...n\ vowzy] +P[1...n\y]P[l...n\ uvwwzz]
= Pll...n\uyz] P[1...n\ vwz]
—P[l...n\vyz] P[1...n\ vwz]
+P[l...n\wyz]P[L...n\ wwz]
+P[l...n\zyz]P[1...n\wow]. O
A.8 Lemma. For integers 1 <u<v<w<x<y<z<n one has
iy (ZY) pfr(Wwowz) — pfy(T2) pfp (Wowy) + pfr (¥Z) pfp (w0wz)
= plyp(@0) ptr (Wryz) — pir(ww) pty (VTYZ) + ptr (v0) ptr (WTyZ) .

Proof. With a« =1...n\ wwwzyz, § = vvwz, b = x, and v = yz equation (A.1.1)

yields

Plavvwz] Playz] = — Plavw] Playzzu] + Plavw] Playzzv] — Plauv] Playzzw]
— Playuvw] Plaxz] + Plazuvw] Plazy]

Plavw] Plauzyz] — Ploauw] Plavayz] + Plauwv] Plawzyz]
+ Ploawvwy] Plazz] — Plawvwz] Plaxy] ,
which after reordering and multiplication by a sign becomes
Pll...n\yz]P[l...n\uwowz] —P[l...n\zz]P[l...n\ vowy]
+P[l...n\zy]P[Ll...n\ wwwz|
= P[l...n\vw]P[l...n\uzyz] —P[l...n\uw]P[l...n\ veyz]
+P[l...n\uw]P[l...n\ wryz]. O
A.9 Lemma. Forintegersl <u <z <y<nandl<v<w<x one has
pl(uzy) pty(wow) — pfr () ptyp (Wowzy)
= pfp(wwz) pfp(uwy) — pfy (W) pfp(W0y) .
Proof. With a =1...n \ wwazy, 8 = vwzy, and b = x equation yields
Plop)Pla] = > sen (i) PlaB \ zi] Plazi],
icp
which expands into
Plavwzy] Pla] = Plawy] Plazv] — Plavy] Plazw] + Plavw] Plaxy] .
After reordering and multiplication by (—1)"T%+%%¥ this expression becomes
Pll...n\u]Pla] = =P[1...n\wvz]P[l...n\ vwz]
+Pl...n\uwz]P[Ll...n\ uvy]
+P[l...n\uzy]P[1l...n\ uvw]. O
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APPENDIX B. MINORS VIA PFAFFIANS FOLLOWING BRILL

The formula in the next theorem was first discovered by Brill [4]; the theorem stated
here is [IT, Theorem 2.1].

B.1 Theorem. Let T be an n x n skew symmetric matrix. Let {i1,...,4,} and
{j1,---+ydm} be subsets of {1,...,n} with iy < -+ < i, and j; < -+ < jm, and
set p=1y...0pm and ¢ = j1 ... Jjm. The following equality holds:

= DlEL ST (R Y sen (ufe) Plel Plip\ w)ol -

o<k<| %] e

Notice that only subwords w of p that contain p N o contribute to the sum above.
The two lemmas proved below are applied in Appendix [C]to calculate the max-
imal minors of the matrices d3 from Theorems 2.3 and

B.2 Lemma. Let n > 5 be an odd number. For integers 1 < ry < ry < r3 < n one
has

det (T [Fim273; 123])

pfr(7F17273) pf(123) if ro <3
) pfp(Fim2rs) pfr(123) — pfr(123rar3) pfr (77) if ri <3< ry
| P (Fi7aTs) pip (123) — piy(23rirars) pir (1)
+ pfp(13r17973) P (2) — pfp(12r17ar3) pf(3) if 3 <7y .
Proof. Consider the words
p=1...n\rirers and c=4...n

of length n — 3. One has pNo = o \ r1rars, and Theorem yields

det(T'[r17a73; 123))

nes

. (DY Y s (o) PPl \w)).

If ro < 3 holds, then one has [pNo| =n—3 or [pNo| =n —4. In either case
the shortest word w contributing to the sum has length n — 3. Thus, w = p is
the only contributing word and one gets

det(T(F7273: 123) = PlolPlo] = plr(Fi7ars) pr(123).

If 71 < 3 < rg holds, then one has [pNo| =n—>5. As n— 5 is even, the shortest
subwords w of
p = (123\r)(o \ rors)
that contribute to the sum have length n — 5, so w = ¢ \ ror3 is the only one.
Now one has

det (T[T‘1 r2T3; 123])

= (-1)°F (=" > sen (wimw) ) Ple] Pl(p\ w)o]

L—n=5 |w|=2k
2 o\rgr3Cwlp
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n—3

= (1) = ((—1)%5 S8 (\ryrs(123\r) ) Plo \ rars] P[(123\ 71)0]
+(=1)"% Pl Plo))

= —sgn (0\7.2,.35123\,.1) ) Plo \ rars] P[(123 \ r1)a] + Plp] Plo]

= —Plo \ ror3) P[(123 \ r1)a] + P[p] P|o]

= — pfr(123r2r3) pfr(71) + pip (F17273) P (123) .

If 3 < r; holds, then one has [pNo| =n—6. As n — 6 is odd, the shortest
subwords w of
p = 123(0 \ rirars)
that contribute to the sum have length n — 5. Now one has

det(T'[rima73; 123])

= (1T Y (=P Y sen(uhe) Pl Pl(p\ w)o]
k=52 ﬂ\r1|:)2‘T:32£wgp

= (DT (1T Y e (wihe) Pl Plp \ w)o]

lw|=n—>5
o\ryrar3CwCp

+(=1)"% Plo] Plo])

_ (sgn ( 1(0\7.16.2,.3)23) Pllo \ rirars] P[230]
+ sgn (Q(U\rlizrs)lg) P20 \ r17o73] P[130]
+ 580 (3(r\rrara12) P30 \ 11rars] P[120]) + Plp] Plo]
Pllo \ rirers) P[230] — P[20 \ r172r3] P[130] + P[30 \ r1r2r3] P[120]
+ Plp] Plo]
= —pfr(23r1r2rs) pfp (1) + pp(I3r17273) pip(2)
— ply(12r17273) pir(3) + pir (Fi7273) P (123) - O

B.3 Lemma. Let n > 6 be an even number. For integers 1 < r;1 < 1o <13 <n
one has

det (T'[Fi7273; 123])

0 if r3 =3
ptr(123r3) ptp(T172) if reo <3< 13
ptr(12rars) pf(13) — pfp(13rars) pfo(12) if1=r<3<rg
= < pfr(12rar3) pf(23) — pfp(23rars) pfo(12) if 2=7r1 <3< g
pfr(13rars) pf1(23) — pf,(23rar3) pf,(13) if 3=1r1 <rg

pfr(1rirers) pf(23) — pfy(2rirars) pf(13
)

)
+pfp(3rirars) pf(12) — pf(123ryrors) pfy if 3 <7y .

Proof. Consider the words

p=1..n\rrrs and o =4...n
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of length n — 3. One has pNo = o \ 717973 and Theorem yields

det(T[r17273;123])

n—4

) (DY S sen (i) PPl w)o]
k:[\n\r127‘2r3\"| U\rl‘:;‘iféwgp

If r3 = 3 holds, then one has |pNo| = |o| =n — 3, so the sum (1] is empty. i.e.
det(T[123;123]) = 0.

If 7o < 3 < r3 hold, then one has |[pNo| =n —4, so the shortest subwords w of
p = (123\rir2)(o \ r3)

contributing to the sum have length n — 4. Thus, w = ¢ \ r3 is the only
contributing word, and one gets

det(T[rimar3;123]) = Plo \ r3] P[(123 \ r172)0] = pfr(12373) pfp(T1732) .

If r1 < 3 < 7 holds, then one has |pNo| =mn — 5, which is odd. Therefore, the
shortest subwords w of

p = (123\r)(o \ rors)
contributing to the sum have length n — 4. Hence, one gets

det(T[ri7rar3;123))
(2) = Z sgn ( (ra\r2r3ﬁ123\rr1) ) ,P[TO— \ 7’27"3] P[(123 \ ’1"17")0] .
rel23\ry
For ry = 1 this specializes to

det(T[1Irors; 123]) = Z SE0 ( (ro\ryre)@3\r) ) Plro \ rars] P[(23\ r)o]
re23

= —pf(13r9r3) pfr(12) + pf(12r973) pfr(13) .
The specialization of (2]) with r = 2 is
det(T[2rar5;123]) = Y $80 ((ro\rara)13\r) ) Plro \ rars] P[(13\ 1)o]
relld
= —pfy(23rar3) pr(ﬁ) + pfr(12ror3) pr(ﬁ) .
The specialization of with ry = 3 is

det(T'[3rors; 123]) = Z sgn ( (m\mri)(u\r) ) Plro \ rars] P[(12\ r)o]
rel2

= —pfp(23rar3) pf(13) + pfy(13rar3) pf(23) .

If 3 < r; holds, then one has |p N o| = n — 6, which is even. Therefore, the
shortest subwords w of

p = 123(0 \ rirars)

that contribute to the sum have length n — 6, which means that w = o \ r1rars
is the only one. Thus one has

det(T[r17273, 123])
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= (D)7 Y (=DF Y s (wihe) P Plo\ w)o]
k:nT_6 U\?'llg‘fszéwgp
= —Plo \ rirars] P[1230] + Z sgn (w(pp\w) ) Plw] Pl(p \ w)o]

|w|=n—4
o\riragrgCwlp

= —Plo \ rirers] P[1230] + P[230 \ r1r2rs] P[lo]
— P[130 \ rirars]) P[20] + P[120 \ rirars] P[30]
= —pfp(123r17273) pfr 4+l (Trirars) pfr(23)
— pip(2r1r2rs) pip(13) + pip(3rirars) pfp(12) . O

APPENDIX C. GENERIC ALMOST COMPLETE INTERSECTIONS: THE PROOFS

In this final appendix we provide the detailed computations that underpin the
theorems in Section 2

Quotients of even type.

C.1 Lemma. Let n > 5 be an odd number and adopt the setup from 2.3 The
sequence 0 — R" 3 O ogn 2y Rt DR L 0isa complex.

Proof. The product 010- is a 1 X n matrix; the first three entries are evidently 0.
For i € {4,...,n} the i'" entry is

£(—pf7 (1) pf7(230) + pf(2) pf7(137) — pf7(3) pf(120) + pf(123) pf 1 (7)) |
which is zero by Lemma [A6] applied with u; ... u, = 123i.
The product 92053 is a 4 X (n—3) matrix. Let i € {4,...,n}; the entry in position
(1,i —3) is
i—1 ) n .
71 pfr(123) + > (1) "7 pfr(235) — Y (1) 7 pf(237) -
j=4 j=i+1l
Applied with u; ...u; = 14...n and us = i, Lemma[A-3|shows that this quantity is
zero. Similarly, Lemma [A73] applied with u ...ux = 24...n and ug = i shows that
the entry in position (2,7 — 3) is zero, and an application with u;...ux = 3...n
and u, = i shows that the entry in position (3,7 — 3) is zero. The entry in position
(4,i —3) is

i—1 n
Z(_l)j_lTji pfr(j) — Z (=17 pEr(d) -
Jj=1 j=i+1

Applied with uy ... u, = 1...n and uy = i, Lemma[A-3|shows that also this quantity
is zero. g

Jézefiak and Pragacz [16] calculate the grade of ideals generated by Pfaffians; we
combine this with a classic result of Eagon and Northcott [I3] to obtain the next
lemma and Lemma which deals with the case of even n.

C.2 Lemma. Let n > 5 be an odd number and adopt the setup from 2.3 The
Pfaffians pf (1), pf1(2), and pf(123) form a regular sequence in R.
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Proof. The (n — 3) x (n — 3) Pfaffians of the matrix 7[3...n;3...n| generate by
[16, Corollary 2.5] an ideal of grade 3 in the subring R’ = Z[r;; | 3 <1 < j < n] of
R; they are the Pfaffians pf(12i) for 3 < i < n. As pf(123) is a regular element
in the domain R’, the Pfaffians pf,(12i) for 4 < i < n generate an ideal of grade 2
in S =R'/pf1(123). In S = R/ pf,(123) one has,
pfr(D) = ) (1) 'rpfr(12i) and  pfr(2) = Y (—1)"'my; pf,(120) .
i=4 i=4

Indeed, the first equality follows from Lemma [A72) applied with uy...ux = 2...n
and ¢ = 1; the same lemma applied with u;...ur = 13...n and £ = 1 yields the
second equality. Now it follows from [I3}, Lemma 6] that pf+(1) and pf(2) form a
regular sequence in B. ([l

C.3 Lemma. Let n > 5 be an odd number and adopt the setup from The
ideal generated by the (n—3) x (n—3) minors of the matrix 0 contains the elements

(pfr(D)*,  (fr(2)*, ®fr(3)?*, and (pf(123))*.
Proof. One has (pf(1))? = det(T[2...n;2...n]) and expansion of this determi-
nant along the first two columns, see Horn and Johnson [15] 0.8.9], yields:
det(T[2...m;2...n]) = Y det(TTij; 23]) det(T[Lij; 123])
2<i<g<n

> Hdet(Tlij; 23]) det(0s[Tij; 1...n — 3]) .

2<i<j<n

Similarly, one gets
(pfr(2))? = det(T[13...n;13...n])
= Y +det(T[1j;13]) det(Ds[125; 1. ..n — 3))

3<j<n
+ ) ddet(TTij; 13]) det(d5[Tij; 1...n — 3))
3<i<j<n
and
(pf+(3))* = det(T[124...n;124...n])
= > Hdet(Tlij: 12]) det(ds[Tij; 1...n — 3]) .
1<i<j<n
i#3%]

Finally, one trivially has

(pf(123))* = det(7[123;123]) = det(93[123;1...n — 3]). 0
C.4 Proposition. Let n > 5 be an odd number and adopt the setup from For
integers 1 <r; <ro <rg<nand 1< sy <s2<s3< 4 one has
det(0s[F172r3; 1. .. n — 3]) det(d1[1;515283)) = *det(D2[s18283;1m17273]) -

Proof. First notice that one has det(95[Fi7a73;1...n — 3]) = det(T [F17273; 123]).
With the notation

LHS = det(T [Fi7ar3; 123]) det(04[1;515253]) and
RHS = det(02[s15283;r17273])
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the goal is to prove that LHS = +RHS holds. Set

p=1...n\rirers and {s} = {s1,82,83}.

The possible values of s3 are 3 and 4, and we treat these cases separately.
Case I. Assuming that s3 = 3 holds one has s = 4 and, therefore,

(1) det(01[1;123]) = pf,(123).
Because the first three columns of the matrix ds are special, our argument depends

on the size of the intersection {1,2,3} N {ry,re,73}. We therefore consider four
subcases determined by the (in)equalities

(2) ry =3, ro <3<y, r <3< ry, and r <3.
Subcase I.a. If r3 = 3 holds, then and Lemma yield
LHS = (pf(123))® pf(123),
and evidently one has RHS = (pf,(123))3.
Subcase I1.b. If ro < 3 < r3 hold, then and Lemma yield
LHS = pfy(Fimars) (pf7(123))° .

Expanding the determinant along the first column one has

b ptr(I3) 0 pir(3Br)
+RHS = det | da, pf7(123) 02, pf1(123) pfy(13r3)
0 d3r, PEF(123)  pfr(12r3)

d1r, PE7(123) (d2r, PE7(123) pf(1275) — pf7(1375)d5,, pf(123))
+ 0o, PE7(123)03,, pf7(123) pf1(2373)

(pf(123))*
- (817, 627, DEF(12r3) — 817, O3py DEF(1313) 4 O2r, O3r, PEF(2373))

For all three choices of r; < r in {1,2,3} one gets RHS = +(pf(123))? pf-(717273)
as desired.
Subcase I.c. If r{ < 3 < ry hold, then and Lemma [B.2] yield

LHS = (ply(F7373) piy-(123) — ply(123r75) ply (7r)) ply(123).
In view of Lemma [A.9] this can be rewritten as
LHS = 41, (pfy(12r2) pt7(13r3) — pf7(13r2) pfr(1275)) pf 1 (123)
+ 0o, (pE7(12r2) pf7(23r5) — pt(23r2) - (1275)) pf(123)
+ 0, (PE7(13r2) pf(2375) — pf(23r2) p7(13r3)) pf(123) .
Expansion of the determinant along the first column yields the matching expression

123) pfr(23rz) pfr(23r3)
+RHS = det | 02, pf1(123) pf,(13r2) pfy(13r3)
123)

7(13

5371prE pfr(12ry) pf(12r3)
= 01, pf(123) (pf7(13r2) pf+(12r3) — pf(13r3) pfr(12r2))
— 02y, PE(123) (pt7(23r2) pfy(12r3) — pfy(23r3) pfr(12r2))
+ 037, PE7(123) (pf7(23r2) pf 7 (13r3) — pf(23r3) pf 7 (13r2)) -

6171 pr(
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Subcase I.d. If 3 < ry holds, then (1) and Lemma [B.2]yield

LHS = (pr(rlrgrg) pf(123) — pf(23r17rars) pf(1)
+ pt(13r1rars) pf(2) — pfr(12r1rors) pf(3 )) pf(123) .
Expansion of the determinant along the first column yields the second equality in
the computation below. The third equality follows from Lemma [A-9 while the fifth

follows from Lemmas [A-6] and [A77] Finally, the last equality follows from another
application of Lemma [A76]

pf(23r1) pfy(23ry) pf(23rs)
+RHS = det | pf(13r1) pfy(13re) pfr(13rs)
pfr(12r1) pfy(12rg) pfr(12rs)

)
= pf7(23r1) (pf7(13r2) pf(12r3) — pf(1373) pf 7 (1212))
— pfr(13r1) (pf7(2372) pf 7 (1273) — pf7(23r3) pf(12r2))
+ pfr(12r1) (pf(2372) pf(1373) — pf7(23r3) pf(13r2))
= pfr(23r1) (pf7(123r2r3) pf (1) — pf(123) pf 7 (Trars))
— pf(13r1) (pf-(123r273) pf7(2) — pf7(123) pf 7 (2r273))
+ pfr(12r1) (pf7-(123r273) pf 7 (3) — pf7(123) pf 1 (3ra73))
= pfr(123rar3) (pf(23r1) pf (1) — pf(13r1) pf(2) + pf(12r1) pf1(3))
—pf(123 (pf (23r1) pf(1rars)
— pfr(13r1) ptr(2rors) + pfr(12r1) pfr-(3rars))
= pfr(123rer3) pf(123) pf(77)
— pf7(123) (pf - (123r173) pt1(72)
— pfr(123r172) pf(73) + pf - (T17273) pf(123))
= —pfr(123) (pf 7 (T17273) pf 7 (123) — pf(123r273) pf(71)
+ pfr(123r173) pt (72 )—pr(123r1r2)pf7—(ﬁ))
= —pfr(123) (pf 7 (717273) pf 7 (123) — pf7(23r17273) pf (1)
+ pf - (13r17rars) pf(2) — pfr(12r17r973) pf(3)) -

Thus LHS = +RHS holds, also in this subcase.
Case II. Assuming now that s3 = 4 holds, one has s € {1,2,3} and hence

3) det(O1[1;515283]) = (=1)"pf7(5) .

As in Case I the argument is broken into subcases following the (in)equalities .
Subcase II.a. If r3 = 3 holds, then (3) and Lemma [B.2] yield

LHS = =+(pf(123)) pf,(3),

and evidently one has RHS = +(pf(123))% pf - (5).
Subcase I1.b. If ro < 3 < r3 hold, then and Lemma again yield

LHS = +pf (717273) pf(123) pf.r(5) .
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This has to be compared to

d17, pl7(123) 0 pfy(23rs)
_ O2r, PE(123) O2r, PE7(123)  pfy(13rs) :
RHS = *det 0 Sa pir(123)  ply(12rg) [s18024;123] .

(=)n=tptr(rn) (1) pfr(T2)  pfr(7s)

Notice that the zeros in the matrix stand for ds,, pf,(123) and 61, pf;(123); the
determinant is thus symmetric in the three possible choices of {s1,s2} C {1,2,3}.
By this symmetry it is sufficient to treat the choice {s1,s2} = {1,2}. In this case
one has s = 3 and, therefore,

(4) LHS = +pf,(717273) pf(123) pf1(3) .
Expansion of the determinant along the first column yields
O1ry pr(@) o Pf'r(@)
+RHS = det | d2r, pf(123) dor, PE(123)  pf(13r3)
(=1~ tpfr(m) (1) pfr(2)  pfr(73)
(5) = 01y, pf7(123) (02, pf7-(123) pf(73) + (—1)™ pf 7 (I3r3) pf7(72))

+ (=1)" 02y, pf7(123) pfy(23r3) pf 1 (72)
+ (=1)" 82, pf(123) pf(23r3) pf(71) -
For {ri,r2} = {1,2} one has LHS = =+ pf(12r3) pf+(123) pf,(3). In the next

computation, which shows that this agrees with +RHS, the last equality follows
from Lemma

+ pfr(13r3) pf1(2)) — pf7(123) pfr(23r3) pfr(1))
— by (T23) (bt (T23) pt1 (75) — bl (Z373) bl (T) + bl (T373) bl (2)
= pfr(123)(— pf7(3) pf7(12r3)) -
For {ri,m2} = {1,3} one has LHS = +pf(13r3) pf,(123) pf+(3), see , and
specializes to the same expression. Similarly, for {r1,72} = {2,3} one has
LHS = =+ pf(23r3) pf(123) pf(3) and (5) specializes to the same expression.
Subcase II.c. If 11 < 3 < r3 hold, then (3) and Lemma [B.2] yield
LHS = :l:(pr(’I“lT'QTg) pf(123) — pf(123rar3) pr(ﬁ)) pf,(3).
This has to be compared to
Sy pr(j) pfr(23r2)  pf(23r3)
dor, PE(123)  pf(13r2) pfs(13r3)
RHS = =+det ! — 4;123] .
“\ G pEr(TB)  ptp(12n) pp(iz) | P2
(=) pfr(m)  pfr(r2)  pir(7s)

This determinant is symmetric in the three possible choices of {s1,s2} C {1,2,3}.
It suffices to treat the case {s1,s2} = {1,2}, where one has s = 3 and, therefore,

(6) LHS = i(pr(rlrgrg) pf(123) — pf(123rar3) pr(ﬁ)) pfr(3).
Expanding the determinant along the first column one gets
d1r, PEr(123)  pfr(23r2) pfy(23r3)
+RHS = det | dor, pf(123)  pf(13r2) pf(13r3)
(=D tpfr(Fr)  pir(72)  pEr(73)
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= 01, PE7(123) (pf 7 (13r2) pl7(73) — pfr(1373) pfr(72))
— 027, pE7(123) (pt7(23r2) pfy(73) — Pty (23r3) pfy(72))
+ (=1)" 7 pf (1) (pf 7 (2372) p7-(1373) — pE7(23r5) pl7-(13772)) -
For r; = 1 this expression specializes to

+RHS = pfr(123) (pf1(13r2) pf1(73) — pf(13r3) pf (72 )
+ pty (1) (pf7(23r2) 7 (13r3) — pf (23

= pfr(13r2) (pf(123) pf 1 (73) — pf(2373) pf (1)
+ pl7(1373) (pf7-(2372) piy (1) — pi7-(123) pl7(73))
= pfr(13r2) (pf7(1375) pf7(2) — pfr(1275) pE7(3))
+ pfr(13r3) (pf 7(12r2) pf 7 (3) — i (1372) pf£(2))

(pf7(13r3) pfy(12r2) — pfr(13r2) pfr(12r3)) pf 1 (3)
= (pfr(1rors) pf(123) — pfr(123r273) pf (1)) pf1(3),
where the third equality follows from Lemma and the last equality holds by

Lemma This matches @

For r; = 2 a parallel computation using the same lemmas yields

which again matches @
For r1 = 3 the RHS expression specializes to

+RHS = pf(3)(pf,(23r2) pf(13r3) — pf(23r3) pf(13r2))
= (pr(m) PfT(3) PfT(37"27‘3) PfT(123)) pr(g)
where the second equality holds by Lemma This matches @
Subcase II.d. If 3 < r; holds, then and Lemma [B.2] yield
LHS = +(pfy(77273) pf(123) — pf7(23r17273) pf (1)
+ pfr(13r1rors) i (2) — pfr(12r17r2r3) pf(3)) pf(5) -
This has to be compared to

pf(23r1) pfy(23re2) pfs(23rs)
pfr(13r1) pf(13re) pfs(13rs)
pfr(12r1) pfy(12re) pfy(12rs)
pfr(rr)  pir(r2)  pfr(7s)

This determinant is symmetric in the three possible choices of {s1,s2} C {1,2,3}.
It is sufficient to treat the case {s1,s2} = {1,2}, where one has s = 3 and, therefore,

LHS = =+(pf(ri7273) pf(123) — pf1(23r1727r3) pf (1)

+ pfr(13r1rars) pf(2) — pfr(12r17r2r3) pf(3)) Pf(3) .
Expansion along the third row yields
pir(23r1) pfr(23r2) piyr(23r3)

+RHS = det | pf(13r1) pfy(13r2) pf(13r3)

pfr(F1)  pfr(r2)  pir(7s)
pf+(77) (pr(23r2) pf(13r3) — pf(23r3) pr(13r2))

RHS = Z+det [s1824;123] .
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— pfr(72) (pf(23r1) pf - (13r3) — pf(2373) pf(13r1))
+ pf(73) (pf(23r1) pf - (13r2) — pf(23r2) pf(13r1))
i (77) (7 (123r273) pi 7 (3) — pfy(3rars) pfr(123))
— pf 7 (72) (pf 7 (123r173) pf 7 (3) — P (3r173) pf(123))
+ pf 7 (73) (pf 7 (123r172) pf1(3) — pfr(3rire) pf(123))
(pf7(71) pf(123rg73)
— pfr(72) pf(123r173) 4 pf.(73) pf(123r172)) pf(3)
- (PfT(ﬁ) pf - (3ra73)
— pfr(72) pfr(3ri7s) + pfr(73) pf(3r172)) pf1(123)
= (pr(T) pfr(23r1791r3) — pfr(2) pfr(13r17a73)
+ pfr(3) pf(12r17273)) pf(3) — pf(3) pf 1 (T17273) P (123)
where the last two equalities follow from Lemmas and O

Quotients of odd type. The proofs of [C.5HC.8| below are, if anything, slightly
simpler than the proofs of

C.5 Lemma. Let n > 6 be an even number and adopt the setup from The
sequence 0 — R" 3 sy mn P2, R4 D Rsa complex.
Proof. The product 0105 is a 1 X n matrix; the first three entries are evidently 0.
For i € {4,...,n} the i*" entry is
£ (pty pf7(1230) — pf7(12) pf(30) + pf(13) pf1(20) — pf7(23) pf7(17))
which is zero by Lemma [A-4] applied with ug ... ux = 123i and u, = i.
The product 9205 is a 4 X (n—3) matrix. Let ¢ € {4,...,n}; the entry in position

(1,4 —3) is

i—1 n

S (1) b (1235) = Y (—1) " 'ry pfr(1237) -

j=4 j=it+1
Applied with ug ... up =4...n and u, = i, Lemma[A.3 shows that this quantity is
zero. The entry in position (2,i — 3) is

i—1 n
T1i pr(T3) — T2 PfT(73) + Z(_l)jTji pr(37j) - Z (_1)jTij PfT(?TJ') :
j=4 j=i+1

Applied with u; ...u; = 124...n and uy = i, Lemma [A.3|shows that this quantity
is zero. Similarly, Lemma applied with u;...ur = 134...n and uy = 7 shows
that the entry in position (3,7—3) is zero, and an application with u; ...up =2...n
and ug = i shows that the entry in position (4,7 — 3) is zero. O

C.6 Lemma. Let n > 6 be an even number and adopt the setup from [2.9] The
Pfaffians pf(12), pf+(13), and pf(23) form a regular sequence in R.

Proof. The (n —4) x (n — 4) Pfaffians of the matrix T[4...n;4...n] generate by
[16, Corollary 2.5] an ideal of grade 3 in the subring R’ = Z[r;; | 4 < i < j < n] of
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R; they are the Pfaffians pf,(1237) for 4 < i < n. Applied with uq...ur =3...n
and £ = 1, Lemma yields
pfr(12) = Y (—1)'7s; pf(1237) .
i=4
Similarly, applied with w1 ...ux = 24...n and £ = 2 the same lemma yields

n

pfr(13) = > (=1)'7s; pf(123) .
=4

Finally, with w1 ...ux = 14...n and £ = 1 one gets

n

pfr(23) = Z(—l)iﬁi pf7(123i) .

i=4
Now it follows from [I3, Lemma 6] that pf,(12), pf+(13), and pf;(23) form a
regular sequence in R. (]

C.7 Lemma. Let n > 6 be an even number and adopt the setup from [2.9] The
ideal generated by the (n—3) x (n—3) minors of the matrix 03 contains the elements

(pfr)?,  (pfr(12))*,  (pf7(13))*, and (pfy(23)).

Proof. One has (pf;)? = det(7) and expansion of this determinant along the first
three columns, see [15] 0.8.9], yields:

det(T) = Y £det(Tijk; 123]) det(T[ijk; 123))
1<i<j<k<n
= Y Hdet(Tlijk; 123]) det(ds[ijk; 1...n — 3]) .
1<i<ji<k<n

Similarly, expanding along the first column one gets

(pfr(12))* = det(T[3...n;3...n]) = i +71i; 3] det(95[124;1...n — 3])
1=3
(pf(13))* = det(T[24...m;24...n]) = Y £Ti;2] det(0s[135;1...n — 3]),
and Qign

(pf7(23))% = det(T[14...m;14...n]) = > £Ti; 1] det(95[23i;1...n — 3]). O

1<ign
i#£2,3

C.8 Proposition. Let n > 6 be an even number and adopt the setup from [2.9
For integers 1 < r; <ro <rg<nandl<s; <sy<s3<4one has
det(03[F17m27r3; 1. .. n — 3]) det(01[1;518253]) = L det(Da[s15283;m17273]) -
Proof. Notice that det(93[Fi7273;1...n — 3]) = det(T [Fi7273; 123]) holds and set
LHS = det(T [Fi7a7r3; 123]) det(04[1;515253]) and
RHS = det(02[s15283;r17273]) -

The goal is now to prove that LHS = +£RHS holds. Set

p=1...n\rirors and {s} = {s1,82,83}.



ALMOST COMPLETE INTERSECTION IDEALS OF GRADE 3 43

The possible values of s; are 1 and 2, and we treat these cases separately.
Case I. Assuming that s; = 1 holds, one has s € {2,3,4}. By symmetry it
suffices to treat the case s = 4. In this case one has

(1) det(9h[1;575353]) = pir(23) |

Because the first three columns of the matrix Js are special, our argument depends
on the size of the intersection {1,2,3} N {r1,re,r3}. We therefore consider four
subcases determined by the (in)equalities

(2) rs =3, ro <3< r3, ri <3< rg, and r <3.

Subcase I.a. If r3 = 3 holds, then Lemma [B.3] yields LHS = 0, and d has a
zero row, so RHS = 0 holds as well.
Subcase I1.b. If ro < 3 < r3 hold, then and Lemma yield

LHS = pf(123r3) pf(T172) pf(23) .

Expansion of the determinant along the first row yields

0 0 pf(123r3)
+RHS = det | d1r, pf7(13) — d2p, Pf7(23)  —02p, pf1(23)  —pfr(3r3)
—01p, Pl (12) d3r, PE7(23)  pl(2r5)

= pfr(123r3) pf7(23) (O1r, (d3r, PEF(13) — d2r, PEF(12)) — G20, 031, PEF(23))
= £ pf(123r3) pf(23) pf,(F172) .
Subcase I.c. If r; < 3 < ry hold, then and Lemmayield

pf 7 (12rar3) pf7(13) — pf 7 (13rars) pfr(12) if 71 =1
LHS = pf+(23) - ¢ pf(12rars) pf(23) — pf(23rars) pf(12) if r; =2
pf(13rars) pf(23) — pf(23rars) pf(13) if 714 =3.
This has to be compared to
+ RHS
0 pfy(123r2) pfr(123r5)

= det | 01, pfy(13) = bop, pfr(23)  —pfr(3ra) —pfr(3rs)

=017, PE(12) + 030, PE(23)  pE(2r2)  pfr(2r3)
= —01r, (pf1(13) (pf(123r3) pf1(2r3) — pf(123r3) pf(2r2))
r

+ pf(12) (= pfr(123r2) pfr(3r3) + pf(123r3) pf(3r2)))

+ b2r, PE(23) (pf 7 (123r2) pfy(2r3) — pf7(123r3) pfr(2r2))
+ 03, PE(23) (— pf(123r2) pf-(3rs) + pf(123r3) PfT(%)) .
Lemma [AZ5] applied with uj ... u; = 123rors and ¢ = 2 and £ = 3 yields
= i (23rars) pf(12) + pf(12r2rs) pf(23)

3
= pf(123r3) pf(2r2) — pf(123r2) pf(2r3)

and

— pf(23rors) pf(13) + pf(13rars) pf(23)

= pt(123r3) pf(3r2) — pf(123r2) pf(3rs) .
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The first of these identities immediately yields LHS = +RHS in case r; = 2, and for
r1 = 3 the second identity yields the same conclusion. In case r; = 1 one applies
both identities to see that LHS = £RHS holds.

Subcase 1.d. If 3 < ry holds, then and Lemma yield

LHS = (pfy(1rirars) pfy(23) — pfr(2rirers) pfo(13)
+ pfr(3rirars) pf(12) — pf(123r17273) pr) pfr(23).
Expansion of the determinant along the third row yields the second equality in
the computation below. The third equality follows from three applications of
Lemma, with wy ... up = 123r9r3/123r175/123r979 and ¢ = 3. The fifth fol-

lows from Lemma [ATF| applied with u; ... u; = 23ri72rs and £ = 1 and Lemma[A]
applied with uy ... ux = 123r1ryr3 and £ = 2.

pr(Tirl) pr(@) pr(@)
+RHS = det | pfy(3r1) pfr(3r2) pfr(3r3)
pfr(2r1)  pfr(2r2)  pfy(2r3)
pir(2r1) (pf7(123r2) pf 7 (3rs) — ptr(12375) pfr(3r2))
— pf 7 (2ra) (pf(123r1) pf - (373) — pfy(123r3) ply(3r1))
+ pfr(2r3) (pf-(12371) pf 7 (3r2) — pf(12372) pf 1 (3r1))
pfr(2r1) (pf(23r273) pf(13) — pfr(13r27r3) pfr(23))
— pfr(2rg) (pf(23r173) pf(13) — pfr(13r173) pf(23))
+ pf(2r3) (pf(23r172) pf7(13) — pfr(13r172) pf(23))
pf 7 (13) (pf 7 (23ra73) pf 7 (2r1)
— pfr(23r173) pf(2r2) + pfr(23r172) pf(2r3))
— pt7(23) (pt7(13r273) pfy(2r1)
— pfr(13r173) pf7(2r2) 4 pfr(13r172) pfr(2r3))
pf(13) pf7(2r17273) pf(23) — pf(23) (pr(m) pfr(12
+ pfr(Irirars) pfr(23) — pfr(123r172rs) plr) -

Up to a sign, this is LHS.
Case II. Assuming that s; = 2 holds one has s = 1 and, therefore,

3) det(91[1;23)) = pty .

As in Case I the argument is broken into subcases following the (in)equalities (2]).
Subcase Il.a. If r3 = 3, then and Lemma yield LHS = 0, and one has

pfr(13)  —pfr(23) 0__
RHS = det | —pf+(12) 0 pf(23)
0 pir(12)  —pfr(13)

= pfr(13) pf(23) pf(12) — pf+(23) pf(12) pf(13) = 0.
Subcase I1.b. If ro < 3 < r3 hold, then and Lemmayield

LHS = pf(123r3) pf,(7172) pfs.
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In the computation below, the last equality follows from Lemma [A4] applied with
uy . ..up = 123r3 and ¢ = 4; it shows that LHS and RHS agree up to a sign.

+ RHS

61, PE7(13) — 02y, PEF(23) —02r, PE(23) pfr(3r3)
= det —01,, Pi(12) 03y, PE(23) —pfy(2r3)

dar, Pf7(12) dar, PET(12) — 03,, PEF(13) D (1r3)
= O1r,02r, P (12) (pf(13) pf(2r3) — pf4(23) pf(1r3) — pf(12) pf(373))
+ 817, 03, DE(13) (pf 7(23) P (Trs) — pf(13) pf - (2r3) + pf(12) pf - (3r3))
— 02y, 037, PE7(23) (pf(23) pl(Trz) — pf(13) pf(2r3) + pf(12) pf(3r3))
= + pf(7172) (pf7(23) pf - (1r3) — pf(13) pf(2r3) + pf(12) pf(373))
= pfr(ri7r2) pf7 pfr(123r3) .
Subcase Il.c. If r; <3 < ry hold, then and Lemma yield

pf+(12ror3) pf(13) — pf+(13rers) pf(12) if 1y =1
LHS = pfy - pfr(12rars) pf(23) — pf(23rars) pf-(12) if 7 =2

pf(13ror3) pf(23) — pf(23rers) pf(13) if r = 3.
This has to be compared to

O1r, pr(@ — dar, pf7(23) pr(@ pr(@
+RHS = det | =61y, pr(i2) + 31, prL ) - prﬁg) - pr@;),)
dar, PET(12) — d3,, PE(13) pf(1r3) pf(1r3)

= 81p, (PE(I3) (= pf(2r2) pfy(TIrs) + pf(Trz) pfy(2r3))

+ pfr(12) (pf 7 (3r2) pfr(1r3) — pf(1r2) pf1(3r3)))
— bap, (PF7(23) (— pf7(2r2) pfr(Irs) + pf(1rz) pfr(2r3))

— pfr(12)(— pf7(3r2) pf(2rs) + pfr(2r2) pf(3r3)))
— 3r, (Pf7(23) (pf7(3r2) P (Tr3) — pfy(1r2) pf7(3r3))

— pfr(12) (= pf+(3r2) pf7(273) + pfr(2r2) pf 7 (3r3))) -

For r; = 1 it follows from two applications of Lemma[A-4] namely with u; ... u, =
127973 /13r9r3 and £ = 1, that LHS and RHS agree up to a sign. For r; = 2 one
gets the same conclusion by applying Lemma with uy ... ug = 12r9rs/23rars
and ¢ = 1. For r; = 3 one gets the desired conclusion from Lemma applied
with uy ... ug = 13rer3 /23973 and £ = 1.

Subcase I1.d. If 3 < r; holds, then and Lemma yield

LHS = (pfy(Irirars) pfy(23) — pfr(2rirars) pfy(13)
+ pf(3rirers) pf(12) — pf(123r17r973) pf7—) pfr .

Expansion of the determinant along the first column yields the second equality
in the computation below. The third equality follows from three applications of
Lemmal[A74] The fifth follows from two applications of Lemma A4 with u; ... u, =
123r17r9r3/123r1 and £ = 4. The last equality follows from Lemma

+ RHS
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PfT(L) pr(L) pfr(3rs)
= det | pfy(2r1) pfr(2r2) pfr(2r3)
pfr(1r1) pir(lra) pfr(lrs)
= pfr(3r1) (Pf7(72) pfr Irz) — pr(273) PfT(lT2))
- pr(Tl) (PfT(?’T?) PfT(lTS) - pr(%) pr(E»
+ pfr(1r1) (pr(%) pfr(2r3) — pfr(3r3) pr(QTb))

= plr(3r1) (pfr(12ror3) pfy — pfr(12) pf1(7273))
— pfr(2r1) (pf 7 (13ror3) pf — pf(13) pf(7273))
+ pf(Tr1) (pf 7 (23r273) pf — pf(23) pf - (7273))
= (pfr(1ry) pf7(23rars) — pf(2r1) pfr(13rars) + pf(3r1) pfr(12r273)) pf 7
+ (= pfr(Tr1) pf7(23) + pf(2r1) pf7(13) — pf(3r1) pf(12)) pt7(7273)
= (pf(123r17rar3) pf — pf(7172) pf - (123r3) + pf - (7173) pf-(12372)
— pf7(7273) pf(1231)) pf
(pf(123r17973) pfy — pfr(12) pf 7 (3r17273) + pi(13) plr(2rirars)
— pf7(23) pfr(Trirars)) pfy.
to a sign, this is LHS. O
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