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1. Hyperbolic if B2 − 4AC > 0
2. Parabolic if B2 − 4AC = 0
3. Elliptic if B2 − 4AC < 0

Let f(x) be a 2`-periodic function for which
∫ `
−` |f(x)| dx exists. Then the Fourier series of f(x)

satisfies

(f(x−) + f(x+))

2
=
a0

2
+
∞∑
n=1

(
an cos(µnx) + bn sin(µnx)

)
, µn =

nπ

`
,

an =
1

`

∫ `

−`
f(x) cos(µnx) dx, bm =

1

`

∫ `

−`
f(x) sin(µnx) dx n = 0, 1, 2, . . .

Fourier Cosine: Given f on [0, `]

a0 =
2

`

∫ `

0

f(x)dx, an =
2

`

∫ `

0

f(x) cos
(nπ
`
x
)
dx

f(x+) + f(x−)

2
=
a0

2
+
∞∑
n=1

an cos
(nπ
`
x
)

Fourier Sine: Given f on [0, `]

bn =
2

`

∫ `

0

f(x) sin
(nπ
`
x
)
dx

f(x+) + f(x−)

2
=
∞∑
n=1

bn sin
(nπ
`
x
)

ϕ′′ = λϕ, 0 < x < `, ϕ(0) = 0, ϕ(`) = 0 ⇒

µn =
nπ

`
, λn = −µ2

n, ϕn(x) =
√

2/` sin(µnx)

ϕ′′ = λϕ, 0 < x < `, ϕ′(0) = 0, ϕ′(`) = 0 ⇒

λ0 = 0, ϕ0 = 1/
√
`, µn =

nπ

`
,

λn = −µ2
n, ϕn(x) =

√
2/` cos(µnx)

ut(x, t) = kuxx(x, t), 0 < x < `, t > 0
u(0, t) = 0, u(`, t) = 0
u(x, 0) = f(x)

µn =
nπ

`
, λn = −µ2

n,

ϕn(x) =
√

2/` sin(µnx)

u(x, t) =
∞∑
n=1

cne
kλntϕn(x)

cn =

∫ `

0

f(x)ϕn(x) dx.

ut(x, t) = kuxx(x, t), 0 < x < `, t > 0
ux(0, t) = 0, ux(`, t) = 0
u(x, 0) = ϕ(x)

λ0 = 0, ϕ0(x) = 1/
√
`,

µn =
nπ

`
, λn = −µ2

n,

ϕn(x) =
√

2/` cos(µnx)

u(x, t) = c0ϕ0(x) +
∞∑
n=1

cne
kλntϕn(x)

cn =

∫ `

0

ϕ(x)ϕn(x) dx.



ut(x, t) = kuxx(x, t), 0 < x < `, t > 0

u(0, t) = 0, ux(`, t) = 0

u(x, 0) = ϕ(x)

µn =
(2n− 1)π

2`
, λn = −µ2

n, ϕn(x) =
√

2/` sin(µnx)

u(x, t) =
∞∑
n=1

cne
kλntϕn(x) cn =

∫ `

0

ϕ(x)ϕn(x) dx.

utt(x, t) = c2uxx(x, t), 0 < x < `, t > 0

u(0, t) = 0, u(`, t) = 0

u(x, 0) = f(x), ut(x, 0) = g(x)

⇒ u(x, t) =
∞∑
n=1

(an cos (µn ct) + bn sin (µn ct))ϕn(x),

µn =
nπ

`
, λn = −µ2

n, ϕn(x) =

√
2

`
sin(µnx)

an =

∫ `

0

f(x)ϕn(x) dx, bn =
1

µnc

∫ `

0

g(x)ϕn(x) dx.

cos(α) cos(β) =
1

2
(cos(α + β) + cos(α− β)) , sin(α) sin(β) =

1

2
(cos(α− β)− cos(α + β)) ,

sin(α) cos(β) =
1

2
(sin(α + β) + sin(α− β)) .

With µn =
nπ

`
we have

∫ `

−`
cos2(µnx) dx = `

∫ `

−`
sin2(µnx) dx = `

∫ `

−`
cos(µnx) cos(µmx) dx =

1

2

∫ `

−`
[cos((µn + µm)x) + cos((µn − µm)x]) dx = 0

∫ `

−`
sin(µnx) sin(µmx) dx =

1

2

∫ `

−`
[cos((µn − µm)x)− cos((µn − µm)x)] dx = 0

∫ `

−`
sin(µnx) cos(µmx) dx =

1

2

∫ `

−`
[sin((µn + µn)x) + sin((µn − µn)x)] dx = 0


