Pointwise Convergence of Fourier Series

First we give the famous Reimann-Lebesgue Lemma

Theorem 1. Let f be an absolutely Reimann integrable function on [a,b], i.e.,
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/ |f(z)]dx < 0.
Then
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lim / f(x)sin(A\x) dx = 0.
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Proof. Consider the case in which f(z) =1
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Assume now that f(z) is a piecewise constant function, i.e.,
K
flz) = chllj(x), I =[zj_1,zj], a=xo<z1 <---<zg =0,
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where

Then we have

which implies
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/ab f(x)sin(A\x) dx

Finally take € > 0 arbitrary and let

K
g9(x) =Y ¢l (x)
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be a Reimann sum approximation to f(z) with
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By the definition of the Reimann integral we can find such a g(x) for every e > 0. Further due to
our above calculations we know that for a fixed € we can find \g so that n > Ay implies

b
/ g(x)sin(Az) dz| < for A > .

DN

Then we have

b
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x)sin(A\z) dz| = [f(x) — g(x)] sin(Ax) dx+/ g(z) sin(A\z) dz
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where on the last step we have chosen A > )¢ as above. Thus for general f(z) we have
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Now we turn to the question of point-wise convergence of the Fourier series. First we recall

Definition 1. A function f(x) is piecewise smooth function on [—m, 7] if f and f’ are continuous
except possibly for a finite number of points in [—m, w]. Furthermore, at a point z¢ where f has a
discontinuity we assume that

flag) = lim f(x), f(zg) = lim f(z)
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and at a point 2o where f’ has a discontinuity we assume that

o fl@wo—h) = f(zg) o flwo+h) = flxg)
h10 7 0z, fR(xo)—l}gg ; 0

both exist.

Assumption 1. Let us assume that f(x) is a piecewise smooth function defined on [—m, 7].

In order to prove the desired result we need to introduce the Dirichlet kernel.



Lemma 1.
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Proof. Recall Euler’s formula e’ = cos(6) + i sin(#) which implies that e=% = cos(#) — i sin(6) and
therefore
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Therefore
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Now the sum of complex exponentials is a geometric series which can be summed in closed form.
Namely, recall

L 1 — N1
g =
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So we can write
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The function
sin[(N + 1/2)z]

27 sin(z/2)

Dy(x) =

is called the Dirichlet Kernel.

Now let us consider a Fourier series. First we define the Nth partial sum Sy by
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Sn(z) = % + Z[an cos(nx) + by sin(nz)]
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Next we will use the Dirichlet Kernel to represent Spy. First note that for n > 0

Cn = <an—21bn> = % /: f(z)[cos(nx) — isin(nz)| dz = % f( )e " d.

and again for n > 0

T (W) % f( )[cos(nx) + isin(nx)] do = % " F(x)e™ da,

so that
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Thus we can write
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where on the last step we have made the change of variables y — x — y.
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So we have written the formula as a convolution with the Dirichlet kernel. Now if we knew that
the Dirichlet kernel was a delta sequence and z was a point of continuity of f(z) then we would
know that

lim Sy(z) = f(z).
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But you can notice from the graph that Dy(z) is not positive and we only want to assume the
f(x) is piecewise smooth so it may not be continuous at x. Indeed from the graph we can see that
Dy (x) is a very oscillatory function. Nevertheless we can still show that, under our assumptions
on f(z), there is something like the delta sequence property.

To establish the desired result we first note that
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Lemma 2. Under our assumptions on f we have, for any —m < zg < m,
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sin[(N +1/2)y]
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The integrand consists of three terms:
ti(y) = o = y_>y_ uc , la(y) = sinIyy/z]’ l3(y) = sin[(N +1/2)y].

1. The function ¢;(y) is piecewise smooth with

lim = f} (xo).
Jim, = fr(x0)

2. The function ¢2(y) is continuous and bounded.

So the product of the ¢; and ¢5 is a function g(y) which is Reimann integrable on [0, 7] and we can
apply Theorem 1 (the Reimann-Lebesgue lemma) to obtain

o[t -y - ) = L[ gtysnlv 17200 ay 20

and therefore (4) holds.

An almost identical argument shows that (5) holds.
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Combining the above results (4) and (5) we have
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This means N B oo
flag) + f(zg) — % + Z[a’" cos(nx) + by, sin(nx)].
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