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Formulas Cullen Zill AEM Chapters 3

(Linear, Homogeneous, Constant Coefficients)

y' + Ay + By =0 = try |y=¢€"

Characteristic Equation |72 4+ Ar + B = 0| has roots 1, 9.
Three Cases:

rxT

+ cpe?”

1. Real distinct roots 7 #re = (general solution) |y = cie

2. Real double root r =1 =71y = (general solution) =c1e" + coxe™

3. Complet roots r = a+i3 = (general solution) | y = c1e* cos(fz) + c2e™” sin(fx)

(Euler Equation, = > 0) |2%” + Azy/ + By =0| = try |y=2a"
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d d
(same as z = e! = t = In(z) and change variables to get Eg +(A- Udi: + By =0)

Characteristic Equation |72+ (A —1)r + B =0/ has roots 1, 7.
Three Cases:

1. Real distinct roots 1 # 172 = (general solution) |y = ciz™ + cox'™

r

2. Real double root r =71 =79 = (general solution) [y = c12" + c2In(z)z

3. Complet roots r = a£iff = (general solution) | y = c12% cos(B1n(x)) + cox® sin(G In(z))

(Nonhomogeneous Linear) |y” + P(z)y' + Q(z)y = R(x)| General solution: |y = yp + v,

yp, is the general solution of Yp is any particular solution of

Y+ P@)y + Qx)y =0 and y" + P(x)y + Qz)y = R(z)

There are two methods:

A. (Undetermined Coefficients) Guess the form of y, from R(x). This method requires that

P and Q to be constants and R is a sum of terms of the form z¥, zFe®®, zFe®® cos(fz) or

2*e®® sin(fz).
B. (Variation of Parameters) Look for a particular solution in the form y, = uy; + vys.
This approach leads to

yp(x) = —yl(:c)/ Z/2(V~[9/)£)(5) ds + y2(56)/ ZA(V'[S/)(Z)(S) ds,  W(s) = det [z}ES; Z?Es;]
118) Yal$

(Reduction of Order) Suppose that y; is a solution of y” + p(z)y’ + q(z)y = 0. A second

solution can be found in the form yo(x) = v(z)y;(x) where |v = /exp ( / P(s >

(241 + p(z)y1)
Y1 '

and | P =




A homogeneous linear differential equation with constant real coefficients of order n has the form

y(n) + an_ly(nil) 4+ -4 agy = 0. (*)

d
We can introduce the notation D = e and write the above equation as
x

P(D)y = (D” +an DY 4 g ao> y=0.

By the fundamental theorem of algebra we can factor P(D) as

(D —ry)™ -+ (D =)™ (D* = 201D + af + B})P* -+ (D* — 204D + o + )",

k ¢
where ij + Qij =n.
j=1 j=1

There are two types of factors (D — r)¥ and (D? — 2aD + a? + 32)* -

The general solution of (D —7)fy =01is y = <Cl +eox 4o+ ckx(k_1)> e’

The general solution of (D? — 2aD + o + $%)Fy = 0 is

Y= (cl +cox + -+ ckx(kfl)) e cos(fz) + (dl +dox + -+ dka:(kfl)) e sin(fx).

The general solution contains one such term for each term in the factorization.

We can also argue as before and seek solutions of (%) in the form y = € to get a characteristic
polynomial
4 ™Y 4 g = 0.

In either case we find the general solution consists of a sum of n expressions each term of which
contains an arbitrary constant and a term that looks like ¥, z¥e™® | 2Fe®® cos(Bz) or 2¥e® sin(fx).



