Chapter 12 Heat Examples in Rectangles

Heat Equation Dirichlet Boundary Conditions

ur(z,t) = kg, (z,t), 0<az<fl, t>0 (1.1)
u(0,t) =0, u(l,t)=0
u(z,0) = f(x)

. Separate Variables Look for simple solutions in the form

u(z,t) = @(x)Y(t).
Substituting into (1.1) and dividing both sides by ¢(x)¥(t) gives
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Since the left side is independent of x and the right side is independent of ¢, it follows that the
expression must be a constant:
v e
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We seek to find all possible constants A and the corresponding nonzero functions ¢ and .

We obtain
O —=Xp=0, Y —k\)=0.

The solution of the second equation is

Y(t) = CeM (1.2)
where C' is an arbitrary constant. Furthermore, the boundary conditions give

e(0)h(t) =0, p(O)(t) =0 for all t.

Since 1 (t) is not identically zero we obtain the desired eigenvalue problem
¢ (@) = Ap(x) =0, ¢(0) =0, »(¢)=0. (1.3)

. Find Eigenvalues and Eignevectors The next main step is to find the eigenvalues and eigenfunc-
tions from (1.3). There are, in general, three cases:

(a) If A =0 then ¢(z) = ax + b so applying the boundary conditions we get
0=p0)=0b, 0=p(l)=al =a=0b=0.

Zero is not an eigenvalue.



(b) If A = p® > 0 then
o(z) = acosh(ux) 4+ bsinh(ux).

Applying the boundary conditions we have
0=p0)=a=a=0 0=p{)=bsinh(ul) =b=0.

Therefore, there are no positive eigenvalues.

Consider the following alternative argument: If ¢”(z) = Ap(x) then multiplying by ¢ we have
o(2)¢"(z) = Mp(z)?. Integrate this expression from z = 0 to x = £. We have

¢

y ()P = / () (x) dr = / @) de + o) (@)

0

Since ¢(0) = ¢(¢) = 0 we conclude

and we see that A must be less than or equal to zero.

(c) So, finally, consider A = —pu? so that
o(x) = acos(uzx) + bsin(px).
Applying the boundary conditions we have
0=¢p0)=a=a=0 0=¢()=bsin(ul).

From this we conclude sin(pf) = 0 which implies
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So we have eigenfunctions b, sin(u,z) and we choose the constant b, so that

‘ 2
/ on(x)?dr =1 = b,=4/>
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and therefore

_ 2 ("my? N —1.2....
Ap = —ps = <€) : gon(x)—\/;&n(unx), n=12-.--. (1.4)

From (1.2) we also have the associated functions 9, (t) = ek»t,

3. Write Formal Sum From the above considerations we can conclude that for any integer N and

constants {b, }2_,
N

Z Cnthn(t)

satisfies the differential equation in (1.1) and the boundary conditions.
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4. Use Fourier Series to Find Coefficients The only problem remaining is to somehow pick the
constants b, so that the initial condition u(x,0) = f(z) is satisfied. To do this we consider what we
learned from Fourier series. In particular we look for u as an infinite sum

= cadip,(x)
n=1

and we try to find {¢,} satisfying

[e.9]

f(z) = capnlx

n=1

But this nothing more than a Sine expansion of the function ¢ on the interval (0, ¢).

cn:/o o(x)pn () de. (1.5)

Example 1.1. As an explicit example for the initial condition consider £ = 1, k = 1/10 and f(z) = z(1—=x).
nmw . . .
Let us recall that u,, = (7> which in this case reduces to nm.

_ ﬁ/ol 2(1 - ) sin (nrz) do

_f/ (1—2) (_cos mr:v)

zﬁl—x(l—x) / (1— 22) cosmmc)d]

COS mm:

nim

_ V2 Olu_gm) (M) &z

nm nm

:_ /01(_2)5111727;%35) dw]

22 [t 2v/2 [_ cos(nmx)

= Q [(1—2x)

sin(nmx)

nm ni

= —— [ sin(nrx)dr = ()2 -

(n7)? Jo (nm)?

] _2v2[1— (=1)7]

We arrive at the solution

4 ~[1— (-1
u(z,t) = = [72—3)]6_”2“2'5/10 sin (nmx) . (1.6)
n=1

where
41D
z(l—2x)= =23 sin (nmzx) .



As an example with NV = 3 we have
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In the following figure we plot the left and right hand side of the above.
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Finally we plot the approximate solution at times t =0,¢t=,t=2,¢t=3
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2 Heat Equation Neumann Boundary Conditions

ur(z,t) = Uge(x,t), O0<x <l t>0
uz(0,8) =0, wug(l,t)=0
u(z,0) = f(z)



1. Separate Variables Look for simple solutions in the form

u(z,t) = p(x)i(t).
Substituting into (2.7) and dividing both sides by ¢(x)1(t) gives
W) )
() plx)

Since the left side is independent of x and the right side is independent of ¢, it follows that the
expression must be a constant:
V') _ ()

() ple)
We seek to find all possible constants A and the corresponding nonzero functions ¢ and .

We obtain

P =xp=0, =M =0

The solution of the second equation is

U(t) = Ce (2.8)

where C' is an arbitrary constant. Furthermore, the boundary conditions give

G(0)p(t) =0, ¢ (O)(t)=0 for all t.

Since (t) is not identically zero we obtain the desired eigenvalue problem
¢"(z) = Ap(z) =0, ¢'(0)=0, ¢'(£)=0. (2.9)

2. Find Eigenvalues and Eignevectors The next main step is to find the eigenvalues and eigenfunc-
tions from (2.9). There are, in general, three cases:

(a) If A =0 then p(z) = ax + b so applying the boundary conditions we get
0=¢(0)=a, 0=¢'({)=a =a=0.

Notice that b is still an arbitrary constant. We conclude that A\g = 0 is an eigenvalue with
normalized eigenfunction wo(x) = 1//¢.
(b) If A = p? > 0 then
o(x) = acosh(pzx) + bsinh(uzx)
and
¢'(x) = apsinh(pz) + by cosh(uz).
Applying the boundary conditions we have

0= (0)=bu=b=0 0=¢'({)=ausinh(ul) = a=0.

Therefore, there are no positive eigenvalues.
Consider the following alternative argument: If ¢”(z) = Ap(x) then multiplying by ¢ we have
o(x)¢" () = Mp(z)%. Integrate this expression from z = 0 to z = £. We have

14
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Since ¢'(0) = ¢'(¢) = 0 we conclude

/Oggo(x)2 dx

and we see that A\ must be less than or equal to zero ( zero only if ¢’ = 0).

(c) So, finally, consider A = —pu? so that
o(x) = acos(px) + bsin(pux)

and
¢'(x) = —apsin(uz) + bu cos(pz).
Applying the boundary conditions we have

0=¢'(0)=bu=0b=0 0=¢'(¢)=—apusin(ul).

From this we conclude sin(pf) = 0 which implies p = n77r So we have eigenfunctions a,, cos(p,x)

and we choose the constant a,, so that

¢ 2
/ on(x)de=1 = a,=1/-
0 l

and therefore

2 2
Ay = —p2 = — (%) . pn(z) = \/;cos(,unx), n=1,2---. (2.10)
From (2.8) we also have the associated functions 1, (t) = e*t.

3. Write Formal Infinite Sum From the above considerations we can conclude that for any integer
N and constants {a, })_,

Up(z,t) = co + Z Cntn (t) ()

satisfies the differential equation in (2.7) and the boundary conditions.

4. Use Fourier Series to Find Coefficients The only problem remaining is to somehow pick the
constants a,, so that the initial condition u(z,0) = f(x) is satisfied. To do this we consider what we
learned from Fourier series. In particular we look for u as an infinite sum

xt—co—l—ch n

and we try to find {a,} satisfying

p(r) = u(z,0) = co+ Y _ capn(2).

n=1
But this nothing more than a Cosine expansion of the function ¢ on the interval (0, £).

Our work on Fourier series showed us that

¢
= /0 f(@)on(z) d. (2.11)



As an explicit example for the initial condition consider ¢ = 1 and f(z) = z(1 — z). In this case (2.11)
becomes

1
n — n dx.
¢ / F(@)pn() da
We have

and for n > 0

Cp = \/5/01 o(z) cos (nmx) do = 2/01 2(1 — z) cos (nmx) da

—\/5/0133(1—3:) (M)/daz

nm

1 — /01(1 — 2x)wdx]

nm

_ 3 [x(l B x)sin (nmx)

nm

_ V2 N g (M)dx

nt Jo nm
V2 ! B /1<_2)COS (nmz) da:]
o Jo nm

= [(1—21’)

cos (nmx)

nm nm

In order to eliminate the odd terms in the expansion we introduce a new index, k& by n = 2k where
k=1,2,---. So finally we arrive at the solution

I 1 &K1 e
u(z,t) = 6 ﬁZﬁe T cos(2kmar). (2.12)
k=

As an example with N = 4 we have



Notice that as t — oo the infinite sum converges to zero uniformly in x. Indeed,

— 472t § — 7T_ —472t
k:2 6

So the solution converges to a nonzero steady state temperature which is exactly the average value of the
initial temperature distribution.

lim u(z,t) / f(x

t—o00

Z 12¢ e~ cos(2km)

In the following figure we plot the left and right hand side of the above.
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Finally we plot the approximate solution at times ¢t = 0, t = 1/10, t = 2/10, t = 3/10.
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2.1 Heat Equation Dirichlet-Neumann Boundary Conditions

w(x,t) = uge(z,t), O0<ax <l t>0
u(0,t) =0, u,(l,t)=0
u(z,0) = f(z)

Apply Separation of Variables to obtain the Sturm-Liouville problem for {\,, ¢,(z)}. Find Eigen-
values and Eignevectors The next main step is to find the eigenvalues and eigenfunctions. There are,
in general, three cases:

1. If A =0 then ¢(x) = ax + b so applying the boundary conditions we get
0=p0)=b, 0=¢'l)=a =a=b=0.
Zero is not an eigenvalue.

2. If A= p? > 0 then
¢(x) = acosh(ux) + bsinh(px)

and
¢'(x) = apsinh(ux) 4+ bu cosh(ux).

Applying the boundary conditions we have

Therefore, there are no positive eigenvalues.

Consider the following alternative argument: If ¢”(x) = Ap(x) then multiplying by ¢ we have
o(2)¢" (z) = Mp(z)?. Integrate this expression from x = 0 to z = £. We have

L l Y l
s [ o= [ o @yae = - [ ar s @]
Since ¢(0) = ¢'(¢) = 0 we conclude
f(f ¢'(1)* dx

o foego(x)z dx

and we see that A must be less than or equal to zero.
3. So, finally, consider A = —u? so that
o(z) = acos(pux) + bsin(ux)

and
¢'(x) = —apsin(ur) + by cos(uz).
Applying the boundary conditions we have

0=p0)=au=a=0 0= (£)=0bucos(ul).

9



From this we conclude cos(uf) = 0 which implies

(2n — )7

="

So we have eigenfunctions b, sin(u,z) and we choose the constant b, so that

¢ 2
/ on(@)dr =1 = b,=1/>
0 l

and therefore

2
Ay = —pi2 = — (W) , n(x) = \/%sin(,unw), n=12---. (2.13)

From (1.2) we also have the associated functions 1, (t) = e**.

Write Formal Infinite Sum From the above considerations we can conclude that for any integer N and

constants {b, }2_,
N

Z Cnthn(t)

satisfies the heat equation and the boundary conditions.
Use Fourier Series to Find Coefficients The only problem remaining is to somehow pick the constants

¢, so that the initial condition u(x,0) = f(z) is satisfied. To do this we consider what we learned from
Fourier series. In particular we look for u as an infinite sum

E Cn TL

and we try to find {b,} satisfying

fla) = = capul
n=1
But this nothing more than a Sine type expansion of the function ¢ on the interval (0, ¢) and we have
f(z) = ch¢n(x)
n=1
¢
cn= [ f(x)on(x)d. (2.14)

As an explicit example let ¢ = 1 so that ¢,(z) = /2sin(u,x) and for the initial condition consider

2n —1
f(z) = x. Let us recall that p, = (%)
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_ \/TE /01 () pn(x) di = %/lesin (1) do

(Y,

1 1
=2 _ICOS(#n ) +/ cos(pn) i
L Hn 0 0 Hn
— -_1008(/1”1) N Sin('lé"w) 1
Hn My, 0
_ /3 __1(:08((271 —1)m/2) N sin((2n —2 l)w/Q)}
Hn u
_ A21(=pm
T (2n—1)2x%
We arrive at the solution N
o = é (_1)n+1 ot -
U(xa ) - 7TZ Z (2n __1)26 Sin (,una:) . ( ) )
n=1

11



