Dirichlet & Heat Problems in Polar Coordinates

Section 13.1

1 Steady State Temperature in a circular Plate

Consider the problem

Upe(7,Y) + Uyy(2,y) =0, 2°+y* < R? (1.1)
U(Jf,y):f(lf,y)7 $2+y2:R2,
u(z,y) bounded on z* + y* < R*. (1.2)

u=f

It turns out that we cannot solve this problem using separation of variables as it is written.
But, as you will see, if we change coordinates to polar coordinates then separation of variables
works fine.

To this end recall that polar coordinates are given by
x =rcos(f), y=rsin(f)

or

r? =2 +y? 0 =tan '(y/z).

So we need to translate
uxx(-Tv y) + uyy(xa y) =0

into the variables r and 6. First we use r? = 22 + y? and implicit differentiation to compute
x
2TT$:2:U:>T:C:_7 27’7"y:2y:>7"y:y
r r

so we have .
ry =— =cos(f) and r, = L sin(6). (1.3)
r r

Similarly, differentiating y = rsin(f) with respect to x and using (1.3) we have

0 = rysin(f) + rcos(0)6, .
= cos(0) sin(6) + r cos(0)0, (1.5)



which implies

g, — S0 (1.6)

Differentiating x = r cos(f) with respect to y and using (1.3) we have

0 =r,cos(f) — rsin(9)6, :
= cos(f) sin(f) — rsin(6)0, (1.8)

and we obtain 0
0, = Coi( ), (1.9)

Next, using the chain rule and (1.3) we compute

Uy = UpTy + Uply = u, cos(0) — ugy sin(6) (1.10)
r
and 0
Uy = UyTy + ugbyu, sin(0) + ug cos( ) (1.11)
r

Using the formulas (1.10) and (1.11) we now compute the second derivatives:

sin(6)

Ugy = (urrrr:r + u?’@‘g:r) COS<9) - (u(%?“x + UQ.gtgx)

et (259
_ (u cos(®) + (—Si“r(@))> cos(0)
_ (UQ,, cos(6) + gy (—Sm(e) )) sin(6)

r r

@ ((r cos(0)8, — sin(9)m)>

r2

— uy, cos*(6) — 2uyg (M) o (sin:2(9))
sin?(f) u (_ cos(#) sin(#) — sin(6) cos(e)) |

r

r

Finally we arrive at

Uge = Uy c02(0) — 2urg (M) + ugy <Sm:(9>> (1.12)

r

(o) <<2sm<9> cos<0>>)

.
r 72

Exactly the same type of calculation which begins with

Uy = U,y + ughy, = u, sin(0) + ug (

cos(9)>
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leads to

r

cos?(f) ‘o ((2sin(9) cos(9>>>

r 72

Uyy = Upy sin?(0) + 2u,¢ <M> + Ugg (

T

Now adding (1.12) and (1.13) leads to

Ugzy + Uyy = Upp + ;ur + ﬁUOG-

With this we can rewrite the problem (1.1) as

cos?(0)

r2

1 1
um«+—ur+—2ueg:0, O<r<R, 0<6<2rm
r r

u(R,0)=f(0), 0<0<2rm
u(r, 0) bounded.

Remark 1.1. We could just as easily have considered the following problem.

1 1
Upr + —Up + —ugg = 0, O<r<R, —m<0<m
r r

u(R,0)=g(0), —m1<0<m
u(r, §) bounded.

)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

In other words we could write the problem on any 27 interval. The only difference is that
the function f(z) and g(z) would be different since we are assuming that the given function
is 27 periodic. So if we intend to use the interval —m < 6 < 7 instead of 0 < < 27 and
we intend to use the same periodic function then we need to make some adjustments. For

example, if

f(g):{fl(e) 0<f<T g(e):{fQ(Q—Zw)

f2(0) ,m<0<2m f1(0)

As a specific example consider

f(e):{e 0< < N g(g):{—e

2r —0 m <60 <27 0

,—m<0<0
O<f<m

,—mT<0<0
T<0<2m

The advantage of the interval [—m, 7] is that in the integrations you are integrating over a

symmetric interval about zero, so you can use even and odd to your advantage.

Separation of variables proceeds as follows. We seek simple solutions to (1.15) in the form

u=@0)y(r).
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Substituting this into the equation in (1.15) we have

PO () + O (1) + ¢ (O)0(r) =0

Next we divide by (0)¢(r) and multiply by 7? to obtain
rA"+ (1)) ¢

(0 ®

which as usual in separation of variables must equal a constant \.

Recall the solutions for so-called Euler-Cauchy equations:
2" +ary’ +bip =0
Consider the change of variables s = In(r) or = e®. By the chain rule

di _dvds _ 1dv

dr  dsdr rds

and

r2 ds?2  r?ds

A d (dp1\  1dg? 1dR
_(%;)_

dr? ~ ds

So the equation becomes

1dy*  1dy 1dy
2 el —— B — =
" <r2 ds? 12 ds>+aTT ds Top=0
which simplifies to
dy? dip B
E—F(&—l)g—%biﬂ—o.

This is a constant coefficient equation and we recall from ODEs that there are three possi-
bilities for the solutions depending on the roots of the characteristic equation. In the present
case we have a =1 and b = .

Thus we obtain the pair of BVPs for ODEs:

©"(0)+Ap(0) =0, @(=7) = ¢(m), ¢'(-7)=¢'(m)

For A = 0 we have ¢(f) = 1. For nonzero A we have A = 2 and the general solution
is p(0) = Acos(ub) + Bsin(ubd).

The first boundary condition implies B sin(un) = Bsin(—um) or sin(um) = 0. This
implies ¢ = n an integer. The second boundary condition implies —pAsin(ur) =
—pAsin(—pr) which again gives 4 = n so that A = n? and both A and B are
arbitrary. Thus we have A = n? and

©(0) = A, cos(nb) + By, sin(nf)




With A = n? withn =0,1,2,--- as above
P (r) + 1/ (r) = n*y(r) =
for which we seek solutions in the form v (r) = r¢. When n = 0 we get
Y1) + i) =0
which is an Euler-Cauchy problem with general solution ¢ (r) = a + bln(r).

But in order for the solution to be bounded we need b = 0 so % is an arbitrary
constant, say ¢ = 1.

For m # 0 we have again an Euler-Cauchy problem with general solution
Y=ar"+br "
Once again, for ¥ bounded we need b = 0, so we take

v =r"

Combining these results we seek our general solution in the form

u(r,0) = ap + Z " [a, cos(nd) + by, sin(nh)] (1.19)

n=1
In the case of (1.15) where the boundary function is given on [0, 27]

f(0) =u(R,0) =ao+ Z R™ [ay, cos(nB) + b, sin(nd)] .

n=1
This is a general Fourier series and we have

1 2

GOI— f()

an, WRm/ f(0) cos(nd) d

":me/ f(0) sin(nd) d

In the case of (1.17) where the boundary function is given on [—m, 7] (see Remark 1.1)

g(0) =u(R,0) = ag + Z R™ [a,, cos(nB) + by, sin(nh)].

n=1
This is a general Fourier series and we have

1 T
ag — —

5 g(0)do



1 K

ap = —— g(0) cos(nd) do
TR™ J__
by = —— [ g(0) sin(nd) do
"= _Wg sin(n
Example 1.1.
1 1
umn—i-—ur—i——Qu@g:O, O<r<l, —7<0<n7
r r

u(1,0) = cos*(6),
u(r, #) bounded.
Using the trig identity
1 1
cos?(0) = 5 + 5 cos(26)
and our usual orthogonality conditions the solution is given by

1 1
u(r,0) = 5t 57“2 cos(26)

Example 1.2.

1 1
Upp + —Up + —ugg =0, 0 <r <1, —nr<6<nm
r r

u(1,0) = sin(360),
u(r, 0) bounded.

u(r,0) = ag + Z " [a,, cos(nd) + by, sin(nh)]

n=1

Now we need

sin(30) = u(1,0) = ag + Z la, cos(nf) + b, sin(nd)] .

n=1

But we can argue (using our knowledge of orthogonality) that the solution is given by

u(r, 0) = 13 sin(36).

Notice that this solution can be transformed back into rectangular coordinates but it would
be a mess.

Example 1.3 (Integral Formula for Dirichlet Problem in a Disk). We recall that the Dirichlet
problem for for circular disk can be written in polar coordinates with 0 <r < R, -7 <6 <7
as

At = Uy + —Up + —Ugg = 0
r r?

u(R,0) = f(0).



As we have seen, we can obtain the solution u in the form

u(r,0) = ag + Z (ay cos(nB) + b, sin(nd)) .

We need .
f(0) =u(R,0) = ao + Z (@, cos(n@) + by, sin(nbd)),
n=1
and
1 27
o = 5~ ; f(0)do

1 27
U = /0 f(0) cos(nb) db,

1 2

b, = f(0) sin(nd) do.
0

TR?

Lemma 1.1. The series solution can thus be written as

LT (@) fl)
u(r.6) = 27 /0 R? 472 —2rRcos(f — «) dar.

Proof. To prove this result we need only insert the formulas for a,, and b, into the infinite
sum representation for the solution, interchange the sum and integral and sum a resulting
geometric series:

u(r, 0) 27r/ fla)da+ — Z / f(a) [cos(na) cos(nd) + sin(na) sin(nd)] da

1

=5 f Ydo+ - Z() (@) cosfn(0 — )] da

— lﬂ /027r fla) _1 + Qi <%>ncos[n(9 — a)]] da

1 27

=5 fla) [1+ g (%)n {eim=) 4 em(@“)}] da

0

1 27 ,r.ei(Hfa) re (0—c)
= % 0 f(Oé) {1 + R — rei(6—a) + R — re—i0—a) } dov
1 27 (RZ o ,’,.2)

21 )y (RZ4+712—2rRcos(f — a))



2 Heat Equation in a Disk

Next we consider the corresponding heat equation in a two dimensional wedge of a circular
plate. So we write the heat equation with the Laplace operator in polar coordinates.

Example 2.1.
1 1
ut:k(uw—k—m—k—?ueg), O<r<l1,0<60<m/2 (2.1)
r

u(l,0,t) =0, 0<60<m7/2

u(r,0,t) =0, wp(r,m/2,t) =0, 0<r <1,

u(r,0,t) bounded,

u(r,0,0) = f(r,0) = (r — r*)sin(0).

Separation of variables proceeds as follows. We seek simple solutions to (2.1) in the form
u="T(t)O(O)R(r).

Substituting this into the equation in (2.1) we have

7 1 'y l " r
gy 7O (SO0 + 00R0) + 5o 0RN) N

kT (1) O(0)R(r)

This leads to the following equations

T'(t) + kN*T(t) = 0
TQR/,+TR/+(/\22 M)
0" + 120 =0
with boundary conditions
|R(0)] < oo, R(1)=0

0(0) =0, ©'(r/2)=0.

First we consider the equation for ©:
0"+ 1?0 =0, 6(0)=0, O (1/2)=0

which gives

= (2m — 1), T,(t) = 0,,(0) = % sin((2m — 1)6).

The eigenfunction O,,(#) satisfy the orthogonality relations

/2
/ O (0)O1(6) dO = Gy
0
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Then for each m we have
PR +rR + (M\r? — (2m —1)*)R=0, |R(0)] < oo, R(1)=0. (2.2)

For each m the differential equation in (2.2) is a Bessel equation which has a regular singular
point at » = 0. The solutions are called Bessel functions of the first kind of order pu. The
problem (2.2) (i.e., the equation and boundary conditions) is a singular Sturm-Liouville
problem and the associated eigenvalues and eigenfunctions

)\m,ny Rm,ny m,n = 07 17 27 .

The eigenfunctions are orthogonal with the integral

1
/ Ry (1) Ry (1) 7 dr = 6, .
0

We will use standard notation for the normalized eigenfunctions
Ryyn(r) = KmnBesselJ((2m — 1), A\yunr)

where B
Kmn = (/ BesselJ?((2m — 1), Ap.nt) rdr) ,

The eigenvalues A are the zeros of the Bessel function obtained from the boundary condition
R(1) =0 by
BesselJ((2m — 1), A\yun) = 0. (2.3)

It is well known that for each m this equation has infinitely many solutions A, ,, which tend
to infinity with n.

The solution is given by

2 w— (o 2
u(r,0,t) = NG Z <Z K COmne” " mniBesselJ((2m — 1), Apnr) sin((2m — 1)9)) :
m=1 \n=1

For this example the special form of the initial condition f(r,0) = (r — r3)sin(f) together
with the orthogonality relations in # show that the solution reduces to

2

u(r,0,t) = Nz

(Z /{17n017n6_k’\%v"tBesselJ(1, )\mr)) sin(#).
n=1

Also, in this case we can express K1, by

P V2
M Bessel (0, Apy)




Thus we only need the eigenvalues Ay, for n = 1,2,---. We cannot solve for this values
exacly but we can solve numerically and, for example, we find

A1 = 3.831705970, Ao = 7.015586670, Ao = 10.17346814
and a plot of y = BesselJ(1, &) for ¢ from 0 to 20 is given below

0.6
0.4+

0.2+

0.2

We obtain the corresponding Fourier coefficients C' ,, from

KJLHZ

w/2 pl
(r — %) BesselJ (1, Ay ) dr df
o |

from which, using Maple, we obtain

Cl,n =

—164/2
Cip = _\/_

XV

and

(r6.8) = —64 & e_kA%,ntBesselJ(l,)\LnT) sin()
ulr,v,t) = /\i"nBesselJ(O, Ain)

m
n=1
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