
utt(x, t) = c2uxx(x, t), 0 < x < `, t > 0

u(0, t) = 0, u(`, t) = 0

u(x, 0) = f(x), ut(x, 0) = g(x)

⇒ u(x, t) =
∞∑
n=1

(an cos (µn ct) + bn sin (µn ct)) sin (µnx)

an =
2
`

∫ `

0

f(x) sin (µn x) dx, bn =
2
nπc

∫ `

0

g(x) sin (µn x) dx.

utt(x, t) = c2uxx(x, t), 0 < x < `, t > 0

ux(0, t) = 0, ux(`, t) = 0

u(x, 0) = f(x), ut(x, 0) = g(x)

⇒ u(x, t) =
a0 + b0t

2
+
∞∑
n=1

(an cos (cµn t) + bn sin (cµn t)) cos (µn x)

an =
2
`

∫ `

0

f(x) cos (µnx) dx, a0 =
2
`

∫ `

0

f(x) dx,

bn =
2
nπc

∫ `

0

g(x) cos (µn x) dx, b0 =
2
`

∫ `

0

g(x) dx.

ut(x, t) = kuxx(x, t) + F (x, t),
u(0, t) = 0, u(`, t) = 0
u(x, 0) = ϕ(x)

⇒
u(x, t) =

∞∑
n=1

bne
kλntϕn(x) +

∞∑
n=1

(∫ t

0

ekλn(t−τ)Fn(τ) dτ
)
ϕn(x)

bn =
2
`

∫ `

0

ϕ(x)ϕn(x) dx, Fn(t) =
2
`

∫ `

0

F (x, t)ϕn(x) dx

ut(x, t) = kuxx(x, t) + f(x), 0 < x < `,

u(0, t) = 0, u(`, t) = 0

u(x, 0) = ϕ(x)

⇒
u(x, t) =

∞∑
n=1

bne
kλntϕn(x) +

∞∑
n=1

fn

(
ekλnt − 1
kλn

)
ϕn(x),

bn =
2
`

∫ `

0

ϕ(x)ϕn(x) dx, fn =
2
`

∫ `

0

f(x)ϕn(x) dx.

Steady State ψ′′(x) = −1
k
f(x), ψ(0) = 0, ψ(`) = 0 0 < x < `, .

ut(x, t) = kuxx(x, t), 0 < x < `,

u(0, t) = γ0(t), u(`, t) = γ1(t)

u(x, 0) = ϕ(x)
set
h(x, t) = γ0(t) +

x

`
(γ1(t)− γ0(t))

v(x, t) = u(x, t)− h(x, t)

⇒

vt(x, t) = kvxx(x, t)− ht(x, t), 0 < x < `,

v(0, t) = 0, v(`, t) = 0

v(x, 0) = v0(x) = v0(x)
(
γ0(0) +

x

`
(γ1(0)− γ0(0))

)
v(x, t) =

∞∑
n=1

bne
kλntϕn(x)−

∞∑
n=1

(∫ t

0

ekλn(t−τ) dhn
dτ

(τ) dτ
)
ϕn(x)

bn =
2
`

∫ `

0

ϕn(x)v0(x) dx, hn(t) =
2
`

∫ `

0

h(x, t)ϕn(x) dx

ut(x, t) = kuxx(x, t), 0 < x < `,

u(0, t) = α, u(`, t) = β

u(x, 0) = ϕ(x)

set h(x, t) = α+ (β − α)
x

`
≡ U(x)

v0(x) = ϕ(x)− h(x, 0) = ϕ(x)− U(x)

v(x, t) = u(x, t)− h(x, t)

⇒

vt(x, t) = kvxx(x, t), 0 < x < `, t > 0

v(0, t) = 0, v(`, t) = 0

v(x, 0) = v0(x)

v(x, t) =
∞∑
n=1

bne
kλntϕn(x), bn =

2
`

∫ `

0

v0(x)ϕn(x) dx

u(x, t) = U(x) +
∞∑
n=1

bne
kλntϕn(x)


