
Some Multiple Integral Formulas

1. The change of variables x = x(u, v), y = y(u, v) for a double integral is

∫∫
f(x, y) dA =

∫∫
f(u, v) J(u, v) dudv, J(u, v) =
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For polar coordinates x = r cos(θ), y = r sin(θ) and J = r so∫∫

f(x, y) dA =

∫∫
f(r, θ) r drdθ =

∫ β

α

∫ r2(θ)

r1(θ)

f(r cos(θ), r sin(θ)) r drdθ.

2. The area of the surface A given by z = f(x, y) for (x, y) ∈ D ⊂ R2 for a continuous function f is

A(S) =

∫∫
D

√
1 + fx(x, y)2 + fy(x, y)2 dA

3. Let S be a surface defined parametrically by R(u, v) = 〈x(u, v), y(u, v), z(u, v)〉 on a region

D ⊂ R2 (in the uv-plane). Assume that Ru and Rv are continuous in D and Ru × Rv 6= 0 in D.

Then the surface area of S is

A(S) =

∫∫
D

‖Ru ×Rv‖ dudv

4. Conversion formulas rectangular - cylindrical coordinates - spherical coordinates

(x, y, z), (r, θ, z):
x = r cos(θ), y = r sin(θ), z = z

r =
√

x2 + y2, θ = tan−1
(

y
x

)
, z = z

(x, y, z), (r, θ, ϕ): x = ρ sin(ϕ) cos(θ),

y = ρ sin(ϕ) sin(θ), z = ρ cos(ϕ)

ρ =
√

x2 + y2 + z2, θ = tan−1
(y

x

)
,

ϕ = cos−1

(
z√

x2 + y2 + z2

)

5. If R = {(r, θ, z) : u(r, θ) ≤ z ≤ v(r, θ), (r, θ) ∈ D ⊂ R2} then

∫∫
R

f(x, y, z) dV =

∫ β

α

∫ g2(θ)

g1(θ)

∫ v(r,θ)

u(r,θ)

f(r cos(θ), r sin(θ), z) r dzdrrθ

6. If R is a region in R3 then

∫∫∫
R

f(x, y, z) dV =

∫∫∫
R′

f(ρ sin(ϕ) cos(θ), ρ sin(ϕ) sin(θ), ρ cos(ϕ)) ρ2 sin(ϕ) dρdθdϕ

where R′ is R in spherical coordinates.


