Gradient, Directional Derivative and Chain Rule

(1.) If 2 = f(x,y) the gradient of f is Vf = (fs, f,) and if w = f(z,y, ) the gradient of f is
V= fes fys f2)-

(2.) Properties of the gradient

(a) V(af + bg) = aVf +bVg; (b) V(fg) = fVg+ gVf; (c) v(i) _ gig—vag;

g
(d) V(f") =nf"'V .

(3.) If S is a surface defined by z = f(x,y), then the equation of the tangent plane at a point
Py(z0, Yo, 20) on S can be written as

fo(Po)(x — x0) + f,(Po)(y — yo) — (2 — 20) =0
which can be written in the standard form Az + By + Cz + D = 0.
(4.) If z = f(x,y) the total differential of f is df = f, dx + f,dy and if w = f(x,y, z) the total
differential of f is df = f,dz + f,dy + f.dx.
(5.) Chain Rule II. If z = f(x,y) and z = x(u,v), y = y(u,v) then
d: _0for  0f0y
du Oz Ou Oy Ou
4= _ 0705 0f0y
dv  Oxdv Oy ov
and if w = f(z,y,2) and x = z(r, s,t), y = y(r,s,t), z = z(r, s,t) then
dw _0for  0f0y 0f0z
dr O0xor Oyor 0z0r’
du_050r 0oy 010
ds Ox0s OyOds 0z0s
dw_0for  0joy 00
dt  Ox 0t Oyot 0z 0t

(6.) If z = f(z,y) and w = (uy, us) is a unit vector, then the directional derivative of f at the
point Py(zo,yo) in the direction w is

Dy f(FPo) = (Vf)‘po cu = fo(FPo)ur + fy(Fo)us.

(7.) If z = f(z,y) and Py(xg,yo) then By is a critical point of fif Vf(Fy) =0 or (a) Vf(F)

does not exist .

(8.) If z = f(z,y) and Py(zo,yo) and all second order partial derivatives are continuous in a
neighborhood of Py(zo,0) we define the discriminant by D = fo. f,, — f2,. If, in addition,
Py is a critical point then P, is a (a) Relative Mazimum if D(Py) > 0 and f,.(FP) < 0
(or fuy(Fo) < 0); (b) Relative Minmum if D(Py) > 0 and f,,(FP) > 0 (or fy,(F) > 0);
(c) Saddle if D(Py) < 0. .
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