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1. In this problem we are considering a first order ordinary differential equation given by
y(t) + 3y(t) = 5ult),

where

and where
ut) = e ", t > 0.

Calculate y(t) manually by showing all the steps.

Solution: Using the variation of constants formula we obtain

t
y(t) — 6_3t y(O) + / 6—3(15—7') 5 e—?T dr =
0

t
2¢% 4+ 5 / e dr =
0

26—31& _ Ze—Bt(e—M _ 1) —
(2 + i) e 3t — ie‘”.
It follows that
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2. A 2 x 2 matrix A has repeated eigenvalues at 2, 2, with a corresponding chain of
generalized eigenvectors vy, vo where

v = (?)7311(1'02: (Z)

Assume that v, is the eigenvector and vy is the generalized eigenvector.
Calculate e from this data.

Solution: Using the eigenvectors and generalized eigenvectors of the matrix A,
define the matrix P as follows:
27
P ( 2 7 ) |

It is well known that P~! A P has the jordan canonical form

2 1
5= (5)
B €2t tth
T lo e )
eAt _ PeBtPfl’
a (27 e?t te?t 4 -7
© T \1 4 0 e 1 2/

At (eZ‘f(l—Qt) 4te? )

© = —te? (1 + 2t)

where

It would follow that

l.e.

which equals



3. Let us define the following 2 x 2 matrices:

01 10
po (9 )= (10)

<2B + I>100
5)

Calculate

Solution: Writing

2B + D' = ag I + oy B,

we obtain
A+ 1) = ap + g\,

where A the eigenvalue is at 2. Since the eigenvalues are repeating, we take a single
derivative w.r.t. A and obtain

20002\ + 1)¥ = a;.
Solving for the coefficients oy and «; we obtain
oy = 200(5)”, ap = —395(5)%.
It follows that

oo [ =395 200\ ee
@B+ = (—800 105 ) O =

(—160 81) (5

(23+I)100 [ =79 40
5 — | —160 81

Thus we conclude that




4. A discrete time recursive system is given by
Xpy1 = AXp + bug, yp = ¢ Xy,

where Xy = 0. The matrices are given by
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The eigenvalues of the matrix A are at % and i. The input sequence wuy is given by
w, = {1,1,1,...}

Calculate the sequence g, given by
k
Y = Z c A1 b
j=1

Solution: Let us denote
S=I+A+.. . +A!
and we compute
S =(I—AMT - A"
It follows that
yp = (I — A1 — A)~ "
where
8
3
(I—-A)b=
8
3
Let us now write
Ak = Oé(]] + OélA,
it follows that
cI—-A)=(1—-ay —o).
We would thus obtain

8

Yk = 3 (1— (v +n)).

The quantity ag + a7 is compute as follows:

If Ay and )\, are the two eigenvalues of A we write:
1 )\1 (7)) o /\]f
1 )\2 (03] N )\g '

M = AEN

Solving, we obtain

B W

and \ i
o] = 2 /\1 .

A2 — A

It would follow that
(A2 = DAY = (M —1)AS

A2 — A\

Qo+ o =



