STAT 5379 Assignment 2

(Covered in Homeworks 6-9)

Mathematical concepts and derivations

1. (B&D Problem 3.12) For the MA(1), X; = Z; + 0Z;_1, where Z; ~ WN(0,0?), the BLP of X,,;; based
on Xi,...,X, is

Pan+1 = Xn+1 = ¢n71Xn +...+ ¢n,nX1u

where ¢y, = (Pn.1, ..., Pnn) satisfies: R, ¢, = p. By substituting the appropriate correlations into R,, and
p and solving the resulting equations (starting with the last and working up), show that for 1 < j < n,

bnn—j = (=) (1 +0*+ ...+ 60%)pyn,
and hence that the PACF at lag n is:
an) = bpn=—(—0)"(1+6*+... +6°").
2. (S&S Problem 3.11.) Consider the MA(1) process X; = Z; + 0Z;_1, where Z; ~ WN(0, 02).

(a) Derive the BLP one-step forecast based on the infinite past, ZBRXRH, and determine the mean-square
error of this forecast.

(b) Let XZLLH be the BLP one-step forecast based on the infinite past as in (a), but truncated at X; (i.e.,
we discard the portion of P, X,, 11 containing X; for ¢ <0.)

3. (S&S Problem 3.15.) Consider the AR(1) process X; = ¢X; 1 + Z;, where Z; ~ WN(0, 0?). Determine
the general form of the h-step BLP, P, X, 1}, and show that its MSE is:

1— ¢ ,

02 (h) = E(Xn+h — Pan+h)2 = 1_7¢20' .

n

4. B&D Problem 5.9.

5. (B&D Problem 5.11) Given two observations {z1, 22} from the causal AR(1) process X; = ¢X;—1 + Z4,
where Z; ~ WN(0,0?), and assuming that |z1| # |z2|, find the MLEs of ¢ and o2.

6. S&S Problem 2.4.
7. S&S Problem 2.5.

8. (S&S Problem 3.38.) Consider the ARIMA model
X, =0Zi_o+ Z, where Z; ~ WN(0, o2).

(a) Identify the model using the notation: ARIM A(p,d,q) x (P,D,Q)s.
(b) Show that the series is invertible for |#| < 1, and find the cofficients in the representation:

00
Zt = Z Wth,j.
7=0

(c) Develop equations for the h-step ahead forecast based on the infinite past, PanJrh, and its variance.
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Numerical work and simulations

(B&D Problem 5.3.) Consider the AR(2) process X; satisfying:
Xt — ¢Xe1 — *Xp2 =2y,  {Zi} ~ WN(0,0?).

(a) For what values of ¢ is this a causal process?

(b) The following sample moments were computed after observing X1, ..., Xa0o:
4(0) = 6.06, p(1) = 0.687.

Find estimates of ¢ and o2 by solving the Yule-Walker equations. (If you find more than one solution,
choose the one that is causal.)

B&D Problem 6.11(a).

Applications

B&D Problem 6.13.
S&S Problem 3.36.
S&S Problem 3.42.
S&S Problem 5.3.



