Introduction to Linear Models

Linear models are parametric statistical models that summarize how
the probability distribution of a response variable (usually denoted as Y')

depends upon one or more explanatory variables (usually denoted with
X's: Xo, Xl, X2, N ,Xk)

e They are statistical (or probabilistic) because they specify a (con-
ditional) probability distribution of a random variable (or at least
some aspects of that distribution, like its mean and variance).

e They are parametric because the probability distribution is specified
up to a finite number of unknown constants, or parameters.

e They are linear because the mean of the conditional probability dis-
tribution of Y, E(Y|Xo, X1, ..., Xk), is specified to be a linear func-
tion of model parameters.

e This conditional mean, E(Y|Xo, X1,..., Xy), is called the regression
function for ¥ on Xg,..., Xk.

The classical linear model specifies that

Y =XoBo+ X181+ Xpfe+e=x"B+e

where
Xo Bo
X = 9 /6 — 9
Xk / (ka1)x1 B (k+1)x1

where e has conditional mean 0, and variance o2.

e Notice that this model implies that the regression function is linear

in the (’s:
E(Y|x) = X080 + X161 + - - - Xy, B

e Notice that this model indirectly specifies the first two moments of
the conditional distribution of Y|x by moment assumptions on e:

E(Y|x)=x"8, and var(Y|x)=o?



Strictly speaking, the “model” given above is not a true statistical model
because it specifies only the first two moments (i.e., the mean and variance)
of Y given x rather than the entire conditional distribution.

Important results concerning the estimation of the regression function,
E(Y|x), are available based only on mean and variance specifications.
However, for inference on the model parameters, it is necessary to complete
the model specification by assuming further that e ~ N(0,02?).

e It then follows that Y|x ~ N(xT3,0?).

Typically, we will have a sample of data consisting of observed values of n
independent copies of (Y, X, ..., Xg):

(Y17X107X117 s 7X1k>7 ceey (Yn7X’I’L07X7’L17 .- 7Xnk)

In this case, the classical linear model is supposed to hold for each copy
(}/i,XiO,Xily- -~7Xik:>7 1= 1, , n.

That is, the model becomes

Y;=xB+e;, i=1,...,n, where el,...,eanZde(O,az) (%)

and X; — (XZ'O,Xz'l, ce ,Xz'k)T.

e The notation vid N(0,0?) means, “are independent, identically dis-
tributed random variables each with a normal distribution with mean
0 and variance ¢2.”

e Typically, X, is equal to one for all ¢ in multiple linear regression
models, but this need not be so in general.

e In model (*) the parameters are (g, 31,..., 3k, 0. The regression
parameters are (g, 31,. .., k-

More succinctly, we can write model (*) in vector/matrix notation as

y=X0B+e, e1,...,e, ZrZ\JalN(O,JZ).



Example - Simple Linear Regression Model

Suppose that for n = 6 mother-daughter pairs we have height data: Y; =height
of daughter in i*" pair, X;; =height of mother in i*" pair; and in addi-
tion, we have information on birth order (1 means daughter was first-born
daughter).

Pair (i) X;;1 Y; Birth Order

1 62.5 64 1
2 67.5 68 3
3 65 63 1
4 65 66 2
D 60 61 2
6 59.5 66 3

It may be of interest to investigate how a woman’s height depends upon
her mother’s height. As part of that investigation we may consider the
simple linear regression model

}/i:ﬁo+ﬁ1Xil+ei7 1=1,...,6,
iid ,
where e1,...,eg ~ N(0,0°).

In vector notation this model can be written

64 1 62.5 €1
6.8 _ 1 6?.5 <50> N e'z
: : : B :
66 1 59.5 e
y=XB+e
iid ,
where e1,...,eg ~ N(0,07).



Example - Multiple Linear Regression
Suppose that we observe that daughters’ heights don’t increase steadily
as mothers’ heights increase. Instead, daughters’ heights level off for large

mothers’ heights. We may then wish to consider a model which is quadratic
in mother’s height:

}/i:ﬁo_{_ﬁlXil_'—ﬁZXizl +€i7 7::17"‘767
—~—~
=Xi2
where e;’s are as before.

e While this model is quadratic in X, it is still a linear model because
it is linear in By, (1, Bo.

Example - One-way ANOVA

Suppose we knew only the birth order information and not mother’s height.
Then we might be interested in fitting a model which allowed for different
means for each level of birth order.

The cell-means one-way ANOVA model does just that. Let Y;; =the
height of the j'" daughter in the i*" birth-order group (i = 1,2,3, j = 1,2).

The cell-means model is
)/;]:/’LZ+€ZJ7 7::172737 j:1727
11d 5

where eq1,...,e32 ~ N(0,0°).

This model can be written in vector notation as

YH 1 0 O €11

Y12 1 0 O €12

Y21 . 0O 1 0 s €21

Yoo | |0 1 0fF2) | en

Yy 0 0 1| \F €31

Y32 0 0 1 €39
y=XB+e



An alternative, but equivalent, version of this model is the effects model:
Y;'j:,u—I-Oéi—F@Z‘j, izl,...,g,jzl,...,2,

where the e;;’s are as before.

The effects model can be written in vector form as

Yll 1 1 0 O €11

Y12 1 1 0 O 1% €12

Y21 . 1 0 1 0 a1 + €21

}/22 1 0 1 O a9 €929

Y31 1 0 0 1 a3 €31

Y32/ 1 0 0 1 €392
y=X08+e

e Notice that, like the multiple regression model, this version of the
one-way anova model includes an intercept, although here we’ve
called that intercept p rather than (.

e We’'ll investigate the equivalence between the cell-means and effects
forms of ANOVA models later in the course.

Example - An ANCOVA Model

Suppose we had available both birth-order information and mother’s height.
A model that accounts for dependence of daughter’s height on both of these
variables is

}/zj::u—i_az"{_ﬁXzy—l_eZ]a i:172737 j:1527

where X;; =mother’s height for the 4 pair in the ¢*" birth-order group.
The assumptions on e;; are as in the ANOVA models.

In vector notation this model is

Y11 1 1 0 0 Xng €11

Y12 1 1 0 0 X12 H €12

Y21 . 1 0 1 O X21 M €21

Y22 - 1 0 1 0 X22 2 + €929

Vi 100 1 Xy |\ es1

Y32/ 1 0 0 1 X32 ﬁ €392
y=X08+e



In ANOVA models for designed experiments, the explanatory variables
(columns of the design matrix X) are fixed by design. That is, they are
non-random.

In regression models, the X’s are often observed simultaneously with the
Y’s. That is, they are random variables because they are measured (not

assigned or selected) characteristics of the randomly selected unit of ob-
servation.

In either case, however, the classical linear model treats X as fixed, by
conditioning on the values of the explanatory variables.

That is, the probability distribution of interest is that of Y|x, and all
expectations and variances are conditional on x (e.g., E(Y|x), var(e|x),
etc.).

e Because this conditioning applies throughout linear models, we will
always consider the explanatory variables to be constants and we’ll

often drop the conditioning notation (the |x part).

e If we have time, we will consider the case where X is considered to
be random later in the course. See ch. 10 of our text.

Notation:

When dealing with scalar-valued random variables, it is common (and use-
ful) to use upper and lower case to distinguish between a random variable
and the value that it takes on in a given realization.

e E.g.. Y, Z are random variables with observed values y, and z, respec-
tively. So, we might be concerned with Pr(Z = z) (if Z is discrete),
or we might condition on Z = 2z and consider the conditional mean
E(Y|Z = 2).

However, when working with vectors and matrices I will drop this distinc-
tion and instead denote vectors with bold-faced lower case and matrices
with bold upper case. E.g., y and x are vectors, and X a matrix.

The distinction between the random vector (or matrix) and its realized
value will typically be clear from the context.



Some Concepts from Linear Algebra

Since our topic is the linear model, its not surprising that many of the
most useful mathematical tools come from linear algebra.

Matrices, Vectors, and Matrix Algebra

A matrix is a rectangular (or square) array of numbers or variables. E.g.,
we can arrange the mother-daughter height data (p. 4) in a 6 X 2 matrix

62.5 64
67.5 68
65 63
A= 65 66
60 61
99.5 66

To represent the elements of A as variables, we use symbols for the ele-
ments:

aip a2
Ga21 G22
A = 431 432 = (aw)
41  A42
51 as52
ag1 A2

The size, or dimension of A is its number of rows (r) and columns (c);
in this case, we say A is 6 X 2, or in general r X c.

A vector is simply a matrix with only one column. E.g.,

64
68
63
66
61
66

is the vector formed from the second column of A above.



e We will typically denote vectors with boldface lower-case letters (e.g.,

X,y,21, etc.) and matrices with boldface upper-case letters (e.g.,
A, B7 Ml, MQ, etc.).

e Vectors will always be column vectors. If we need a row vector we

will use the transpose of a vector. E.g., xI = (64, 68,63, 66,61, 66)
is the row vector version of x.

A scalar is a 1 x 1 matrix; i.e., a real-valued number or variable. Scalars
will be denoted in ordinary (non-bold) typeface.

Matrices of special form:

A diagonal matrix is a square matrix with all of its off-diagonal elements
equal to 0. We will use the diag(-) function in two ways: if its argument
is a square matrix, then diag(-) yields a vector formed from the diagonal
of that matrix; if its argument is a vector, then diag(-) yields a diagonal
matrix with that vector on the diagonal. E.g.,

1 2 3 1 1 1 0 O
diag| 4 5 6| =15 diag| 2] =10 2 0
7 8 9 9 3 0 0 3

The n x n identity matrix is a diagonal matrix with 1’s along the diago-
nal. We will denote this as I, or I,, when we want to make clear what the
dimension is. E.g.,

I; =

o O =
o~ O
—_ O O

e The identity matrix has the property that
IA = A, BI = B,
where A, B, I are assumed conformable to these multiplications.

A vector of 1’s is denoted as j, or j, when we want to emphasize that the
dimension is n. A matrix of 1’s is denoted as J, or J,, ,,, to emphasize the

dimension. E.g.,

1 1 1
. T .
.]4_(1717171) ’ J2,3_<1 1 1)



A vector or matrix containing all 0’s will be denoted by 0. Sometimes we
will add subscripts to identify the dimension of this quantity.

Lower and upper-triangular matrices have 0’s above and below the diago-
nal, respectively. E.g.,

3 2

0 1)/

I will assume that you know the basic algebra of vectors and matrices. In
particular, it is assumed that you are familiar with

L=

N
ot Ww O
o OO
I
VRN

e cquality /inequality of matrices (two matrices are equal if they have
the same dimension and all corresponding elements are equal);

e matrix addition and subtraction (performed elementwise);

e matrix multiplication and conformability (to perform the matrix

multiplication AB, it is necessary for A and B to be conformable;
i.e., the number of columns of A must equal the number of rows of
B);

° sczilar multiplication (cA is the matrix obtained by multiplying each
element of A by the scalar c);

e transpose of a matrix (interchange rows and columns, denoted with
a T superscript);

e the trace of a square matrix (sum of the diagonal elements; the trace
of the n x n matrix A = (a;;) is tr(A) = Y1 | ai;);

e the determinant of a matrix (a scalar-valued function of a matrix
Eie‘()i in computing a matrix inverse; the determinant of A is denoted

e the inverse of a square matrix A, say (a matrix, denoted A~1, whose
product with A yields the identity matrix; i.e., AA™! = A71A =1).

e Chapter 2 of our text contains a review of basic matrix algebra.
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Some Geometric Concepts:

Euclidean Space: A vector (i) of dimension two can be thought of as
representing a point on a two-dimensional plane:

and the collection of all such points defines the plane, which we call R2.

T

Similarly, a three-dimensional vector (z,y,z)" can represent a point in

3-dimensional space:

with the collection of all such triples yielding 3 dimensional space, R3.

More generally, Euclidean n-space, denoted R", is given by the collection
of all n-tuples (n-dimensional vectors) consisting of real numbers.

e Actually, the proper geometric interpretation of a vector is as a di-
rected line segment extending from the origin (the point 0) to the
point indicated by the coordinates (elements) of the vector.

11



Vector Spaces: R" (for each possible value of n) is a special case of the
more general concept of a vector space:

Let V denote a set of n-dimensional vectors. If, for every pair of vectors
inV,x; €V and x; €V, it is true that

i x;+x; €V, and
ii. ¢x; € V, for all real scalars c,

then V is said to be a vector space of order n.

e Examples: R"™ (Euclidean n-space) is a vector space because it is

closed under addition and scalar multiplication. Another example
is the set consisting only of 0. Moreover, 0 belongs to every vector
space in R"™.

Spanning Set, Linear Independence, and Basis. The defining char-
acteristics of a vector space ensure that all linear combinations of vec-
tors in a vector space V are also in V. l.e., if x1,...,x; € V, then
Cc1X1 + coXg + - - - + X € V for any scalars cq, ..., ck.

Suppose that every vector in a vector space V' can be expressed as a linear
combination of the k vectors x1,...,x. Then the set {x1,...,xx} is said
to span or generate V, and we write V = L(x1,X2,...,X;) to denote
that V' is the vector space spanned by {x1,...,xx}.

If the spanning set of vectors {x1,...,Xx} also has the property of linear
independence, then {xi,...,xx} is called a basis of V.
Vectors x1,...,X; are linearly independent if Zle c;x; = 0 implies

that 61:0,02:0,...,Ck:0.

o le, If x1,...,x; are linearly independent (LIN), then there is no
redundancy among them in the sense that it is not possible to write
x1 (say) as a linear combination of xs, ..., Xk.

e Therefore, a basis of V' is a spanning set that is LIN.

e It is not hard to prove that every basis of a given vector space V has
the same number of elements. That number of elements is called the
dimension or rank of V.

12



Example:

1 1 3
X1 = 2 y X9 = —1 y X3 = 0
0 0 0

are all in R3. The space spanned by {x1,X2,x3} is

L(x1,x2,x3) = {ax; + bx2 + cx3la,b,c € R}

a+ b+ 3c d
= 2a — b a,b,ce R = e ||ld,ee R
0 0

Note that x1,x9,x3 are not LIN, because it is possible to write any

one of the three vectors as a linear combination of the other two.
E.g.,

3 1 1
Ol=12|+2| -1
0 0 0
X3 X1 X9

This linear dependence can be removed by eliminating any one of the
three vectors from the set. So, for example, x1, X5 are LIN and span
the same set as do x1, X2, x3. That is, £(x1,%X2) = L(x1,X2,x3) =V,
so {x1,x2} and {x1,%2,x3} are both spanning sets for V', but only
{x1,%2} is a basis for V.

Bases are not unique. {xs,x3} and {x1,x3} are both bases for V' as
well in this example.

Note also that here V is of order 3 and R? is of order 3, but V # R3.
In general, there are many vector spaces of a given order.

13



Subspaces. Let V be a vector space and W be a set with W C V. Then
W is a subspace of V if and only if W is also a vector space.

Example: Let Vi, V5, V3 be the sets of vectors having the forms x,
y, and z, respectively, where

o 0 vy
x=|0],y=10],z=|0], forreal a,f,~, and 9.
0 I3 o
Le.,
1 0 1 0
Vi=L 0 WVo=L 0 V=L 01,10
0 1 0 1

Then Vi, V5, V3 each define a vector space of order 3, each of which

is a subspace of R3. In addition, V; and V5, are each subspaces of
Vs.

e In this course, we will be concerned with vector spaces that are
subspaces of R".

Column Space, Rank of a Matrix. The column space of a matrix
A is denoted C(A), and defined as the space spanned by the columns
of A. le., if A is an n X m matrix with columns ai,...,a,, so that
A =[ay,...,a,], then C(A) = L(a,...,an).

The rank of A is defined to be the dimension of C'(A). I.e., the number
of LIN columns of A.

14



Some properties of the rank of a matrix.

1. For an m X n matrix A,
rank(A) < min(m,n).
If rank(A) = min(m,n) then A is said to be of full rank.

2. rank(A + B) < rank(A) + rank(B).

3. If the matrices A, B are conformable to the multiplication AB then

rank(AB) < min{rank(A), rank(B)}.

4. For any n x n matrix A, |A| = 0 if and only if rank(A) < n.

e An n x n matrix A has an inverse (i.e., is nonsingular) if and only if
|A| # 0, so also iff rank(A) = n.

5. For nonsingular matrices A, B, and any matrix C, then

rank(C) = rank(AC) = rank(CB) = rank(ACB).

6. rank(A) = rank(AT) = rank(ATA) = rank(AAT).
7. For A an m x n matrix and b an m x 1 vector,
rank([A, b]) > rank(A)
(adding a column to A can’t reduce its rank).

And a couple of properties of the column space of a matrix:
8. C(ATA)=C(AT).
9. C(ACB) = C(AC) if rank(CB) = rank(C).

15



Inner Products, Length, Orthogonality, and Projections.

For two vectors x and y in a vector space V of order n, we define (x,y)
to be the inner product operation given by

n
(x,y) = Zﬂizyz =x'y=y'x.
i=1

e When working in more general spaces where x and y may not be
vectors, the inner product may still be defined as (x,y) = > .| z;y;

even when the multiplication x”y is not defined. In addition, in
some contexts the inner product may be defined differently (e.g., as

(x,y) = xT Ay for some matrix A). Therefore, sometimes it is of

use to distinguish (x,y) from xT'y. However, in this course these two
operations will always be the same. Nevertheless, I will sometimes
write (x,y) for xTy even though they mean the same thing.

e The inner product is sometimes called the dot product. Several
notations are commonly used, including x -y and (x,y).

Properties of the inner product:

y

(Euclidean) Length: The Euclidean length of a vector x € R"™ is defined
to be 1/(x,x) = vxTx and is denoted as ||x||. That is, ||x||? = (x,x) =
xT'x.

e It is possible to define other types of lengths, but unless otherwise
stated, lengths will be assumed to be Euclidean as defined above.

o Eg, for x = (3,4,12), the length of x is ||x|| = /D>, ziz; =
V9416 + 144 = /169 = 13.

(Euclidean) Distance: The distance between vectors x,y € R™ is the
length of x —y.

16



e The inner product between two vectors x,y € R" quantifies the
angle between them. In particular, if 8 is the angle formed between
x and y then

(x,y)
0s(0) = LT

Orthogonality: x and y are said to be orthogonal (i.e., perpendicular)
if (x,y) = 0. The orthogonality of x and y is denoted with the notation
x 1Ly.

e Note that orthogonality is a property of a pair of vectors. When we

want to say that each pair in the collection of vectors x1,...,Xs is
orthogonal, then we say that x1,...,X; are mutually orthogonal
Example: Consider the model matrix from the ANCOVA example on p.
6:
1 1 0 0 625
1 1 0 0 675
1 01 0 65
X = 1 01 0 65
1 0 0 1 60
1 0 0 1 595 /
Let x1,...,x5 be the columns of X. Then x5 1 x3,x5 1 x4,x3 L x4 and

the other pairs of vectors are not orthogonal. I.e., x5, X3, X4 are mutually
orthogonal.

The length of these vectors are

IIx1|| = V12 +12 +12 4+ 12 + 12 + 12 = V6, I1x2|| = [|x3]| = ||x3]| = V2,

and

IIxs5]| = V/62.52 4 - - - 4+ 59.52 = 155.09.

17



Pythagorean Theorem: Let vq,...,v; be mutually orthogonal vectors
in a vector space V. Then

k
= |lvill?
=1

Proof:

k 2
E V; =
=1

k k k k k
<zvi,zvj>—zzw S e zw
=1

71=1 =1 j=1 =1

Projections The (orthogonal) projection of a vector y on a vector x
is the vector y such that

1. y = bx for some constant b; and

2. (y —y) L x (or, equivalently, (y,x) = (y,x)).

e It is possible to define non-orthogonal projections, but by default
when we say “projection” we will mean the orthogonal projection as
defined above.

e The notation p(y|x) will denote the projection of y on x.

18



Some Pictures:

Vector: A line segment from the origin (0, all elements equal to zero) to
the point indicated by the coordinates of the (algebraic) vector.

Vector Addition:

19



Scalar Multiplication: Multiplication by a scalar scales a vector by
shrinking or extending the vector in the same direction (or opposite direc-
tion if the scalar is negative).

Projection: The projection of y on x is the vector in the direction of x
(part 1 of the definition) whose difference from y is orthogonal (perpen-
dicular) to x (part 2 of the definition).

e From the picture above it is clear that y is the projection of y on
the subspace of all vectors of the form ax, the subspace spanned by
X.

20



It is straight-forward to find y = p(y|x), the projection of y on x:

By part 1 of the definition y = bx, and by part 2,

But since
yix = (bx)Tx — bxlx = bHXHZ,

the definition implies that

yix

P2

bIx[?=y"x =

unless x = 0, in which case b could be any constant.

So, y is given by

A (any constant)0 =0, forx=0
Y= <ﬁ> X, otherwise

Example: In R?, let y = (;) ((5)) Then to find y = p(y|x) we

compute x'y = 20, ||x||* = 25, b = 20/25 = 4/5 so that y = bx =
5 4

(4/5) (o) = (o)-

In addition, y —9 = (3) soy -y L x.

In this case, the Pythagorean Theorem reduces to its familiar form from

high school algebra. The squared length of the hypotenuse (||y||* = 16 +

9 = 25) is equal to the sum of the squared lengths of the other two sides
of a right triangle (|ly — y||> + [|¥]|* = 9 + 16 = 25).

21



Theorem Among all multiples ax of x, the projection y = p(y|x) is the
closest vector to y.

Proof: Let y* = cx for some constant c. y is such that

(y —y) L ax for any scalar a

so in particular, for b = y7x/||x||?,

In addition,

so the P.T. implies
ly =y 1> =lly =31 + Iy — "I
= |y =y P> lly = yl* forall y* = ex
with equality if and only if y* =y. n

The same sort of argument establishes the Cauchy-Schwartz Inequal-
ity:

Sincey L (y —y)andy =y + (y —y), it follows from the P.T. that

Iyl = Iyll* +lly = ¥1I*
= b*||x||* + [ly — ¥/

(y'x)? .
= —+ ly =3I
HXH N——
>0
(y'x)?

or T 2 2 2
(y"x)° < [lyI”Ix]|

with equality if and only if ||y — y|| = 0 (i.e., iff y is a multiple of x).
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Projections onto 0/1 or indicator vectors. Consider a vector space in
R™. Let A be a subset of the indices 1,...,n. Let iy denote the indicator
vector for A; that is i4 is the n-dimensional vector with 1’s in the positions
given in the set A, and 0’s elsewhere.

e E.g., the columns of the model matrix in the cell-means version of
the one-way ANOVA model are all indicator variables. Recall the
mother-daughter height example that had n = 6 and two observa-
tions per birth-order group. The model matrix was

- [X17X27X3]-

OO R, R, OO
— -0 O O O

SO OO~

Here, x; is an indicator vector for the i*" birth-order group. ILe.,
X; = iA,- where Al = {1,2},A2 = {3,4},A3 = {5,6}

The projection of a vector y onto an indicator vector is simply the mean
of those elements of y being indicated, times the indicator vector.

L.e.,the projection y4 of y on i, is big where

b— ylia _ ZieA Yi
[iall?  N(A)

where N (A) =the number of indices in A. That is, b = g4, the mean of
the y—values with components in A, so that y4 = yaia.

23



Example: the daughters’ height data were given by y = (64, 68,63, 66,61,66)7 .
The projection of y onto x; is

66
66
64 4 68 0
P =X = |
=66 0
0
Similarly,
0 0
0 0
(i) = 300 | 645 () — SLE06 | 0
p(ylx2) = 5 Xg = 64.5 | p\y|X3) = 5 X3 = 0
0 63.5
0 63.5

Orthogonality to a Subspace: A vector y is orthogonal to a subspace
V of R™ if y is orthogonal to all vectors in V. If so, we write y L V.

Orthogonal Complement: Let V+ = {v € R"|v L V}. V< is called
the orthogonal complement of V.

More generally, if V. C W, then V- NW = {v € W|v L V} is called the
orthogonal complement of V' with respect to W.

e It can be shown that if W is a vector space and V is a subspace of W,
then the orthogonal complement of V' with respect to W is a subspace
of W and for any w € W, w can be written uniquely as w = wg+w1q,

where wg € V and w; € V- N W. The ranks (dimensions) of these
subspaces satisfy rank(V) + rank(V+ N W) = rank(W).
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Pro JeCtIOH onto a Subspace The projection of a vector y on a Subspace
V of R™ is the vector y € V such that (y —y) L V. The vectore =y —y
will be called the residual vector for y relative to V.

e Fitting linear models is all about finding projections of a response
vector onto a subspace defined as a linear combination of several vec-
tors of explanatory variables. For this reason, the previous definition
is central to this course.

e The condition (y —y) L V is equivalent to (y —y)Tx =0 or y'x =
yTx for all x € V. Therefore, the projection y of y onto V is the

vector which has the same inner product as does y with each vector
in V.

Comment: If vectors xi,...,X; span a subspace V then a vector z € V
equals p(y|V) if (z,x;) = (y,x;) for all i.

Why?

Because any vector x € V' can be written as Zle bjx; for some scalars
bi,...,bg, so for any x € V if (z,x;) = (y, x;) for all j, then

k k k k
= (z,ijxj ij z,X;) ij Yy, X;) = <szbjxj> =
j=1 j=1 j=1 j=1

Since any vector x in a k—dimensional subspace V' can be expressed as a
linear combination of basis vectors x1, ..., Xy, this suggests that we might
be able to compute the projection y of y on V by summing the projections

yi = p(y|xi)-

e We’ll see that this works, but only if x1,...,x; form an orthogonal
basis for V.

First, does a projection p(y|V') as we’ve defined it exist at all, and if so,
is it unique?

e We do know that a projection onto a one-dimensional subspace exists
and is unique. Let V = L(x), for x # 0. Then we’ve seen that
y = p(y|V) is given by

= p(yb) = L%

y = p(y|x) = X.

]2
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Example Consider R®, the vector space containing all 5—dimensional
vectors of real numbers. Let 47 = {1,3}, A2 = {2,5}, A3 = {4} and
V = L(ia,,14,,14,) = C(X), where X is the 5 x 3 matrix with columns
i4,,14,,14,.

Let y = (6,10,4,3,2)T. It is easy to show that the vector

3
y = Zp(Y‘iAi) = 5iA1 + 6iA2 + 3iA3 -

=1

S W Ut Oy Ot

satisfies the conditions for a projection onto V' (need to check that y € V
and }A’TiAZ. = yTiAi, 1= 1, 2, 3).
e The representation of ¥ as the sum of projections on linearly inde-
pendent vectors spanning V' is possible here because i4,,i4,,14, are
mutually orthogonal.

Uniqueness of projection onto a subspace: Suppose y1,y2 are two vectors
satisfying the definition of p(y|V'). Then y; — y2 € V and

(y —¥1,%x) =0=(y —y2,x), VxeV
= <y,X>—<S’1,X>:<y,X>—<S/‘2,X> Vx eV
= (J1-32,Xx)=0 VxeV

SO y1 — yo is orthogonal to all vectors in V' including itself, so

171 — 920> = (1 — Y2, 91 — 92) =0
= Y1—-Y2=0 = yi=3¥
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Existence of p(y|V) is based on showing how to find p(y|V) if an orthogonal
basis for V exists, and then showing that an orthogonal basis always exists.

Theorem: Let vy,..., v, be an orthogonal basis for V, a subspace of R”.
Then

p(y|V) = Zp y|vi).

Proof: Let y; = p(y|vi) = b;v; for b; = <y,vz>/|\vz||2 Since y; is a scalar

multiple of v;, it is orthogonal to Vi j # i. From the comment on the top
of p.25, we need only show that ). y; and y have the same inner product
with each v;. This is true because, for each v,

(D Fivi) = bilvi,vy) = bsllvil* = (v, vy).

Example: Let

6 1 3
y=|3]|, vi=[1], va= 0 , V. =L(v1,V2)
3 1 -3

Then vy L vy and

p(.V\V)=§’=p(Y\V1>+P(Y‘V2):( ) < )

4 3/2
— 4]+
4 —3/2
In addition, (y,vi1) = 12, (y,va) = 9 are the same as (y,vi) = 12, and

(y,ve) = 16.5 — 7.5 = 9. The residual vector ise =y —y = ( 5, —1,.5)T
which is orthogonal to V.

Note that the Pythagorean Theorem holds:
Iyl =54, [lylI* =525, [y—-y[* =15
e We will see that this result generalizes to become the decomposition

of the total sum of squares into model and error sums of squares in
a linear model.
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Every subspace contains an orthogonal basis (infinitely many, actually).

Such a basis can be constructed by the Gram-Schmidt orthogonalization
method.

Gram-Schmidt Orthogonalization: Let xi,...,x; be a basis for a
k—dimensional subspace V of R*. For i =1,...,k, let V; = L(x1,...,X;)
so that V7 C V5, C --- C V) are nested subspaces. Let

Vi = Xy,
vy = X3 — p(x2|V1) = X2 — p(x2|v1),

vy = X3 — p(x3]|V2) = x3 — {p(x3|v1) + p(x3|v2)},

Vi = X — P(Xk|Vie—1) = x — {p(xk|v1) + - + p(Xk|Vi—1)}

e By construction, vi L vy and vy,vy span Vo; vy L Vo (vy,va, v
are mutually orthogonal) and vy, vy, vy span Vs; etc., etc., so that
Vi,...,VE are mutually orthogonal spanning V.

If vq,..., v form an orthogonal basis for V', then
k
y=p(ylV) = Zp yIvi) =D bV, where b; = (y,v;)/ ;]|

j=1
so that the Pythagorean Theorem implies

k k
<Y7V'>2
91 = an il = D 0vil = > 2
j=1 j=1 J

Orthonormal Basis: Two vectors are said to be orthonormal if they are
orthogonal to one another and each has length one.

e Any vector v can be rescaled to have length one simply by multiply-
ing that vector by the scalar 1/||v|| (dividing by its length).

If vi,...,v; form an orthonormal basis for V, then the results above
simplify to
k k
=Y (y,vi)vi and [I9]7 =) (y,v})*
J J=1
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Example: The vectors

1 1
X1 = 1 y X9 = 0
1 0

are a basis for V, the subspace of vectors with the form (a,b,b)T. To
orthonormalize this basis, take vi = x1, then take

1
X9,V
Vo =Xo —p(X2|vy) =10 ] — (x2 ;>V1
i Y
1\ (1 2/3
0 1 ~1/3

v1, vy form an orthogonal basis for V', and

1 Vﬁ 1 2/\/\?
vi=—=vi=|1/V3 ]|, v;= vo=| —1/v6
V3 V3 6/9 VNG

form an orthonormal basis for V.

e The Gram-Schmidt method provides a method to find the projection
of y onto the space spanned by any collection of vectors x1,...,Xg
(i.e., the column space of any matrix).

e Another method is to solve a matrix equation that contains the
k simultaneous linear equations known as the normal equations.
This may necessitate the use of a generalized inverse of a matrix

if x1,...,x; are linearly dependent (i.e., if the matrix with columns
X1, ..., X is not of full rank).

e See homework #1 for how the Gram-Schmidt approach leads to non-
matrix formulas for regression coefficients; in what follows we develop
the matrix approach.
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Consider V' = L(x1,...,x;) = C(X), where X = [x1,...,X%]. ¥, the
projection of y onto V' is a vector in V' that forms the same angle as does
y with each of the vectors in the spanning set {x1,...,Xx}.

That is, ¥ has the form y = b1x1 + - - - + bpxy, where (y,x;) = (y,x;), for
all 7.

These requirements can be expressed as a system of equations, called the
normal equations:

<S’,Xi>:<y,xi>, i:17"'7k7
or, since y = Zf b;x;,

k
ij(Xj,Xi>:<y,Xi>, 221,,16

J=1

More succinctly, these equations can be written as a single matrix equation:
XTXb = X"y, (the normal equation)
where b = (by,...,b)T.

To see this note that XTX has (i, 7)™ element (x;,x,) = x7 x;, and Xy

is the k x 1 vector with ' element (y,x;) = x!y:
%) %)
T X2 T T X2
X' X = ] (x3 x2 -+ Xp)=(x/%;) and X'y= _ y =
Xp Xp,

e If XTX has an inverse (is nonsingular) then the equation is easy

to solve:
b= (XTX)"'X"y

e Assume X is n x k with n > k. From rank property 6 (p. 15) we
know that
rank(X?'X) = rank(X).

Therefore, we conclude that the k x k matrix X7 X has full rank
k and thus is nonsingular if and only if X,,x; has rank &k (has full
column rank or linearly independent columns).
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If we write y = b1x1 + - -+ + bpxp = Xb, then for X of full rank we have

y=XX"X)"'XTy =Py, where P =X(X'X)"'XT

o P = X(X?X) !XT is called the (orthogonal) projection matrix
onto C'(X) because premultiplying y by P produces the projection

y = p(y|C(X)).

e P is sometimes called the hat matrix because it “puts the hat on”
y. Our book uses the notation H instead of P (‘H’ for hat, ‘P’ for
projection, but these are just two different terms and symbols for
the same thing).

Since y = p(y|C(X)) is the closest point in C(X) to y, b has another
interpretation: it is the value of 3 that makes the linear combination X3
closest to y. Le., (for X of full rank) b = (XTX)~!XTy minimizes

Q=|ly — X3l (the least squares criterion)
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Example — Typographical Errors: Shown below are the number of
galleys for a manuscript (X7) and the dollar cost of correcting typograph-
ical errors (Y) in a random sample of n = 6 recent orders handled by a
firm specializing in technical manuscripts.

it X Y
1 7 128
2 12 213
3 4 75
4 14 250
5 25 446
6 30 540

A scatterplot of Y versus X; appears below.

Cost of corrections by length of manuscript

600 T T T T T T
550 % f
500 - f
450 * f
400 f
D 350 f
D
]
© 300 .
250 * _
*
200 - f
150 f
*
100 - f
*
50 | | | | | |
0 5 10 15 20 25 30 35
No. of pages

It is clear from the above scatterplot that the relationship between cost
and manuscript length is nearly linear.
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Suppose we try to approximate y = (128,...,540)T by a linear function
bo + b1x1 where x; = (7,...,30)T. The problem is to find the values of

(8o, 41) in the linear model

1 7 €1
1 12 €9
1 4 Bo es
Y=11 1 (51> e
1 25 €5
1 30 €6

-X

y =050 xo +51x1 +e.
~—

=je

Projecting y onto L£(xq,x1) = C(X) produces y = Xb where b solves the
normal equations

XTXb = XTy. (%)

That is, b minimizes

Q=lly - X8> =|ly — (B + Bix1)|[> = [le]* = 22

e That is, b minimizes the sum of squared errors. Therefore, @) is
called the least squares criterion and b is called the least squares
estimator of 3.

b solves (*), where

e (6 92 " 1652
X X‘<92 1930) and - X7y (34602)
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In this example, xg,x; are linearly independent so X has full rank (equal
to 2) and XX is nonsingular with

ros_1 [ 6194 —.0295
(X7 X) _<—.0295 .0019)

SO
126.6

215.8
1.5969 . 73.0
17.8524> = Xb = 251.5
447.9
037.2

b=X"X)"'X"y = (

In addition,
ly||? = 620,394, |ly||*> = 620,366, |e|?=]|y—y|?=28.0

so the Pythagorean Theorem holds.
Another Example - Gasoline Additives

Suppose that an experiment was conducted to compare the effects on oc-
tane for 2 different gasoline additives. For this purpose an investigator
obtains 6 one-liter samples of gasoline and randomly divides these sam-
ples into 3 groups of 2 samples each. The groups are assigned to receive no
additive (treatment C, for control), or 1 cc/liter of additives A, or B, and
then octane measurements are made. The resulting data are as follows:

Treatment Observations

A 91.7 91.9
B 924 91.3
C 91.7 91.2

Let y be the vector y = (y11, Y12, Y21, Y22, Y31, Y32) ", where y;; is the re-

sponse (octane) for the j** sample receiving the i*® treatment.
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Let x1,x9,X3 be indicators for the three treatments. That is, X1, X2, X3
correspond to the columns of the model matrix

(N elNellell S o
OO == OO
O O OO

The best approximation to y by a vector in V' = L(x1,X2,x3) = C(X) in
the least squares sense is

3
p(ylV) = ZP y|xi) Z%Xia
i=1

where §; = (1/2)(yi1 + ¥i2), the mean of the values in the i*® treatment.

e The second equality above follows from the orthogonality and linear
independence of x1,x2,x3 ({X1,X2,X3} form an orthogonal basis for
V).

Easy computations lead to

y1 = 91.80, 2 =91.85, y3=91.45,

SO
(1 0 0 91.80
1 0 0 91.80
. 0 1 0 91.85
y = 91.80 0 +91.85 1 +91.45 ol =1 9135
0 0 1 91.45
\O 0 1 91.45

It is easily verified that the error sum of squares is ||y — y||*> = 0.75 and
|¥]/? = 50, 453.53 which sum to ||y||? = 50, 454.28.
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Projection Matrices.
Definition: P is a (orthogonal) projection matrix onto V' if and only if

i. v € V implies Pv = v (projection); and
ii. w L V implies Pw = 0 (orthogonality).

e For X an n x k£ matrix of full rank, it is not hard to show that
P = X(XTX) !XT satisfies this definition where V = C(X), and is
therefore a projection matrix onto C'(X). Perhaps simpler though,
is to use the following theorem:

Theorem: P is a projection matrix onto its column space C(P) C R™ if
and only if

i. PP =P (it is idempotent), and
ii. P =P7T (it is symmetric).

Proof: First, the = part: Choose any two vectors w,z € R™. w can be
written w = w; + wy where wy; € C(P) and wy L C(P) and z can be
decomposed similarly as z = z; + zs. Note that

(I-P)w=w—Pw = (w; +w3) — Pw; — Pwy = wy
—— =

=W1 =0

and
Pz = Pz, + Pz, = Pz, = z4,

SO
0=1zwy,=(Pz2)"(I-P)w.

We’ve shown that z7 PT(I — P)w = 0 for any w,z € R", so it must be

true that PT(I — P) = 0 or PT = PTP. Since PTP is symmetric, PT
must also be symmetric, and this implies P = PP.

Second, the < part: Assume PP =P and P = P and let v € C(P) and
w L C(P). v € C(P) means that we must be able to write v as Pb for
some vector b. So v = Pb implies Pv = PPb = Pb = v (part i. proved).

Now w L C(P) means that PTw = 0, so Pw = PTw = 0 (proves part
i.). m
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Now, for X an n x k matrix of full rank, P = X (X*X)~1XT is a projection
matrix onto C'(P) because it is symmetric:

PT = (X(XTX)"IXTVT = X(XTX)"!IXT =P
and idempotent:

PP = {X(X'X)" I XTHX(XTX)'XT)} = X(XTX)"!1XT = P.

Theorem: Projection matrices are unique.

Proof: Let P and M be projection matrices onto some space V. Let

x € R"™ and write X = v+ w where v € V and w € V+. Then Px =
Pv+Pw =v and Mx = Mv + Mw = v. So, Px = Mx for any x € R".
Therefore, P = M. n

e Later, we'll see that C'(P) = C'(X). This along with the uniqueness
of projection matrices means that (in the X of full rank case) P =
X(XTX)~1XT is the (unique) projection matrix onto C(X).

So, the projection matrix onto C(X) can be obtained from X as X (X7X)~1X7,
Alternatively, the projection matrix onto a subspace can be obtained from
an orthonormal basis for the subspace:

Theorem: Let oq,...,0; be an orthonormal basis for V' € R™, and let
O = (0y,...,0;). Then OOT = Zle 0,07 is the projection matrix onto
V.

Proof: 007 is symmetric and OOT 00T = 007 (idempotent); so, by the
previous theorem OO7 is a projection matrix onto C(0O07T) = C(0) =V
(using property 8, p.15).m
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Some Examples:

1. The projection (matrix) onto the linear subspace of vectors of the
form (a,0,b)? (the subspace spanned by (0,0,1)T and (1,0,0)T) is

0 1 1 0 O
P=10 0 <(1) 8 (1)>: 0 0 O
1 0 0 0 1

=0

2. Let j, represent the column vector containing n ones. The projection
onto L(j,) is

T
1 1 1

P=—j, <—Jn> = —jnjf = n X n matrix with all elements = to n=!
n

Vvn Vn
Note that Px = Zj,, where Z = (x,jn)/|ljnl* = iy zi)/n.

Projections onto nested subspaces: Let V' be a subspace of R™ and
let V) be a subspace of V. Let P and P be the corresponding projection
matrices. Then

(1) PP() = Po, and (2) P()P = Po.
Proof: (1): letting y = Py € V and yg = Poy € Vy C V, then for
y € R", P(Poy) = P(y09) = yo. Now (2) follows from the symmetry of

projection matrices: Since Py = PPy and Py is symmetric it follows that
P, = PPy = (PPy)T = PI'PT = P,P.
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Projection onto the orthogonal complement:

Theorem: Let P and P( be projection matrices with C(Py) C C(P).
Then (i) P —Py is a projection matrix onto C'(P —Py), and (ii) C(P —Py)
is the orthogonal complement of C'(Py) with respect to C'(P).

Proof: First prove that P — Py is a projection matrix onto C'(P — Pg) by
checking idempotency:

(P—Pg)(P—Py) = PP—PP,—P,P+P Py = P-P;—Py+P, = P-P,

and symmetry:
P-Py)l =P —P! =P - P,.

Now prove that C(P — Py) is the orthogonal complement of C'(P) with
respect to C(P): C(P — Py) L C(Py) because (P — Py)Py = PPy —
PoPy = Py — Py = 0. Thus, C(P — Py) is contained in the orthogonal
complement of C'(Pg) with respect to C(P). In addition, the orthogonal
complement of C(Py) with respect to C'(P) is contained in C(P — Py)
because if x € C(P) and x € C(Py)*, then x = Px = (P — Po)x +Poyx =
(P — PO)X. [ |
e An important consequence of this theorem is that if Py is the projec-
tion matrix onto a subspace V', then I — Py is the projection matrix
onto the orthogonal complement of V.

Another Example:

3. If V.= L(jn), then V= is the set of all n—vectors whose elements
sum to zero.

The projection onto V+ is Py.=1,-Py=1,— %JnJZ Note that
Py 1x is the vector of deviations from the mean:

Py.x=(1, - EJnJZ;)X =X —Tjp=(r1 —T,...,Tp — Q_U)T.
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More on Subspaces:

Direct Sums: In a linear model y = X3 + e, it is useful to decompose
the sample space R" into two orthogonal subspaces: the model subspace

C(X) and the error space C'(X)-. This provides a means of separating
sources of variability in the response variable (variability explained by the
model versus everything else).

In ANOVA, we go one-step farther and decompose the model space C'(X)
into mutually orthogonal subspaces of C'(X). This provides a means for

separating the influences of several explanatory factors on the response,
which makes for better understanding.

e To undersand these ideas from the geometric viewpoint, we intro-
duce the ideas of linear independence of subspaces and summation
of vector spaces (called the direct sum).

Linear independence of subspaces: Subspaces Vi,...,V; of R™ are
linearly independent if for x; € V;, i = 1,...,k, Zle x; = 0 implies that
x; =0forall:i=1,...,k.

e For a pair of subspaces V;,V}, ¢ # j, the property V; NV, = {0} is
equivalent to linear independence of V; and V.

e However, for several subspaces Vi,...,Vy, pairwise linear indepen-
dence (V; NV, = {0} for each i # j € {1,...,k}) does not imply
linear independence of the collection V1, ..., V.

Direct sum: Let Vi,..., V) be subspaces of R™. Then
k
V= {X ’ x:in,Xi GV@-,Z'—l,...,k}
i=1
is called the direct sum of V;,...,V;, and is denoted by

If these subspaces are linearly independent, then we will write the direct

sSuln as
V=Vi& &V

to indicate the linear independence of V1,..., V.
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e Note that for any subspace V € R", V= is a subspace. In addition,
since VNV = {0}, V! and V are linearly independent and R" =
Vaovt

Theorem The representation x = Zi:l x; for x; € V; of elements x €

V. = Vi + .- 4 Vi is unique if and only if the subspaces are linearly
independent.

Proof: (First the <= part:) Suppose that these subspaces are linearly inde-
pendent and suppose that x has two such representations: x = Zle X; =

Z,’f:l w; for x;,w; € V;,i=1,..., k. Then Zle(xi — w;) = 0, which by
linear independence implies x; — w; = 0 or x; = w; for each 1.

(Next the = part:) Suppose the representation is unique, let v; € V;,
i = 1,...,k, and let Zlevk = 0. Since 0 € V; for each i, and 0 =
0+ ---4 0, it follows that v; = 0 for each i (uniqueness), implying the
linear independence of Vi,...,Vi. n

Theorem: If {v;1,..., Vi, } is a basis for V;, for each i = 1,...,k, and
Vi,..., Vg are linearly independent, then {vi1,...,Vin,, -« s Vi1, -+« Vin, }
isabasisfor V=V,&---dV,.

Proof: Omitted.

Corollary: If V=V, & --- d Vi, then
dim(V) = dim(V;) + - - - + dim(Vy).

Proof: Omitted.

Theorem For any subspace V' C R™ and any x € R", there exist unique
elements x;, X, such that x = x; + Xo, where x; € V and x3 € V*,

Proof: For existence take x; = p(x|V) (which we know exists) and then
take xo = x — x71. Uniqueness follows from the linear independence of V'

and V+ and the Theorem at the top of the page.
Corollary: x; = p(x|V) and x2 = p(x|V1).
Proof: Follows from the identities x = p(x|V) + [x — p(x|V)], x = [x —

p(x|VH)] + p(x|V+) and the uniqueness of the decomposition in the pre-
vious Theorem. g
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Example: Consider R*, the space of 4-component vectors. Let

1 1 1
1 |1 11
Xl_..]4_ 1 9 X2_ 1 9 X3_ 0
1 0 0
and let
a b+ c
b+
Vi = L(x1) = { Z la € R} Vo= L(x2,%3) = { bc b,c € R}
a 0

Notice that V; and V5 are linearly independent, so that V defined to be

a+b+c
a+b+c
a+b
a

V=Vi®V,={ la, b, ¢ real numbers}

has dimension 1 + 2 = 3.

The orthogonal complements are

a a
vi={| " Jlabeery vt=] [ |laber)
—a—b-—c b
a
L —Qa
vi={| ' |laeRr}
0

e In general, for V = V; & Vs, the relationship Py = Py, + Py, holds
only if V3 L V5. They are not orthogonal in this example. Verify
that Py = Py, + Py, doesn’t hold here by computing p(y|V), p(y|V1)

and p(y|Vz) for some y (e.g., y = (1,2,3,4)T).
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Earlier, we established that a projection onto a subspace can be accom-
plished by projecting onto orthogonal basis vectors for that subspace and
summing.

In the following theorem we establish that a projection onto a subspace V'
can be accomplished by summing the projections onto mutually orthogonal
subspaces whose sum is V.

Theorem: Let Vi,..., V. be mutually orthogonal subspaces of R". Let
V=Vi® - -®Vg Then p(y|V) = Zle p(y|Vi), for all y € R".

Proof: Let y; = p(y|V;). To show that ) . y; is the projection of y onto
V', we must show that for each x € V, (y,x) = (>, ¥i,x). Since x € V,

X can be written as x = Z?Zl x; for some x; € Vi,x2 € Vh,...,x;, € V}.
Thus,
k
Q_¥ix) = ¥i) %)) = ZZ yirX;)
k
= Z(S’i,xi> + Z(f’i,xﬁ = Z<Y7Xi>
i i.j = :
1#]
N————
=0

y7ZXl y,X

(* since y; is the projection onto V;).m
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For V. C R™, R"™ can always be decomposed into V and V= so that
RrP=VaoVt.

The previous theorem tells us that any y € R™ can be decomposed as
y =p(y|V) +py[V"),

or sincey = I,y = Py,
Prrny =Pyy+ Pyry

for all y. Because this is true for all y, it follows that

PRTL == PV +PVJ_
——
=1
= PVi =1-Py

More generally, consider a subspace 1|y that is a proper subset of a subspace
V (i.e., Vo C V and is not equal to V', where V is not necessarily R").

Then V' can be decomposed as V = Vy @ V; where V; = VOL NV is the
orthogonal complement of Vy w.r.t. V, and
Py =Py, + Py,.
Rearranging, this result can be stated as
Py, =Py — onimv

or
PVOLmV =Py — Py,

which are (sometimes) more useful forms of the same relationship.
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Example: One-way ANOVA, Effects Version:

Consider the model at the top of p. 6:

Y11 1 1 0 0 /611 \
Y12 1 100 v e12
vr | |1 0 1 0 ar | | en
yo | |1 0 1 0 o %} €22
Y31 1 0 0 1 a3 €31
Y32 \ 1 0 0 1 €32 )
y=XB+e
Let x1,...,x4 be the columns of X. The sample space R™ can be decom-

posed as
R® = C(X) @ C(X)™ .

e ((X) is called the model space and C(X)= the error space.

The model space C(X) can be decomposed further as
C(X) = E(X1> + E(Xg, X3, X4)

e Notice that we use a ‘4’ rather than a ‘@’ because £(x1), £(X1, X2, X3)
are not LIN. Why? Because they intersect:

( \ (

ac€R

~”
-

b,c,d € R

-~

E(X27 X3, X4) =9

QL. 0O o oo

Q@ 2 & 2 g 2

\ / \

These spaces intersect when b = ¢ = d.

e Alternatively, we can check the definition: Does v + w = 0 imply
v=w=0forveL(x),we L(x2,X3,%x4)7 No, because we could

take v = (a,a,a,a,a,a)’ and w = (—a,—a,—a,—a, —a,—a)T for

a # 0.
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A more useful decomposition of the model space is into LIN subspaces.
For example,

C(X) = ﬁ(Xl) D (ﬁ(Xg,Xg,X4) N E(Xl)L).

e Here, (L£(x2,X3,%4)NL(x1)1) is the orthogonal complement of £(x1)
with respect to C'(X). It can be represented as

o
o
m
&

\ —b+C) ),

Since £(x1) and (£(x2,X3,%4) N L(x1)1) are LIN, orthogonal and direct
sum to give C(X), the projection of y onto C'(X) (that is, fitting the
model) can be done as

and

p(y’(£<x27 X37X4> A E(Xl)L» — P,C(XQ,Xg,X4)y - Pﬁ(xl)y
= g1.X2 + gQ.X3 + <7}3.X4 — ’g..Xl

= Y1.X2 + Y2.X3 + Y3.X4 — g..(Xg + X3 + X4)
3

= Z@z — ¥..)Xi41

i=1
Y1.

Y1.

Y2.

Y2.

Ys.
Y3. —

|
LY Q QC Qw
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Since R® = L(x1) ® (L(x2,X3,%x4) N L(x1)") & C(X)+ we have

PR6 - PL(Xl) + ]'),C(Xg,)(3,)(4)0[:(X1)i + ]':)C’()()L
Proy =Prx)¥ + Prixe,xsxi)ncea) Y + Pox)ry
y=Yy1+y2+e
V-
=y

where 1 = p(y|£(x1)), 2 = p(y|(L(x2, X3, x4)NL(x1) 1)), ¥ = p(y|C (X)),
and e = p(y|C(X)") =y - ¥.

The Pythagorean Theorem yields

[y

A\

(91112 + 119211 +le]]?

=yl

which is usually rearranged to yield the following decomposition of the
corrected total sum of squares in the one-way anova:

Iy [1* = 13111 = 132]1* + lle]? (%)

where

IyIP=>_> v IslP=> > 4
(] i g
1927 =D @ =50 ell®>=)_ (i — %)%
vt i g

so that (*) becomes

ZZ(Z/U - ??)2 = ZZ(@, — gj)2 —{—ZZ(%J — gjz)z .

tog
7 N 7 7
-~ -~ -~

:SSTotal SStrt =SSE
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Eigenvalues and Eigenvectors

Eigenvalues and Eigenvectors: A square n X n matrix A is said to
have an eigenvalue )\, with a corresponding eigenvector v # 0 if

Av = \v. (1)

Since (1) can be written
(A=AI)v=0

for some nonzero vector v, this implies that the columns of (A — AI) are
linearly dependent < |A — M| = 0. So, the eigenvalues of A are the
solutions of

|A —XI| =0 (characteristic equation)

If we look at how a determinant is calculated it is not difficult to see that
|A — AI| will be a polynomial in A of order n so there will be n (not

necessarily real, and not necessarily distinct) eigenvalues (solutions).

e if |[A| =0 then Av = 0 for some nonzero v. That is, if the columns
of A are linearly dependent then A = 0 is an eigenvalue of A.

e The eigenvector associated with a particular eigenvalue is unique
only up to a scale factor. That is, if Av = Av, then A(cv) = A(ev)
so v and cv are both eigenvectors for A corresponding to A. We
typically normalize eigenvectors to have length 1 (choose the v that

has the property ||v|| = vVvIv =1).

e We will mostly be concerned with eigen-pairs of symmetric matrices.
For A, «, symmetric, there exist n not necessarily distinct but real
eigenvalues.

e If \; and A, are distinct eigenvalues of the symmetric matrix A then
their associated eigenvectors v;, v;, are orthogonal.

e If there exist exactly £ LIN vectors vq,..., Vv, corresponding to the
same eigenvalue A, then )\ is said to have multiplicity k.

e In this case all vectors in L(vq,..., V) are eigenvectors for A\, and

k orthogonal vectors from this subspace can be chosen as the eigen-
vectors of .
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Computation: By computer typically, but for 2 x 2 case we have

a b a— A\ b
A_(c d) = A—>\I—< . d—A)

|A—X|=0 =
(a—A)(d—N\) —bc= X —(a+d)X+ (ad — bc) =0

(a+d) £ /(a+d)? — 4(ad — bc)
2

To obtain associated eigenvector solve Av = Av. There are infinitely
many solutions for v so choose one by setting v; = 1, say, and solve

for vo. Normalize to have length one by computing (1/||v]|)v.

= A=

Orthogonal Matrices: We say that A is orthogonal if AT = A~! or,
equivalently, AAT = ATA =1, so that the columns (and rows) of A all
have length 1 and are mutually orthogonal.

Spectral Decomposition: If A, ., is a symmetric matrix then it can
be written (decomposed) as follows:

A= UnannxnUT

nxn?
where
A0 o 0
0 X -+ 0
A= . . :
0 0 - )\,
and U is an orthogonal matrix with columns uy,us,...,u, the (normal-
ized) eigenvectors corresponding to eigenvalues A1, Aa, ..., Ap.

e We haven’t yet talked about how to interpret eigenvalues and eigen-
vectors, but the spectral decomposition says something about the
significance of these quantities: the “information” in A can be bro-
ken apart into its eigenvalues and eigenvectors.
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An equivalent representation of the spectral decomposition is

T
u; n
A = UAUT = (/\1111 R /\nun ) = Z )\iuiuZT.
—UA u’ =1
Note that u;ul = P; i = 1,...,n, are projections onto the one-dimensional

subspaces L£(u;).

So, if the eigenvalues of A are all distinct, we have

A=) \P;
i=1
or, if A has r distinct eigenvalues A1, ..., A\, with multiplicities k1, ..., k.,
then )
A=) NP}
i=1

where P is the projection onto the k;—dimensional subspace spanned by
the eigenvectors corresponding to A;.

Results:
1. Recall that the trace of a matrix is the sum of its diagonal elements.
Both the trace and the determinant of a matrix give scalar-valued

measures of the size of a matrix.

Using the spectral decomposition, it is easy to show that for a n xn
symmetric matrix A,

tl‘(A) = i)\z and |A‘ = ﬁ)\z
=1 =1
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2. If A has eigenvalues \q,...,\,, then A~! has the same associated
eigenvectors and eigenvalues 1/A1,...,1/)\, since

Al =(wAUN) Tt =UuAUT.

3. Similarly, if A has the additional property that it is positive def-
inite (defined below), then a square root matrix, A2, can be
obtained with the property A/2A/2 = A

A2 = UAY2UT, where

VA 0 0

A2 _ 0 Vg e 0

0 0 - VA,
A'/? is symmetric, has eigenvalues that are the square roots of the
eigenvalues of A, and has the same associated eigenvectors as A.
Quadratic Forms: For a symmetric matrix A, «,, a quadratic form in
Xnx1 is defined by
n n
xTAx = Z Z ;T
i=1 j=1
(xT Ax is a sum in squared (quadratic) terms, z?, and x;z; terms.)

e Quadratic forms are going to arise frequently in linear models as
squared lengths of projections, or sums of squares.

The spectral decomposition can be used to “diagonalize” (in a certain

sense) the matrix in a quadratic form. A quadratic from x?T Ax in a
symmetric matrix A can be written

TAw — T Ty _ (17T T\ _ T
x"Ax =x"UAU x= (U'x)"A(U'x)=y" A y.

—y diagonal
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Eigen-pairs of Projection Matrices: Suppose that Py is a projection ma-
trix onto a subspace V € R".

Then for any x € V and any y € V-,
Pyx=x=(1)x, and Pyy=0=(0)y.
Therefore, by definition (see (1) on p.47),
e All vectors in V' are eigenvectors of Py with eigenvalues 1, and

All vectors in V= are eigenvectors of Py with eigenvalues 0.
g g

The eigenvalue 1 has multiplicity = dim(V"), and

The eigenvalue 0 has multiplicity = dim(V~+) = n — dim(V).

In addition, since tr(A) = > . \; it follows that tr(Py) = dim(V)
(the trace of a projection matrix is the dimension of the space onto
which it projects).

In addition, rank(Py ) = tr(Py) = dim(V).
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Positive Definite Matrices: A is positive definite (p.d.) if xTAx > 0

for all x # 0. If x” Ax > 0 for all nonzero x then A is positive semi-
definite (p.s.d.). If A is p.d. or p.s.d. then it is said to be non-negative
definite (n.n.d.).

e If A, ., isp.d. thenfori=1,...,n, ul Au; = \; > 0;
e i.e., the eigenvalues of A are all positive.

e It can also be shown that if the eigenvalues of A are all positive then
A is p.d.

Example

The matrix

is positive definite.
Q: Why?

A: Because the associated quadratic form is

XTAX:(xl T2 ) (_21 _31> (2)

1
= 227 — 22129 + 375 = 2(21 — 53:2)2 + 5%2)

which is clearly positive as long as x1 and x5 are not both 0.

The matrix

13 -2 -3
B=\|-2 10 -6
-3 —6 5

is positive semidefinite because its associated quadratic form is
xTBx = (221 — 22)? 4+ (321 — x3)* + (3w — 223)?,

which is always non-negative, but does equal 0 for x = (1,2,3)T (or any
multiple of (1,2,3)7T).
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Some Results on p.d. and p.s.d. matrices:

1.

a. If A is p.d., then all of its diagonal elements a;; are positive.
b. If A is p.s.d., then all a;; > 0.

. Let M be a nonsingular matrix.

a. If A is p.d., then MTAM is p.d.
b. If A is p.s.d., then MTAM is p.s.d.

. Let A be a p X p p.d. matrix and let B be a k x p matrix of rank

k < p. Then BABT is p.d.

Let A be a p X p p.d. matrix and let B be a k x p matrix. If £ > p
or if rank(B) < min(k,p) then BABT is p.s.d.

. A symmetric matrix A is p.d. if and only if there exists a nonsingular

matrix M such that A = MZTM.

. A p.d. matrix is nonsingular.

Let B be an n x p matrix.
a. If rank(B) = p, then BB is p.d.

b. If rank(B) < p, then BTB is p.s.d.

. If Ais p.d., then A~1!is p.d.

. If A is p.d. and is partitioned in the form

A Agp
A =
<A21 A22)

where A7 and Ay are square, then A7 and Asy are both p.d.

Inverses of Partitioned Matrices: A very useful result is the following: Let

A be a symmetric matrix that can be partitioned as above in result 9 (note
this implies Ag; = AL,). Then

_1 Al +CB'c” -CB™!
A~ = _B-lcT B!

where B = A9y — A,{QAl_llAlg, and C = A1_11A12. More general results
are available for A nonsymmetric (see, e.g., Ravishanker & Dey, 2002, A
First Course in Linear Model Theory, p. 37).
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Systems of Equations

The system of n (linear) equations in p unknowns,

1171 + a12x2 + - -+ a1pxy = C1

ao1X1 + Q222 + + -+ + A2pTp = C2

Ap1T1 + Ap2Ta + -+ + AppTp = Cp
can be written in matrix form as
Ax=c (*)
where A isn X p, xispx1land cisn x 1.

e If n ## p then x and c are of different sizes.

e If n = p and A is nonsingular, then there exists a unique solution

vector x given by x = A~ lc.

e If n > p so that A has more rows than columns, then (*) usually
(but not always) does not have a solution.

e If n < p, so that A has fewer rows than columns, (*) usually (but
not always) has an infinite number of solutions.

Consistency: If (*) has one or more solution vectors then it is said to be
consistent. Systems without any solutions are said to be inconsistent.

We will most often be concerned with systems where A is square. Suppose
A is p X p with rank(A) =r < p.

Recall rank(A) = rank(AT) so that the rank of A (the number of linearly
independent columns in A) = the number of linearly independent columns
of AT = the number of linearly independent rows of A.

Therefore, there are r < p linearly independent rows of A which implies
there exists a b # 0 so that

ATb =0, or, equivalently, bTA = 0T.
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Multiplying both sides of (*) by b? we have

bT’Ax =b'c
= 0’x =blec
= blec =0

Otherwise, if b?'c # 0, there is no x such that Ax = c.
e Hence, in order for Ax = ¢ to be consistent, the same linear rela-

tionships, if any, that exist among the rows of A must exist among
the rows (elements) of c.

— This idea is formalized by comparing the rank of A with the
rank of the augmented matrix [A, c].

Theorem: The system of equations Ax = c has at least one solution
vector (is consistent) if and only if rank(A) = rank([A, c]).

Proof: Suppose rank(A) = rank([A,c]). Then c is a linear combination
of the columns of A; that is, there exists some x so that we can write

ria; +xrgaz + -+ + Trpa, = C,

or, equivalently, Ax = c.

Now suppose there exists a solution vector x such that Ax = c¢. In general,
rank(A) < rank([A,c]) (result 7, p.15). But since there exists an x such
that Ax = c, we have

rank([A, c]) = rank([A, Ax]|) = rank(A[I, x])
< rank(A) (by result 3, p.15)

and we have
rank(A) < rank([A,c]) < rank(A)

so that rank(A) = rank([A,c]). m
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Generalized Inverses

Generalized Inverse: A generalized inverse of an n X k matrik X is defined
to be any k X n matrix X~ that satisfies the condition

(1) XX X =X,
e Such a matrix always exists.
e Such a matrix is not unique.

e If X is nonsingular, then the generalized inverse of X is unique and
is equal to X1,

Example:

Let

2 2 3
1 0 1
3 2 4

The first two rows of A are linearly independent, but the third row is equal
to the sum of the others, so rank(A) = 2.

A —

The matrices

0O 1 O O 1 O
Ar=(3 -1 0|, A;=|0 -3 1
O 0 O O 0 O

are each generalized inverses of A since straight-forward matrix multipli-
cation verifies that AATA = A and AASJ A =A.

A matrix need not be square to have a generalized inverse. For example,

1

X =

2
3
4
has generalized inverses x; = (1,0,0,0), x5 = (0,1/2,0,0), x5 = (0,0,1/3,0)

and x,; = (0,0,0,1/4). In each case, it is easily verified that
4.

XX, X = X, 1=1,...,
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Let X be n X k of rank r, let X~ be a generalized inverse of X, and let G

and H be any two generalized inverse of X7 X. Then we have the following
results concerning generalized inverses:

1. rank(X~X) = rank(XX™) = rank(X) = r.

2. (X7)T is a generalized inverse of X7 Furthermore, if X is symmet-
ric, then (X7)7 is a generalized inverse of X.

3. X = XGXTX = XHXTX.
4. GXT is a generalized inverse of X.

5. XGXT is symmetric, idempotent, and is invariant to the choice of
G; that is, XGXT = XHXT.

Proof:

1. By result 3 on rank (p.15), rank(X™X) < min{rank(X™),rank(X)} <
rank(X) = r. In addition, because XX~ X = X, we have r =
rank(X) < min{rank(X),rank(X~X)} < rank(X~X). Putting these
together we have r < rank(X™X) < r = rank(X~X) = r. We can
show rank(XX™) = r similarly.

2. This follows immediately upon transposing both sides of the equation
XXX =X.

3. For v € R", let v=v; 4+ vy where v; € C(X) and vy L C(X). Let
v; = Xb for some vector b € R". Then for any such v,

vIXGXTX = vIXGXTX = bT(XTX)G(XTX) = b? (XTX) = vTX.

Since this is true for all v € R”, it follows that XGXTX = X,
and since G is arbitrary and can be replaced by another generalized

inverse H, it follows that XHX”X = X as well.

4. Follows immediately from result 3.
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5. Invariance: observe that for the arbitrary vector v, above,
XGXTv = XGXTXb = XHX"Xb = XHX v.

Since this holds for any v, it follows that XGXT = XHX7.
Symmetry: (XGXT)T = XGTXT, but since GT is a generalized in-
verse for X7 X, the invariance property implies XGT X7 = XGXT.
Idempotency: XGXTXGX” = XGXT from result 3. m

Result 5 says that X(X7X)~X” is symmetric and idempotent for any
generalized inverse (X7X)~. Therefore, X(X?X)~X7 is the unique pro-
jection matrix onto C'(X(XTX)~XT).

In addition, C(X(XTX)~XT) = C(X), because v € C(X(XTX)~XT)
= v € (C(X), and if v € C(X) then there exists a b € R" so that
v =Xb=X(XTX)"X"Xb = v € C(X(XTX)~XT).

We’ve just proved the following theorem:

Theorem: X (X7X)~X7 is the projection matrix onto C'(X) (projection
matrices are uniqe).

e Although a generalized inverse is not unique, this does not pose
any particular problem in the theory of linear models, because we’re
mainly interested in using a generalized inverse to obtain the projec-

tion matrix X(X?'X)~XT onto C(X), which is unique.

A generalized inverse X~ of X which satisfies (1) and has the additional
properties

(2) X~XX~ =X,
(3) X~X is symmetric, and
(4) XX~ is symmetric,

is unique, and is known as the Moore-Penrose Inverse, but we have
little use for the Moore-Penrose inverse in this course.

e A generalized inverse of a symmetric matrix is not necessarily sym-
metric. However, it is true that a symmetric generalized inverse can
always be found for a symmetric matrix. In this course, we’ll gen-
erally assume that generalized inverses of symmetric matrices are
symmetric.
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Generalized Inverses and Systems of Equations:

A solution to a consistent system of equations can be expressed in terms
of a generalized inverse.

Theorem: If the system of equations Ax = c is consistent and if A~ is
any generalized inverse of A, then x = A~ c is a solution.

Proof: Since AA~A = A, we have
AA Ax = Ax.
Substituting Ax = ¢ on both sides, we obtain
AA c=c.

Writing this in the form A(A~c) = ¢, we see that A~ c is a solution to
Ax=c. n

For consistent systems of equations with > 1 solution, different choices of
A~ will yield different solutions of Ax = c.

Theorem: If the system of equations Ax = c is consistent, then all
possible solutions can be obtained in either of the following two ways:

i. Use a specific A~ in the equation x = A7 c+ (I— A~ A)h, combined
with all possible values of the arbitrary vector h.

ii. Use all possible values of A~ in the equation x = A" c.

Proof: See Searle (1982, Matriz Algebra Useful for Statistics, p.238).

60



An alternative necessary and sufficient condition for Ax = ¢ to be consis-
tent instead of the rank(A) = rank([A, c|) condition given before is

Theorem: The system of equations Ax = ¢ has a solution if and only if
for any generalized inverse A~ of A it is true that

AAc=c.

Proof: Suppose Ax = c is consistent. Then x = A~c is a solution.
Therefore, we can multiply ¢ = Ax by AA™ to get

AA"c=AA"Ax=Ax=c
Now suppose AA~c = c. Then we can multiply x = A~ c by A to obtain
Ax=AAc=c.

Hence a solution exists, namely x = A7 c. n

The Cholesky Decomposition: Let A be a symmetric positive semi-
definite matrix. There exist an infinite number of “square-root matrices”;
that is, n X n matrices B such that

A = B'B.

e The matrix square root A/2 = UA/2U7 obtained earlier based on

spectral decomposition A = UAUT is the unique symmetric square
root, but there are many other non-symmetric square roots.

In particular, there exists a unique upper-triangular matrix B so that this
decomposition holds. This choice of B is called the Cholesky factor and the

decomposition A = BTB for B upper-triangular is called the Cholesky
decomposition.
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Random Vectors and Matrices

Definitions:

Random Vector: A vector whose elements are random variables. E.g.,

. T
Xpx1 = (1 T2 -0 x)"
where x1,..., 2, are each random variables.

Random Matrix: A matrix whose elements are random variables. E.g.,
Xpxk = (x5), where x11, %12, ...,2Tnk are each random variables.

Expected Value: The expected value (population mean) of a random
matrix (vector) is the matrix (vector) of expected values. For X, «x,

E(SEll) E(xlg) s E(.ﬁlﬁlk)
E(X) = : SV

e E(X) will often be denoted pux or just g when the random matrix
(vector) for which p is the mean is clear from the context.

e Recall, for a univariate random variable X,

E(X) = 7 zfx(z)dz if X is continuous;
N > oall z Tfx(z) if X is discrete.

Here, fx () is the probability density function of X in the continuous
case, fx(x) is the probability function of X in the discrete case.
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(Population) Variance-Covariance Matrix: For a random vector

Xpx1 = (T1,%2,...,7,)T, the matrix
var(x1)  cov(xy,xa) -+ cov(xy,p)
cov(xg, 1)  var(xa) -+ cov(zg,xy)
cov(zg,x1) cov(xg,xa) --- var(zy)
011 012 -+ O1k
[ o21 o022 - 02
Okl Ok2 -+ Okk

is called the variance-covariance matrix of x and is denoted var(x)
or Xy or sometimes Y when it is clear which random vector is being
referred to.

e Note that the var(-) function takes a single argument which is a
vector or scalar.

e The book uses the notation cov(x) for the var-cov matrix of x. This
is not unusual, but I like to use var(-) when there’s one argument,
and cov(-,-) when there are two.

e Recall: for a univariate random variable x; with expected value u;,
oii = var(z;) = E[(z; — p:)?]

e Recall: for univariate random variables x; and z;,

oij = cov(zi, x;) = E[(z; — pi) (@ — 1))
e var(x) is symmetric because o;; = 0;;.
e In terms of vector/matrix algebra, var(x) has formula

var(x) = El(x — p) (x — 1)

e If the random variables x1,...,x; in x are mutually independent,

then cov(z;,z;) = 0, when 7 # j, and var(x) is diagonal with
(011,022, - - ,Uk;k;)T along the diagonal and zeros elsewhere.
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(Population) Covariance Matrix: For random vectors Xpx1 = (21,...,2%)7,
_ T _ - .
and ynx1 = (Y1,...,Yn)" let 055 = cov(zi,y;), ¢ = 1,...,k, j =
1,...,n. The matrix
011 012 -+ 01
" COV(mla yl) U COV(ml, yn)
021 022 -+ O2p
cov(zr,y1) -+ cov(Tk,Yn
Okl Ok2 *** Okn (x: 91) (5, 9n)

is the covariance matrix of x and y and is denoted cov(x,y), or
sometimes Yy y.

e Notice that the cov(:,-) function takes two arguments, each of which
can be a scalar or a vector.

e In terms of vector/matrix algebra, cov(x,y) has formula

cov(x,y) = E[(x — px) (y — 1y)"].

e Note that var(x) = cov(x, x).

(Population) Correlation Matrix: For a random variable xjx1, the

population correlation matrix is the matrix of correlations among
the elements of x:

1 pi2 - pik
p21 1 - pop
corr(x) = . . N
Pkl P2 -1

where p;; = corr(z;, x;).
e Recall: for random variables z; and z;,

Uij

measures the amount of linear association between x; and ;.

pij = corr(x;, xj) =

e For any x, corr(x) is symmetric.
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e Sometimes we will use the corr function with two arguments, corr(Xxx1, ¥Ynx1)

to mean the k£ X n matrix of correlations between the elements of x
and y:

corr(xy,y1) -+ corr(xy,yn)

corr(x,y) =

Corr(xk,yl) COTr(xk7yn)

e Notice that corr(x) = corr(x, x).

e For random vectors xi«1 and y, «1, let

px = corr(x), Xx =var(x), pxy =corr(x,y), Xxy =cov(X,y),
Vx = diag(var(z1),...,var(zg)), and Vy =diag(var(yi),...,var(y,)).

The relationship between px and Yy is

S = Vi pVY?
pr = (V)5 (VL)

and the relationship between the covariance and correlation matrices
of x and y is

Yixy = V>1</2Px,yV31r/2
Px,y = V;1/22x,yV;1/2
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Properties:

Let X, Y be random matrices of the same dimension and A, B be
matrices of constants such that AXB is defined

1. E(X+Y)=EX)+E(XY).
2. E(AXB) = AE(X)B.
— In particular, E(AX) = A px.

Now let X «1, Ynx1 be random vectors and let cr«1 and d,, «1 be vectors
of constants. Let A, B be matrices conformable to the products Ax and

By.

3. cov(x,y) = cov(y,x)T.
4. cov(x+c,y +d) = cov(x,y).

5. cov(Ax,By) = Acov(x,y)BT.

Let x1,%X5 be two k x 1 random vectors and y1,ys be two n X 1 random
vectors. Then

6. cov(x1 + X2,y1) = cov(X1,y1) + cov(Xz,y1) and cov(x1,y1 +y2) =
cov(x1,y1) + cov(xy,y2).

— Taken together, properties 5 and 6 say that cov(-,-) is linear
in both arguments (that is, it is bilinear).

Several properties of var(-) follow directly from the properties of cov(-,-)
since var(x) = cov(x, x):

7. var(x; 4+ ¢) = cov(xy + ¢,x1 + ¢) = cov(x1,X1) = var(Xy).

8. var(Ax) = Avar(x)AT.

9. var(x; + x2) = cov(x] + Xo2,X1 + X2) = var(xy) + cov(xy,Xs) +
cov(xg,X1) + var(xa).

If x; and x2 are independent, then cov(xy,x2) = 0, so property 9 implies
var(xj + x3) = var(xy) + var(xz). This result extends easily to a sum of n
independent x;’s so that

n n
var( E X;) = g var(x;), if x1,...,%, are independent.
i=1 i=1
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In addition, if var(x;) = --- = var(x,) = Xx then var(} ;. x;) = n¥x.
The formula for the variance of a sample mean vector follows easily:

1
var(x) = var( sz = (—) var le _< )nZ an.

e Notice this generalizes the familiar result from the univariate case.

In linear models, quadratic forms x” Ax in some random vector x and
symmetric matrix A often arise, and its useful to have a general result
about how to take the expected value of such quantities.

e Note that for A not symmetric, x? Ax is still a quadratic form,

because it is possible to write x” Ax as x? Bx for the symmetric
matrix B = (A + AT). That is, Q(x) = x7 Ax can be written

1 1
_ o wT Ay — 2T T _ LT T AT
Q(x) =x"Ax = 2(x Ax+ x Ax ) 2(x Ax +x" A" x)

=xxTATx)T

_ X7 {%(A-I—AT)}X

-~

=B symmetric

That quadratic forms are common and important in linear models is famil-
iar once we realize that any quadratic form can be written as a weighted
sum of squares, and vice versa.

Let A be an n X n symmetric matrix with spectral decomposition A =
>y Ausuf . Then

Q(x)=x"Ax = Z AixTuul x = Z A (u] x)(ul'x) = Z w2,
i=1 i=1 \\;—/ i=1

=Wy
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The expected value of a quadratic form x? Ax follows immediately from
a more general result concerning the expected value of a bilinear form,

Q(X7 Y) = (Xerl)TAkannxl-

Theorem: (E.V. of a bilinear form) Let E(x) = px and E(y) = uy,
cov(x,y) = Xxy = (0i;) and A = (a;;). Then,

E(x"Ay) = Z Z&m% +pr Apy = tr(AS] ) + pl Apy.

Proof: Writing the bilinear form in summation notation we have x” Ay =
> Zj a;;xy;. In addition, E(x;y;) = cov(x,y;) + bx,ifly.; = 0ij +
Mx i fby, 55 SO

TAy Zzawam""zzawﬂx ilby,j

=1 j5=1 =1 j5=1
——
=(i,i)th term of AET’y

= tr(AX; ) + py Apty

Letting y = x we obtain

Theorem: (E.V. of a quadratic form) Let Q(x) = xT Ax, var(x) = X,
E(x) = p and A = (a;;). Then,

E{Q(x)} => ) ajjcov(zi,z;) + p" Ap = tr(AX) + Q(p).

( J
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Example: Let x1,...,z, be independent random variables each with
mean j and variance o2. Then for x = (z1,...,2,)%, E(X) = pjn,
var(x) = o21,.

Consider the quadratic form

n

Qx) =) (i —2)" = |Pyax|® =xT (I, — Py)x,
i=1

where V' = L(j,), and Py = (1/n)J, . To obtain E{Q(x)} we note
the matrix in the quadratic form is A = I,, — Py and ¥4 = ¢?I,,. Then
AY, = 0%(I1,—Py), and tr(AX) = 0?(n—1) (trace of a projection matrix
equals the dimension onto which it projects). Thus

E{Q(x)} = 0*(n — 1) + Q(ujn)
=0

e An immediate consequence of this is the unbiasedness of the sample
. n —
variance, s = = 3" | (z; — )%

An alternative method of obtaining this result is to define y = (x1 —Z, x5 —
2 _

Z,...,o,—Z)T, and apply the preceding theorem to Q(x) = >, (z; — )
T
y' L.y

Since y = Py 1x, y has var-cov matrix Py.. (0°L,)P{,. = 0*Py. (because
Py . is idempotent and symmetric) and mean O.

So,

BE{Q(x)} = tr{L,(02Py 1)} = tr{o?(L, — Py)} = o2(n — 1),

as before.
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The Multivariate Normal Distribution

Multivariate Normal Distribution: A random vector y, «1 is said to
have a multivariate normal distribution if y has the same distribution as

AnXprxl + Hnx1 =X

where, for some p, z is a vector of independent N (0, 1) random variables,
A is a matrix of constants, and p is a vector of constants.

e The type of transformation used in going from z to x above is called
an affine transformation.

By using the form of x and the fact that the elements of z are independent
standard normal, we can determine the density function of x and hence of

y.

e This is only possible in the case that n = p and rank(A) = p. We
will restrict attention to this case.

Define g(z) = Az + p to be the transformation from z to x. For A a p xp
full rank matrix, ¢g(z) is a 1-1 function from R? to R” so that we can use
the following change of variable formula for the density of x:

fx(x) = fulg™" (x)}abs (‘8987@

) — (A (x - ) Jabs(A ).

(Here, abs(-) denotes the absolute value and | - | the determinant.)

Since the elements of z are independent standard normals, the density of

Z 18
2 1
—Zi/2 — (97)7P/2 ex (——ZTZ> i
Hm = B ed | 7

Plugging into our change of variable formula we get

Ful) = (20) P Pabs((A) ™ exp {1 x = i (AT - o}
——

=|A]
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Note that ¥ = var(x) is equal to var(Az-+pu) = var(Az) = ATAT = AAT,
SO

5= [AAT|= AP = |A]= |52
In addition, E(x) = E(Az + u) = u.

So, a multivariate normal random vector of dimension p with mean p and
p.d. var-cov matrix X has density

fx(x) = (27r)_p/2|23|_1/2 exp {—%(x — )T E) (x - u)} , for all x € RP.

e In the case where A is n x p with rank(A) # n, x is still multivariate

normal, but its density does not exist. Such cases correspond to
multivariate normal distributions with non p.d. var-cov matrices,
which arise rarely and which we won’t consider in this course. Such
distributions do not have p.d.f.’s but can be characterized using the
characteristic function, which always exists.

Recall that the probability density function is just one way to characterize
(fully describe) the distribution of a random variable (or vector). An-

other function that can be used for this purpose is the moment generating
function m.g.f.

The m.g.f. of a random vector x is mx (t) = E(e® *). So, for x = Az—+p ~
N, (p, AAT =), the m.g.f. of x is

m(t) = Blexp{t” (Az + p)}] = e PE(et A7) = e Fm,(ATY). ()

The m.g.f. of a standard normal r.v. z; is m_, (u) = " /2, g0 the m.g.f. of
z is

p
my(w) = [T exp(uf/2) = e* /2.
1=1

Substituting into (*) we get

T 1 T 1
my(t) = et M exp{i(ATt)T(ATt)} =t M exp(itTEt).
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e S0, if mx(t) completely characterizes the distribution of x and mx(t)
depends only upon x’s mean and variance g and 3., then that says
that a multivariate normal distribution is completely specified by
these two parameters.

o le., for x; ~ N,(p1,31) and xo ~ N, (2, >2), X1 and x5 have the
same distribution if and only if @, = o and X7 = Xs.

Theorem: Let g be an element of R™ and ¥ an n X n symmetric p.s.d.
matrix. Then there exists a multivariate normal distribution with mean
p and var-cov matrix 3.

Proof: Since ¥ is symmetric and p.s.d., there exists a B so that ¥ = BB”
(e.g., the Cholesky decomposition). Let z be an n.x 1 vector of independent
standard normals. Then x =Bz + p ~ N, (s, Y). n

e This result suggests that we can always generate a multivariate nor-
mal random vector with given mean p and given var-cov matrix
by generating a vector of independent standard normals z and then
pre-multiplying z by the lower-triangular Cholesky factor B and then
adding on the mean vector .

Theorem: Let x ~ N,,(u,X) where 3 is p.d. Let y,.«1 = Crxnx+d for
C and d containing constants. Then y ~ N,.(Cu +d, CXCT).

Proof: By definition, x = Az 4 p for some A such that AAT = 3, and
z ~ N,(0,I,). Then

y=Cx+d=C(Az+p)+d=CAz+Cpu+d
= (CA)z+ (Cp+4d).

So, by definition, y has a multivariate normal distribution with mean
Cpu + d and var-cov matrix (CA)(CA)T = CECT .z

Simple corollaries of this theorem are that if x ~ N, (u, ), then

i. any subvector of x is multivariate normal too, with mean and vari-
ance given by the corresponding subvector of p and submatrix of 3,
respectively, and

ii. any linear combination a’x ~ N(aTu,a’¥a) (univariate normal)
for a a vector of constants.
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Theorem: Let y, «1 have a multivariate normal distribution, and parti-
tion y as
Y1
px1
y = .
Y2
(n—p)x1

Then y; and y5 are independent if and only if cov(y1,y2) = 0.

Proof: 1%, independence implies 0 covariance: Suppose yi,y2 are inde-
pendent with means p1, pta. Then

cov(y1,y2) = E{(y1—m1)(y2—p2)" } = E{(y1—111)}E{(y2—p2)" } = 0(0") = 0.

2nd () covariance and normality imply independence: To do this we use
the fact that two random vectors are independent if and only if their joint

m.g.f. is the product of their marginal m.g.f.’s. Suppose cov(y1,y2) = 0.

Let t,x1 be partitioned as t = (t7,t2)7 where t; is p x 1. Then y has
m.g.f.

1
my (t) = exp(t’ p) exp(St7 t),

=tT M1 +t3 [

¥ =var(y) = (Eél 222> - (Var(()yl) var(()m))

Because of the form of ¥, t7Xt = tTX;1t; + t1 X9ats, so

where

1 1
my (t) = exp(t] p1 + 51{2111”1 +t3 e + 513;222132)

1 1
= exp(t] p1 + 5‘3{211131) exp(ty po + §t5222t2) = My, (t1)my, (t2).
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Lemma: Let y ~ N, (u, ) where we have the partitioning
Y1
px1 )y 3
K1 11 12
pu— e 5 pu— , E pu— 5
Y ¥2 H (M2 > ( o1 oo )
(n—p)x1

where Yo7 = ElTQ. Let yo1 = y2 — EglEl_llyl. Then y; and yo|1 are
independent with

y1~ Np(p1,E11), Yo ~ No—p(p2p1, X22)1),
where

Poji = M2 — X018 1, and  Tao;p = Yoo — Y157 Sia.

Proof: We can write y; = Cyy where C; = (I,0) and we can write y,; =

Csy where Cy = (—22121_11,1), so by the theorem on the bottom of p.
72, both y; and yg|; are normal. Their mean and variance-covariances are

Cip = pq and ClzClT = Y11 fory1, and Cop = pa)q and CQECQT = Yap1
for yoj1. Independence follows from the fact that these two random vectors
have covariance matrix cov(yi, y2j1) = cov(Cry, Coy) = C;XC3 = 0.

Theorem: For y defined as in the previous theorem, the conditional
distribution of y5 given yq is

YQ|Y1 ~ Nn—p(u2 + 22121_11(}’1 - 11'1)7 222|1)~

Proof: Since y,; is independent of y1, its conditional distribution for a
given value of y is the same as its marginal distribution, yo;1 ~ Np—p (o)1, X22/1)-

Notice that yo = ygo;1 + ZzlEl_llyl. Conditional on the value of yq,
Y91 Zl_llyl is constant, so the conditional distribution of y5 is that of Y21

plus a constant, or (n — p)—variate normal, with mean
Poji + 321577 y1 = p2 — S X7y 1 + XXy = pe + 018 (y1 — pa),

and var-cov matrix Xgg(1. B
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Partial and Multiple Correlation

Example — Height and Reading Ability:

Suppose that an educational psychologist studied the relationship between
height y; and reading ability y» of children based on scores on a standard-
ized test. For 200 children in grades 3, 4, and 5 he measured y; and yo
and found that the sample correlation between these variables was .56.

Is there a linear association between height and reading ability?

Well, yes, but only because we’ve ignored one or more “lurking” variables.
There is likely no direct effect of height on reading ability. Instead, older
children with more years of schooling tend to be better readers and tend
to be taller. The effects of age on both y; and ys have been ignored by
just examining the simple correlation between y; and ys.

The partial correlation coefficient is a measure of linear relationship be-

tween two variables, with the linear effects of one or more other variables
(in this case, age) removed.
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Partial Correlation: Suppose v ~ N, ,(p,Y) and let v, p and ¥ be
partitioned as

X Hx Exx Exy )
V — 9 — 9 Z — 9
(y ) a < Ly ) < Yyx  yy

where x = (vq,...,v,)T ispx land y = (vpy1,...,Vpsq) T is g X 1.

Recall that the conditional var-cov matrix of y given x is
var(y[x) = Zyy — DyxZix Dxy = Dy -

Let 0;51,... , denote the (¢,7)™ element of Xyx.

Then the partial correlation coefficient of y; and y; given x = c is
defined by

Oij|1,....,p

pij|1,...,p ]1/2

(041, pO i1,

(provided the denominator is non-zero, in which case p;jj;,. ., is unde-
fined).

e Like the ordinary correlation coefficient, the partial correlation sat-
isfies
—1 < pijj,..p < L.

e Interpretation: the partial correlation p;j; . .., measures the linear

association between y; and y; after accounting for (or removing) the
linear association between y; and x and between y; and x.

— E.g., if v1 = age, vy =height, v3 =reading ability, x = v; and
y = (va2,v3)", then paz; = the correlation between height and

reading ability after removing the effects of age on each of these
variables. I would expect pa31 = 0.
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The partial correlation measures the linear association between two vari-
ables after removing the effects of several others. The multiple correla-
tion coefficient measures the linear association between one variable and
a group of several others.

Multiple Correlation: Suppose v ~ N, y1(p, ) and let v, g and ¥ be
partitioned as

where x = (v1,..., 0,

() e = %)
(] My Oyx Oyy

)T is px 1, and y = v, 1 is a scalar random variable.

Recall that the conditional mean of y given x is

1

Iy + Oyx Sy (X — px) = fiy|x-

Then the squared multiple correlation coefficient between y and x
is defined as

COV(Mylxa y)
[var (puy)x ) var (y)] /2

2 _
py,x _

A computationally simple formula is given by

-1 1/2
2 o'yxzxx Oxy
lox = -
Oyy

My notation for this quantity is ,0?37}( rather than p, x because it

behaves like the square of a correlation coefficient. It is bounded
between zero and one:
0<pyx <1,

and quantifies the strength of the linear association, but not the
direction.

The sample squared multiple correlation coefficient is called the co-
efficient of determination and usually denoted RZ.

We’ll talk about sample versions of the partial and multiple correla-
tion coeflicients later, when we get to fitting linear models.
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Distributions of Quadratic Forms: The Y2, F, and ¢ Distributions

e All three of these distributions arise as the distributions of certain
functions of normally distributed random variables.

e Their central (ordinary) versions are probably familiar as the dis-

tributions of normal-theory test statistics under the usual null hy-
potheses and as the basis for confidence intervals.

e The non-central versions of these distributions arise as the distribu-
tions of normal-theory test statistics under the alternatives to the
usual null hypotheses. Thus, they are important in, for example,
determining the power of tests.

Chi-square Distribution: Let zq,...,x, be independent normal ran-
dom variables with means pq, ..., t, and common variance 1. Then
2 2 T 2
y=a7+ -+ =x"x=|x/*, where x = (z1,...,2,)7

is said to have a noncentral chi-square distribution with n degrees
of freedom and noncentrality parameter \ = %2?21 12, We denote

this as y ~ x?(n, ).

e As in the t and F' distributions, the central chi-square distribution
occurs when the noncentrality parameter A equals O.

e The central x? with n degrees of freedom will typically be denoted
X*(n) = x*(n, 0).
— In particular, for z1,..., 2, wd N(0,1), 22 + -+ 22 ~ x?(n).

e The non-central y?(n,\) distribution depends only on its parame-
ters, n and .
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A random variable Y ~ x2(n) (a central x? with n d.f.) has p.d.f.

yn/2—1e—y/2

T(n/2)27/2

fy(y;n) = for y > 0.

e This is a special case of a gamma density with power parameter n /2
and scale parametr 1/2.

The non-central x? density is a Poisson mixture of central x?’s. If Z ~
x2(n,\) then Z has p.d.f.

fz(z;n, ) = Zp(k‘; N fy(z;n+2k), for z>0,
k=0

where p(k; \) = {e=*(\)*}/k! is the Poisson probability function with rate
(mean) A.

e l.e., the noncentral x? is a weighted sum of central x?’s with Poisson
weights.

Theorem: Let Y ~ x%(n,\). Then
i B(Y)=n+2)\;

ii. var(Y) = 2n + 8\; and
iii. the m.g.f. of Y is

exp[—M{1—1/(1 — 275)}].

mY(t) - (1 . 2t)n/2

Proof: The proof of (i) and (ii) we leave as a homework problem. The proof
of (iii) simply involves using the definition of expectation to evaluate

my (t) = B(e!Y) = E{e!™® )} = / / et £ (x)dxy . .. dan,
a N(w,I) density

where x is an n x 1 vector of independent normals with mean g and
constant variance 1. See Graybill (1976, p. 126) for details. n
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The 2 distribution has the convenient property that sums of independent
x2’s are x? too:

Theorem: If vq,...,v; are independent random variables distributed as
x2(ni, N;), i = 1,..., k, respectively, then

k

k k
2 v~ X i ) ).
i=1 =1

=1

Proof: follows easily from the definition.

Distribution of a Quadratic Form:

From the definition of a central chi-square, it is immediate that if y ~
Ny, (p,1,) then

ly = pll* = (y — )" (y = ) ~ X*(n).
For y ~ N, (p, ) where ¥ is p.d., we can extend this to
(y — )" Sy — ) ~ xP(n)
by noting that
(y—w)' S y—p) =y —p)'S257 2y — p)

= {2y -w} {2y - )

Vv

=z

=z'z,
where ¥71/2 = (21/2)=1 and /2 is the unique symmetric square root

of ¥ (see p. 51 of these notes). Since z = ¥~ 2(y — u) ~ N,(0,1,,), we
have that z7z = (y — )T 1y — ) ~ x2(n).
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We’d like to generalize these results on the distribution of quadratic forms
to obtain the the distribution of yT Ay for y ~ N, (u,Y) for A a matrix
of constants. We can do this, but first we need a couple of results.

Theorem: If y ~ N, (u, ) then the m.g.f. of yT Ay is

1
myray(t) = I, — 2UAY| "2 exp [—§HT{In — (I, = 2tAY) " 1= tul .

14

Proof: Again, the proof of this result
expectation,

simply” involves evaluating the

e A = [ [T )
— 00 — 00 R/_/

a multi’'normal density

See Searle, 1971, p.55, for details.

We also need a couple of eigenvalue results that we probably should have
stated earlier:

Result: If )\ is an eigenvalue of A and x is the corresponding eigenvector
of A, then for scalars ¢ and k, (cA+ k,x) is an eigenvalue-eigenvector pair
of the matrix cA + kI.

Proof: Because (A, x) is an eigen-pair for A, they satisfy Ax = Ax which
implies
cAx = cAx.

Adding kx to both sides of this equation we have

cAx + kx = cAx + kx
= (cA + kI)x = (e + k)x,

so that (cA+ k,x) is an eigenvalue-eigenvector pair of the matrix cA + kI.
|
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Result: If all of the eigenvalues of A satisfy —1 < A < 1, then

I-A) ' =T+A+A>+ A%+ =1+ Ak (%)
k=1

Proof: This can be verified by multiplying I — A times (I+ > ,—, A*) to
obtain the identity matrix. Note that —1 < A < 1 for all eigenvalues of A
ensures limy,_,.. A*¥ — 0 so that Zzozl AF converges. n

Previously, we established that a projection matrix Py onto a subspace
V € R™ where dim(V) = k has k eigenvalues equal to 1, and n — k
eigenvalues equal to O.

Recall that a projection matrix is symmetric and idempotent. More gen-
erally, this result can be extended to all idempotent matrices.

Theorem: If A is an n X n idempotent matrix of rank r, then A has r
eigenvalues equal to 1, and n — r eigenvalues equal to 0.

Proof: In general, if X is an eigenvalue for A, then A\? is an eigenvalue for
A? since
A%x = A(Ax) = AXx = MAx = \x = \’x.

Since A2 = A, we have A?2x = Ax = Ax. Equating the right sides of
A%x = \?x and A’x = \x, we have

Ax = A?x, or (A—A)x=0.

But x # 0, so A — A\ = 0, from which X\ must be either 0 or 1. Since A
is idempotent, it must be p.s.d., so the number of nonzero eigenvalues is
equal to rank(A) = r and therefore, r eigenvalues are 1 and n —r are 0. g
Now we are ready to state our main result:

Theorem: Let y ~ N,(u,Y) and A be a n X n symmetric matrix of
constants with rank(A) = r. Let A = 2u” Ap. Then

yT Ay ~ x?(r,\) if and only if AY is idempotent.
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Proof: From the theorem on p. 81, the moment generating function of
yT Ay is

1
myr ay(t) = I, — 2tA%[ /2 exp —§MT{In — (I, — 2tAY) "1} 2 1| .

By the result on p. 81, the eigenvalues of I,, — 2tAY are 1 — 2t\;, 1 =
1,...,n, where \; is an eigenvalue of AY. Since the determinant equals

the product of the eigenvalues, we have |I, — 2tAY| = [, (1 — 2t\;). In
addition, by (*) we have (I, —2tAY) ™t =1, +> ., (2t)*(AX)* provided
that —1 < 2tA\; < 1 for all 7. Thus myray(t) can be written as

Myt oy (t) = (Hu - 2t>\i)1/2> exp

=1

(= (AR
k=1

Now suppose AY is idempotent of rank r = rank(A). Then (AX)* = AY
and r of the \;’s are equal to 1, and n — r of the \;’s are equal to 0.
Therefore,

myt Ay (1) = (H(l - 2t)1/2> eXp[—%uT{— > (2" ASE )

1=1 k=1

= (120 explu {1 - (1207} A,

provided that —1 < 2t < 1 or —% <t< %, which is compatible with the
requirement that the m.g.f. exist for ¢ in a neighborhood of 0. (Here we
have used the series expansion 1/(1 —z) =1+ > ;- zF for -1 <z < 1.)

Thus,
) = P AL 1/~ 20)
viAYR T (1 —2t)7/2 ’

which is the m.g.f. of a x?(r, % pT Ap) random variable.

For a proof of the converse (that yT Ay ~ x2(r,\) implies AY idempo-
tent), see Searle (1971, pp. 57-58). m
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Several useful results follow easily from the previous theorem as corollaries:

Corollary 1: If y ~ N,(0,02I), then %yTAy ~ x%(r) if and only if A
is idempotent of rank r.

Corollary 2: If y ~ N, (i, 02I), then #yTAy ~ x2(r, %MTA[J/) if and
only if A is idempotent of rank r.

Corollary 3: Suppose y ~ N,(u,0°L,) and let Py be the projection
matrix onto a subspace V' € R" of dimension » < n. Then

1

1 1
;yTva = ;II;O(}'IV)H2 ~ x(r,

1
2TWTPvu) = x*(r, ﬁllp(ulVW)-

Corollary 4: Suppose y ~ N(u,X) and let ¢ be an n x 1 vector of
constants. Then

-0 Sy )~ P A) for A= ()5 (o)

The classical linear model has the form y ~ N,(u,0?I,), where p is
assumed to lie in a subspace V' = L(x1,...,x;) = C(X). That is, p = X3
for some 3 € RF.

Therefore, we’ll be interested in statistical properties of yy = p(y|V'), the
projection of y onto V', and of functions of yy and the residual vector

y —yv =p(y|V?1).

e The distributional form (normal, chi-square, etc.) of functions of y
(e.g., yv) are determined by the distributional form of y (usually
assumed normal).

e The expectation of linear functions of y is determined solely by
E(y) = p.

e The expectation of quadratic functions of y (e.g., [|yv||?) is deter-
mined by p and var(y).
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In particular, we have the following results

Theorem: Let V be a k—dimensional subspace of R", and let y be a
random vector in R"™ with mean E(y) = p. Then

L E{p(y[V)} = p(p|V);
2. if var(y) = ¢2I,, then
var{p(y|V)} = 0Py and E{|p(y[V)II?} = o’k + [lp(u|V)?;

and

3. if we assume additionally that y is m’variate normal i.e., y ~ N, (u, o%L,),

then ;
p(y|V) ~ Na(p(p|V),0?Py),
and
1 2 1 T 2 1 T
;Hp(y‘v)H = ;y Pyy ~x (k’ﬁ m PVN )
=|lp(|V)I?
Proof:

1. Since the projection operation is linear, E{p(y|V)} = p(E(y)|V) =
p(p|V).

2. p(y|V) = Pyy so var{p(y|V)} = var(Pyy) = Pyc?l,PL = o%Py.
In addition, [|p(y|V)[* = p(y[V)"p(y|V) = (Pvy) " Pvy =y Pyy.

So, E(|lp(y|V)|I?) = E(yTPyy) is the expectation of a quadratic
form and therefore equals

E(lp(y[V)II?) = te(c°Py) + ' Pyp = ote(Pv) + ' PyPyp
= o’k + [lp(ulV)|*.

3. Result 3 is just a restatement of corollary 3 above, and follows im-
mediately from the Theorem on the bottom of p. 82. g
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So, we have distributional results for a projection and for the squared
length of that projection. In linear models we typically decompose the
sample space by projecting onto the model space V' to form yyv = p(y|V)
and onto its orthogonal complement V1 to form the residual e =y — y-.
In some cases we go further and decompose the model space by projecting
onto subspaces within the model space.

What’s the joint distribution of such projections?

Well, it turns out that if the subspaces are orthogonal and if the conditions
of the classical linear model (normality, independence, and homoscedas-
ticity) hold, then the projections onto these subspaces are independent
normal random vectors, and their squared lengths (the sums of squares in
an ANOVA) are independent chi-square random variables.

So, if we understand the geometry underlying our linear model (e.g., un-
derlying an ANOVA we’d like to do for a particular linear model), then
we can use the following result:

Theorem: Let Vi,..., Vi be mutually orthogonal subspaces of R" with
dimensions d, ..., d, respectively, and let y be a random vector taking
values in R™ which has mean E(y) = u. Let P; be the projection matrix
onto V; so that y; = p(y|V;) = P;y and let p; = P;, i =1,...,n. Then

1. if var(y) = 021, then cov(y;,y,) = 0, for i # j; and

2. if y ~ N,(u,0I,) then y1,...,y: are independent, with
yi ~ N(pi, o”P;);
and

3. if y ~ N,(p,0%1,) then ||y1]|%, ..., [|¥x/|* are independent, with

1 A 112 2 1 2
BGRIRL! ~ dia 5 9 7 .
S I3l12 ~ Xy 55 i)
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Proof: Part 1: For i # j, cov(y;,y;) = cov(P,;y,P;y) = P;cov(y,y)P; =
Pi0'2IPj = 0'2Pin =0. (FOI’ any z c R™, PinZ =0= PzPJ = 0)

Part 2: If y is m’variate normal then y;, = P;y, i = 1,...,k, are jointly
multivariate normal and are therefore independent if and only if cov(y;,¥;) =
0, i # j. The mean and variance-covariance of y; are E(y;) = E(P;y) =
P;pu = p; and var(y;) = P;0*IPY = o2P;.

Part 3: If y;, = P;y, ¢« = 1,...,k, are mutually independent, then any
(measurable™) functions f;(y;), ¢ = 1,...,k, are mutually independent.
Thus ||§;]|?, ¢ = 1,...,k, are mutually independent. That o 2||y;||* ~
x?(di, 52z || p:]|?) follows from part 3 of the previous theorem. m

Alternatively, we can take an algebraic approach to determining whether
projections and their squared lengths (in, for example, an ANOVA) are
independent. The geometric approach is easier, perhaps, but only if you
understand the geometry. But we will describe the algebraic approach as
well (next).

Independence of Linear and Quadratic Forms:

Here we consider the statistical independence of:

1. alinear form and a quadratic form (e.g., consider whether  and s? in
a one sample problem are independent; or consider the independence
of B and s? in a regression setting);

2. two quadratic forms (e.g., consider the independence of the sum of
squares due to regression and the error sum of squares in a regression
problem); and

3. several quadratic forms (e.g., consider the joint distribution of SS4,
SSg, SSap, SSg in a two-way layout analysis of variance).

* All continuous functions, and most “well-behaved” functions are
measurable
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Before proceeding, we need a Lemma and its corollary:

Lemma: If y ~ N, (u, %), then
cov(y,yL Ay) = 25 Ap.

Proof: Using the definition of covariance and the expectation of a quadratic
form, we have

cov(y,y" Ay) =E[(y — p){y Ay — E(y" Ay)}]
= E[(y — p){yT Ay — tr(AX) — uF Ap}].

Now using the algebraic identity y? Ay — pTAp = (y — )T Ay — p) +
2(y — pn)T Ap, we obtain
cov(y,y" Ay) = E[(y —pw){(y — )" Aly — ) + 2(y — )" Ap — tr(A%)}]
=E{(y - )y — )" A(y — )} + 2E{(y — ) (y — )" Aps}
— E{(y — p)tr(AX)}
=0+2XAu—-0.

The first term equals O here because all third central moments of the
multivariate normal distribution are 0. g

Corollary: Let B be a k xn matrix of constants and y ~ N,,(u, ). Then
cov(By,yTAy) = 2BXAp.

|

Now we are ready to consider (1.):

Theorem: Suppose B is a k x n matrix of constants, A a n X n sym-
metric matrix of constants, and y ~ N,,(u,¥). Then By and y? Ay are
independent if and only if BXA = 0 x,,.

Proof: We prove this theorem under the additional assumption that A is
a projection matrix (that is, assuming A is idempotent as well as symmet-
ric), which is the situation in which we’re most interested in this course.
See Searle (1971, p.59) for the complete proof.
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Assuming A is symmetric and idempotent, then we have
y'Ay =y"ATAy = ||Ay|*.
Now suppose BYA = 0. Then By and Ay are each normal, with
cov(By,Ay) = BXA =0.

Therefore, By and Ay are independent of one another. Furthermore,
By is independent of any (measureable) function of Ay, so that By is
independent of |[Ay|* = yT Ay.

Now for the converse. Suppose By and y? Ay are independent. Then
cov(By,yTAy) =0 so

0 = cov(By,y" Ay) = 2BXAp,

by the corollary to the lemma above. Since this holds for all possible p, it
follows that BYA = 0. g

Corollary: If y ~ N,(u,0%I), then By and y7 Ay are independent if
and only if BA = 0.

Example: Suppose we have a random sampley = (y1,...,yn)’ ~ N, (u,0?1,),
and consider

and

Z = —HPmn)WH

where Py 10 =1, — %Jnjg By the above corollary, 4 and s? are inde-
pendent because

1, 1 1

Pt = —(Prgedn)’ = (Prg,ysdn)’ = ~(0)" =07,
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Theorem: Let A and B be symmetric matrices of constants. If y ~
N, (m,Y), then yT Ay and y? By are independent if and only if AXB = 0.

Proof: Again, we consider the special case when A and B are symmetric
and idempotent (projection matrices), and we only present the “if” part
of the proof (see Searle, 1971, pp. 5960, for complete proof).

Suppose A and B are symmetric and idempotent and that AYXB = 0.
Then yTAy = [|Ay|?, y'By = |By|*. If AXB = 0 then

cov(Ay,By) = AYXB = 0.
Each of Ay and By are multivariate normal and they have covariance 0,

hence they’re independent. Furthermore, any (measurable) functions of
Ay and By are independent, so that ||Ay||? and ||By||* are independent.

Corollary: If y ~ N, (u,0°I) then yZ' Ay and y? By are independent if
and only if AB=0. g

Finally, we have a theorem and corollary concerning the mutual indepen-
dence of several quadratic forms in normal random vectors:

Theorem: Let y ~ N,(u,0%1,), let A; be symmetric of rank 7, i =
1,...,k, and let A = Zle A; with rank r so that yT Ay = Zle yTAy.
Then

1. yTAy/o? ~ x?(ri, uT A /{20%}), i =1,...,k; and
2. y'A;y and y' A,y are independent for all i # j; and
3. y'Ay/o? ~X*(r, p" Ap/{20%});

if and only if any two of the following statements are true:

a. each A; is idempotent;
b. A;A; =0 for all 7 # j;
c. A is idempotent;

or if and only if (c) and (d) are true where (d) is as follows:
k
d. r= Zi:l ;.
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Proof: See Searle (1971, pp. 61-64). n
e Note that any two of (a), (b), and (c¢) implies the third.

e The previous theorem concerned the partitioning of a weighted sum
of squares y© Ay into several components. We now state a corollary
that treats the special case where A = I and the total (unweighted
sum of squares) yTy is decomposed into a sum of quadratic forms.

Corollary: Let y ~ N,(u,0°I), let A; be symmetric of rank r;, i =
1,...,k, and suppose that yTy = 3% yT Ay (e, S2F , A; =1I). Then

1. each y" Ay ~ x*(ri, " Aipn/{20%}); and
2. the yT'A,;y’s are mutually independent;

if and only if any one of the following statements holds:

a. each A; is idempotent;
b. A;A; = 0 for all © # j;
c. n= Zle T

e This theorem subsumes “Cochran’s Theorem” which is often cited
as the justification for independence of sums of squares in a decom-
position of the total sum of squares in an analysis of variance.
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F-Distribution: Let

Ui ~ x%(n1, N, Uy ~ x*(n2) (central)

be independent. Then

. Ul/nl

V =
U2/n2

is said to have a noncentral F' distribution with noncentrality parameter
A, and nq and no degrees of freedom.

For A = 0, V is said to have a central F' distribution with degrees of
freedom n; and ns.

The noncentral F' has three parameters: A, the noncentrality param-
eter, ni, the numerator degrees of freedom, and ns, the denominator
degrees of freedom. The central F' has two parameters, the numera-
tor and denominator degrees of freedom, nq, and ns.

We’ll denote the noncentral F' by F(n1,n2,A) and the central F' by
F(ni,n2). The 100y'" percentile of the F(ni,ny) distribution will
be denoted F(nq,n2).

The p.d.f. of the noncentral F' is an ugly looking thing not worth
reproducing here. It has the form of a Poisson mixture of central
F’s.

The mean of the noncentral F(ni,n2,A) is 7%5(1 4+ 2A/n1). Its
variance is much more complicated (see Stapleton, p.67, if you're
interested).
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t-Distribution: Let

W~ N(u1), Y ~x*m)

be independent random variables. Then

w

VY/m

is said to have a (Student’s) t distribution with noncentrality parameter
1 and m degrees of freedom.

We’ll denote this distribution as t(m, u).

If the numerator random variable W has distribution N (u,0?) then
the noncentrality parameter becomes p/o since W/o ~ (u/o,1).

Again, when the noncentrality parameter u is zero, we get the central
t distribution, t(m) = t(m, 0). The 100y*" percentile of the central ¢
will be denoted ¢, (m).

The p.d.f. of the noncentral ¢ is too complicated to be worth becom-
ing familiar with. It may be found in Stapleton, p.68.

The mean and variance of the central ¢(m) distribution are 0, and
m/(m — 2), respectively. For the noncentral ¢, these moments are
not so simple.

We can think of the central ¢(m) has a more dispersed version of
the standard normal distribution with fatter tails. As m — oo,
m/(m —2) — 1, so the t(m) converges to the N(0,1).

Notice the important relationship that the square of a r.v. with a ¢(m)
distribution has an F(1,m) distribution:

If

then

w
T= A~
. W31
T = Y/m ~ F(1,m).
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Example: Let Yi,...,Y, be a random sample from a N (u,o?) distribu-
tion. The following results should be familiar to you from earlier course-
work (we will prove them in the following theorem): For Y = 1 5™ | Y,

and 52 = ﬁ Z?:l(}/’b - Y)27

_ 2 —1)52 -
Y ~N <,u, U—) : % ~x%(n—1), andY,S? are independent.

n o

Let po be a constant, and define § = £ 7 \‘/‘2 Then

T Y—po [tln—1), if po=p;
B S/\/— t(n —1,60), otherwise.

Here’s the theorem establishing these results, and providing the basis for

the one-sample t—test.

Theorem: Let Y7,...,Y, be a random sample (i.i.d. r1.v.’s) from a
N(p, 0?) distribution, and let Y, S%, and T be defined as above. Then

L. Y ~ N(p,0%/n);
2. V= = L (V- 7)? (0 - 1)
3. Y and S? are independent; and

4. T =

S/\/_ ~ t(n —1,\) where A\ = “/\’jﬂ for any constant p.

Proof: Part 1: By assumption, y = (Y1,...,Y,)T ~ Nn(,ujn,az_ln).

Let V = £( n), a l-dimensional subspace of R™. Then p(y|V) = Yja,.

Y = n~'jI'y is an affine transformation of y so it is normal, with mean
LiTE(y) = p and variance n~2jL 0%1,,j, = o%/n.
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Part 3: By part 2 of the theorem on p. 86, p(y|V+) = (V1-Y,...,YV,—-Y)T
is independent of p(y|V) = Yj,, and hence independent of Y. Thus, S?,
a function of p(y|V<), and Y are independent. Alternatively, we could
use the corollary on p. 89 giving the necessary and sufficient condition
for independence of a linear form (Y) and a quadratic form (S?). See the
example on p. 89.

Part 2: Here we use part 3 of the theorem on p. 85. That result implies
that 5 52(n — 1) = L |p(y|VH)||? ~ x*(dim(V+), A) = x*(n — 1, ) and

g

1 1 ,
A= —I|pEX)VII? = =llp(ui. [V7)]* = 0.
20 20 ~—

ev
——
=0

Part 4: Let U = Z/_\;%O Then U ~ N (g/_\‘/‘%, > From part 3 of this

theorem, U and V are independent. Note that 1" can be written as

_ Y
R

U
LTS T s VD)

so by the definition of the noncentral ¢ distribution, 7" ~ ¢ (n —1,
|

i)
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Finally, the following theorem puts together some of our results on in-
dependence of squared lengths of projections (quadratic forms) and the
definition of the F' distribution to give the distribution of F-tests in the
ANOVA:

Theorem: Let y = X3 + e, where X is n X k with rank » < k. and
e ~ N,(0,0°L,). Let V; be a subspace of C(X) with dim(V;) = r; which
is smaller than dim(C(X)) = r. Let y = p(y|C(X)). Then the random
variable

oI )I2/n

"y —yI2/(n—1) ~ F(ri,n —r|[p(XBV1)|*/{207}).

Proof: Since y —y = p(y|C(X)?1), it follows from part 3 of the theorem
on p. 86 that Q1 = |p(y|V1)|1? and Q2 = [p(y|C(X)1)|1? = [y — y|I* are
independent random variables and Q1/0% ~ x2(ry, ||[p(X8|V1)|*/{202})
and Q2/0% ~ x%(n — r). Thus, by the definition of the non-central F
distribution, the result follows. m
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The Linear Model

The Full Rank Case: Multiple Linear Regression

Suppose that on a random sample of n units (patients, animals, trees, etc.)
we observe a response variable Y and explanatory variables X, ..., Xg.

Our data are then (y;, x;1,..., %), ¢ = 1,...,n, or, in vector/matrix form
— — T.

Y, X1,...,X; where y = (y1,...,Yn) and x; = (T15,...,%5) ; or y,X

where X = (x1,...,Xk).

Either by design or by conditioning on their observed values, x1,...,Xg
are regarded as vectors of known constants.

The linear model in its classical form makes the following assumptions:

Al. (additive error) y = pu + e where e = (eq,...,e,)? is an unobserved

random vector with E(e) = 0. This implies that p = E(y) is the
unknown mean of y.

A2. (linearity) p = B1x1+- - -+Bpxr = X3 where 1, . .., O are unknown
parameters. This assumption says that E(y) = p € L(x1,...,Xx) =
C'(X) lies in the column space of X; i.e., it is a linear combination
of explanatory vectors x1,...,x; with coefficients the unknown pa-

rameters in 3 = (B1,...,5:)7.

e Linear in (31,..., 8 not in the z’s.
A3. (independence) eq,...,e, are independent random variables (and
therefore so are y1,...,Yn).
A4. (homoscedasticity) ey, ..., e, all have the same variance o?; that
is, var(ey) - = var(e,) = 02 which implies var(y;) = -+ =

var(y,) = o>.

A5. (normality) e ~ N, (0,0°1,).
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Taken together, assumptions (A3) and (A4) say var(y) = var(e) =
0%I,,. We say that y (and e) has a spherical variance-covariance
matrix.

Note that assumption (A5) subsumes (A3) and (A4), but we can
obtain many useful results without invoking normality, so its useful
to separate the assumptions of independence, homoscedasticity, and
normality.

Taken together, all five assumptions can be stated more succinctly
as y ~ N, (X3, 0%I).

The unknown parameters of the model are 1, ..., B3k, 02,

In multiple linear regression models, there is typically an intercept
term in the model. That is, one of the explanatory variables is equal
to 1, for all 7.

This could be accommodated by just setting x; = j,, and letting 3
represent the intercept. However, we’ll follow our book’s convention
and include the intercept as an additional term. Our model then
becomes

yi = Bo + Bixi1 + Bexia + - + Brxik, =1,...,n,

or
Y1 1 z11 12 - @ik Bo e1
Y2 1 X901 ®og -+ Tog 51 €2

= +
Yn 1 Tpnl Tp2 - Tpk 61@ €n
-X _
or
y = X8 +e,

where e ~ N,,(0, 0I).
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e In multiple regression, it is typical for the explanatory vectors j,, x1,
Xs,...,X) to be LIN. At times this is violated, but usually because of
the data we happen to observe rather than because of the structure
of the model. That is, in contrast to ANOVA models, there is usually
no structural dependence among the explanatory vectors in multiple

regression. Therefore, we will (for now) assume that X is of
full rank.

e Note that our model assumes that we can re-express E(y) = p € R"”
as X8 € C(X) where dim(C(X)) = k + 1. Therefore, as long as
n > k + 1, our model involves some reduction or summarization by
assuming that the n-element vector p falls in a £ 4+ 1 dimensional
subspace of R".

e We will assume n > k + 1 throughout our discussion of the linear
model. If n = k + 1 (when there are as many parameters in 3 as
there are data points), then the model involves no data reduction
at all, only a data transformation. A linear model with £ +1 > n
parameters is useless.

Interpretation of the 3;’s: The elements of B8 in a multiple linear regres-
sion model are usually called simply regression coefficients, but are more
properly termed partial regression coefficients.

In the model
y:§0+51x1 +52$2+"'+5k$13+67

=p

note that 24 = Bj. That is, B; represents the change in E(y) = p

axk
associated with a unit change in x;, assuming all of the other z;’s are

held constant.

In addition, this effect depends upon what other explanatory variables are
present in the model. For example, 5y and (1 in the model

y = Bojn + B1X1 + Pox2 + €
will typically be different than 85 and 3] in the model

Yy = ﬁ()k.]n +ﬁi<x1 +e*.
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e For example, consider again our reading ability and height example.
If T regressed reading ability (r) on height (h) for children from grades
1-5,

ri =Po+ bihi +e i=1,...,n,

I would expect to obtain a large positive (and significant) estimate
01. However, if we were to add age (a) to our model:

ri =0y 4+ Bihi + G50 +e i=1,...,n,

I would expect Bik ~ 0.

e The issue here is very similar to the distinction between correlation
and partial correlation. However, regression coefficients quantify as-
sociation between a random y and a fixed x;. Correlation coefficients
regard both y and z; as random.

Estimation in the Full-Rank Linear Model

Recall in the classical linear model (CLM) we assume

y=p+e, for p=XpB forsomeBc R and e~ N,(0,0°1,).

e Sometimes we are interested only in estimating E(y) = p (e.g., when
focused on prediction).

e More often, however, the parameters Gy, 31,..., Ok, or some subset
or function of the parameters are of interest in and of themselves as
interpretable, meaningful quantities to be estimated. Therefore, we
will focus on estimation of 3 rather than p.

e However, the relationship between the mean parameter g and the
regression parameter 3 is p = X3, so we can always estimate p once
we estimate 3 as g = X3.

e In addition, in the X of full rank case, we can write 3 in terms of u:
B = (XTX)"1XTu, so we could just as well focus on estimation of

p and then obtain B as (XTX) 1 X7 ju.
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Least-Squares Estimation:

Recall that the projection of y onto C'(X), the set of all vectors of the
form Xb for b € R¥*1, yields the closest point in C(X) to y. That is,
p(y|C(X)) yields the minimizer of

Q(B) = |y — XB||* (the least squares criterion)

This leads to the estimator ,B given by the solution of

XTXB =XTy (the normal equations)

or )
B=XTX)"'xTy.

All of this has already been established back when we studied projections

(see pp. 30-31). Alternatively, we could use calculus:

To find a stationary point (maximum, minimum, or saddle point) of Q(3),
we set the partial derivative of Q(83) equal to zero and solve:

0 0
X - X —2y’'X 'xTx
55QU) = (v~ X (v~ XB) = 1L (v"y — 257X + BT (X" X))
=0-2XTy +2XTXp
Here we’ve used the vector differentiation formulas 68 cl'z=c and TAz =

2Az (see §2.14 of our text).

Setting this result equal to zero, we obtain the normal equations, which

has solution 3 = (XTX)"!XTy. That this is a minimum rather than
a max, or saddle point can be verified by checking the second derivative

matrix of Q(3):
0*Q(B)
B

which is positive definite (result 7, p. 54), therefore 8 is a minimum.

—2XTx
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Example — Simple Linear Regression

Consider the case k = 1:
yizﬁo—kﬁlaji—kei, izl,...,n

where e, ..., e, are i.i.d. each with mean 0 and variance o2. Then the
model equation becomes

Y1 1 Tq €éq
Gl I e D P e
: C b1 :
——
Un 1 =z, 3 €n
———
=X

It follows that

xXTX — n Z,LIL“L), xT :< > i Yi )
_ 1 2 =3
XTX 1 _ 71 7 7 .
Therefore, 3 = (XTX)"1XTy yields

B <6> ! (@- 22)(%2 ) — (s 2i)(3, y>> |

Bi)  nyar— (>, m)? —(i )Xo vi) F s Ty

After a bit of algebra, these estimators simplify to

L > iz —x)?  Sea
T

and 30:??—31
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In the case that X is of full rank, ,@ and [t are given by

B=X"X)""X"Ty, p=XB=XX"X)"'X"y=Pcx)y-

e Notice that both B and fi are linear functions of y. That is, in each
case the estimator is given by some matrix times y.

Note also that

B=(X"X)"'XTy = (X"X)'XT(XB+e) =B+ (XTX) X e.

From this representation several important properties of the least squares
estimator 3 follow easily:

1. (unbiasedness):

A

E(B) =EB+ X'X) 'XTe) =g+ (XIX) X' E(e) = 8.
ey

2. (var-cov matrix)

var(8) = var(8 + (X"X) ' XTe) = (X"X) ' X var(e) X(XTX) ™
——

=021

— 0_2 (XTX)_l

3. (normality) B ~ Ni(8,02(XTX)™1) (if e is assumed normal).

e These three properties require increasingly strong assumptions. Prop-
erty (1) holds under assumptions Al and A2 (additive error and
linearity).

e Property (2) requires, in addition, the assumption of sphericity.

e Property (3) requires assumption A5 (normality). However, later we
will present a central limit theorem-like result that establishes the

asymptotic normality of 3 under certain conditions even when e is
not normal.
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Example — Simple Linear Regression (Continued)

Result 2 on the previous page says for var(y) = 021, var(3) = 02(XTX) 1.
Therefore, in the simple linear regression case,

var (g(z) = o2(XITX)™!

Thus,
A 2% .2 1 T’
Var(ﬁo) — gi(zx:; fz;;; — o2 [E + ZZ(;: - @2] )
) o2
var(f1) = S (2 —7)2
—0%z

and COV(BO»Bl) = S (2 — 7)?

e Note that if z > 0, then cov(fy,51) is negative, meaning that the
slope and intercept are inversely related. That is, over repeated
samples from the same model, the intercept will tend to decrease
when the slope increases.
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Gauss-Markov Theorem:

We have seen that in the spherical errors, full-rank linear model, the least-

squares estimator B = (XTX)~'1XTy is unbiased and it is a linear esti-
mator.

The following theorem states that in the class of linear and unbiased esti-
mators, the least-squares estimator is optimal (or best) in the sense that
it has minimum variance among all estimators in this class.

Gauss-Markov Theorem: Consider the linear model y = X3+ e where
X isn x (k+1) of rank k+ 1, where n > k + 1, E(e) = 0, and var(e) =

0?I. The least-squares estimators Bj, 5 = 0,1,...,k (the elements of
B = (XTX) !XTy have minimum variance among all linear unbiased
estimators.

Proof: Write Bj as Bj = CTB where c is the indicator vector containing a 1
in the (7 + 1)st position and 0’s elsewhere. Then Bj = cI'(XTX)"1XTy =
a’y where a = X(X7X)!c. The quantity being estimated is 8; = ¢ 3 =
cI'(XTX)"1XTp = aT yu where p = X23.

Consider an arbitrary linear estimator Bj = d”y of ;. For such an esti-
mator to be unbiased, it must satisfy E(3;) = E(d’y) = d"p = a’p for
any p € C(X). Le.,

d'p—a’p=0=(d-a)’up=0 forall uc C(X),
or (d—a) L C(X). Then

Bi=d"y=aTy+(d-a)ly=0;+(d-a)Ty.

The random variables on the right-hand side, @ and (d — a)Ty, have
covariance

cov(aly, (d —a)ly) = a’var(y)(d —a) = 0*a’ (d —a) = o*(d'a—a’a).

Since dTp = aTpu for any p € C(X) and a = X(XTX)"lc € O(X), it
follows that dTa = aTa so that

cov(aly,(d —a)'y) = 0*(d’a — a’a) = o*(a’a—a’a) = 0.
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It follows that

var(8;) = var(8;) + var((d — a)Ty) = var(3;) + ¢2||d — al|?.

Therefore, Var(Bj) > V&I‘(Bj) with equality if and only if d = a, or equiva-
lently, if and only if 3; = 3;. n

Comments:

1. Notice that nowhere in this proof did we make use of the specific
form of ¢ as an indicator for one of the elements of 3. That is,
we have proved a slightly more general result than that given in the

statement of the theorem. We have proved that CTB is the minimum

variance estimator in the class of linear unbiased estimators of ¢ 3
for any vector of constant c.

2. The least-squares estimator ¢ 3 where 3 = (XTX)"1XTy is often

called the B.L.U.E. (best linear unbiased estimator) of ¢’ 3. Some-
times, it is called the Gauss-Markov estimator.

3. The variance of the BLUE is

var(c”'B) = o?|al? = o2 [X(XTX)_lc]TX(XTX)_lc =o? [¢"(XTX) ']
Note that this variance formula depends upon X through (X7X)~1.
Two implications of this observation are:

— If the columns of the X matrix are mutually orthogonal, then

(XTX)~! will be diagonal, so that the elements of 3 are un-
correlated.

— Even for a given set of explanatory variables, the values at
which the explanatory variable are observed will affect the vari-

ance (precision) of the resulting parameter estimators.

4. What is remarkable about the Gauss-Markov Theorem is its distri-
butional generality. It does not require normality! It says that 3 is
BLUE regardless of the distribution of e (or y) as long as we have
mean zero, spherical errors.
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An additional property of least-squares estimation is that the estimated

mean it = X(XTX)"1X?y is invariant to (doesn’t change as a result of)
linear changes of scale in the explanatory variables.

That is, consider the linear models

1 x11 z12 -+ Tk
1 @21 22 -+ Tog
y=1. . . , ) B+e
1 Tnil Ln2 o Tk
—X
and
1 cxi1 coxia -+ cpTik
1 c1xo1 comos -+ crTok .
y = B +e
1 cxp cxp2 0 CrTak
—7

Then, f1, the least squares estimator of E(y), is the same in both of these
two models. This follows from a more general theorem:

Theorem: In the linear model y = X3 + e where E(e) = 0 and X is of
full rank, fi, the least-squares estimator of E(y) is invariant to a full rank
linear transformation of X.

Proof: A full rank linear transformation of X is given by
Z = XH

where H is square and of full rank. In the original (untransformed) linear
model f1 = X(XTX) ' X"y = Pc(x)y. In the transformed model y =
ZB*+e, p=Z(ZTZ) ' Z"y = Poz)y = Poxmy- So, it suffices to show
that Po(x) = Po(xmy. This is true because if x € C(XH) then x = XHb
for some b, = x = Xc where c = Hb = x € C(X) = C(XH) c C(X).
In addition, if x € C(X) then x = Xd for some d = x = XHH 'd =
XHa where a = H™!d = x € C(XH) = C(X) c C(XH). Therefore,
C(X)=C(XH). n

e The simple case described above where each of the x;’s is rescaled
by a constant c¢; occurs when H = diag(1, 1, ¢, ..., k).
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Maximum Likelihood Estimation:

Least-squares provides a simple, intuitively reasonable criterion for esti-
mation. If we want to estimate a parameter describing p, the mean of
y, then choose the parameter value that minimizes the squared distance
between y and p. If var(y) = oI, then the resulting estimator is BLUE
(optimal, in some sense).

e Least-squares is based only on assumptions concerning the mean and
variance-covaraince matrix (the first two moments) of y.

e Least-squares tells us how to estimate parameters associated with
the mean (e.g., 3) but nothing about how to estimate parameters
describing the variance (e.g., 02) or other aspects of the distribution
of y.

An alternative method of estimation is maximum likelihood estimation.

e Maximum likelihood requires the specification of the entire distribu-
tion of y (up to some unknown parameters), rather than just the
mean and variance of that distribution.

e ML estimation provides a criterion of estimation for any parameter
describing the distribution of y, including parameters describing the

mean (e.g., 3), variance (02), or any other aspect of the distribution.

e Thus, ML estimation is simultaneously more general and less general
than least squares in certain senses. It can provide estimators of
all sorts of parameters in a broad array of model types, including
models much more complex than those for which least-squares is
appropriate; but it requires stronger assumptions than least-squares.
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ML Estimation:

Suppose we have a discrete random variable Y (possibly a vector) with
observed value y. Suppose Y has probability mass function

fly;y) =Pr(Y = y;7)

which depends upon an unknown p x 1 parameter vector v taking values
in a parameter space I'.

The likelihood function, L(7;y) is defined to equal the probability mass
function but viewed as a function of v, not y:

L(v;y) = f(y;7)

Therefore, the likelihood at ~g, say, has the interpretation

L(yo;y) =Pr(Y =y when v =)
= Pr(observing the obtained data when v = ~q)

Logic of ML: choose the value of ~v that makes this probability largest =
%, the Maximum Likelihood Estimator or MLE.

We use the same procedure when Y is continuous, except in this context
Y has a probability density function f(y;~), rather than a p.m.f.. Never-
theless, the likelihood is defined the same way, as L(7v;y) = f(y;7), and
we choose v to maximize L.

Often, our data come from a random sample so that we observe y corre-
sponding to Y, «1, a random vector. In this case, we either

(i) specify a multivariate distribution for Y directly and then the like-
lihood is equal to that probability density function (e.g. we assume
Y is multivariate normal and then the likelihood would be equal to
a multivariate normal density), or

(ii) we use an assumption of independence among the components of

Y to obtain the joint density of Y as the product of the marginal
densities of its components (the Y;’s).
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Under independence,
n

L(v;y) = | [ Fwis)
i=1
Since its easier to work with sums than products its useful to note that in
general
arg max L(7;y) = argmax log L(7; y)
Y Y —

=L(7Y;y)

Therefore, we define a MLE of v as a % so that

U(¥,y) =2 L(y;y) forallyel

If T" is an open set, then 4 must satisfy (if it exists)

oL(%)
d;

=0, g=1,...,p

or in vector form

32(’3’)

RIGE I
E;/’ y) — : =0, (the likelihood equation, a.k.a. score equation)

v ()

Ovp
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In the classical linear model, the unknown parameters of the model are 3
and 02, so the pair (3,02) plays the role of ~.

Under the assumption A5 that e ~ N, (0,0°L,), it follows that y ~
N, (X3,0°1,), so the likelihood function is given by

1 1
L(B,0%y) = (@ro?yni2 P {—ﬁHy - X5H2}

for 3 € RFt! and o2 > 0.

The log-likelihood is a bit easier to work with, and has the same maximiz-
ers. It is given by

n n 1
(B, 0% y) = — 5 log(2m) — Tlog(0?) — o lly — XA

We can maximize this function with respect to 3 and o2 in two steps:
First maximize with respect to 3 treating o2 as fixed, then second plug
that estimator back into the loglikelihood function and maximize with
respect to o2,

For fixed 02, maximizing £(3, 02;y) is equivalent to maximizing the third
term — 513 ||y — X8| or, equivalently, minimizing ||y —AX,BH2. This is just
what we do in least-squares, and leads to the estimator 3 = (XTX)" !XTy,

Next we plug this estimator back into the loglikelihood (this gives what’s
known as the profile loglikelihood for o?):

n n 1 A
0B, 0°%) = —§1Og(27f) — 5108“(02) — ﬁl\y — Xg?

and maximize with respect to 2.
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Since the 2 exponent in 2 can be a little confusing when taking derivatives,

let’s change symbols from o2 to ¢. Then taking derivatives and setting
equal to zero we get the (profile) likelihood equation

o _—nj2  (1/2)ly - XBI* _

— 0,
010 ¢ P2
which has solution
s _ .2 _ 1 _XA2_ln T 3)2
o=0"=—|y - Xp| —nZ(yz x; B)°,
i=1

where x7 is the i*" row of X.

e Note that to be sure that the solution to this equation is a maximum
2
(rather than a minimum or saddle-point) we must check that gTﬁ is

negative. I leave it as an exercise for you to check that this is indeed
the case.

Therefore, the MLE of (3, 0?) in the classical linear model is (B, 62) where

B=X"X)"'X"y

and |
5° ==y - Xg|?
n
1 .
=~y — &l
where 1 = X,@
e Note that

5 =~y = pYICOO)I = 1 In(yIC0 )
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Estimation of o2:

e Maximum likelihood estimation provides a unified approach to esti-
mating all parameters in the model, 3 and o2.

e In contrast, least squares estimation only provides an estimator of

B.

We’ve seen that the LS and ML estimators of 8 coincide. However, the
MLE of o2 is not the usually preferred estimator of ¢? and is not the
estimator of o2 that is typically combined with LS estimation of 3.

Why not?
Because 62 is biased.

That E(62?) # 0% can easily be established using our results for taking
expected values of quadratic forms:

R 1
E(6%) =E (EHPC(X)Lyw) = _E{ Pox)r¥) Poxry} = ~E(y' Pox)Ly)

1 .
= —{ % dim(C(X)1) + || Pox)1 X8 &
n —_——
=0, because X3 € C(X)

0.2

=— dim(C(X)1)
= 7 {n—dim(C(X)} = Z{n— (k+ 1)}
n —— n

=rank(X)

Therefore, the MLE 62 is biased by a multiplicative factor of {n—k—1}/n
and an alternative unbiased estimator of o2 can easily be constructed as

2 _ n A2 1 2112
=" 52— - Jy-X
or more generally (that is, for X not necessarily of full rank),
1 A
2 2
- — X3|2.
S = T ranx) ¥~ XAl

113



e 52 rather than &2 is generally the preferred estimator of ¢2. In fact,
it can be shown that in the spherical errors linear model, s? is the
best (minimum variance) estimator of o2 in the class of quadratic
(in y) unbiased estimators.

e In the special case that X3 = puj, (i.e., the model contains only

an intercept, or constant term), so that C(X) = L(j,), we get 8=
it = 7, and rank(X) = 1. Therefore, s> becomes the usual sample
variance from the one-sample problem:

1 R
2 " a2 2
"= = lly = Finll” = —— ;:1('% 7))

If e has a normal distribution, then by part 3 of the theorem on p. 85,
ly = XB|*/o* ~ x*(n — rank(X))

and, since the central x?(m) has mean m and variance 2m,

2

2 g 2112 /-2
= - X
ST a- rank(X) Jy vﬁH /U,
~x2(n—rank(X))
implies
2 o’ k(X 2
E = — =
(%) = gy (n — Tank(X)) = 0%,
and
4 2 4
var(s?) 7 {n —rank(X)} = 7

~ {n —rank(X)}2 : n — rank(X)’
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Properties of 8 and s? — Summary:
Theorem: Under assumptions A1-A5 of the classical linear model,

i. B~ Nir1(B,03(XTX)1),
ii. (n—k—1)s2/0%2~x%(n—k—1), and
iii. @ and s? are independent.

Proof: We've already shown (i.) and (ii.). Result (iii.) follows from the
fact that B = (XTX)'XT i = (XTX) ' XTPgx)y and s? = (n — k —
1)_1||PC(X).Ly||2 are functions of projections onto mutually orthogonal
subspaces C(X) and C(X)*. n

Minimum Variance Unbiased Estimation:

e The Gauss-Markov Theorem establishes that the least-squares es-

. timator CTB for ¢¥'B in the linear model with spherical, but not-
necessarily-normal, errors is the minimum variance linear unbiased
estimator.

e If in addition, we add the assumption of normal errors, then the
least-squares estimator has minimum variance among all unbiased
estimators.

o The general theory of minimum variance unbiased estimation is be-
yond the scope of this course, but we will present the background
material we need without proof or detailed discussion. Our main goal
is just to establish that ¢T3 and s are minimum variance unbiased.
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Our model is the classical linear model with normal errors:

y=XB+e, e~ N(0,0°l,)

We first need the concept of a complete sufficient statistic:

Sufficiency: Let y be random vector with p.d.f. f(y; @) depending on an
unknown k x 1 parameter 8. Let T(y) be an r x 1 vector-valued statistic
that is a function of y. Then T(y) is said to be a sufficient statistic for
0 if and only if the conditional distribution of y given the value of T(y)
does not depend upon 6.

e If T is sufficient for @ then, loosely, T summarizes all of the informa-
tion in the data y relevant to 8. Once we know T, there’s no more
information in y about 6.

The property of completeness is needed as well, but it is somewhat tech-
nical. Briefly, it ensures that if a function of the sufficient statistic exists
that is unbiased for the quantity being estimated, then it is unique.

Completeness: A vector-valued sufficient statistic T(y) is said to be
complete if and only if E{h(T(y))} = 0 for all € implies Pr{h(T(y)) =
0} =1 for all 6.

Theorem: If T(y) is a complete sufficient statistic, then f(T(y)) is a
minimum variance unbiased estimator of E{f(T(y))}.

Proof: This theorem is known as the Lehmann-Scheffé Theorem and its
proof follows easily from the Rao-Blackwell Theorem. See, e.g., Bickel and
Doksum, p. 122, or Casella and Berger, p. 320.

In the linear model, the p.d.f. of y depends upon B and o2, so the pair
(B, 0?) plays the role of 6.
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Is there a complete sufficient statistic for (3, 0?) in the classical linear
model?

Yes, by the following result:

Theorem: Let @ = (0y,...,0,)7 and let y be a random vector with
probability density function

f(y) = c(8) exp {Z ez‘Ti(Y)} h(y).

Then T(y) = (T1(y), ..., T,(y))T is a complete sufficient statistic provided
that neither @ nor T(y) satisfy any linear constraints.

e The density function in the above theorem describes the exponential
family of distributions. For this family, which includes the normal
distribution, then it is easy to find a complete sufficient statistic.

Consider the classical linear model

y = X3 + e, eNN(O,JQIn)

The density of y can be written as

fly; B,0?) = (2r) "2 (0*) " ? exp{—(y — XB)T (y — XB)/(20?)}
=c1(0?) exp{—(y"y — 28" X"y + BTX"XP)/(20?)
= c2(B,0%) exp[{(—1/(20%))y"y + (6728")(X"y)}

If we reparameterize in terms of 8 where

02
1 1
1 20_2 ) : 0_2 /87
O+2

then this density can be seen to be of the exponential form, with vector-

. . . T
valued complete sufficient statistic (%T";’,)
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So, since ¢T8 = ¢(XTX)'XTy, is a function of XTy and is an unbi-
ased estimator of ¢ 3, it must be minimum variance among all unbiased
estimators.

2= 1 _(y—XB)"(y — XB) is an unbiased estimator of

02 and can be written as a function of the complete sufficient statistic as
well:

In addition, s

1

s = m[(ln — Pox)y] (T — Pox))yl
= ﬁyT(In ~Pox))y = ﬁ{yipy — (y"X)X'X) (X y)}-

Therefore, s? is a minimum variance unbiased estimator as well.
Taken together, these results prove the following theorem:

Theorem: For the full rank, classical linear model with y = X3 + e
e ~ N,(0,0%I,), s is a minimum variance unbiased estimator of o>

and CT,B is a minimum variance unbiased estimator of ¢’ 3, where B =
(XTX)"1XTy is the least squares estimator (MLE) of 3.
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Generalized Least Squares

Up to now, we have assumed var(e) = oI in our linear model. There are
two aspects to this assumption: (i) uncorrelatedness (var(e) is diagonal),
and (ii) homoscedasticity (the diagonal elements of var(e) are all the same.

Now we relax these assumptions simultaneously by considering a more
general variance-covaraince structure. We now consider the linear model

y =XB+e, where E(e)=0,var(e) =%V,

where X is full rank as before, and where V is a known positive definite
matrix.

e Note that we assume V is known, so there still is only one variance-
covariance parameter to be estimated, 2.

e In the context of least-squares, allowing V to be unknown compli-
cates things substantially, so we postpone discussion of this case. V
unknown can be handled via ML estimation and we’ll talk about
that later. Of course, V unknown is the typical scenario in practice,
but there are cases when V would be known.

e A good example of such a situation is the simple linear regression
model with uncorrelated, but heteroscedastic errors:

yi = Bo + Bz + e,

where the e;’s are independent, each with mean 0, and var(e;) =
o2x;. In this case, var(e) = 02V where V = diag(xy,...,2,), a

known matrix of constants.
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Estimation of B and o2 when var(e) = 02V

A nice feature of the model
y = XB+e where var(e)= o>V (1)

is that, although it is not a Gauss-Markov (spherical errors) model, it is
simple to transform this model into a Gauss-Markov model. This allows
us to apply what we’ve learned about the spherical errors case to obtain
methods and results for the non-spherical case.

Since V is known and positive definite, it is possible to find a matrix Q
such that V = QQ’ (e.g., QT could be the Cholesky factor of V).

Multiplying on both sides of the model equation in (1) by the known matrix
Q~ 1, it follows that the following transformed model holds as well:

Qly=Q 'Xg+Q e
or ¥=XB+é& where var(é) =0l (2)

where y = Q7 ly, X = Q!X and &6 = Qle.
e Notice that model (2) is a Gauss-Markov model because
E@)=Q 'E(e)=Q7'0=0

and

var(8) = Q Lvar(e)(Q 1T = 02QV(Q 1)
=5°Q7'QQT(Q ) = 4’1
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The least-squares estimator based on the transformed model minimizes

T

e=e"(Q)Q e =(y-XB)"(QQ") 'y - XB)
= (y—XB)TV~l(y —X3) (The GLS Criterion)

€

e So the generalized least squares estimates of 3 from model (1) mini-
mize a squared statistical (rather than Euclidean) distance between
y and X3 that takes into account the differing variances among the
y;’s and the covariances (correlations) among the y;’s.

e There is some variability in terminology here. Most authors refer to
this approach as generalized least-squares when V is an arbitrary,
known, positive definite matrix and use the term weighted least-
squares for the case in which V is diagonal. Others use the terms
interchangeably.

Since GLS estimators for model (1) are just ordinary least squares estima-
tors from model (2), many properties of GLS estimators follow easily from
the properties of ordinary least squares.

Properties of GLS Estimators:

1. The best linear unbiased estimator of 3 in model (1) is

B =XV IxX)"'xXTvly.

Proof: Since model (2) is a Gauss-Markov model, we know that (X7X) ' X"y
is the BLUE of 8. But this estimator simplifies to

(X"X)"' X"y = [(@7'X)"(QT' X)) HQ'X)"(Qy)
X H"Q XTI xXH(Q H'Qly
[X (QQT) 1X] IXT(QqT>—1y
(XTVIX)"IXTv-ly.
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2. Since p = E(y) = X3 in model (1), the estimated mean of y is
p=Xp=XX'V1xX)"1xTv-ly.

In going from the var(e) = oI case to the var(e) = 02V case, we've
changed our estimate of the mean from

X(X'X)"'X"y =Pex)y

to

X(XTvIxX)"IXTv-ly.
Geometrically, we’ve changed from using the Euclidean (or orthogo-
nal) projection matrix P (x) to using a non-Euclidean (or oblique)
projection matrix X(XTV~=1X)~1XTV~!l The latter accounts for

correlation and heteroscedasticity among the elements of y when
projecting onto C'(X)

3. The var-cov matrix of B is

var(8) = o2(XTVIX)~1,

Proof:
var(8) = var{(XTV1X)"1XTVv~ly}
= (XTVIX)" I XTIV var(y) v IX(XTVTIX) !
N——
=02V
= 2(XTVvIx)~ L.
|
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4. An unbiased estimator of o2 is

,  (y—XB)TVl(y-XB)

n—k—1
B yT[V_l _ V—lx(xTv—lx)—lev—l]y
N n—k—1 ’

where 8 = (XTV1X)"1XTV-1ly.
Proof: Homework.

5. If e ~ N(0,0%2V), then the MLEs of 3 and o2 are
B — (XTv—lx)—lev—ly
1 o .
(y —XB)' V7 i(y - Xp).

52 ==
n

Proof: We already know that 3 is the OLS estimator in model (2) and that
the OLS estimator and MLE in such a Gauss-Markov model coincide, so 3
is the MLE of 3. In addition, the MLE of 02 is the MLE of this quantity

in model (2), which is

11— X(XTX) "' Xyl

SI=3-

(y —XB)"V(y - XB)

after plugging in X = Q 'X, y = Q 'y and some algebra. n
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Misspecification of the Error Structure:
Q: What happens if we use OLS when GLS is appropriate?

A: The OLS estimator is still linear and unbiased, but no longer best.
In addition, we need to be careful to compute the var-cov matrix of our
estimator correctly.

Suppose the true model is
y=XB+e, E(e)=0,var(e)= a*V.

The BLUE of 3 here is the GLS estimator 3 = (XTV~1X)"1XTV-ly,
with var-cov matrix o?(XTV~-1X)~1.

However, suppose we use OLS here instead of GLS. That is, suppose we
use the estimator
g =(X"X)"' X"y

Obviously, this estimator is still linear, and it is unbiased because
E(B") = E{(X"X)"'X"y} = (X"X)"'X"E(y)
= (X'X)"'X"XB =6
However, the variance formula var(8*) = ¢2(XZX)~! is no longer correct,

because this was derived under the assumption that var(e) = oI (see p.
103). Instead, the correct var-cov of the OLS estimator here is

var(8*) = var{(XTX)"'XTy} = (XTX)"' X" var(y) X(XTX) !
=02V

= A(XTX) I XTVX(XTX) L (%)

In contrast, if we had used the GLS estimator (the BLUE), the var-cov
matrix of our estimator would have been

var(8) = o*(XTV X)L ()
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Since @ is the BLUE, we know that the variances from (*) will be > the
variances from (**), which means that the OLS estimator here is a less

efficient (precise), but not necessarily much less efficient, estimator under
the GLS model.

Misspecification of E(y):

Suppose that the true model is y = X3+e where we return to the spherical
errors case: var(e) = 0?I. We want to consider what happens when we
omit some explanatory variable is X and when we include too many x’s.
So, let’s partition our model as

y=XB+e= (X, X>) (g;) +e

= X161 + X208, +e. (1)

e If we leave out X535 when it should be included (when 35 # 0) then
we are underfitting.

e If we include X535 when it doesn’t belong in the true model (when
B2 = 0) then we are overfitting.

e We will consider the effects of both overfitting and underfitting on the
bias and variance of 3. The book also consider effects on predicted
values and on the MSE s2.
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Underfitting:

Suppose model (T) holds, but we fit the model
y = X087 +e*, var(e*) = o’L (o)

The following theorem gives the bias and var-cov matrix of Bf the OLS
estimator from .

Theorem: If we fit model & when model () is the true model, then the
mean and var-cov matrix of the OLS estimator B = (XTX,) !XTy are
as follows:

(i) B(B%) = By + AB,, where A = (XTX,)"1XTX,.
(if) var(B}) = o?(XTXy) 7",
Proof:
() A
E(8}) = E[(X{X1) ' X]y] = (X{ X;) ' X]E(y)
= (X7X1) ' XT (X181 + X262)
= 51+ ABoe.

A

var(3}) = var[(XTX;) "' XTy]
— (XTX) X (DX (XTXy)
= o (XTX) 7
|

e This result says that when underfitting, Bik is biased by an amount
that depends upon both the omitted and included explanatory vari-
ables.

Corollary If XX, = 0, i.e.. if the columns of X; are orthogonal to the
columns of Xy, then 3] is unbiased.
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Note that in the above theorem the var-cov matrix of BF, ¢2(XTX;)™!

is not the same as the var-cov matrix of ,31, the corresponding portion of
the OLS estimator B = (X?X) !XTy from the full model. How these
var-cov matrices differ is established in the following theorem:

Theorem: Let 3 = (XTX)~1XTy from the full model (f) be partitioned

as R
- @1>
5= (5
and let 37 = (XTX,) !XTy be the estimator from the reduced model &.

Then ) )
var(3;) — var(8}) = AB71AT

a n.n.d. matrix. Here, A = (XTX;)"1XTX; and B = XIX, - XI'X;A.

e Thus var(3;) > Var(ﬁ;‘ ), meaning that underfitting results in smaller

variances of the Bj ’s and overfitting results in larger variances of the
Bj,S.

Proof: Partitioning X7 X to conform to the partitioning of X and 3, we
have

. —1
3\ B1) _ 2/xTvxy-1_ 2 Xi{X; XiX,
var(3) = var ( =X X) " =0 XIX, XIX,

—1
— 0_2 Hll H12 — 02 Hll le
I_I21 I_I22 H21 H22 )

where H;; = X7X, and H” is the corresponding block of the inverse
matrix (XTX)~! (see p. 54).

So, V&I‘(Bl) = 0?H!"'. Using the formulas for inverses of partitioned ma-
trices,
HY =H' + HH ;B 'Hy, H/,

where

B = Hy, — Hy H'Hys.
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In the previous theorem, we showed that var(8f) = o2(XTX;)" ! =
o?H!. Hence,

~

var(B1) — var(3}) = (72(H11 H
=o*(H + H'H,B 'Hy H — H)
o (Hy; HisB™'Hy HY)
=0 [(X?Xn HXT X)) BTH(XG X0 ) (X X0)
= 0?AB'AT,

We leave it as homework for you to show that AB~'A7 is n.n.d. u

e To summarize, we've seen that underfitting reduces the variances of
regression parameter estimators, but introduces bias. On the other
hand, overfitting produces unbiased estimators with increased vari-
ances. Thus it is the task of a regression model builder to find an
optimum set of explanatory variables to balance between a biased
model and one with large variances.
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The Model in Centered Form

For some purposes it is useful to write the regression model in centered
form; that is, in terms of the centered explanatory variables (the explana-
tory variables minus their means).

The regression model can be written

Yi = Bo + B1i1 + Boxiz + - + Brik + €
= a+ B1(in — 1) + Be(xiz — T2) + - -+ + Be(@ik — Tk) + €,
fori=1,...,n, where
a = o+ 01Z1 + PaZa + -+ - + BTk, (©)

7. — L\ .
and where Z; = ~ > " | ;;.

In matrix form, the equivalence between the original model and centered
model that we’ve written above becomes

y:X/8+e:(jn7Xc) <§1)+ea

where /61 - (517 <o 76/6)T7 and

11 —T1 T2 — T2 - X1k — Tk
1 T2l —T1 T2 — X - Xk — Tk
Xc - (I - _Jn,n) Xl - . . . )
n
————
=P oL Tpl —T1 Tp2 — T2 - Tpk — Tk

and X7 is the matrix consisting of all but the first columns of X, the
original model matrix.

e Py = (I—+J,,) is sometimes called the centering matrix.

Based on the centered model, the least squares estimators become:
. -1 , .p
AOé /e T /e — 1y T. n 0 Jn

_ (;1 (XTX,)-! ;Ty = (XZXC;‘lX?y ’
(o o) (82) = (o Foxry)
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or

,31 here is the same as the usual least-squares estimator. That is, it is
the same as f31,..., 0, from B = (XTX)~!XTy. However, the intercept

& differs from BO. The relationship between & and B is just what you’d
expect from the reparameterization (see (©)):

A

& = Bo + (171 + PaTa + - + BTy

From the expression for the estimated mean based on the centered model:

—

E(y;) = &+ 31(962'1 — 1) + B2(xi2 —Zo)+ -+ Bk(éﬁzk — Ty)

it is clear that the fitted regression plane passes through the point of
averages: (U, T1,Ta,...,Tk).

In general, we can write SSE, the error sum of squares, as
SSE = (y —XB)T(y - XB) = (y - Pex)y) (y = Pex)y)

=y'y -y "Pox)y -y Pox)y + ¥ Pox)y
=y'y-y'Poxyy=y'y-8"X"y.

From the centered model we see that E/(;) = X8 = [jn, X ( & ), Slo)

SSE can also be written as

) .7
SSE =y'y — (&, 87) (5’{%) y
=yTy —gjly — BT X"y
=(y— i)y - Bi X'y
= (y — 7o) (y — 9jn) — B Xy

=2 (i~ 9)? - B Xy (%)
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R2, the Estimated Coefficient of Determination

Rearranging (*), we obtain a decomposition of the total variability in the
data:

> (wi—9)°=B{XTy+SSE
1=1

or SST = SSR + SSE

e Here SST is the (corrected) total sum of squares. The term “cor-
rected” here indicates that we’'ve taken the sum of the squared y’s
after correcting, or adjusting, them for the mean. The uncorrected
sum of squares would be Z?Zl y?, but this quantity arises less fre-
quently, and by “SST” or “total sum of squares” we will generally
mean the corrected quantity unless stated otherwise.

e Note that SST quantifies the total variability in the data (if we added

a ﬁ multiplier in front, SST would become the sample variance).

e The first term on the right-hand side is called the regression sum of
squares. It represents the variability in the data (the portion of SST)
that can be explained by the regression terms G121+ Boxo+- - - BpTk.

e This interpretation can be seen by writing SSR as

SSR = B XIy = BT XI X (XTX,) "Xy = (X.81)" (Xcf1).

The proportion of the total sum of squares that is due to regression is

SSR _ BIXIX.B1 _ B"X"y —np’

R? = =
SST >0 (yi —¥)? yTy — ny?

e This quantity is called the coefficient of determination, and it
is usually denoted as R?. It is the sample estimate of the squared
multiple correlation coefficient we discussed earlier (see p. 77).
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Facts about R2:

1. The range of R?is 0 < R? < 1, with 0 corresponding to the explana-
tory variables x1,...,x; explaining none of the variability in y and
1 corresponding to x1,...,x; explaining all of the variability in y.

2. R, the multiple correlation coefficient or positive square root of R?,
is equal to the sample correlation coefficient between the observed
y;’s and their fitted values, the g;’s. (Here the fitted value is just the

estimated mean: §; = E(y;) = x7 3.)

3. R? will always stay the same or (typically) increase if an explanatory
variable xj1 is added to the model.

4. Ifﬁlzﬁgz---zﬂkzo,then

k

n—1

E(R?) =

e From properties 3 and 4, we see that R? tends to be higher for
a model with many predictors than for a model with few pre-
dictors, even if those models have the same explanatory power.
That is, as a measure of goodness of fit, R? rewards complexity
and penalizes parsimony, which is certainly not what we would
like to do.

e Therefore, a version of R? that penalizes for model complexity
was developed, known as R? or adjusted R*:

o2 (F-5) -1 (n— DR~k

a n—k—1 n—k—1
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5. Unless the z,;’s j = 1,..., k are mutually orthogonal, R? cannot be
written as a sum of k components uniquely attributable to x4, ..., xg.
(R? represents the joint explanatory power of the x;’s not the sum
of the explanatory powers of each of the individual z;’s.)

6. R? is invariant to a full-rank linear transformation of X and to a

scale change on y (but not invariant to a joint linear transformation
on [y, X]).

7. Geometrically, R, the multiple correlation coefficient, is equal to R =
cos(#) where 0 is the angle between y and y corrected for their means,
Y jn- This is depicted in the picture below.

Y-y

v L)

FIGURE 35 The multiple regression coefficient R, where R? = [[§ — $,17/lly — $ol*
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Inference in the Multiple Regression Model

Testing a Subset of 3: Testing Nested Models

All testing of linear hypotheses (nonlinear hypotheses are rarely encoun-
tered in practice) in linear models reduces essentially to putting linear
constraints on the model space. The test amounts to comparing the re-
sulting constrained model against the original unconstrained model.

We start with a model we know (assume, really) to be valid:
y=p+e where p=XB8cCX)=V, e~ N,(0,0°I,)
and then ask the question of whether or not a simpler model holds corre-

sponding to p € V;j where 1} is a proper subset of V. (E.g., Vi = C(Xj)
where Xy is a matrix consisting of a subset of the columns of X.)

For example, consider the second order response surface model

Yi = Bo+ Brza + Pawio + Paxi) + axiy + Bszirzin+es, i=1,...,n. (})
This model says that E(y) is a quadratic function of 1 and xs.

A hypothesis we might be interested in here is that the second-order terms
are unnecessary; i.e., we might be interested in Hy : 3 = (84 = 35 = 0,
under which the model is linear in x; and xs:

y; = By + Bz + Boxia +e;, i=1,...,n. (1)

o Testing Hy : #3 = B4 = 5 = 0 is equivalent to testing Hy :model (I)
holds versus H; :model (1) holds but (1) does not.

o le., wetest Hy: p € C([jn,x1,X2]) versus
Hy:p € C([jn,X1,X2, X1%X1, Xo*Xa, X1%X2]) and  p & C([jn,X1,X2]).

Here % denotes the element-wise product and pu = E(y).
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Without loss of generality, we can always arrange the linear model so the
terms we want to test appear last in the linear predictor. So, we write our
model as

y = XB +e = (Xi,Xs) (g;) Lo

= X; B1+ Xy Ba+e, e~ N(0,0°T) (FM)
~~ ~~~
nXx(k+1—h) nxh

where we are interested in the hypothesis Hy : 32 = 0.

Under Hy : B2 = 0 the model becomes

y=Xi16] +e’, e ~N(0,0°T) (RM)

The problem is to test
Hy:peC(Xy) (RM) versus Hp:p ¢ C(Xyq)

under the maintained hypothesis that p € C(X) = C([X1, Xz2]) (FM).

We’d like to find a test statistic whose size measures the strength of the
evidence against Hy. If that evidence is overwhelming (the test statistic
is large enough) then we reject Hy.

The test statistic should be large, but large relative to what?
Large relative to its distribution under the null hypothesis.
How large?

That’s up to the user, but an a—level test rejects Hy if, assuming Hj is
true, the probability of getting a test statistic at least as far from expected
as the one obtained (the p—value) is less than a.
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e E.g.. suppose we compute a test statistic and obtain a p—value of
p = 0.02. This says that assuming Hj is true, the results that we
obtained were very unlikely (results this extreme should happen only
2% of the time). If these results are so unlikely assuming Hy is true,
perhaps Hj is not true. The cut-off for how unlikely our results must
be before we're willing to reject Hy is the significance level a. (We
reject if p < a.)

So, we want a test statistic that measures the strength of the evidence
against Hp : u € C(Xy) (i.e., one that is small for p € C(X;) and large
for p ¢ C(X7)) whose distribution is available.

e This will lead to an F' test which is equivalent to the likelihood ratio
test, and which has some optimality properties.

Note that under RM, p € C(X;) C C(X) = C([X1,Xz2]). Therefore, if
RM is true, then FM must be true as well. So, if RM is true, then the
least squares estimates of the mean p: Pox,)y and Pgx)y are estimates
of the same thing.

This suggests that the difference between the two estimates

Pex)y —Poxy)y = (Pex) — Poxy))y
should be small under Hy : p € C(Xy).

e Note that Po(x) — P¢(x,) is the projection matrix onto C(X1)+n
C'(X), the orthogonal complement of C(X;) with respect to C'(X),
and C(X;) @ [C(X1)t N C(X)] = C(X). (See bottom of p. 43 of
these notes.)

So, under Hy, (Pcx) — Po(x,))y should be “small”. A measure of the
“smallness” of this vector is its squared length:

|[(Pex) — PC(Xl))YH2 = yT(PC(X) —Pox,))y.
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By our result on expected values of quadratic forms,

Ely" (Pox) — Pox,))yl = o? dim[C(X1)" NC(X)] + p" (Pex) — Poxy)) 1
= 0’h+ [(Pox) — Peay))kl" [(Pox) — Pox,)) ]
= o*h + (PC(X)M - PC(Xl)N)T(PC(X)M - PC(Xl)“)

Under Hy, p € C(X;) and p € C(X), so

Pexyp —Pexn) =pn—p=0.

Under Hq,
Pexyp = p, but Pox)p 7 p.
Le., letting po denote p(u|C(X1)),

o?h, under Hy;

T _ =
Ely” (Pox) — Pory))y] {02h+ e — pol?, under Hj.

e That is, under Hy we expect the squared length of

A~

Pex)yy —Pox)y =y — Yo

to be small, on the order of o2h. If Hj is not true, then the squared
length of y — y¢ will be larger, with expected value o2h+ || — pol|?.

Therefore, if o2 is known
)

1y — Yol? _ ly — yoll?/h [~ 1, under Hy
o2h o2 > 1, under H;

is an appropriate test statistic for testing Hy.
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Typically, 02 will not be known, so it must be estimated. The appropriate
estimator is s2 = ||y — y||?/(n — k — 1), the mean squared error from FM,
the model which is valid under Hy and under H;. Our test statistic then
becomes

F

_ 1y — ¥ol®/h _ |y — ¥ol|?/h ~ 1, under H
52 ly = y|I?/(n—%k—1) | > 1, under H;.

By the theorems on pp. 84-85, the following results on the numerator and
denominator of F' hold:

Theorem: Suppose y ~ N(X/3,0%I) where X is n x (k + 1) of full rank
where X3 = X131 +X2082, and Xz is nxh. Let y = p(y|C(X)) = Pox)y,
Yo = p(y|C(X1)) = Pox,)y, and po = p(p|C(X1)) = Pox, ). Then

(i) %Hy - 5’”2 = %YT(I - Pc(x))y ~ Xz(n —k — 1);
(i) Sy —yol? = Hy ' (Pex) — Poxy)y ~ x2(h, A1), where

1

M =53

1
I(Pox) — Poxo)el’ = == e — poll?;
20

and
(ii) 2|y — ¥]|* and 25|y — yo||* are independent.

Proof: Parts (i) and (ii) folllow immediately from part (3) of the theorem
on p. 84. Part (iii) follows because

ly — 311> = |lp(y|C(X)1)|]?

and
Iy — yol* = Hp(.‘ﬂg(Xl)L nC(X))l”

Vv

CcC(X)

are squared lengths of projections onto orthogonal subspaces, so they are
independent according to the theorem on p. 85. n
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From this result, the distribution of our test statistic F' follows easily:

Theorem: Under the conditions of the previous theorem,

_ Ay =5ol?*/h _ ¥ (Pox) — Poxy))y/h

F
52 y'(I=Pex)y/(n—k—1)
_JF(hy,n—k-1), under Hy; and
F(h,n—k—1,)\1), under Hy,

where \; is as given in the previous theorem.

Proof: Follows the previous theorem and the definition of the F' distribu-

tion. m

Therefore, the a—level F—test for Hy : B2 = 0 versus Hy : B2 # 0

(equivalently, of RM vs. FM) is:

reject Hy if F > Fi_,(h,n—k—1).

e It is worth noting that the numerator of this F' test can be obtained
as the difference in the SSE’s under FM and RM divided by the
difference in the dfE (degrees of freedom for error) for the two models.
This is so because the Pythagorean Theorem yields

15 = Yol = lly = 3ol = lly — ¥[* = SSE(RM) — SSE(FM).

The difference in the dfE’s'is (n —h—k —-1) — (n — k —1) = h.
Therefore,
SSE(RM) — SSE(FM)]/[dfE(RM) — dfE(FM)]

Pl
SSE(FM) /dfE(FM)

e In addition, because SSE = SST — SSR,
Iy — $oll* = SSE(RM) — SSE(FM)
= SST — SSR(RM) — [SST — SSR(FM)]
= SSR(FM) — SSR(RM) = SS(832|31)

which we denote as SS(82/31), and which is known as the “extra”
regression sum of squares due to 3y after accounting for 3.
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The results leading to the F-test for Hy : B2 = 0 that we have just
developed can be summarized in an ANOVA table:

Source of Sum of df Mean F
Variation Squares Squares
SS (P21 MS (2|91
Drue to B SS(B2|81) h (Ba1By) - MS(Ba1By)
adjusted for 3 =y " (Pex) — Poxy)y
Error SSE n—k—1 n‘i‘?;]fl
=y"I-Pex)y
Total (Corr.) SST
=y'y —ny’

An additional column is sometimes added to the ANOVA table for E(M.S),
or expected mean squares. The expected mean squares here are

E{MS(B2|B1)} = %E{SS(IB2’/BI)} = %E{Ss(ﬁz\ﬁl)/02}

2

o 1
= —{h+2\} =0+ —||p — pol|?
{h+ 20} = 0% + 1l — ol
and
1
M e — — = n—k—12 =2
E(MSE) n—k—lE(SSE) n—k—1<n k Jo o

These expected mean squares give additional insight into why F' is an
appropriate test of Hy : B2 = 0. Any mean square can be thought of as
an estimate of its expectation. Therefore, M SE estimates o2 (always),
and M S(B32|B1) estimates 0 under Hy, and estimates o2 plus a positive
quantity under H;. Therefore, our test statistic I will behave as

rl= 1, under Hy
> 1, under H;

where how much larger F' is than 1 depends upon “how false” Hj is.
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Overall Regression Test:

An important special case of the test of Hy : 32 = 0 that we have just
developed is when we partition 3 so that (3; contains just the intercept
and when 3, contains all of the regression coefficients. That is, if we write
the model as

y=X181+X28:+e

11 X120 Tik 51
) To1 T2 v Do &)
— BOJn + : : . : : “+e
Tnil Tn2 o Tk ﬁkz
N ~~ JH/_/
=X, :,62

then our hypothesis Hy : B2 = 0 is equivalent to

Hy:081=02="-= 0 =0,

which says that the collection of explanatory variables x1, ...,z have no
linear effect on (do not predict) y.

The test of this hypothesis is called the overall regression test and

occurs as a special case of the test of 35 = 0 that we’ve developed. Under
H07
yo = p(y|C(X41)) = p(y[L(n)) = §n

and h = k, so the numerator of our F-test statistic becomes

. 1
Y oo —Perg)y = £V Pooy =¥ Prgy)

1
- E{(PC(X)Y)TY —y ' Pri Prony)
——
:gjn

1 .
= E(BTXTy —ny?) = SSR/k = MSR
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Thus, the test statistic of overall regression is given by

I SSR/k _ MSR
SSE/(in—k—-1) MSE
F(k,n—Fk—1), under Hy : Sy =---=0F =0
~ { F(k,n—k—1, 55085 XIPr;,)- X282), otherwise.

The ANOVA table for this test is given below. This ANOVA table is

typically part of the output of regression software (e.g., PROC REG in
SAS).

Source of Sum of df Mean F
Variation Squares Squares
Regression SSR ) k % %—gg
=B X"y — ny?
Error SSE n—k—1 S=5E

n—k—1
=y (I-Pex)y
Total (Corr.) SST

=y'y —ny®
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I test in terms of R2:

The F test statistics we have just developed can be written in terms of R?,
the coefficient of determination. This relationship is given by the following
theorem.

Theorem: The F' statistic for testing Hp : 32 = 0 in the full rank model
y = X181 + X232 + e (top of p. 138) can be written in terms of R? as

o (R~ Ra)/h
(1= Bp)/(n—k—1)

where R% s corresponds to the full model y = X131 + X332 +€, and R% M
corresponds to the reduced model y = X 37 + e*.

Proof: Homework.g

Corollary: The F' statistic for overall regression (for testing Hp : 51 =

B2 = -+ = B = 0) in the full rank model, y; = Bo+ G121+ - -+ Brik +ei,
i=1,...,n, e1,...,e, id N(0,0?) can be written in terms of R?, the
coefficient of determination from this model as follows:
R?/k
F = /

(1-FR*)/(n—k—1)

Proof: For this hypothesis A, the dimension of the regression parameter
being tested, is k. In addition, the reduced model here is

y :jnﬁO + e,

s0 (XB) ras, the estimated mean of y, under the reduced model is (X8) pas =
jny. So, R%,, in the previous theorem is (cf. p. 131):

(XB) 51y — n7?]
yly — ny?

:n'y

2 _
Rry =

T 2
 Winy —ny?]
_ T =2 _0

yly —ny

The result now follows from the previous theorem. g
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The General Linear Hypothesis Hy : C8 =t

The hypothesis Hy : C3 =t is called the general linear hypothesis. Here
C is a ¢ X (k+ 1) matrix of (known) coefficients with rank(C) = q. We
will consider the slightly simpler case H : C8 = 0 (i.e., t = 0) first.

Most of the questions that are typically asked about the coefficients of a
linear model can be formulated as hypotheses that can be written in the
form Hy : CB = 0, for some C. For example, the hypothesis Hy : B2 = 0
in the model

y=X.01+X28,+e, e~ N(0,0%)
can be written as
A B\ _ 5 _
Hy:CB=(0 ,Ih)(62 =3y =0.
hx (k+1—h)

The test of overall regression can be written as

60 /81

A ,
Hy:CB=(0,1,) | = :|=o0.

k

Hypotheses encompassed by H.C3 = 0 are not limitted to ones in which
certain regression coefficients are set equal to zero. Another example that

can be handled is the hypothesis Hy : 61 = B2 = --- = (. For example,
suppose k = 4, then this hypothesis can be written as
Bo
01 -1 0 0 b1 p1 — B2
H()IC,@I 0 O 1 —1 0 ﬁg - ﬁg—ﬁg = 0.
00 0 1 -1 Bs B3 — B4
Ba

Another equally good choice for C in this example is

01 -1 O 0
cC=101 0 -1 0
0 1 O 0 -1
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The test statistic for Hy : C3 = 0 is based on comparing CB to its null
value 0, using a squared statistical distance (quadratic form) of the form

Q = {CB — Eo(CPB)}" {vare(CB)} 1 {CB — Eo(CB)}
T

= (CB)" {var(CB)} ' (CP).

e Here, the 0 subscript is there to indicate that the expected value and
variance are computed under Hy.

Recall that 3 ~ Nj41(8,02(XTX)~1). Therefore,

CB ~ N,(CB,s2Cc(XTX)~1cT).

We estimate o2 using s> = MSE = SSE/(n — k — 1), so
varg(CRB) = s2C(XTX)~1C”
and () becomes

(CB)T{s’Cc(X"X)"'c"}'Cp
(CAT{cXTX)"'cT}1cB
SSE/(n — k — 1)

Q

A
A
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To use @ to form a test statistic, we need its distribution, which is given
by the following theorem:

Theorem: If y ~ N,(X3,0%1,) where X is n x (k + 1) of full rank and
Cisgx (k+1) of rank ¢ < k+ 1, then

(i) CB ~ N,[CB,o?C(XTX)'CT];
(ii) (CO)T[C(XTX)"ICT|"ICB/0? ~ x*(q,\), where

A= (CB)TC(XTX)~tCT 7t eB/(207);

(iii) SSE/0? ~ x%*(n — k — 1); and
(iv) (CB)T[C(XTX)~1CT]~1CB and SSE are independent.

Proof: Part (i) follows from the normality of 3 and that Cg3 is an affine
transformation of a normal. Part (iii) has been proved previously (p. 138).

(ii) Recall the theorem on the bottom of p. 82 (thm 5.5A in our text).
This theorem said that if y ~ N, (u, %) and A was n x n of rank r,
then y' Ay ~ x?(r, sp” Ap) iff AY is idempotent. Here Cp plays
the role of y, C3 plays the role of u, 02C(XTX)~1CT plays the role
of ¥, and {02C(XTX)~1CT}~1 plays the role of A. Then the result
follows because AY = {0?C(XTX) " 1CT} 102C(XTX)"ICT =1
is obviously idempotent.
(iv) Since B and SSE are independent (p. 115) then (CB)T[C(XTX)~1CT]~1Cp3
(a function of 3) and SSE must be independent. g

Therefore,

(CA)T{C(XTX)'CT}1CB/q SSH/q

F=Q/q= SSE/(n —k —1) ~ SSE/(n—k—1)

has the form of a ratio of independent x?’s each divided by its d.f.

e Here, SSH denotes (C3)T{C(XTX)~1CT}~1Cg3, the sum of squares
due to the Hypothesis Hy.
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Theorem: If y ~ N,,(X3,0%1,) where X is n x (k + 1) of full rank and
Cisgx (k+1)of rank ¢ <k + 1, then

(CA)T{CXTX)'CT}'CB/q

b= SSE/(n— k — 1)
B SSH/q
~ SSE/(n —k —1)

F(g,n—k—1), if Hy : C3 = 0 is true;
F(gn—k—1,X), if Hy: C3 =0 is false,

where A is as in the previous theorem.

Proof: Follows from the previous theorem and the definition of the F
distribution. m

So, to conduct a hypothesis test of Hy : C3 = 0, we compute F' and reject
at level o if ' > Fy_o(q,n —k — 1) (Fi_4 denotes the (1 — o)™ quantile,
or upper a'® quantile of the F' distribution).
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The general linear hypothesis as a test of nested models:

We have seen that the test of B2 = 0 in the model y = X371 + X532 + €
can be formulated as a test of C3 = 0. Therefore, special cases of the
general linear hypothesis correspond to tests of nested (full and reduced)
models. In fact, all F' tests of the general linear hypothesis Hy : C8 = 0
can be formulated as tests of nested models.

Theorem: The F' test for the general linear hypothesis Hy : C3 =0 is a
full-and-reduced-model test.

Proof: The book, in combination with a homework problem, provides a
proof based on Lagrange multipliers. Here we offer a different proof based
on geometry.

Under Hy,

y=X03+e and CB=0
= CX'X)"'X'XB=0
= CX'X)"'XTpu=0

= T'pu=0 where T=XX"X)"'CT.

That is, under Hy, p = X3 € C(X) =V and p L. C(T), or
pe[C(T) NnCX)] =V

where V5 = C(T)* N C(X) is the orthogonal complement of C(T) with
respect to C'(X).

e Thus, under Hy : C3 =0, u € Vy, C V = C(X), and under H; :
CB#0, u eV but p ¢V That is, these hypotheses correspond
to nested models. It just remains to establish that the F' test for
these nested models is the F' test for the general linear hypothesis

Hy : CB = 0 given on p. 147.
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The F' test statistic for nested models given on p. 139 is

y' (Pox) — Poxy)y/h

F="5w/m k-1

Here, we replace P¢(x,) by the projection matrix onto Vp:

Py, = Pox) — Pc(m)

and replace h with dim(V') — dim(Vj), the reduction in dimension of the
model space when we go from the full to the reduced model.

Since Vp is the orthogonal complement of C(T) with respect to C(X),
dim(Vp) is given by

dim(Vp) = dim(C(X)) — dim(C(T)) = rank(X) —rank(T) =k + 1 — ¢
Here, rank(T) = ¢ by the following argument:
rank(T) = rank(T?) > rank(T? X) = rank(C(X*X) " 'X*X) = rank(C) = ¢
and

rank(T) = rank(T7T) = rank(C(XTX) ' XTX(X"X)~'Cc”)
= rank(C(X*X)'C”) < q.

-~

axq
Therefore, g < rank(T) < ¢ = rank(T) = q.

So,
h=dim(V)—-dim(Vp) =(k+1)—[(k+1)—¢] =g¢.
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Thus the full vs. reduced model F statistic becomes

Y' [Pox) —Pwly/a _ y'Pex) — (Pex) — Poc)ly/a

F =
SSE/(n — k — 1) SSE/(n —k —1)
 Y'Pomyy/q
~ SSE/(n —k—1)
where

y Py =y T(TTT)'T"y
=y’ X(XTX) "' {e(XTX) I XTX(XTX) "t e (xXT X)Xy
= yI'X(XTX)"'cT{c(x'X) ety le (xXTX) Xy

e y
— BTCT{C<XTX)_1CT}_1CB

which is our test statistic for the general linear hypothesis Hy : C3 = 0
from p. 147.

The case Hy : C8 =t where t # 0:

Extension to this case is straightforward. The only requirement is that the
system of equations C3 = t be consistent, which is ensured by C having
full row rank gq.

Then the F' test statistic for Hy : C3 =t is given by

F =

(CB —t)T[C(XTX)"1CT|"1(CB —t)/q _[F(gn—k-1), under Hy
SSE/(n —k—1) F(g,n—k—1,)), otherwise,

where A = (CB — t)T[C(XTX)~1CT]"1(CB — t)/(202).

150



Tests on 3; and on a’ 3:

Tests of Hy : 3; = 0 or Hy : al’ B = 0 occur as special cases of the tests
we have already considered. To test Hy : a’3 = 0, we use a’ in place of
C in our test of the general linear hypothesis C3 = 0. In this case ¢ = 1
and the test statistic becomes

(a"B)"[a"(X"X)'a]"'a"B _ (a"p)’
SSE/(n —k —1) ~ s2al(XTX)-1a
~ F(l,n—k—1) under Hy:a?B=0.

F =

e Note that since t?(v) = F(1,v), an equivalent test of Hy : a3 = 0
is given by the t-test with test statistic

al 3

t =
sy/al(XTX) 1a

~t(n—k—1) under Hy.

An important special case of the hypothesis Hy : a’ 3 = 0 occurs when
a=(0,...,0,1,0,...,0)T where the 1 appears in the j+ 1th position. This
is the hypothesis Hy : 3; = 0, and it says that the 4 explanatory variable
x; has no partial regression effect on y (no effect above and beyond the
effects of the other explanatory variables in the model).

The test statistic for this hypothesis simplifies from that given above to
yield
5;

F =
s%9;

~ F(l,n—k—1) under Hy:3; =0,

where g;; is the j* diagonal element of (X7 X)~!. Equivalently, we could
use the t test statistic

t= i _ 6jA ~t(n—k—1) under Hy: 3; =0.
$v/95i  s.e.(0;)
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Confidence and Prediction Intervals

Hypothesis tests and confidence regions (e.g., intervals) are really two dif-
ferent ways to look at the same problem.

e For an a-level test of a hypothesis of the form Hy : 8 = 6, a
100(1 — a)% confidence region for 0 is given by all those values of
0y such that the hypothesis would not be rejected. That is, the
acceptance region of the a-level test is the 100(1 — )% confidence
region for 6.

e Conversely, 6 falls outside of a 100(1 — )% confidence region for 6
iff an « level test of Hy : @ = 0 is rejected.

e That is, we can invert the statistical tests that we have derived to
obtain confidence regions for parameters of the linear model.

Confidence Region for 3:

If we set C =141 and t = 3 in the F' statistic on the bottom of p. 150,
we obtain

(B - B)IXTX(B - B)/(k+1)

82

~Fk+1n—k—1)

From this distributional result, we can make the probability statement,

b { (B-B)"X"X(B -~ B)

< Fj_ In—k—1),=1-—q.
32(]€—|—1) ~ 1a<k+ ,n ]C )} o

Therefore, the set of all vectors B that satisfy
(B-B)"X"X(B-B) < (k+1)s*Fi_a(k+1,n—k—1)

forms a 100(1 — )% confidence region for 3.
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e Such a region is an ellipse, and is only easy to draw and make easy
interpretation of for £k =1 (e.g., simple linear regression).

e If one can’t plot the region and then plot a point to see whether its
in or out of the region (i.e., for k£ > 1) then this region isn’t any more
informative than the test of Hy : 3 = By. To decide whether 3y is
in the region, we essentially have to perform the test!

e More useful are confidence intervals for the individual 3;’s and for
linear combinations of the form a’ 3.

Confidence Interval for a” 3:

If we set C = a’ and t = a” 3 in the F statistic on the bottom of p. 150,
we obtain A
(a8 —a’B)?

s?aT(XTX) 'a

~F(1l,n—k—-1)

which implies
(a8 —a'p)
sy/al(XTX) 1a

From this distributional result, we can make the probability statement,

ttn —k—1).

Stl_a/z(n—k‘—l) =1-aq.

TA AT
Pr{tys(n—k—1) < (a B-a p)
_tl—a/Q(n_k_]')

Rearranging this inequality so that a” 3 falls in the middle, we get

Pr{aT,@ —t1_q2(n —k — 1)3\/aT(XTX)—1a <a’p

<alB+ ti—a/2(n —k — 1)5\/aT(XTX)_1a} =1-—a.

Therefore, a 100(1 — )% CI for a’ 3 is given by

al@+ ti—a/a(n —k — 1)3\/aT(XTX)—1a.
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Confidence Interval for ;:

A special case of this interval occurs when a = (0,...,0,1,0,...,0)T,
where the 1 is in the j + 1th position. In this case a3 = j;, aTB = Bj,
and a” (XTX) ta = {(XTX)"'},; = g;;. The confidence interval for 3;
is then given by X

ﬁj + tl_a/z(n —k— 1)8@.

Confidence Interval for E(y):

Let xo = (1,201, Zo2,...,Zor)? denote a particular choice of the vector
of explanatory variables x = (1,21,Z2,...,2%)7 and let yo denote the
corresponding response.

We assume that the model y = X3 + e, e ~ N (0, 021I) applies to (yo, Xo)
as well. This may be because (yg,x() were in the original sample to which
the model was fit (i.e., x{' is a row of X), or because we believe that
(yo,X0) will behave similarly to the data (y,X) in the sample. Then

Yo =% B+ ey, eo~ N(0,07)
where 3 and o2 are the same parameters in the fitted model y = X3 + e.

Suppose we wish to find a CI for

E(yo) = x{ 8.

This quantity is of the form a”3 where a = x¢, so the BLUE of E(yg) is
x{ B and a 100(1 — )% CI for E(yg) is given by

xLB + ti—aso(n —k — 1)3\/X0T(XTX)—1XO.
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e This confidence interval holds for a particular value x¢' 3. Sometimes,
it is of interest to form simultaneous confidence intervals around each
and every point x3 3 for all xq in the range of x. That is, we some-
times desire a simultaneous confidence band for the entire regression
line (or plane, for k¥ > 1). The confidence interval given above, if
plotted for each value of x(, does not give such a simultaneous band;
instead it gives a “point-wise” band. For discussion of simultaneous
intervals see §8.6.7 of our text.

e The confidence interval given above is for E(yy), not for yq itself.
E(yo) is a parameter, yo is a random variable. Therefore, we can’t
estimate 1o or form a confidence interval for it. However, we can pre-
dict its value, and an interval around that prediction that quantifies
the uncertainty associated with that prediction is called a prediction
interval.

Prediction Interval for an Unobserved y-value:

For an unobserved value yy with known explanatory vector xy assumed to
follow our linear model y = X3 + e, we predict yo by

~ T2
Yo = X 3.

e Note that this predictor of yy coincides with our estimator of E(yy).
However, the uncertainty associated with the quantity Xg;,@ as a
predictor of yq is different from (greater than) its uncertainty as an
estimator of E(yg). Why? Because observations (e.g., yo) are more
variable than their means (e.g., E(yo)).
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To form a CI for the estimator x; '8 of E(yo) we examine the variance of
the error of estimation:

V&l“{E(’yo) — X ,6} = var(xo /6)

In contrast, to form a PI for the predictor x; B of yy, we examine the
variance of the error of prediction:

var(yo — x¢ B) = var(yo) + var(xy B) — 2C0V(?J0, BZ
0

= var(xg B + e) + var(x{ B)
= var(eg) + Var(XgB) =0’ +0° X0 (XTX>

2

Since o2 is unknown, we must estimate this quantity with s?, yielding

VEAH'(yO — @0) = 82{1 + Xg(XTX)_IXQ}.
It’s not hard to show that

Yo — Yo
~tn—k—1),

sv/1+xg (XTX)~1x ( )

therefore
Yo — Yo
Pr —ti_onpn—kF—1 <ti_qrpnh—k—1)r =1—a.
{ 1—a/2( ) < T < (XTX) 1 1—a/2( )}

Rearranging,

PY{QU —tiaja(n—k— 1)5\/1 + x4 (XTX)"1x0 < 9o

<go+ti_qpn—Fk— 1)3\/1 + X%(XTX)—lxo} —1— .

Therefore, a 100(1 — )% prediction interval for yq is given by

Yo E£ti_ase(n—Fk— 1)3\/1 + xF(XTX)~1xo.

e Once again, this is a point-wise interval. Simultaneous prediction
intervals for predicting multiple y-values with given coverage proba-
bility are discussed in §8.6.7.
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Equivalence of the F'—test and Likelihood Ratio Test:

Recall that for the classical linear model y = X3 + e, with normal, ho-
moscedastic errors, the likelihood function is given by

L(B,0%y) = (2m0®) " exp{~|ly — XB|*/(20%)},

or expressing the likelihood as a function of u = X3 instead of 3:

L(p,0%y) = (2m0®) "2 exp{—|ly — pl*/(20%)}.

o L(p,0?;y) gives the probability of observing y for specified values
of the parameters pu and o2 (to be more precise, the probability that
the response vector is “close to” the observed value y).

— or, roughly, it measures how likely the data are for given values
of the parameters.

The idea behind a likelihood ratio test (LRT) for some hypothesis Hy is to
compare the likelihood function maximized over the parameters subject to
the restriction imposed by Hy (the constrained maximum likelihood) with
the likelihood function maximized over the parameters without assuming
Hy is true (the unconstrained maximum likelihood).

e That is, we compare how probable the data are under the most favor-
able values of the parameters subject to Hy (the constrained MLEs),
with how probable the data are under the most favorable values of

the parameters under the maintained hypothesis (the unconstrained
MLEs).

e If assuming Hy makes the data substantially less probable than not
assuming Hg, then we reject Hy.
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Consider testing Hy : p € Vy versus Hy : p ¢ Vy under the maintained
hypothesis that g isin V. Here Vy C V and dim(Vp) = k+1—-h <k+1=
dim(V).

Let y = p(y|V) and yo = p(y|Vh). Then the unconstrained MLEs of
(m,0?) are i =y and 62 = ||y — y||?/n and the constrained MLEs are

fro = Yo and 65 = ||y — Jol[*/n.

Therefore, the likelihood ratio statistic is

suppev, L(, 0%y)  L($0,63)

supyey L(p,0%y)  L(y,62)

_ (2n68) 2 exp{—|ly — yoll*/(253)}
(2m62) /2 exp{—|y — ¥?/(262)}

_ (53N exp(nf2) _ (63N
-\ 62 exp(—n/2)  \ 62

e We reject for small values of LR. Typically in LRTs, we work with
A = —2log(LR) so that we can reject for large values of A. In this
case, A = nlog (62/5%).

LR =

e Equivalently we reject for large values of (63/62) where

(0_3) _ |y =30l _ Iy =3I + 1y — 3ol

62)  ly-yI*? ly —yl1?
|y — ¥oll? ( h )
— 10 g (—— | F
ly —¥I|? n—k—1

a monotone function of F' (cf. the F' statistic on the top of p. 138).

Therefore, large values of A correspond to large values of F' and the decision
rules based on LR and on F' are the same.

e Therefore, the LRT and the F'—test are equivalent.
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Analysis of Variance Models: The Non-Full Rank Linear Model

e To this point, we have focused exclusively on the case when the
model matrix X of the linear model is of full rank. We now consider
the case when X is n x p with rank(X) =k < p.

e The basic ideas behind estimation and inference in this case are the
same as in the full rank case, but the fact that (XTX)~! doesn’t
exist and therefore the normal equations have no unique solution
causes a number of technical complications.

e We wouldn’t bother to dwell on these technicalities if it weren’t for
the fact that the non-full rank case does arise frequently in applica-
tions in the form of analysis of variance models .

The One-way Model:

Consider the balanced one-way layout model for y;; a response on the gth
unit in the i*" treatment group. Suppose that there are a treatments and n
units in the i treatment group. The cell-means model for this situation
is

yljzul+62]7 izla"'aaajzla"'an7

where the e;;’s are i.i.d. N(0,0?).

An alternative, but equivalent, linear model is the effects model for the
one-way layout:

Yij=pt+a;+ey 1=1,...,a,5=1,...,n,

with the same assumptions on the errors.
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The cell means model can be written in vector notation as
Y = X1 + floXa + -+ flaXe + €, e~ N(0,0°1),
and the effects model can be written as
Y = 1N + a1X1 + aoXo + -+ agX, + €, e~ N(0,0°1),

where x; is an indicator for treatment i, and N = an is the total sample
size.

e That is, the effects model has the same model matrix as the cell-
means model, but with one extra column, a column of ones, in the
first position.

e Notice that ), x; = jy. Therefore, the columns of the model matrix
for the effects model are linearly dependent.

Let X; denote the model matrix in the cell-means model, Xo = (jy, X1)
denote the model matrix in the effects model.

e Note that C(X1> = C(Xz)

In general, two linear models y = X131 +e1, y = X532 +e5 with the same
assumptions on e; and e; are equivalent linear models if C'(X;) = C(Xs).

Why?

Because the mean vectors pu; = X137 and pus = X535 in the two cases
are both restricted to fall in the same subspace C'(X;1) = C(Xz).

In addition,
i =p(y|C(X1)) = p(y|C(X2)) = frz

is the same in both models, and

1
n — dim(C(X3))

1 A )
S? = ly — fn]]* = ly — fall?

n — dim(C'(Xy))
is the same in both models.
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e The cell-means and effects models are simply reparameterizations of
one-another. The relationship between the parameters in this case
is very simple: u; = p+a;,1=1,...,a.

o Let V = C(X;1) = C(X3). In the case of the cell-means model,
rank(X;) = a = dim(V') and B is a x 1. In the case of the effects
model, rank(Xs) = a = dim(V') but Bs is (a + 1) x 1. The effects
model is overparameterized.

To understand overparameterization, consider the model
Vij = pt+o; +e5,i=1,...,a,7=1,...,n.
This model says that E(y;;) = 1+ a; = p;, or

E(ylg):,té+041:M1 j:17"'7n7
E(yoj) =p+az=p2 j=1,...,n,

Suppose the true treatment means are 1 = 10 and gy = 8. In terms of
the parameters of the effects model, u and the «;’s, these means can be
represented in an infinity of possible ways,

E(ylj):10+0 jzl,...,n,
E(ij) = 10+(—2) j = 1,...,n,

(n =10, ;g =0, and ag = —2), or

E(ylj):8—|—2 jzl,...,n,
E(ygj):8+0 jzl,...,n,

(b=38, a; =2, and ag = 0), or

E(y1])21+9 jzl,...,n,
E(y23)21—|—7 jzl,...,n,

(p=1, a1 =9, and ag = T7), etc.
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Why would we want to consider an overparameterized model like the
effects model?

In a simple case like the one-way layout, I would argue that we wouldn’t.

The most important criterion for choice of parameterization of a model is
interpretability. Without imposing any constraints, the parameters of the
effects model do not have clear interpretations.

However, subject to the constraint ) . a; = 0, the parameters of the
effects model have the following interpretations:

1 =grand mean response across all treatments

a; =deviation from the grand mean placing p; (the i*" treatment
mean) up or down from the grand mean; i.e., the effect of the ‘P
treatment.

Without the constraint, though, p is not constrained to fall in the center
of the u;’s. 1 is in no sense the grand mean, it is just an arbitrary baseline
value.

In addition, adding the constraint ), o; = 0 has essentially the effect of
reparameterizing from the overparameterized (non-full rank) effects model
to a just-parameterized (full rank) model that is equivalent (in the sense
of having the same model space) as the cell means model.

To see this consider the one-way effects model with a = 3, n = 2. Then
S i a; =0 implies o + s + ag = 0 or ag = —(ag + a2). Subject to the
constraint, the effects model is

y = ujnN + a1x1 + asxs + asxs + e, where ag = —(a1 + a9),
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or
Yy = pujn +oix1 + asxe + (—ag — az)x3 + e

= ujn + a1(x1 — x3) + aa(x2 —x3) + €

1 1 0
1 1 0
1 0 1
=N 1 + aq 0 + Qg 1 + e,
1 —1 —1
1 —1 —1

which has the same model space as the cell-means model.

Thus, when faced with a non-full rank model like the one-way effects
model, we have three ways to proceed:

(1) Reparameterize to a full rank model.
— E.g., switch from the effects model to the cell-means model.

(2) Add constraints to the model parameters to remove the overparam-
eterization.

— E.g., add a constraint such as Y i , o, = 0 to the one-way
effects model.

— Such constraints are usually called side-conditions.

— Adding side conditions essentially accomplishes a reparameter-
ization to a full rank model as in (1).

(3) Analyze the model as a non-full rank model, but limit estimation and
inference to those functions of the (overparameterized) parameters
that can be uniquely estimated.

— Such functions of the parameters are called estimable.

— It is only in this case that we are actually using an overparam-
eterized model, for which some new theory is necessary. (In
cases (1) and (2) we remove the overparameterization some-
how.)
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Why would we choose option (3)?
Three reasons:

i. We can. Although we may lose nice parameter interpretations in
using an unconstrained effects model or other unconstrained, non-
full-rank model, there is no theoretical or methodological reason to
avoid them (they can be handled with a little extra trouble).

ii. It is often easier to formulate an appropriate (and possibly overpa-
rameterized) model without worrying about whether or not its of full
rank than to specify that model’s “full-rank version” or to identify
and impose the appropriate constraints on the model to make it full
rank. This is especially true in modelling complex experimental data
that are not balanced.

iii. Non-full rank model matrices may arise for reasons other than the
structure of the model that’s been specified. E.g., in an observational
study, several explanatory variables may be colinear.

So, let’s consider the overparameterized (non-full-rank) case.

e In the non-full-rank case, it is not possible to obtain linear unbiased
estimators of all of the components of 3.

To illustrate this consider the effects version of the one-way layout model
with no parameter constraints.

Can we find an unbiased linear estimator of o ?

To be linear, such an estimator (call it 7') would be of the form T =
>_i 2 dijyi; for some coefficients {d;;}. For T' to be unbiased we require
E(T) = a;. However,

Thus, the unbiasedness requirement E(T) = «y implies d.. = 0, d;. = 1,
dy. = --- =d,. = 0. This is impossible!
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e So, a7 is non-estimable. In fact, all of the parameters of the uncon-
strained one-way effects model are non-estimable. More generally,
in any non-full rank linear model, at least one of the individual pa-
rameters of the model is not estimable.

If the parameters of a non-full rank linear model are non-estimable,
what does least-squares yield?

Even if X is not of full rank, the least-squares criterion is still a reasonable
one for estimation, and it still leads to the normal equation:

XTXB=X"y. (h)
Theorem: For X and n X p matrix of rank k < p < n, (&) is a consistent
system of equations.
Proof: By the Theorem on p. 60 of these notes, (&) is consistent iff
XTX(XTX)"XTy = XTy.
But this equation holds by result 3, on p. 57. n

So (é) is consistent, and therefore has a non-unique (for X not of full
rank) solution given
B=X"X)" Xy,

where (X7X)~ is some (any) generalized inverse of X7 X.
What does B estimate in the non-full rank case?

Well, in general a statistic estimates its expectation, so for a particular
generalized inverse (XTX)~, B estimates

E(B) = E{(X"X) X"y} = (X"X)"X"E(y) = (X"X)"X"Xg # 6.
e That is, in the non-full rank case, 8 = (XTX)~XTy is not unbiased

for 3. This is not surprising given that we said earlier that 3 is not
estimable.

165



e Note that E(B) = (XTX)~XTX3 depends upon which (of many
possible) generalized inverses (XTX)™ is used in 8 = (XTX)~XTy.
That is, ,B, a solution of the normal equations, is not unique, and
each possible choice estimates something different.

e This is all to reiterate that 3 is not estimable, and B is not an esti-
mator of 3 in the not-full rank model. However, certain linear com-
binations of 3 are estimable, and we will see that the corresponding
linear combinations of ,B are BLUEs of these estimable quantities.

Estimability: Let A = (A1,...,),)T be a vector of constants. The pa-
rameter AT 3 = Zj A;B; is said to be estimable if there exists a vector a
in R™ such that

E(a’y) =ATB, forall B € RP. (1)

Since () is equivalent to al’ X3 = AT3 for all B, it follows that AT 3 is
estimable if and only if there exists a such that X7a = X (i.e., iff A lies in
the row space of X).

This and two other necessary and sufficient conditions for estimability of
AT 3 are given in the following theorem:

Theorem: In the model y = X3 + e, where E(y) = X3 and X is n x p
of rank k < p < n, the linear function A7 3 is estimable if and only if any
one of the following conditions hold:

(i) A lies in the row space of X. Le., A € C(XT), or, equivalently, if
there exists a vector a such that

A=X"Ta.

(i) XA € C(XTX). Le., if there exists a vector r such that
A= (XTX)r.
(iii) A satisfies
XIX(XTX)"A = A,

where (X7X)~ is any symmetric generalized inverse of X7 X.
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Proof: Part (i) follows from the comment directly following the definition
of estimability. That is, (), the definition of estimability, is equivalent to
a’X3 = AT for all B, which happens iff a’X = AT & XA = XTa, &
A€ C(XT).

Now, condition (iii) is equivalent to condition (i) because (i) implies (iii):
(i) implies

AT(XTX)"XTX =al X(XTX)"XTX =alX = AT

=X

which, taking transposes of both sides, implies (iii); and (iii) implies (i):
(iii) says
A=XTX(XTX)"A

\a -

v~
=a

which is of the form X7Ta for a = X(XTX)™ .

Finally, condition (ii) is equivalent to condition (iii) because (ii) implies
(iii): (ii) implies

XTX(XTX)" A = XIX(XTX)"XTXr = XTXr = A;
and (iii) implies (ii): (iii) says

A=XTX(XTX)" A
N——

=a

which is of the form X?Xa for a= (XTX)"\. n
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Example: Let x; = (1,1,1,1)T, x5 = (1,1,1,0)T and x3 = 3x; — 2x5 =
(1,1,1,3)T. Then X = (x1,Xg,X3) is 4 X 3 but has rank of only 2.

Consider the linear combination n = 53; + 362 + 933 = AT3, where
A= (5,3,9)T. n is estimable because A is in the row space of X:

5! 1 1 1 1 1
A=13]=[1 1 1 0 1
9 1 1 1 3 9

e

The parameters 3; and 31 — B2 are not estimable. Why? Because for A7 3
to be estimable, there must exist an a so that

XTa =X\
or T

xla= M\ and

3xia—2x3a = \3

which implies 3\; — 2\ = A3 must hold for A’ 3 to be estimable. This
equality does not hold for 57 = 161 4+ 08y + 083 or for 5y — B2 = 161 +
(—1)B2 + 083. It does hold for A = (5,3,9)T because 3(5) — 2(3) = 9.
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Theorem: In the non-full rank linear model y = X3 + e, the number of
linearly independent estimable functions of 3 is the rank of X.

Proof: This follows from the fact that estimable functins A3 must satisfy
A € C(XT) and dim{C(XT)} = rank(XT) = rank(X). n

e Let x! be the i*" row of X. Since each x; is in the row space of X,
it follows that every xI' 3 (every element of u = X3) is estimable,
1=1,...,n.

e Similarly, from the theorem on p. 165, every row (element) of X7X3
is estimable, and therefore X7 X3 itself is estimable.

e In fact, all estimable functions can be obtained from X3 or X7 X33.

Theorem: In the model y = X3 + e, where E(y) = X3 and X is n X p
of rank k < p < n, any estimable function A7 3 can be obtained by taking
a linear combination of the elements of X3 or of the elements of X7 X3.

Proof: Follows directly from the theorem on p. 166. g
Example: The one-way layout model (effects version).

Consider again the effects version of the (balanced) one way layout model:

le:ﬂ+az+elj7 i:17"'7a7j:17"’7n’

Suppose that a = 3 and n = 2. Then, in matrix notation, this model is

Y11 1 1 0 O

Y12 1 1.0 0 L

yv1 | |1 0 1 O o

v | 11 0 1 0] ag] ™€
Y31 1 0 0 1 (%]

Y39 1 0 0 1
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The previous theorem says that any estimable function of 3 can be ob-
tained as a linear combination of the elements of X3. In addition, by the
theorem on p. 166, vice versa (any linear combination of the elements of

X3 is estimable).

So, any linear combination a’ X3 for some a is estimable.

Examples:

al =(1,0,-1,0,0,0)
al’ =(0,0,1,0,—-1,0)
a’ =(1,0,0,0,—-1,0)
a’ = (1,0,0,0,0,0)
a’ =(0,0,1,0,0,0)

a’ =(0,0,0,0,1,0)

aT)(/6 — (07 1, -1, 0)/6

= Q1 —

a’X3 =(0,0,1,-1)3
= Q2 — Qa3

a’XpB =(0,1,0,-1)3
=1 — Q3

a’XpB =(1,1,0,0)8
= pt o

a’Xp =(1,0,1,0)3
= H+ a2

al’XpB =(1,0,0,1)8
= p+ a3

e So, all treatment means (quantities of the form p+ ;) are estimable,
and all pairwise differences in the treatment effects (quantities of the
form a; — o are estimable in the one-way layout model. Actually,
any contrast in the treatment effects is estimable. A contrast is a
linear combination whose coefficients sum to zero.

e Thus, even though the individual parameters (i, g, as,...) of the
one-way layout model are non-estimable, it is still useful, because
all of the quantities of interest in the model (treatment means and

contrasts) are estimable.



Estimation in the non-full rank linear model:

A natural candidate for an estimator of an estimable function A7 3 is )\TB ,

where B is a solution of the least squares normal equation XTXB =XTy
(that is, where B = (XTX)~XTy for some generalized inverse (XTX)™).

The following theorem shows that this estimator is unbiased, and even
though B is not unique, )\TB is.

Theorem: Let A3 be an estimable function of 3 in the model y =
X3 + e, where E(y) = X3 and X is n x p of rank k < p < n. Let 3 be

any solution of the normal equation XTXB = XTy. Then the estimator
AT3 has the following properties:

(i) (unbiasedness) E(ATB) = AT3; and

(ii) (uniqueness) AT @ is invariant to the choice of 3 (to the choice of
generalized inverse (X7 X)™ in the formula 8 = (XTX)~XTy.

Proof: Part (i):
EATB) = ATE(B) = AT(XTX)"XTXB =T33
where the last equality follows from part (iii) of the theorem on p. 165.

Part (ii): Because AT 3 is estimable, A = X”'a for some a. Therefore,
A3 =a’X(XTX) X"y = a"Pex)y.

The result now follows from the fact that projection matrices are unique
(see pp. 57-58). n

e Note that )\TB can be written as )\TB =r"XTy for r a solution of
XTXr = X. (This fact is used quite a bit in our book).
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Theorem: Under the conditions of the previous theorem, and where
var(e) = var(y) = oI, the variance of AT 3 is unique, and is given by

var(ATB) = o2 AT (XTX) ™A,
where (X7X)~ is any generalized inverse of X7 X.

Proof:

var(AT8) = ATvar(XTX)"X"y)A
= AT(XTX) " XT2IX{(XTX)" A
= P2 AT (XTX) " XTX{(XTX)" 1A
\ ~ >
=2 AT{(XTX)" A
= ofa’ X{(X*X)"}*XTa (for some a)
= ofa’ X(XTX) X a = AT (XTX)" A

Uniqueness: since AT 3 is estimable A = X”a for some a. Therefore,
var(ATB) = ?AT(XTX)~ A
= o?al X(XTX)"X%a = azaTPC(X)a

Again, the result follows from the fact that projection matrices are unique.
|

Theorem: Let AT3 and AZ'3 be two estimable function in the model
considered in the previous theorem (the spherical errors, non-full-rank lin-
ear model). Then the covariance of the least-squares estimators of these

quantities is X X
coviAT 3, AT 3) = *AT(XTX) ™ As.

Proof: Homework. g
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In the full rank linear model, the Gauss-Markov theorem established that

AT3 = AT(XTX)~ !XTy was the BLUE of its mean AT3. This result
holds in the non-full rnak linear model as well, as long as A7 3 is estimable.

Theorem: (Gauss-Markov in the non-full rank case) If AT 3 is estimable

in the spherical errors non-full rank linear model y = X3 + e, then )\TB
is its BLUE.

Proof: Since AT is estimable, A = XTa for some a. )\TB = aTXB is a
linear estimator because it is of the form

)\TB = aTX(XTX)_XTy = aTPC(X)y =cly

where ¢ = P (x)a. We have already seen that )\T,B is unbiased. Consider
any other linear estimator d”y of AT 3. For d”y to be unbiased, the mean
of dT'y, which is E(dTy) = dT X3, must satisfy E(dTy) = AT 3, for all 3,
or equivalently, it must satisfy d” X3 = AT 3, for all B, which implies

d'X =",
The covariance between )\TB and dTy is
cov(IATB,d"y) = cov(c’y,dTy) = 62c"d
= AT (XTX)"XTd = AT (XTX) ™A
Now
0 < var(AT3 — d”y) = var(AT3) + var(d”y) — 2cov(A\T3,d"y)
= AT (XTX)" A +var(dTy) — 202 AT (XTX) ™A
= var(dTy) — 2 AT (XTX) ™A

7

:var()\T,B)

Therefore, A
var(dly) > var(AT3)

with equality holding iff dZy = AT3. Le., an arbitrary linear unbiased
estimator d”y has variance > to that of the least squares estimator with
equality iff the arbitrary estimator is the least squares estimator. g
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ML Estimation:

In the not-necessarily-full-rank model with normal errors:
y=XB+e, e~ N,(0,0°1,), ()

where X is n x p with rank k& < p < n, the ML estimators of 3, 02 change
as expected from their values in the full rank case. That is, we replace
inverses with generalized inverses in the formulas for the MLEs B and 62,
and the MLE of 3 coincides with the OLS estimator, which is BLUE.

Theorem: In model (*) MLEs of 3 and o2 are given by

B=(X"X)"X"y,
1 . . 1 A
0t =~y = XB)" (v - XB) = —[ly - XB||”

n
Proof: As in the full rank case, the loglikelihood is

n n 1
UB,0%y) = % og(2r) — T log(0®) — - 5 |ly — XA
o

(cf. p. 110). By inspection, it is clear that the maximum of £(3,0%;y)
with respect to 3 is the same as the minimizer of ||y — X/3||?, which is
the least-squares criterion. Differentiating the LS criterion w.r.t. 3 gives
the normal equations, which we know has solution 8 = (X7X)~XTy.
Plugging 3 back into £(3, 02;y) gives the profile loglikelihood for o2, which
we then maximize w.r.t. o2. These steps follow exactly as in the full rank
case, leading to 62 = L||y — X312 n

e Note that B3 is not the (unique) MLE, but is an MLE of 3 corre-
sponding to one particular choice of generalized inverse (X7 X)~.

e 52 is the unique MLE of o2, though, because 2 is a function of

X3 = X(XTX)"XTy = p(y|C(X)), which is invariant to the choice
of (XTX)~.
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s2 = MSE is an unbiased estimator of 2:

As in the full rank case, the MLE 62 is biased as an estimator of ¢?, and
is therefore not the preferred estimator. The bias of 62 can be seen as
follows:

B(6%) = Bily - XB)"(y - X))

- %E{[(I - X(XTX)XT)y)" (1 - X(XTX)"XT)y}

\ -

~

P

c(x)+
1
= EE{yTPC(X)LY}
1 :
= — {0 dim[C(X)"] + (XB)P¢x)+ (XB)
n N——
eC(X)
1, . 1, on —k
= —0“(n —dim[C(X)]) + 0= —0“(n —rank(X)) = o :
n n n
Therefore, an unbiased estimator of o2 is
9 no, 1 N - SSE

Theorem: In the model y = X3 + e, E(e) = 0, var(e) = ¢*I, and where
X is n x p of rank k < p < n, we have the following properties of s:

(i) (unbiasedness) E(s?) = o2.
(i) (uniqueness) s? is invariant to the choice of 3 (i.e., to the choice of
generalized inverse (XTX)™).

Proof: (i) follows from the construction of s? as n6?/(n — k) and the bias
of 52. (ii) follows from the uniqueness (invariance) of 62. n
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Distributions of B and s2:

In the normal-errors, not-necessarily full rank model (*), the distribution

of B and s? can be obtained. These distributional results are essentially
the same as in the full rank case, except for the mean and variance of 3:

Theorem: In model (*),

i) For any given choice of (X7X)™,
(i) y 8

B~ N, [(XTX)"XTXg3,0?(XTX)"XTX{(XTX)"}7T],

(ii) (n—k)s*/o? ~x*(n — k), and
(iii) For any given choice of (XTX)~, B3 and s? are independent.

Proof: Homework. Proof is essentially the same as in the full rank case.
Adapt the proof on p. 115. n

e In the full rank case we saw that with normal with spherical var-cov
structure, 3 and s? were minimimum variance unbiased estimators.
This result continues to hold in the not-full-rank case.
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Reparameterization:

The idea in reparameterization is to transform from the vector of non-
estimable parameters 3 in the model y = X3 + e where X is n X p with
rank k < p < n, to a vector of linearly independent estimable functions of

3:
u; B
uy
. | =UB="y
uf,@
Here U is the k x p matrix with rows u?,..., uf, so that the elements of

~ = U@ are a “full set” of linearly independent estimable functions of 3.

The new full-rank model is
y =Z~ +e, (*)

where Z is n x k of full rank, and Z+v = X3 (the mean under the non-full
rank model is the same as under the full rank model, we’ve just changed
the parameterization; i.e., switched from 3 to ~.)

To find the new (full rank) model matrix Z, note that Zv = X3 and
~ = UgQ for all B imply

ZUB=X3, forall3, = ZU=X
= ZUuUuT =XxUu”
= Z=XUu"(uuh)

e Note that U is of full rank, so (UUT)~! exists.
e Note also that we have constructed Z to be of full rank:
rank(Z) > rank(ZU) = rank(X) = k

but
rank(Z) < k, because Z is n X k.

Therefore, rank(Z) = k.
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Thus the reparameterized model (*) is a full rank model, and we can obtain
the BLUE of E(y) as

po=Pozy=2Z"2)"'Z"y,

and the BLUE of ~ as
y=(2"2)"'Z"y.

If we are interested in any other estimable function of the original param-
eter B than those given by v = U3, such quantities are easily estimated
from 4. Any estimable function AT 3 must satisfy AT = a’X for some a.
So

Mg =alXpB =alZv=bl~y

for b = ZTa. Therefore, any estimable function A7 3 can be written as
b7~ for some b and the BLUE of AT 3 is given by

A3 =bT4.

e Note that the choice of a “full set” of linearly independent estimable
functions U3 = - is not unique. We could choose another set of LIN
estimable functions V3 = §, and then reparameterize to a different

full rank linear model y = Wé + e where W§ = Z~v = X3. Any
reparameterization leads to the same estimator of AT 3.
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Example: The Two-way ANOVA Model

In a two-way layout, observations are taken at all combinations of the
levels of two treatment factors. Suppose factor A has a levels and factor B
has b levels, then in a balanced two-way layout n observations are obtained
in each of the ab treatments (combinations of A and B).

Let y; ;1 = the k™ observation at the i'"' level of A combined with the ;"
level of B.

One way to think about the analysis of a two-way layout, is that if we
ignore factors A and B, then what we have is really just a one-way experi-
ment with ab treatments. Therefore, a one-way layout-type model, with a
mean for each treatment can be used. This leads to the cell-means model
for the two-way layout, which is a full-rank model:

Yijk = Mij + €ijk, r=1,...,a,5=1,...,0,k=1,... n.

Often, an effects model is used instead for the two-way layout. In the
effects model, the (4,)*" treatment mean is decomposed into a constant
term plus additive effects for factor A, factor B, and factor A combined
with factor B:

pij = 1+ a; + B + (af)ij
This leads to the effects model for the two-way layout:

yijk:H+ai+ﬁj+(a6)ij+eij’ka i:].,...,a,j:1,...,[7,]{3:1,...,71.
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= 2. Then the effects model is
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Obviously, the effects model is overparameterized and X is not of full rank.
In fact, rank(X) = ab = 6.

One way to reparameterize the effects model is to choose 7 to be the vector
of treatment means. That is, take

1 p+ar+ B+ (af)n
Yo p+ oy + B2 + ()12
N |32 p+aq + Bz + (af)i3
V4 p+ ao + B1 + ()21
V5 p+ as + B2+ ()2
Y6 w4 oo + B3 + ()23
0
()
o %
1 1 0 1.0 0 1 0 O O O O 061
1 1 0 01 00 1 O O 0 O 155
110001001000 B | _ug
"1 01100000100 @] 7
1 010100000 1O0]]| (@B
1 01 0010000 O0 1/ | (aBs
(af)21
(045)22
\(aﬁ)%)

To reparameterize in terms of ~, we can use

/100000
100000
0100 0 0
01000 0
001000
00100 0 1

Z=10001 0 0 _IG®(1>'
000100
000010
000010
000001
\0 000 0 1/
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I leave it to you to verify that Z+ = X3, and that ZU = X.

e Note that this choice of v and Z amounts to a reparameteriza-
tion from the effects model y = X3 + e to the cell-means model
y = Z~v +e. Thatis, v = (v1,...,7)7 is just a relabelling of

(11, 125 13, f21, 22, f23) T .

e Any estimable function A7 3 can be obtained as bT~ for some b.
For example, the main effect of A corresponds to

X' = {1+ 5[(@0) + (@8)1z + (@P)1al} — {02 + 5[(@0)a1 + ()22 + (aP)as])
= {a1 + (af),.} — {az + (af),. }

(that is, A = (0,1,-1,0,0,0, 5, 3,3, —%,—3,—3)7),which can be

written as b7y for b= (4,3, 4

Side Conditions:

Another approach for removing the rank deficiency of X in the non-full
rank case is to impose linear constraints on the parameters, called side
conditions. We have already seen one example (pp. 162-163): the one-
way effects model with effects that sum to zero

Vij = b+ o +eg, Y a; =0,
J

fori=1,...,a,7=1,...,n.

Consider the case a = 3 and n = 2. Then the model can be written as

Y11 1 1 0 O

Y12 1 100 0

yv21 | |1 0 1 O o B
e | =11 01 0 o +e, where a1+ as+ az=0.
Y31 1 0 0 1 3

Y392 1 0 O 1/
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Imposing the constraint ag = —(«a1 + a2) on the model equation, we can
rewrite it as

1 1 0
1 1 0
1 0 1 H
y — 1 O 1 aq —l_e)
1 -1 —1 | \™*
1 -1 -1

\ g
-~

=X

where now we are back in the full rank case with the same model space,
since C'(X) = C(X).

Another Example - The Two-way Layout Model w/o Interaction:

We have seen that there are two equivalent models for the two-way layout
with interaction: the cell-means model,

1=1,...,a
Yijk = Mij + €ijk, J=1,...,b (*)
k= 17~-~7nij
and the effects model
Yijk = b+ o + 55 + vij + €ijk. (%)

e Model (**) is overparameterized and has a non-full rank model ma-
trix. Model (*) is just-parameterized and has a full rank model
matrix. However, they both have the same model space, and are
therefore equivalent.

e We’ve now developed theory that allows us to use model (**) “as
is” by restricting attention to estimable functions, using generalized
inverses, etc.

e We've also seen that we can reparameterize from model (**) to model

(*) by identifying the p;;’s where p;; = p+ o + 35 +7i; as a full set
of LIN estimable functions of the parameters in (**).
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Another way to get around the overparameterization of (**) is to impose
side conditions. Side conditions are not unique; there are lots of valid
choices. But in this model, the set of side conditions that is most comonly
used is

Zai:07 Zﬁjzoa
i J

Z%’j =0 for each j, and Z’yij =0 for each i.
¢ j

As in the one-way effects model example, substituting these constraints
into the model equation leads to an equivalent full rank model.

e These side conditions, and those considered in the one-way model,
are often called the “sum-to-zero constraints”, or the “usual con-
straints”, or sometimes “the anova constraints”.

e The sum-to-zero constraints remove the rank deficiency in the model
matrix, but they also give the parameters nice interpretations. E.g.,
in the on-way layout model, the constraint ) . a; = 0 forces p to fall
in the middle of all of the u + «;’s, rather than being some arbitrary
constant. Thus, u is the overall mean response averaged over all of
the treatment groups, and the «;’s are deviations from this “grand
mean” associated with the i'" treatment.

In both the one-way model and the two-way model with interaction, there’s
an obvious alternative (the cell-means model) to reparameterize to, so per-
haps these aren’t the best examples to motivate the use of side conditions.

A better example is the two-way model with no interaction. That is,
suppose we want to assume that there is no interaction between the two
treatment factors. That is, we want to assume that the difference between
any two levels of factor A is the same across levels of factor B.
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How could we formulate such a model?

The easiest way is just to set the interaction effects 7;; in the effects model
(**) to 0, yielding the (still overparameterized) model

Yijk = 1+ o + 55 + ek (% * *)

e In contrast, it is not so easy to see how a no-interaction, full-rank
version of the cell-means model can be formed. And, therefore, repa-
rameterization from (***) is not an easy option, since its not so
obvious what the model is that we would like to reparameterize to.

Side conditions are a much easier option to remove the overparameteriza-
tion in (***). Again, the “sum-to-zero” constraints are convenient because
they remove the rank deficiency and give the parameters nice interpreta-
tions.

>|<>|<>I<)

Under the sum-to-zero constraints, model ( becomes

_ 2 ;@i =0
Yijk = p+ o + G5 + €ijk, Zj B;=0 (1)

In model (f) we can substitute

a—1 b—1
aa:—Zai and ﬁb:—Zﬁj
i=1 j=1

into the model equation

1=1,...,a
yijk:/i+05¢+ﬁj+6@'jk, jzl,...,b
kzl,...,nij
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For example, consider the following data from an unbalanced two-way
layout in which rats were fed diets that differed in factor A, protein level
(high and low), and factor B, food type (beef, cereal, pork). The response
is weight gain.

High Protein Low Protein

Beef Cereal Pork Beef Cereal Pork

73 98 94 90 107 49
102 74 79 76 95 82
56 90

Letting a; represent the effect of the i*" level of protein and B; be the effect
of the j*® food type, the model matrix for model (***) (the unconstrained
version of model (1)) based on these data is

11 0 1 O O\
110 1 0 O
110 0 1 O
1 10 0 1 O
110 0 1 O
1 1 0 0 0 1
11 0 0 0 1
X = 1 01 1 0 O
1 01 1 0 O
101 1 0 O
1 01 0 1 0
1 01 0 1 0
1 01 0 0 1

\1 0 1 0 O 1)
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If we add the constraints so that we use the full-rank model (}) instead of
(***) we can substitute

ag = —ayp, and (3= 031 — B

so that the model mean becomes

L \ 1 0 0 O
o1 0 1 0 0 b
—Q1 . 0 -1 0 0 a1
1os [T% o 0 1 0 ||a
Ba 0o 0 0 1 Ba
Y, 0 0 -1 -1
Therefore, the constrained model (1) is equivalent to a model with uncon-

strained parameter vector (u,aq, 31, 32)T and full rank model matrix
(1 1 1 0 \
1 1 1 0
1 1 0 1
1 1 0 1
1 0 0 0 1 1 0 1
0 1 0 0 1 1 -1 -1
S 0 -1 0 0 1 1 -1 -1
X=X 0 0 1 0 I B R | 0
0 0 0 1 1 -1 1 0
o 0 -1 -1 1 -1 1 0
1 -1 0 1
1 -1 0 1
1 -1 -1 -1
\1 -1 -1 —1/

e Another valid set of side conditions in this model is
iy = 07 63 = 0.

I leave it to you to derive the reduced model matrix (the model ma-
trix under the side conditions) for these conditions, and to convince
yourself that these side consitions, like the sum-to-zero constraints,
leave the model space unchanged.
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e In the previous example, note that the two sets of side conditions

WeEre
7!
aq
01100 0\|al| a1 + s /0
00 0 1 1 1 G| \Bi+B+p)  \O
165
B3
and
7
041\
00100 0\|a| [a) [0
00000 1 gl \ps)  \o)-
B
8s/

In each case, the side condition was of the form T3 = 0 where T3
was a vector of non-estimable functions of 3.

This result is general. Side conditions must be restrictions on non-estimable
functions of 3. If constraints are placed on estimable functions of 3 then
this actually changes the model space, which is not our goal.

e Note also that in the example the rank deficiency of X was 2 (X had
6 columns but rank equal to 4). Therefore, two side conditions were
necessary to remove this rank deficiency (the number of elements of

T3 was 2).
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In general, for the linear model
y=XB+e, E(e)=0, var(e)=oc"l,,

where X is n X p with rank(X) = k < p < n, we define side conditions
to be a set of constraints of the form T3 = 0 where T has rank ¢ where
q = p — k (¢ =the rank deficiency), and

i. rank (?I,() = p, and

ii. rank ()T(> = rank(T) + rank(X).

e Note that (i) and (ii) imply T3 is nonestimable.

Theorem: In the spherical errors linear model y = X3 4+ e where X is
n X p of rank k < p, the unique least-squares estimator of 3 under the side
condition T3 = 0 is given by

B=X"X+17T)'X"y.
Proof: As in problem 8.19 from your homework, we can use the method

of Lagrange multipliers. Introducing a Lagrange multiplier A, the con-
strained least squares estimator of 3 minimizes

u=(y - XB8)"(y - XB) + AT(TB - 0)
Differentiating v with respect to 3 and X leads to the equations
1
XTX3 + §TT>\ =XTy
TS =0,

which can be written as the single equation
XT'xX TT B\ [(Xly
T 0 sA) L0 )
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Under the conditions for T3 = 0 to be a side condition, it can be shown

T T
that (XTX 'I(‘) ) is nonsingular with inverse given by

XTX TT\ ' (HXTXH! HITT
T 0 - TH! o )

where H = XTX 4+ TTT. (See Wang and Chow, Advanced Linear Models,
§5.2, for details.)

Therefore, the constrained least-squares equations have a unique solution

given by
B\ _(HXTXH! H'TT) (XTy
A TH™! 0 0

_ (HIXTXH'XTy\ (H X'y
- TH X"y - 0

Here, the last equality follows because

i XTXH 1XT = XT and
ii. TH 1XT = 0.
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To show (i) and (ii) let X; be a k X p matrix containing the linearly
X1

independent rows of X and let L = ( T

) . Then L is a p X p nonsingular

matrix.

There exists an n x k matrix C such that X = CX; = (C,0)L. In addition,
we can write T = 0X; + T = (0,1,)L.

Therefore,

T
XX -7 (¢ €0 L, and TIT=1L7 0 03y,
0 O 0 I,

Note that CT'C is nonsingular (this follows from result 3 on rank, p. 15),
so direct calculation gives

0 0

(L O (C"\ 7 (C"\ _ 1
=15 o) (%)= () =x
establishing (i) and

T(X'X + T7T)"'XT
o i (€5 )wn e () -

which establishes (ii). m
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Example - Weight Gain in Rats (Continued):

Returning to the data of p. 186, we now have two equivalent methods of
obtaining the unique least-squares parameter estimates of the constrained

model: 5 0
i Qi =
Yijk = b+ a; + B + eijk, Zj 3, =0 (1)

First, we can solve the constraints to yield

ag = —op, and (3= —0F; — Ba.

Substituting into the model equation gives the full rank model matrix X
given on p. 187. Thus the least-squares estimate for the unconstrained
parameter vector & = (u, aq, 81, 32)7 based on model (1) is given by

82.733
—0.941
3.278
3.455

6= (XTX)"'X"y =

Alternatively, we can use the method of Lagrange multipliers to obtain the
least-squares estimate of the original parameter vector 3 = (u, a1, as, 81, B2, O3
subject to the constraints. This estimator is given by

)T

B=X"X+T'T)"'X"y ()

where T is the constraint matrix given on the top of p. 187:
0O 1. 1 0 0 O
T= (0 0 0 1 1 1 >

Substituting the original model matrix X from p. 186 and T into () we

obtain
82.733

—0.941
7 0.941
P = 3.278

3.455

—6.733
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e Note that the solution B is one (of infinitely many) valid solutions
to the unconstrained model (***). It corresponds to one possible
choice of generalized inverses for X7 X.

e In particular it corresponds to choosing (XTX + TTT)~! as the
generalized inverse of X7 X. That (XTX + TTT)™! is a generalized
inverse of XX follows from result (i) on p.190. By (i),

XITX(XTX +TTT)'XTX = XTX

=XT

which is the defining property of a generalized inverse.

e Whichever approach we take, we obtain the same estimate of pu =
X3 and of any estimable functions of 3 (for example, a; — s, the
difference in treatment effects for high and low protein) in our orig-
inal overparameterized model. See ratsexamp.txt.

Hypothesis Testing:

For inference, we need distributional assumptions, so throughout this sec-
tion we assume the non-full rank linear model with normal errors:

y = X3 +e, eNNn(0702In)7 (‘)

where X is n X p with rank k£ < p < n.
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Testable hypotheses:

Suppose we are interested in testing a hypothesis of the form

H()C,BZO

e Not all such hypothesis are testable. E.g., if C3 is nonestimable (is
a vector with non-estimable elements) then Hy cannot be tested.

e This should come as no surprise. E.g., in the one-way layout model
Yij = M+ oy + e;; without any constraints, we cannot test p = pg
because p is not identifiable. p could be any one of an infinite number
of values without changing the model (as long as we change the a;’s
accordingly), therefore how could we test whether its equal to a given
null value?

A hypothesis is said to be testable when we can calculate an F'—statistic
that is suitable for testing it. There are three conditions that C must
satisty for Hy to be testable:

1. CB must be estimable (must have estimable elements).
= CT must lie in the row space of X.
= there must exist a A so that CT = XT A or, equivalently, C =
ATX for some A.
(It would be meaningless to test hypotheses on nonestimable hy-
potheses anyway.)
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2. C must have full row rank. IL.e., for C mxp, we require rank(C) = m.
= this ensures that the hypothesis contains no redundant state-
ments.

— E.g., suppose B is 3 x 1 and we wish to test the hypothesis
that 81 = B2 = 3. We can express this hypothesis in the form
Hy : CB for (infinitely) many choices of C. A valid choice of

C is
1 -1 0
C= (0 1 —1)
Notice that this 2 x 3 matrix has row rank 2.

An invalid choice of C is
1 -1 0
C=10 1 -1
1 0 -1

Notice that the last row is redundant (given that 3; = (G2 and
B2 = 3 its redundant to require that 5; = (33), and rank(C) =
2.

3. C must have no more than rank(X) = k rows.
This is because, in general, one can only construct up to rank(X)
linearly independent estimable functions.

Subject to these conditions, Hj is testable. As in the full rank case, there
are two equivalent approaches to testing Hy:

1. Formulate a test statistic based on a comparison between CB and
its null value 0.

2. Recast the null hypothesis Hy : C8 = 0 in an equivalent form Hj :
p €V for p = E(y) = X3 and an appropriate subspace V) C V =
C(X). That is, translate testing Hy into a full vs. reduced model
testing problem.

e In the full rank case we described both of these approaches. Because
of time constraints, we’ll only describe approach 1 in the non-full
rank case, but approach 2 follows in much the same way as before.
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The General Linear Hypothesis:
As in the full rank case, our F' test is based on the quadratic form
{CB — Eo(CP)} {vare(CA)} {CP — Eo(CB)}
= (CB)" {varo(CB)} ' (CB)

(Here the 0 subscript indicates that the expected value and variance are
computed under Hy : C8 = 0.)

The theorem leading to the F' statistic is as follows:

Theorem: In model (#), if C is m x p of rank m < k = rank(X) such

that C3 is a set of m LIN estimable functions, and if B = GXTy, for
some generalized inverse G of X7 X, then

(i) CGCT is nonsingular and invariant to the choice of G;
(i) CB ~ N,,(CB,s*CGCT);
(iii) SSH/o? = (CB)T(CGCT)"1CB/o% ~ x2(m, ), where

A= (CcB)T(cGCT)~'Ccp/(20%);

(iv) SSE/0? = yT' (I - XGXT)y/o? ~ x?(n — k); and
(v) SSH and SSE are independent.
Proof:

(i) Since CA is a vector of estimable function, there must exist an A so
that C = ATX. Therefore,

CGC" = ATXGX"A = A"Pox)A,

which is unique. To show CGCT is nonsingular we show that it is
of full rank.
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(i)

In general, we have the following two results about rank: (i) for any
matrix M, rank(M7M) = rank(M7); and (ii) for any matrices M
and N, rank(MN) < rank(M).

In addition, G can be chosen to be a symmetric generalized inverse
of XTX (this is always possible), so G can be written G = LTL for
some L.

Therefore,

rank(CGC7T) = rank(CLTLC?) = rank(CL")
> rank(CL”L) = rank(CG) = rank(ATXG)
> rank(ATXGXTX) = rank(ATX) = rank(C) = m

So we've established that rank(CGC?) > m. But, since CGC? is
m x m it follows that rank(CGCT) < m. Together, these results

imply
rank(CGCT) = m.

By the theorem on p. 176,
B~ N,[GXTX3,s2GXTXG].

Therefore, Since CB is an affine transformation of a normal, and
C = ATX for some A,

CB ~ N,,[CGXTX3,s*CGXTXGCT]
= N, [AT XGXTX 3,0 AT XGXTX GXT A]
N—_—— N—_——
= N,,,(CB,0*CGCT].
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(iii) By part (i), var(CB) = 602CGCT. Therefore, SSH/o? is a quadratic
form in a normal random vector. Since,

o?[CGCT]ICcGCT /o? =1,
the result follows from the theorem on the bottom of p. 81.
(iv) This was established in part (ii) of the theorem on p. 176.

(v) Homework. n

Putting the results of this theorem together, we obtain the F' statistic for
testing Hy : C3 = 0 for Hy a testable hypothesis:

Theorem: In the setup of the previous theorem, then the F' statistic for
testing Hy : C3 = 0 is as follows:

_ SSH/m
b= SSE/(n — k)
_ (ep)T[caeT]Ieg/m
SSE/(n — k)

~ F(m,n —k,\),
where G is a generalized inverse of X7 X and

A\ = #(C/@)T(CGCT)_I(C,B) in general
0 under Hy.

Proof: Follows directly from the previous theorem and the definition of
the noncentral F' distribution. g

e As in the full rank case, this I’ statistic can be extended to test a
hypothesis of the form Hy : C3 = t for t a vector of constants,
CQ estimable, and C of full row rank. The resulting test statistic is
identical to I above, but with CB replaced by CB —t.
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Breaking up Sums of Squares:

Consider again the problem of testing a full versus reduced model. That
is suppose we are interested in testing the hypothesis Hy : B2 = 0 in the
model

y =XB+e=(Xy,X) (g;) +e

= X181 +X28, +e, e~ N(0,0°1) (FM)
Under Hj : B2 = 0 the model becomes

y =X.8; +e*, e~ N(0,0°I) (RM)

The problem is to test
Hy:peC(Xy) (RM) versus Hp:p ¢ C(Xyq)

under the maintained hypothesis that p € C(X) = C([X1, X2]) (FM).

When discussing the full rank CLM, we saw that the appropriate test
statistic for this problem was

_ly - yol?/h ¥y (Pox) — Poxy))y/h

F =
52 y"I=Pcx))y/(n—p)
N F(h,n —p), under Hy; and
F(h,n—p,A\1), under Hy,
where 1 1
AN = —||(P P 2= |lp — pol)?
1= 5,2 I ( C(X) C(Xl))NH 952 e — poll%,

h = dim(3;) = rank(Xs) = rank(X) — rank(X;), and p = dim(8) =
rank(X) = the number of columns in X (which we called k+1, previously).
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More generally, in the not-necessarily full rank CLM where X is n X p with
rank(X) = k < p < n, this result generalizes:

9 = goll2/m
52
v (Pex) — Poxy)y/m
- yI(I-Pex))y/(n—k)
N { F(m,n — k), under Hy; and
F(m,n —k, A1), under Hy,

F

where Ay is as before and m = {rank(X) — rank(X;)}.

Recall that the squared projection length yT(PC(X) — Pe(x,))y in the
numerator of this F' statistic is equal to

SS(Bs|B1) = SSR(FM) — SSR(RM) = SSE(RM) — SSE(FM)

_ 88(P2]P1)/m
so that F' = %gﬂ )

The quantity SS(B2|31) goes by several different names: the extra regres-
sion sum of squares or the reduction in error sum of squares due to (3o
after fitting 31, and several different notations: R(3|31), SSR(X2|X1),
etc.

Regardless of the notation or terminology, SS(82|31) is a sum of squares
that quantifies the amount of variability in y accounted for by adding
X532 to the regresion model that includes only X;3;.

That is, it quantifies the contribution to the regression model of the ex-

planatory variables in X5 above and beyond the explanatory variables in
Xi.
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The contributions of distinct sets of explanatory variables to the model are
typically captured by breaking up the overall regression (or model) sum
of squares into distinct components.

This is useful quite generally in linear models, but especially in ANOVA
models where the response is modeled in terms of one or more class vari-
ables or factors. In such cases, the model sum of squares is decomposed
into sums of squares for each of the distinct sets of dummy, or indicator,
variables necessary to capture each of the factors in the model.

For example, the following model is appropriate for a randomized complete
block design (RCBD)

Yij = 1+ 05 + o + €35
where y;; is the response from the ith treatment in the jth block, and 3;

and «; are block and treatment effects, respectively. This model can also
be written as

Yy = tjn + Bib1 + -+ Bpyby + a1ty + - F gty + e (%)

In this context, the notation SS(«|f3, 1) denotes the extra regression sum
of squares due to fitting the ays after fitting p and the (s and is given by

SS(alB, p) =y (Pex) — Poxy))y
where X1 = (jn,bl, - ,bb) and X = (Xl,tl, ce ,ta).

e Sums of squares like this one that can be computed by fitting suc-
cessively more complex models and taking the difference in regres-
sion/model sum of squares at each step are called sequential sums of
squares.

e They represent the contribution of each successive group of explana-

tory variables above and beyond those explanatory variables already
in the model.

201



Any model that can be written as

y=XB+e=X01+ X082+ X383+ --+e

has a sequential sum of squares decomposition. That is, the regression or
model sum of squares SSvodel = yTPC(X)y = ||PC(X)yH2 can always be

decomposed as follows:
SSModel = HPC(X)YH2
= [Pex)ylI* + I(Pox, x,) — Pox,)yll?

+ H(PC(Xl,Xg,XS) - PC(Xl,XQ))YH2 + ...
or  SSModel = SS(81) + SS(B2181) + SS(Bs|61,32) + - - -

e Note that by construction, the projections and squared lengths of
projections in such a decomposition are independent because the
spaces onto which we are projecting are mutually orthogonal.

e Such a decomposition can be extended to any number of terms.
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Consider the RCBD model (*). This model can be written as

y =X 161 + X202 + X303 + e

where )
X1 =JN, X2:(b1,...,bb>, ng(tl,...,ta)

and /61 = M, /82 = (517 s 7ﬁb)T7 and /63 = (0517 S 7aa)T'

The sequential break-down of the model sum of squares here is

SShiode = SS(1) + SS(Bl) + SS(alB, p) (s4)

- = ao = 0. The null model

Consider the null hypothesis Hy : a3 = --
B+ Bj + eij.

corresponding to this hypothesis is y;;

Fitting just the null model we have

58Modelo = S5 (1) +55(8|p).

Note that SSE = SS7 — SSModel, where SS = HyH2 is the total (uncor-
rected) sum of squares. Therefore, the difference in error sums of squares
between the null model and the maintained model is

SSEq — SSE = (SST — SSModelo) — (SST — SSModel)
= S SModel — SSModelo = SS(a|f, ).

e That is, SS(a|B, ) is an appropriate sum of squares for the nu-
merator of the F'— test for testing y;; = p + 35 + €;; versus y;; =
p+ B+ ag + e

e Similarly, we can test y;; = pu + e;; versus y;; = p + 3 + e;; using
SS(B|w) as the numerator sum of squares.

e Finally, we can test y;; = p+e;; versus y;; = u+ 85 + a; + €;; using

SS(a, Blu) = SS(alB, 1) + SS(Blp).
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This last test is a test for significance of the entire model (other than the
constant term), or the overall regression test we have already encountered.

The sequential sums of squares used in decomposition (**) are known as
Type I sums of squares. This terminology is from SAS, but it has taken
hold more generally.

Notice that with Type I (sequential) sums of squares we can decompose
S'SModel €ither as

SSModel = SS5(p) + 5S(Blp) + S5(l B, 1)

or as

SSModel = SS (1) + 55 (a|p) + SS(Bla, p)

e That is, if we happen to add the block effects to the model first, then
the appropriate test statistic is based on SS(«|f8, ). If we happen
to add the treatment effects first then the test is based on SS(«|u).

e In addition, although SS(«|B, ) = SS(a|u) for some models (e.g.,
balanced ANOVA models), such a result is not true, in general.

— Clearly, there’s something dissatisfying about obtaining differ-
ent tests based on the order of the terms in the model.

— There’s an asymmetry in the way that the a’s and (’s are
treated in the Type I SSs.

e In contrast we might choose to always test the a’s based on SS (a3, u)
and to test the 3’s based on SS(f|a, u).

e Sums of squares like SS(«a|f, 1) and SS(B|a, i) are called Type II
sums of squares in SAS.
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e Type II §S5’s correct the order-dependence of Type I §S’s. In the
RCBD mode, for example, Type II SS’s treat main effects for blocks

(SS(B|a, 1)) and treatments (SS(«|B, 1)) in a symmetric way.

e For a full definition of Type II SS’s we need to understand what a
hierarchical model is.

Hierarchical models: Hierarchical models are models in which the in-
clusion of any interaction effect necessarily implies the inclusion of all
lower-level interactions and main effects involving the factors of the origi-
nal interaction.

e E.g., in the context of a two-way layout, the usual model has main
effects a; and 3; for the levels of each of the two factors A and B, and

interaction effects («f3);; corresponding to A * B. However, there is
nothing to prevent us from considering simpler models.

e The model
Yijk = W+ o5 + (Oéﬁ)ij + €ijk

is not a hierachical model, because we have included an A * B inter-
action, but no main effect for factor B. In a hierarchical model, the

inclusion of (af3);; requires the inclusion of both «; and ;.

e Similarly, suppose we have a three-way layout. The full hierarchical
model is

Yijkt = B+ i+ B + vk + (aB)ij + (y)ik + (87) ji + (aB7y)ijr + €ijri

Here, i, is an effect for the k' level of factor C, (ary)ix and (87)k
are two way interactions for A * C' and B * C, and (af37);;i is the

three-way interaction A x B x C. Two examples of non-hierarchical
three-factor models are

Yijkt = 1+ o + B + v + (afB)ij + (87)jk + (aB7)ijr + eijri
and  yijn = p+ a; + vk + (B)ij + (@y)in + (87)ijk + €ijii
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e [ believe (and most statisticians would agree) that, in general, it

is best to restrict attention to hierarchical models unless there is a
compelling reason that in a particular application the omission of a

lower-order term makes sense (e.g., is suggested by some theory or
known fact from the context of the problem).

— This principle is similar to the notion that in a polynomial
regression model: y; = Bo + f1z; + Bax? + - + Bexl + e
one should not consider any model in which a term Gpa¥ is

included, but where any of the terms (g, G125, ... ,ﬁk_le_l
are excluded.

Type I1 §5’s computes the SS for a factor U, say, as the reduction in SS’s
obtained by adding a term for factor U to the model that is the largest
hierarchical model that does not contain U.

e E.g., in the two-way layout, the Type IT SS’s are

554 =55(alf,p), SSp=S5(Bla,pn), SSap = SS5((af)|a, B, 1)

— Notice that there is no longer an order effect. Factor B is
adjusted for A and factor A is adjusted for B.

e Another example: in the three-way layout, the Type II SS’s are

SSA :SS<04|LL,ﬂ,’7, (6’7))7 SSB :SS(MI%OQ% (Oé’}/)), SSC :SS(’Y‘M7Q757 (Oéﬁ))
SSap = SS((aB)|p, a, B,7v, (), (B7)) SSac = SS((ay)|u, a, 8,7, (aB),(B7))
SSpc = SS((BY)|i, o, 8,7, (af), (ay)) SSapc = SS((afy)|u, a, 8,7, (aB), (o), (87))
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Type IIT S§5’s:

When using ANOVA models for the analysis of experimental data, the
scientific focus is often on comparing mean responses across different levels
of the treatment factors (e.g., low, medium high doses of a drug; presence

vs. abscence of fertilizer,; etc.).

In an expperiment with only one treatment factor, the levels of that fac-
tor are the treatments, and means across these treatments are typically of
interest. However, in a factorial design, the treatments are the experimen-
Eal conditions correspondlng to combinations of the levels of two or more
actors.

e E.g., in a two-way layout with two factors, A and B, with a and b
levels, respectively, we may be interested in comparing means across
the treatments, where the treatment means correspond to the cells
of the following table

Levels of Levels of Factor B
Factor A 1 2 e b
1 H11 12 e H1b Hi.
2 H21 22 e H2b 2.
a Hal Ha2 e Hab Ha-
fi1 fi.2 ce fip

Here, (1,5 is the population mean for the 7, jth treatment, or the treatment

corresponding to the ith level of factor A combinaed with the jth level of
factor B. These p;; are the parameters of the full-rank cell means model:

yijk‘ :ﬂij+eijk7 1= 1,...,a,j: 1,...,b,]€: 1,...,7’Lij
or, in terms of the overparameterized effects model,

Yijk = p+ 0+ B; + (aﬁ)iz+€ijk
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While it is often of interest to compare treatment means (e.g., to test
Hy @ pij = ,ui/j/), it also often of interest to compare the mean response
across levels of factor A marginally; that is, after averaging across factor
B (or vice versa).

We define the marginal mean at the ith level of factor A to be p; =
%Z?:l pij or, in terms of the effects model,

b
fii. = (4 i + B + (aB)iy) = p+a; + 3.+ (af),..
=1

SN

J

e Marginal means for each of the level of factor B are defined similarly.

If we are interested in making comparisons among the marginal means, it
would be nice if our sum of squares for factor A, and for factor B led to

an F' test, F' = %, which tested a simple hypothesis of interest like

Hoiﬁl.:ﬂz.:"':,ua..

e It turns out that both the Type I and Type II approach to calculating
SS54 do not test such a hypothesis. Type III SS’s, also know as
marginal sums of squares, do.

It can be shown that, in terms of the marginal means, the hypotheses
tested by Type I and Type II SS’s are difficult to interpret, and not at
all the sorts of hypotheses that one would typically be interested in if the

focus of the analysis was to compare treatment means (which it usually
is).

208



e For example, in the two-way layout, the hypotheses tested by F4 =

—Si\‘}éif“‘ for Type I and II versions of SS4 are:
b nyij b ”
15 M1 ajMa
Type I: HO:E éljz. E: jHaj

=1 —

b
Type II: Hy : Z Ny = Z Z ”13”70:“70 B 72%3'#@] Z Z NajMij i

=1 j=1 7j=1 =1 j5=1 nj

e These hypotheses (especially those from Type II) are strange. They
correspond to testing whether certain weighted marginal averages of
the treatment means are equal. Testing such hypotheses is seldom
of interest. If one is interested in comparing means across the levels
of factor A, these SS’s are definitely not what one would want to

use.

Type III SS’s are designed to always test simple hypotheses on (un-
weighted) marginal population means. In particular, for the Type III
version of S5 4, F'4 tests the hypothesis

Type I1I: HO . /_Ll. == /_La.
Similarly, the Type III version of SSp leads to a test of

Type III: Hy:pq1=---=[y

e All three types of SS’s lead to the same (reasonable and appropriate)
hypothesis for Fap = MSap/MSg. Namely,

HO : (/’Llj — ,uljl) — (/,Ll/] — ,ui/j/) = 0, for all i,i/,j,j,
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Type III §S5’s also have an interpretation in terms of reduction in SS’s.
For the two way layout model with sum-to-zero restrictions on the
parameters the Type III SS’s are:

554 = 55(alp, B, (ap)), SSp = SS(B|p, o, (aB)), SSap = S5((af)|p, a, B).

e Note that this interpretation only applies to the sum-to-zero re-
stricted version of the two-way layout model. For other restrictions,
the interpretation would be different. A much better way to un-
derstand Type III SS’s is in terms of the hypotheses tested on the
marginal means, as described above.

Type IV SS’s:

The fourth type of §S5’s is useful when there are certain treatment combi-
nations for which n;; = 0.

e My recommendation is to avoid the use of Type IV SSs. If factorial
designs are encountered with missing treatments, I suggest instead
the use of a one-way anova model, treating the treatments with data
as levels of a single treatment factor. Interactions and main effects
can be investigated by testing hypotheses on the treatment means.

e If you're really interested, you can refer to Milliken & Johnson (1992)
or Littell, Freund, & Spector (SAS System for Linear Models, Third
Edition, 1991) for information on Type IV SS’s.
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Relationships Among the Types and Recommendations:

In certain situations, the following equalities among the types of S.5’s hold:

[=1I=1I=1V for balanced data
II1=1I1=1V for no-interaction models
11 =1V for all-cells-filled data

If one is interested in model-building (finding a parsimonious well-fitting
model for the data) then

i. use Type I for choosing between models of sequentially increasing
complexity; and

ii. use Type II for choosing between hierarchical models.

If one is interested in testing hypotheses that compare means across the
levels of experimentally controlled factors

iii. use Type III.

e Note that Type I SS’s are the only type of sum of squares that, in
general, lead decompose the total sum of squares. E.g., in the two-
way anova model, they are the only type of SS that guarantee that
SSr =854+ 55+ 55a + 5S5g holds, in general.

e However, all four types yield sums of squares that are independent
of SSE and all lead to valid F tests (just of different hypotheses).

e Independence of these SSs from the SSE is guaranteed because all
four types of SSs are squared lengths of projections onto some sub-
space of C'(X), whereas SSE is the squared length of a projection

onto C(X)*.
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