2.

Let x; = j4, xo = (4,1,3,4)T y = (1,9,5,5)7. Let V = L(x1,X2).

Findy =p(y|V)ande=y —§.

Find ¥, = p(y|x1) and yo = p(y|x2) and show that y # y1 + Y2

Verify that e 1L V.

Find [|y||?, ||7]/?, ||e]|?, and verify that the Pythagorean Theorem holds.
Compute |[§]]? directly from y and also by using the formula 9|12 =y Py
where P is the projection matrix onto V.

e. Use Gram-Schmidt orthogonalization to find four mutually orthogonal vec-
tors vi,va,vs, and v4 such that V = L(vy,vy). Hint: You can choose x3
and x, arbitrarily, as long as x1, X2, X3, X4 are LIN.

IS

oo

(Simple linear regression.) Let y = (y1,...,yn)", x = (21, .. L)t and Vo=
L(jn,x).

a. Use Gram-Schmidt orthogonalization on the vectors j,, x (in this order) to
find orthogonal vectors j,,x* spanning V. Express x* in terms of j,, and
x, then find b, by such that § = boj, + bix. To simplify the notation, let

v =y —p(ylin) =Y — Uin

Say = (x",y") = x"y) = Z(l’i - )y —9) = Z(fﬂz‘ =)y = Zl“«i’yi — nry,
Spr = (X5, x*) = Z(azL — :E)2 = Z(JL —I)z; = Z a:? — ni?, |
i i i
Syy =(¥y"y") = Z(yi -9)*
i
b. Suppose ¥ = p(y|V) = agj, + a1x*. Find formulas for a; and Ap In terms
of g, Spy, and Sy

c. Express x* in terms of j, and x, and use this to determine formulas for by
and by so that y = bgjn + b1x.

d. Express ||[¥]|2 and ||y — ¥||? in terms of Sy, Sze and Sy,.

e. Use the formula b = (XTX)"!XTy for b = (bo, b1)”, and verify that this
gives the same answer as in (c).

f. for y = (27 67 8)8)T7 X = (07 1) 27 3)T find aO).(J'l)y)bO) bl) HyH27 Hy|’2> Hy -
V|2, Verify that |[3]|? = bo(y,ja) + b1y, x) and that (y —y) L V.

Let X1, ..., X}, be a basis of a subspace V' C R™. Suppose that p(y|V) = Zle p(y|x;)
for every vector y € R™. Prove that xi,...,x; are mutually orthogonal. Hint:
Consider the vector y. = x; for each 1.

Show that for W, xx = XnxtBrxxr with B nonsingular and X of full rank, P =
X(XTX)"!XT remains unchanged if X is replaced by W. Thus P is a function of
the subspace spanned by the columns of X, not of the particular basis chosen for
this subspace (we can change X without affecting P as long as we haven’t changed

C(X)).

For each subspace V7 of R? give the corresponding projection matrix P. In each
case verify that P is symmetric and idempotent.

a. V = L(x) where x = (2,1, -1)7"
b. V = L(x1,x3) where x; = (1,1,1)T, and x = (1,-1,0)%"

, For the subspace V = L(j,,x) of problem 2, what is Py? (Note that V' =

L(jn,x*), also.) What is P07



