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ABSTRACT

MODIFIED BURG ALGORITHMS FOR MULTIVARIATE SUBSET
AUTOREGRESSION

We devise an algorithm that extends Burg’s original method for recursive modeling
of univariate autoregressions on a full set of lags, to multivariate modeling on a sub-
set of lags. The key step in the algorithm involves minimizing the sum of the norm
of the forward and backward prediction error residual vectors, as a function of the
reflection coefficient matrices. We show that this sum has a global minimum, and
give an explicit expression for the minimizer. By modifying the manner in which
the reflection coefficients are calculated, this algorithm will also give the well-known
Yule-Walker estimates. Based on recently proposed subset extensions to existing
full set counterparts, two other algorithms that involve modifying the reflection co-
efficient calculation are also presented. Using simulated data, all four algorithms are
compared with respect to the size of the Gaussian likelihood produced by each re-
spective model. We find that the Burg and Vieira-Morf algorithms tend to perform
better than the others for all configurations of roots of the autoregressive polyno-
mial, averaging higher likelihoods with smaller variability across a large number of

realizations.

We extend existing asymptotic central limit type results for three common vector
autoregressive process estimators, to the subset case. First, consistency and asymp-
totic normality are established for the least squares estimator. This is extended to

Yule-Walker, by virtue of the similarity in the closed forms for the two estimators.
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Taking advantage of the fact that the Yule-Walker and Burg estimates can be cal-
culated recursively via nearly identical algorithms, we then show these two differ by
terms of order at most O,(1/n). In this way the Burg estimator inherits the same

asymptotics as both Yule-Walker and least squares.

Saddlepoint approximations to the distributions of the Yule-Walker and Burg au-
toregressive coefficient estimators, when sampling from a subset Gaussian AR(p)
with only one non-zero lag, are given. In this context, each estimator can be writ-
ten as a ratio of quadratic forms in normal random variables. The larger bias and
variance in the distribution of the Yule-Walker estimator, particularly evident at low
sample sizes and when the AR coefficient is close to £1, agrees with its tendency to
give lower likelihoods, as noted earlier. Empirical probability density histograms of
the sampling distributions, for these two as well as the mazimum likelihood estima-
tor, provide further confirmation of the superiority of Burg over Yule-Walker in the
vicinity of +1. Relative error comparisons between the saddlepoint approximations

and the empirical cumulative distribution functions, show close agreement.

In conclusion, we elaborate on the logic employed in writing the computer programs
that implement the Burg algorithm in the univariate and bivariate modeling settings.
The central idea involves the formation of a tree of nodes connected by pointers. Due
to the recursive nature of the algorithm, where modeling on larger subset sizes relies
on that of smaller ones, each node harbors information on the modeling problem as
applied to the particular subset of lags it represents. Starting at nodes of just one
lag, the program follows pointers to those of larger numbers of lags, pausing at each

to build the necessary modeling information. Termination occurs at the top of the

v



tree, when applying the algorithm to the unique node that represents the subset of

lags upon which modeling was originally desired.

Adao Alexandre Trindade
Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Fall 2000
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Chapter 1

MULTIVARIATE SUBSET AUTOREGRESSIVE BURG
ALGORITHMS

1.1 Introduction

A fundamental problem in time series analysis is the forecasting of future obser-
vations, based on some subset of past observations. If the covariance function of
the process is known, one can obtain best linear predictors (having smallest mean
squared error among the class of all linear predictors) by solving the well-known
Yule-Walker equations. In the ensuing work, this will be termed the prediction
problem. Typically however, one simply has a set of data and no knowledge of the
covariance function of the underlying stochastic process that generated the observed
realization. Here, modeling the observed data will be a necessary first step before
implementing any type of model-based forecasting technique. We will call this the

modeling problem.

By its very nature, the forecasting problem has a clear and concise solution. The
modeling problem on the other hand, is plagued with deep theoretical and philosoph-
ical issues. These can range from how the covariance function should be estimated,
to model selection and how best to estimate the parameters thereof. Further com-
plications may arise when this agreed best estimation method is not amenable to
practical implementation, such as when maximum likelihood estimation is used to

model a multivariate process of high dimensionality.



Our goal in this chapter is to introduce and compare some parameter estimation
methods/algorithms for a particular class of multivariate time series models, called
vector autoregressive (VAR). The d-dimensional time series {X;} is said to follow

the VAR process of order p, if it satisfies the following relation:
X =0()Xyq 4 -+ (p) Xy—p + Zy,

where {Z,} is a sequence of zero-mean uncorrelated random vectors, each with co-

variance matrix 3. We call the process {Z;} white noise, and write Z; ~ WN(0, X).

In a VAR model of order p therefore, the current value of the series is a function of
the previous p values, perturbed by a random amount. We say that we are modeling
the series on the lagged set {1,... ,p}. One can generalize this concept to modeling
on a lagged subset K = {ky,... ,kyn} C {1,...,p}, where the coefficient matrices
pertaining to the lags not present in the set K, are constrained to be zero. Such

models are called subset vector autoregressive (SVAR).

Similarly, we can think of predicting the current value of a process {X,;} based on
the previous p values, by the relation:

Xt = q)(l)Xt_l + -t q)(p)Xt_p.
Again, one can generalize this idea to prediction based on a subset K = {ky,...  kn,}

of the past lags {1,... ,p}.

The algorithms we propose in this work, will be applicable to SVAR modeling and
subset prediction, and will be recursive in nature. A major advantage of recursion,

is that it involves inversion of matrices whose dimension does not exceed d?.
1.1.1 Some early work

One of the most common SVAR modeling procedures, is the Yule-Walker or Durbin-

Levinson-Whittle algorithm (introduced in section 1.3). A derivation of this algo-



rithm for univariate series, was first given by Penm and Terrell (1982). A variety of
methods with superior properties have been proposed for non-subset (full set) mod-
eling. Burg’s algorithm for AR modeling (Burg (1978)), which minimizes the sums of
squares of the forward and backward prediction errors, has been found to generally
give models with better spectral resolution than Yule-Walker. Morf et al. (1978),
Strand (1977), and others (see Jones (1978)), generalize Burg’s algorithm to full
set multivariate modeling. More recently, Brockwell and Dahlhaus (1998) proposed
multivariate subset versions of the Yule-Walker algorithm, Burg’s algorithm, as well
as those of Morf et al., and Strand. Our objective in this chapter will be to extend
their work on some of these algorithms, and investigate the relative performances

of these various SVAR modeling methods.

1.1.2 Applications of subset prediction/modeling

Forecasting with missing observations: This is a very natural situation in
which this subset methodology is appropriate if the covariance function of

the process is known.
Modeling of causal seasonal models of the form:
(1—yB)(1—¢B—---—¢,B") Xy = Z,.
These models will, for s > p + 1, be subset AR models of the type
=GB == B — VB + 06 B o 0, B,
and thus K ={1,... ,p,s,s+1,... ,s+p}.

Obtaining initial estimates for constrained MLE of subset VAR models:
Obtaining good initial estimates for maximum likelihood estimation where

some of the autoregressive coefficients are constrained to be zero, is highly



desirable due to the nonlinear nature of the likelihood equations. The subset
Durbin-Levinson-Whittle algorithm, is very fast compared with constrained
maximum likelihood estimation, and can therefore be used to provide such
estimates. As an alternative to maximum likelihood estimation, the primary
motivation of this work is then in finding fast, recursive VAR modeling

algorithms that produce models with high likelihoods.

h-step prediction: If the covariance function of the process is known, and predic-
tion h steps ahead based on the previous m observations is required, we can
take K = {h,h+1,... ,h+m — 1}. This generalizes immediately to h-step

prediction on any subset of past observations.

1.1.3 Selection of “best” subset model

There is a growing body of literature on the subject of selection of the “best” subset
model from all possible subset AR models. Sarkar and Sharma (1997), and Sarkar
and Kanjilal (1995) propose a method for selecting a reduced subset from the full
set, using singular value decomposition and QR orthonormal decomposition with
column pivoting factorization of a matrix. Terrell and Zhang (1997) introduce so
called projection modulus statistics which respond to the exclusion of important
lags by producing high residual variances in an appropriate Hilbert space. Yu and
Lin (1991) improve upon a method of Hokstad by employing the inverse autocorrela-

tion function to select the first tentative model. Some early methods were proposed

in Duong (1984) and McClave (1978).

A large part of these research efforts have concentrated on reducing the size of the
candidate model set, in order to implement a feasible search in real time. From

this reduced pool of a few “good” candidate models, one could then use the subset



modeling algorithms we will present to obtain good initial estimates for constrained

maximum likelihood estimation.

Although not usually done, the recursive nature of these algorithms would also
permit a direct search on all 2¥» candidate model sets to be carried out. One could
start by searching all k,, subsets of size 1, and selecting the best based on some

2
the best model thus far obtained updated; etc.

criterion such as AICC. Then all ( Fom ) subsets of size 2 could be searched, and

1.2 The prediction problem

Suppose {X;, t = 0,4+1,£2 ---} is a zero-mean weakly stationary d-variate time

series with X; = (X¢1,---, X;4)', and covariance function

< Xppn, Xy >i= E[Xy X)) =T(h), h=0+1,42, ... (1.1)

The best (forward in time) linear predictor of X, on the subset of lags K =
{k1,-+ kn}, is defined as

() = 3 0 ()Xo, (12)
jeK
Best here means that E||X; — X;(K)||? is minimized, where || - || is the Euclidean

norm. Using simple orthogonality relations, we see that the coefficient matrices

®(7) are found from the Yule-Walker equations

> ekl ) = T(k), k€ K (1.3)

(see for example Brockwell and Davis (1991), p. 421-422, with P(X,,11]X1, -, X,,)

replaced by P(X:|X;_x, k € K)), with mean squared error covariance matrix

Uk = E[(X;— X(K))(X; — X4(K))']



Analogously, we define the best backward in time linear predictor of X; on the
subset of lags K as

XP(K) =" Wg(5)Xes

JjEK

with resulting Yule-Walker equations and mean squared error covariance matrix
(obtained by replacing P(Xo|Xy, -+ ,X,) with P(X;|X;1x, k € K) in the above
reference) given by
D Uk()T(k—j) =T(k), k€K, (1.5)
jeK

and

= T(0) = Y Ux()I()- (1.6)

Remark 1.2.1 In the univariate case there is no distinction between the forward
and backward prediction problem (based on the same subset K ). This is because
when d = 1, the equations (1.3) for {®k(j),j € K} are the same as (1.5) for
{Uk(j),j € K}, and (1.4) for Uk the same as (1.6) for V.

Definition 1.2.1 A multivariate stationary process {X;} is said to be of full rank

if the covariance matriz of any finite collection of random vectors is non-singular.

Remark 1.2.2 As will be shown in Chapter 2, the coefficient matrices @ (j) and

Ui(j), j € K, of the forward and backward prediction problems, will be unique if
{Xy} is of full rank.



1.3 The modeling problem

Given n observations xi,--- , X, of the zero-mean random vectors Xy,---,X,, we

define the empirical analogue of the covariance matrix at lag h to be
LS X)L ifh >0
I'(h) = (1.7)
L(—=h) ,ifh <0
In order to define an inner-product in the space of empirical observations, Brockwell
and Dahlhaus (1998) proceed by defining x;, = 0 for ¢ < 0 and ¢ > n. With this,
they define the (d x oo) array y = {x;, j = 0,£1,---}, and define y, to be the
array obtained by shifting the columns of y ¢ places to the left, i.e. y; = {x4;, j =
0,+1,---}. We view y; as a d-dimensional column vector, whose elements are
infinite-dimensional row vectors, with finitely many non-zero entries. The set of all
such row vectors constitutes an inner-product space, if we define the inner-product
of any two row vectors u = {u;} and v = {v,} as
<u,v>= = i u;v;. (1.8)
n.=.

With this set-up, we have for example

< Yith, Yt >= f(h)v

since < Yiin,y: > is the matrix of inner-products whose (7, j)-element is the inner

product of the i** row of y;,p, with the j** row of y;.

~

Solving the Yule-Walker equations (1.3) and (1.4), with I'(+) replaced by I'(-), we ob-
tain the subset (based on the subset of lags K = {k1, ... , k,,}) vector autoregressive,

SVAR(K), model for the data:

Xy =Y ox(i)Xii+ Z, (1.9)

1€EK



where {Z;} is a sequence of zero-mean uncorrelated random vectors, each with
covariance matrix Uk, i.e. Z; ~ WN(0, Uk), given by

Ug =T(0) = > @ (i)T(i). (1.10)

1eK

The corresponding backward subset vector autoregressive model for the data, based

on the subset K* = {k,, — kpp_1,- .. , km — k1, kn, } of lags is
X = Z qu*(j)Xt—i-j + Zy, (1.11)
JEK*
where Z; ~ WN(0, Vi), given by

Viee =T(0) = Y U ()T(5). (1.12)

JEK*
Remark 1.3.1 Finding d e involves solving an equation of the form,

where Gy and 'k are matrices of empirical autocovariances arranged in particular
ways (see section 2.2 for details). There are many solutions to this equation if Gk
15 singular, but every solution gives the same linear predictor when substituted into
(1.2). Non-causal solutions, {® (i), i € K}, may be obtained, suggesting when they
occur, that the data is not well fitted by a subset vector autoregression with lags in K.
Whether the solution is causal or not, the expression (1.2) with each ® (i) replaced
by @K(z), will give the best linear predictor under the assumption that the sample
autocovariances are equal to the true autocovariances. Similarly for the backward

modeling/prediction problem.

Definition 1.3.1 (Causality) The SVAR(K ) model,

X =Y Ox()Xii+Zy, {Zi} ~ WNO,X), (1.14)

€K



is said to be causal (or more specifically to be a causal function of {Z}), if there

exists a sequence of matrices { Yo, Y1,...} such that,
Xt - Z T]’Zt_j.
=0

Definition 1.3.2 (VAR characteristic polynomial) The VAR characteristic
polynomial, |®(z)|, for model (1.14), is defined to be the polynomial in z of de-

gree dk,, given by,

|B(2)] = [Ia = Prc(k1)z — - = P (K ) 2.

From Brockwell and Davis (1991), theorem 11.3.1, a SVAR(K') model is causal if
all roots of its VAR characteristic polynomial are greater than one in magnitude.
Causality is a property often desired in a model; without it the parameters are non-
identifiable for Gaussian likelihood and other inherently second order estimation

methods.

The subset Durbin-Levinson- Whittle algorithm, as presented in Brockwell and Dahl-
haus (1998), can be employed to provide a recursive solution to the empirical Yule-

Walker equations:

Algorithm 1.3.1 (The subset Durbin-Levinson-Whittle algorithm)

Opllm) = (f(km) — Z © (i) (i — z’)) V!

Pr(i) = (i) — Pr(kpn)Vyu(b —1), i€ J

Wy () = <f<km>' =3 () —j)') ;! (1.15)



10

Where UJ_I and VJZI denote generalized inverses of U, and V- respectively. The
forward subsets of lags are K = {ky,-- ,kn}, J ={k1, -, km_1}, and the backward
subsets of lags are K* = {ky, —km—1, ,km — k1, km}, J* = {km — km—1,- -+ , km —

ki}. The algorithm begins at m = 1 (any appropriate subset of size one), with

~

Uy = 1(0) = V.
1.4 Burg-type Algorithms

In Brockwell and Dahlhaus (1998), a different kind of recursion for the best predic-
tors based on forward and backward residuals was presented. The forward prediction

residual is defined as
€K<t) - Xt — Xt(K)’
and the backward prediction residual as

ni(t) =X, — XP(K).

The covariance matrices of these residuals are respectively Ug and Vi defined in 1.4

and 1.6. The empirical analogues of these prediction errors are
ex(t) =y — yu«(K),

and
Ni(t) =y: — }A’Eb)(K)a

where

yi(K) = Z P (5)ye—j

JEK
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and

~ (b .
Vi) = Uk (h)yess.
jEK
With these definitions and inner-products defined as in (1.8), Brockwell and
Dahlhaus (1998) present the following prediction error solution to the empirical

Yule-Walker (YW) equations (1.9) - (1.12):

Algorithm 1.4.1 (Prediction error solution of the YW equations)

Pp(km) = (éj(t),ﬁj*(t—km)>‘7jjl (1.16)

Dr(i) = (i) — Pr(kn)Vyu(bm —14), i€ J

Voo (k) = Vi@ (k) U (1.17)
U (j) = V() = Uger (kon) Dy (ki — ), €T

Uk = Uy — O(km)Vy-Pr (k)

A~ A~ A

Viee = Vo = U (ko) U0 g (K )’
ex(t) = &5(t) — (ko) (t — Ky (1.18)

A

A () = 0 (8) = Uice (k) + i) (1.19)
with initial conditions,

gg(t) = nyt) =y, t=0,%£1,£2,---

~ A ~

Uy = T(0)=1Vj.

Remark 1.4.1 These recursions are equivalent to the Durbin-Levinson- Whittle al-
gorithm. Thus each line of algorithm 1.3.1 is interchangeable with the corresponding
line of algorithm 1.4.1. In particular, equations (1.15) and (1.17) are interchange-
able, providing a simple relationship between @K(km) and \ifK(km) which we will

use frequently.
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This type of algorithm is patterned after that introduced by Burg (1978) for uni-
variate modeling on a full set of lags rather than a subset. Burg’s contribution
was to show that the maximum entropy spectral density estimator of a univariate

stationary process over all densities g satisfying the constraints

/eih)\g<)\)d/\:§/(h)’ h=0,%1,...,%p,

—T

is exactly that of an AR(p) process. However, replacing v(-) by 4(-), where

n—h n
1 1
Y(h) = — XX and noting that h) = lim XX
A(h) n; tXt+-hs mg v(h) "1_’°°2n+1t:2:n tXt4h,)
is roughly equivalent to assuming that the unobserved data {... ,x_1,X0, Xp11,--- }

is zero since, under ergodicity conditions, y(h) is the mean square limit as n — oo
of Y71 x4Xyyn/(2n + 1). The sudden transition from (usually) non-zero value to
zero at the edges of the observation domain, typically results in poor estimates of
the coefficients @ (k) and Vg« (k,,). To alleviate this problem in the context of
univariate AR(p) models, Burg suggested making no assumptions about unobserved
data; qu should minimize the sum of squares of the forward and backward residuals

over the range of data values where these are defined. That is, choose ngﬁp to minimize

n

D (Ex®)’ + gt —p)?).

p+1

1
2(n —p)
This is commonly referred to as Burg’s algorithm, and it was generalized to multi-

variate models by Morf et al. (1978), Strand (1977), and others (see Jones (1978)).

In line with these ideas, Brockwell and Dahlhaus (1998) propose the following mul-

tivariate subset versions of these algorithms:

Algorithm 1.4.2 (A subset Vieira-Morf algorithm)

Use algorithm 1.4.1 with (1.16) replaced by

A

by (k) = UY*RV;M?,
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where

" —1/2 "
R = < > éJ(t)éJ(t)’> ( > éJ(t)'flJ*(t_km)/>

t:k7n+1 t:k'rrL+1
n —-1/2
( Z ﬁJ* (t - km)ﬁ]* (t - ka)
t=km+1

Algorithm 1.4.3 (A subset Nuttall-Strand algorithm)

Use algorithm 1.4.1 with (1.16) replaced by

S (k) = UV RV, 2,

where

vec(R)
n n -1
- m( > ém)éJ(t)') +< > mt—km)m*(t—kmy) oL
t=km+1 t=k+1
vec (2 Z éJ(t)'f)J*(t—km))
t=km+1

— vec(Px(ky)) = <VJ71/2 ® U}/2> vec(R).

Obtain U - (k) not according to (1.17), but according to

A

U g (k) = ‘“/Jl/2R/ 0;1/2'

Algorithm 1.4.4 (A subset analogue of Burg’s algorithm)
Use algorithm 1.4.1 with (1.16) replaced by the condition that ® (ky,) and - (ky, )

mainimize the scalar quantity

n

Sk= > [Ex()ex(t) + R (t = km) e (t = k)], (1.20)

with &k (t) and e (t — ky) as in (1.18) and (1.19), and V- (ky,) constrained to

satisfy (1.17).
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Notation
In order to differentiate between the Yule-Walker and this Burg solution of the
modeling problem, denote the former estimates by topping them with hats ("), and

the latter with tildes (7).

Remark 1.4.2 By definition,

~

e =% — Dy(k)Xpp, — - — Dy(km1)Xe—p,
and therefore €; # 0 fort € Ay, where Ay = {1,... ,n+ ky,_1}. In addition, all
components in & are non-zero for t € Ay, where Ay = {1+ ky,_1,... ,n}.
Also by definition,
Ny = Xi—k,, — \ifJ(km — k1) Xeky, , — — @J(km — k)X,
and therefore 1) ;. # 0 fort € By, where By = {ki +1,... ,n+ ky,}. In addition, all

components in 1 ;. are non-zero for t € By, where By = {1 + ky,, ... ,n+ ki }.

In view of this, (1.16) becomes:

~ 1 R . . 1 n+km ) A u
Pic(km) = (5 Z €s()n,(t = km)/) VJ*l - (ﬁ Z es(t)n . (t — km),) VJ*I
te A UBy =1

For the Burg ajustment to this Yule- Walker solution, we must prevent any of the &

and 1M ;. components in the above summation from becoming zero, so we need:

te AaNB,, = t:{km—i—l,,n}

1.5 The minimization problem

Using calculus to minimize (1.20) with respect to ®g(k,), Brockwell and

Dahlhaus (1998) find that in the univariate case
. Uy <UJ + VJ*) Yotk €)= ko)
Prclkm) = n 724 24 V23 2)
Dtk 41 (UJTIJ* (t = km)* + ViE4(t) )

(1.21)
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As already stated, our primary objective in this chapter is to find the general multi-
variate solution to (1.20) and investigate its performance relative to the remaining
three VAR process estimation methods. Substituting for €x(t) and 7. (t — k)

from (1.18) and (1.19) respectively, into the expression for Sk, we obtain

n

Sic(@r(kn)) = Y [(Es(t) = Prclhn)itye (t = k) (€ — Prc (k)T (t = Kin)

t=km+1
+ (1 (t = ki) = g ()& (1) (R0 (t = ki) — Uice (ki )€ (1))]

Using relation (1.17) to substitute for Wy« (k,,) in terms of ®x(k,,), expanding the

resulting expressions, and noting the symmetry of the covariance matrices, leads to

n

S(®rc(hm)) = D [Es(t)Es(t) + et = k) 71y (t = Kin)

t=km+1
— 285 (8) @ (k)71 o ( — i)

+ 15 (t = k) @ (ki) @i (K )70 1 (E — Fon)

— 21 (t - km)/VJ*&)K(km),UjléJ<t)

&5t U5 @i i) VE @i i) U €5(1)|

This expression can written in the more manageable form

Sk(X)= > [@a+bb—2aXb+bX'Xb-2d'X'c+XEX'c], (1.22)
t=km+1

where, using lowercase for vectors and uppercase for matrices,

o
I

Vied) e (t — k),

=<
I

KA

2

B

E

(1.23)
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1.6 Finding the minimum

Using the results and identities in appendix A, and noting that Sk is a matrix scalar

function, we can now obtain the differentials of each component of (1.22):

a’Xb = ¢r(a’Xb), since this expression is a scalar
= tr((a’X)b)

= tr(ba'X), by K-2

= 0(a’Xb) = (vec(ab’))vec(0X), by D-7 (1.24)

BaX'Xb) = A(@'X')Xb+aX'd(Xb), by D-7
= a'(0X)Xb+a'X'(0X)b, by D-2, D-3, and D-4
= tr(a’(0X)' Xb) +tr(a’X'(0X)b), each summand a scalar
= tr((0X)'Xba') + tr(ba’ X'(0X)), by K-2
= tr(ab’X'0X) +tr(ba’X'0X), by K-3
= tr[(ab’X' + ba'X")0X]

= [vec(Xba' + Xab')|'vec 0X, by K-4

= 0(a’X'Xb) = [vec(X (ba' + ab'))|'vec 0X (1.25)
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(A XEX'D) = a(0X)EX'b+aXE(@X)b, by D-2, D-3, D-4
— 12 (0X)EX'b + a' X E(9X)'b]
— 1[EX'ba(0X)] + tr[(0X)ba’ X E], by K-2, K-3, K-4
= tr[EX'ba'(0X)] + tr[E'X'ab'(0X)], by K-3

= tr[(EX'ba’ + E'X'ab’)0X]
= (2’ XEX'b) = [vec(ab’ X E + ba' X F)|'vec 0X | by K-4. (1.26)

By D-8, the differential of a sum is the sum of the differentials, so that

d(Sk)= Y _ Od(aa+b'b—2a'Xb+b'X'Xb-2d'X'c+cXEX'c).

t=km+1

By applying (1.24)-(1.26), we now obtain the differential of each term:

0Skx = i [0+ 0 — 2(vec(ab’)) vec(0X) + 2(vec(Xbb')) vec(0X)

— 2(vec(ed’)) vec(0X) + 2(vec(cc' X E)) vec(0X)],

which by K-1 and D-8 becomes

IS = [vec (-2(2 ab’) +2() " Xbb') —2() “ed) +2() cc’XE))

/

vec(0X),

where for ease of notation, ), will denote > ", ;. Noting that X and E are
independent of ¢, we have

IS = [vec (-2(2 ab’) +2X (> _bb') —2() "ed) +2() cc’)XE)

/

vec(0X).

(1.27)
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Comparing with (A.1), we immediately see that the Jacobian matrix of Sk at X is

[vec (—2(2 ab’) +2(>  Xbb') = 2() "ed’) +2(> cc’XE))

/

Premultiplying the second summand of the Jacobian by the (d x d) identity matrix

14, equating to zero, and solving for X, leads to

vec (IdX(Z bb’)) + vec ((Z cc’)XE> = vec ((Z ab’) + (Z cd’)) :

t

Now apply K-6 to each summand on the LHS to obtain

l(z bb') ® I, E'® () cd)|vee X = vec ((Z ab’) + (> cd’))

t

vec X +

= vec X = [(Z bb') @ I;+ E' ® (Z cc’)] vec ((Z ab’) + (Z cd’)> :
t t t t (128

for any generalized inverse
-1
[(Z bb') @I, + E' @ () cc')] of [(Z bb') @ I, + E' @ () cc’)] .
t t t t

Finally, substituting back to our variables of interest from (1.23), and noting sym-
metries and independence of ¢ in some of the terms, we obtain (in vec form) the

value of the matrix ® (k,,) that minimizes Sx (note that this matrix is ® g (k) by

definition):
vece(Pr(ky)) =
( > iyt = k)R (- km)’> ® Iy
t=km+1
n -1
+VioU;? < > éJ(t)éJ(t)’> e (1.29)
t=km+1

vec [( > &)t km)’) + Ut ( > &)t km)’> 14

t=km+1 t=km+1
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Setting d = 1 for the unidimensional case, we see immediately that (1.29) becomes

- >tk €7 (O (t — o) + ‘(% >tk g1 E(O)T 7 (t — ko)
Dt 1 M (E— )2 + % D iep a1 E5(1)?
Uy (05 + V3 ) Sty 1 89 (007 (t = o)
Ug Z?:kmﬂ ﬁJ*(t - km)2 + VJZ Z?:km-&-l éJ@)Q

Y

which is identical to (1.21).

Remark 1.6.1 An alternative way to obtain a “good” estimate of ®(ky,), might
be to consider the matrix quantity

Ti= 3 [x®er(t) + e (t = kn)itg-(t — k],

t=km+1

" as error covariance matrices of

viewing € (t)éx () and Ny« (t — k)N (t — ki)
some sort. The criterion of A-Optimality in linear models would then minimize the
trace of Tk in order to find an optimal estimate for éK(km). By identity K-7, the

trace of the sum is the sum of the traces, so that

n

tr(T) = Y [tr(Ex(Oex(t)) +tr (g (t = k)T (¢ = kin)')]

= SK?

so that the solution (1.29) is also A-Optimal in the sense just described.

1.7 Global optimality of the solution

From (1.27) we have
0Sk = wec ( Zab’ ) vec(0X) + vec (2]dX be' > vec(0X)
— vec (2(2 cd')) vec(0X) + vec (2(2 CC/)XE> vec(0X).

t t
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Using identity K-6 on the terms in the summand that involve X,

ec (-2(2 ab’) —2(> cd’))] vec(0X)

+ (2(2 bb') ® Id) vec X] vec(0X)

+ <2E ® (Z cc’)) vec X] vec(0X).

0Sk =

Taking transposes and noting that most of the terms are symmetric yields

ec (-2(2 ab’) —2(> cd’))] vec(0X)

+ (vec X)' ( be' ) ® Id) vec(0X)

+ (vec X)' <2E® ch )vec (0X).

0Sk =

Taking differentials again, and using D-10 gives

0’Sx = (vec dX) ( be' ®Id) vec(0X)

+ (vec 0X)' <2E ® Z cc’ ) vec(0X)

—  (vec dX) ( be/ )@ Ii+2E® (Y c )) vee(0X).

t

Rewriting in terms of our variables by substituting back from (1.23), comparing
with (A.2), and noting that the resulting matrix is already symmetric, gives the

Hessian

H((DK(km)) = 2 ( Z 'f’J* (t - km)'f’J* (t - km>/> ® Iy

t=km+1

+2oVi o U;! < i é;(t)é;(t)’) e (1.30)

t=km+1
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Setting d = 1 for the unidimensional case, we see immediately that

H(®x(k ))—ﬂ—2 Zn: N (t—k )2+V}*é t)? | ;
T bk T e T )

and this is clearly positive, thus showing that (1.29) does indeed minimize Sk-.

In the general case, theorems A.1.3 and A.1.4 essentially tell us that if we can show
the Hessian to be positive semi-definite (psd) for all ®x(k,,), then Sk will have a
global minimum at ®g(k,,), as given in (1.29). This minimum will be unique if
the Hessian is positive definite (pd) for all ®x(k,,). Since (1.30) is independent of
O (ky ), we need only show that it is pd or psd as it stands. To this end, we use

the results on the definiteness of symmetric matrices in appendix A.3:

The matrices €;(t)€;(t) and 7y« (t — k)7« (t — ki)' are, by their very nature, psd.

To see this, note that for any z € R,
z'e;(t)e;s(t)z = (Z€,(1)) (z’éJ(t))/ = (z’éJ(t))2 > 0.

Similarly for 7. (t — k)7« (t — k). Since Iy is pd,

( Z g (t — K )7 (t — km)/> ® Iq

t=km+1

is psd (M-4). By M-5, both VJQ and ljj_l are psd. By M-6 and M-4, we then have

VJQ* ® U]l ( Zn: éJ(t)éJ(t)l> Ut

t=km—+1

psd. Thus far we have shown that H is the sum of two psd matrices, and by M-3 this
is again psd. If either of the two terms comprised of sums of matrices of prediction
error residual vectors is pd, then H will be also, and theorems A.1.3 and A.1.4 will

then guarantee that Sk has a unique global minimum at (iDK(km)

Alternatively, we can argue as follows: Since Sy = Sk (u) is a non-negative quadratic

form in the components of u = vec Pk (k,,), it is expressible as

(u—B3)Qu—p)+9,
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where the vector 3 is independent of u, € is a non-negative definite matrix, and the
scalar 6 > 0. Thus Sk(u) has a global minimum value, namely §, attained when
u = B+ v, where v is any vector in the null space, N'(2), of Q. If 2 is non-singular,
there is therefore a unique minimizing value of ®k(k,,). In any case, if u; and u,

are two minimizing values of Sk (u), then

u —u; € N(Q), and Sk(uy) = Sk(uy).

1.8 Some Monte Carlo comparisons of the Yule-Walker and Burg algo-
rithms

We first present three examples to compare the performance of the Yule- Walker (al-
gorithm 1.3.1), Burg (algorithm 1.4.4), and, in the univariate case, Mazimum Like-
lihood subset AR and VAR modeling, applied to simulated data sets with Gaussian
noise. Since one of the aims of the Yule-Walker and Burg algorithms is to provide
fast and simple algorithms for obtaining models with high Gaussian likelihoods, it

is of considerable interest to compare the likelihoods achieved by each.

If {xy,...,x,} is a realization from the zero-mean d—variate full rank Gaussian

process {X;}, with
r,=E(X,..., X ]'[X,...,X.]),
we obtain the likelihood,
X1, %) = (27) "2 0,7 exp {—%[Xll, XD ,X:l]/} :
If {X;} is the causal subset VAR process

Xy =Y ®x(i)Xii+Z, {Z}~1ID N(0,%),

€K
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we can write the likelihood for n > k,, as,

f(X17 e 7Xn> = f(X1> e ,ka)kam+1|xt,t§km (ka+1\Xt,t < km)

o XX t<n—1 (Xn X, T <n— 1),

The first factor is

1
f(X].? ct ’Xk’m) = (27T)7dkm/2 |]‘—‘krn|71/2 exp {_i[xl17 A ’X;ﬁ"nL]FI;nll [Xa’ ttt 7X;<?7n:|/} 9
where Ty, = E ([X1,... X}, J'[X}, ..., X} ).

The remaining n — k,, factors are

fxt\xs,s<t (x¢]xs,8 < t) =

2m) |57 exp {—% [xt — Z@K(j)xt_j] »! [xt — Z@K(j)xt_j] } ,

jEK JEK

fort =k, +1,...,n, since conditional on Xj, s < t,

X, ~ Ny (Z Dy ()X, 2) :

JjeEK

Putting all this together, and viewing the likelihood as a function of X, for fixed

autoregressive coefficients, we obtain the -2 log likelihood:

LX) =

ndlog(2m) + log [T, | + (n — km)log |S] + [x], ..., x T[], - ,x}cm]/

+ > lxt - Z@K(j)xt_j] -t [xt - Z@K(j)xt_j] . (1.31)

t=km+1 JjEK JjEK

In the univariate case (i.e. if d = 1), where

{®p(k1), ..., Px(km)} = {0k (k1), ... , ¢0x(kn)}, and X =02
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we can set 0 2y, = G}, , which is free of 02. This gives the -2 log likelihood for

the data:

L(0?) = nlog(2rc?) + log |Gy, |

2
1 n
+ = [xl, . ,ka]G,;i[xl, . ,ka], + Z (Xt — Z@K(j)xt_])

t:k7IL+1 ]GK

We can now obtain the maximum likelihood estimate of o2, by differentiating the

above expression to give

2
1 n
OrLE = " [Xl,... ,ka]G,;i[xl,... ,ka},—l— Z (xt—ZQDK(j)xtj)

t=km+1 jeK
(1.32)

The expression in braces is usually called the residual sum of squares (RSS), and

therefore 63, 5 = RSS/n.

Therefore, for a given set of estimated autoregressive coefficients and white noise
variance, one can always improve on (or do no worse than) the Gaussian likeli-
hood for the observed data, by substituting RSS/n for the white noise variance
estimate. In the ensuing examples, we will compare likelihoods obtained via the
two algorithms, and proceed to improve upon each by doing just this. We will de-
note the variance estimate obtained in the usual way from the algorithm, by 0245, Or
)y ar- The variance estimate obtained via maximization of the likelihood function (or

equivalently, minimization of £(X)) with respect to X for the fixed set of estimated

AR/VAR coefficients, will de denoted by 02 ML O Srr.

In the multivariate setting, it is difficult (perhaps impossible) to obtain an explicit
expression for the maximum likelihood estimator of the white noise covariance ma-
trix X given the ®(-)’s, as was achieved in (1.32) for the univariate case. We may

begin understanding the difficulties involved if we recall that ¥ is connected to the
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process autocovariance function I'(-) via the causal representation,

T(h) = Uy SV, (1.33)
=0

In the multivariate examples of dimension 2 that follow, we use a direct search
for the minimizing white noise matrix, expressing the objective function £(X) as a
function of the three components of ¥. The Hooke and Jeeves algorithm, Hooke
and Jeeves (1961), constrained to yield a positive definite solution, is employed to

perform the search. Further details are given in appendix C.

Example 1.8.1 200 observations were simulated from the causal subset AR(11)

model

X, — 0.98X,_1 +0.924X; 5 — 0.138X,_4 + 0.0033X,_7 — 0.5X,_g — 0.12X,_1; = Z
(1.34)

where {Z;} ~ WN(0,4). The data is displayed in figure 1.1.

Table 1.1: Parameters and estimates for the data of example 1.8.1.

Parameter Parameter Estimates by Method
Truth | Yule-Walker | Burg | Maximum Likelihood
D (1) 0.9800 0.8958 0.9066 0.9048
by (2) -0.9240 -0.8525 -0.8860 -0.8890
D (4) 0.1380 0.0419 0.0319 0.0376
O (7) -0.0033 -0.0549 -0.0941 -0.0862
D (8) 0.5000 0.4137 0.4675 0.4759
D (11) 0.1200 0.0927 0.1160 0.1193
oaL 4 4.6813 3.8253
o2 4 3.9002 3.8330 3.8242
L(c%;) 847.804 842.193
L(c3,;) 844.666 842.192 842.006

Here we have m = 6 and K = {1,2,4,7,8,11}. Table 1.1 shows the true parameter
values, contrasted against the estimates obtained via Yule- Walker, Burg, and maxi-

mum likelihood modeling. We note that the likelihood of the Burg estimates based on
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Figure 1.1: Plot of the simulated subset AR(11) data set of example 1.8.1
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both o%; and o3;;, are higher than is the case for Yule-Walker. A possible reason
for the higher likelihoods based on 6%, compared to 62, , is the observed tendency of

7%, to be closer to 63;; than is the case for Yule-Walker.

Example 1.8.2 500 observations were simulated from the causal subset VAR(3)

model of dimension 2

04 1.3 04 —04
Xe = { —0.3 1.2 } Ke-1- | —0.06 0.05 } Ki-3 = 2 (1.35)
1633 2043 ]
where {Zi} ~ WN (O,Z = [ 2043 3024 )

Here we have m = 2 and K = {1,3}. Table 1.2 shows the true parameter values,
contrasted against the estimates obtained via Yule-Walker and Burg modeling. The
results are similar to the univariate example, with the likelihoods based on the re-

spective algorithm-obtained white noise covariance matriz estimates being superior
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Table 1.2: Parameters and estimates by method for the data of example 1.8.2.

Parameter Parameter Estimates by Method
Truth | Yule-Walker | Burg
(1) —0.4 1.3 [ —0.471 1348 | | [ —0.476 1.355 |
K —-0.3 1.2 | —0.303 1.202 | | | —0.309 1.209 |
B (3) 04 —04 [ 0455 —0.421 ] | [ 0.464 —0.430 ]
K —0.06 0.05 | 0.049 —0.026 | | | 0.054 —0.031 |
5 [ 1633 2043 | | [ 1560.3 1885.4 | | [ 1448.6 1790.0 ]
AL | 2043 3024 | | | 1885.4 27932 | | | 1790.0 2713.0 |
5 [ 1633 2043 | | [ 1456.4 1800.6 | | [ 1456.3 1800.4 ]
M | 2043 3024 | | | 1800.6 2727.4 | | | 1800.4 2727.0 |
L(Xaz) 9594.35 9591.85
L) 9591.91 9591.84

for Burg. Again we note the likelihood for the Burg estimates based on the esti-
mated Y a5, being substantially closer to those based on Xy than is the case for

Yule- Walker.

Example 1.8.3 500 observations were simulated from the causal subset VAR(7)

model of dimension 2

—0.28 1.29 042 —0.45 —0.19 0.20
Xe = { —0.62 1.63 ] Kot { 0.54 —0.58 ] Ki-a = { —0.30 0.31 ] Xi-s
—0.11 0.08
{ —0.22 0.20 } K1 =2y (1.36)

27.5 28.2
where {Z;} ~ WN (O,E = [ 939 30.6 ])

Here we have m = 4 and K = {1,4,5,7} Table 1.8 shows the true parameter values,

contrasted against the estimates obtained via Yule-Walker and Burg modeling. Once
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Table 1.3: Parameters and estimates by method for the data of example 1.8.3.

Parameter Parameter Estimates by Method
Truth | Yule-Walker | Burg
By (1) [ —0.28 1.29 ] [ —0.260 1.287 | [ —0.223 1.256 |
K | —0.62 1.63 | —0.612 1.634 | | —0.584 1.618 |
B (4) (042 —0.45 ] [ 0.754 —0.802 | [ 0.708 —0.725 |
K | 0.54 —0.58 | | 0.916 —0.961 | | 0.876 —0.889 |
Dr(5) [ 0.19 0.20 ] [ —0.075 0.097 | [ 0.068 —0.073 |
K | —0.30 0.31 | | —0.188 0.189 | | —0.053  0.021 |
Dx(7) [ —0.11 0.08 ] —0.004 —0.020 [ 0.090 —0.123 |
K | —0.22 0.20 —0.104 0.091 | —0.018 —0.000 |
5 [ 27.5 28.2 ] [ 33.4 33.9 ] [ 28.3 28.9 ]
AL | 282 30.6 | | 339 36.1 | | 289 311 |
5 [ 275 28.2 ] [ 28.4 29.0 ] [ 28.3 28.8 ]
ME | 282 30.6 | | 29.0 31.2 | | 288 31.1 |
L(Za1) 4763.65 4754.51
L(Ewmr) 4757.04 4754.51

again we note that the likelihood for the Burg estimates is higher than that for Yule-
Walker. Note also the dramatic improvement in estimated white noise covariance

matrix and likelithood for Yule-Walker, when we use i]ML.

1.9 Monte Carlo comparisons of Yule-Walker, Burg, Vieira-Morf, and
Nuttall-Strand algorithms

Since these four algorithms are frequently used as quick and easy VAR estimation
methods, we present a simulation study of the relative performance of each in terms

of the size of its Gaussian likelihood. We examine first the univariate setting.
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1.9.1 Univariate case

We simulate 1,000 realizations from univariate models, with {Z;} ~ IID N(0, 1), and
various configurations of roots of the autoregressive polynomial. For each realization,
the Yule-Walker, Burg, Vieira-Morf, and Nuttall-Strand solutions are obtained, and
the respective Gaussian -2 log likelihoods computed based on the RSS/n white
noise variance estimate. The maximum likelihood solution is also obtained, and
its -2 log likelihood subtracted from that of each of the four algorithms, to give
what we will call the net -2 log likelihood (N L). This maximum likelihood solution
is computed using the true parameter values as initial guesses to the Hooke and
Jeeves minimization routine. If for a particular realization the likelihood of a model
arrived at via one of the algorithms was higher than that obtained for the model with
the true parameter values, those parameter estimates were used as initial guesses

instead. See appendix C for more details.

Example 1.9.1 100 observations were simulated from the causal subset AR(3)

model
(1+0.5B)(1 — (0.1 =0.3)B)(1 — (0.1 +0.34) B) X; = Z,. (1.37)

The roots of the AR polynomyal are —2 and 1 & 3i, with moduli 2 and /10, re-
spectively. The summaries and plots of table 1.4 and left side of figure 1.2, shows
Yule-Walker giving lower N'L’s about 1/3 of the time, but with a somewhat higher

mean and variance than the remaining 3 methods.

Example 1.9.2 100 observations were simulated from the causal subset AR(4)

model

(1+ 0.98B)(1 — 0.98B)(1 + 0.98iB)(1 — 0.98iB) X, = Z, (1.38)
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Table 1.4: Summary statistics by method for the data of example 1.9.1

Method Mean | Median | Std. Dev. | % of realizations

of NL | of NC of NL | with lowest N'C
Yule-Walker 0.011 0.002 0.027 33.3
Burg 0.003 0.001 0.007 17.7
Vieira-Morf 0.003 0.001 0.007 26.5
Nuttall-Strand || 0.006 0.002 0.010 22.5

The roots of the AR polynomial are £1.0204 and +1.0204i. The summaries and
plots of table 1.5 and right side of figure 1.2, show that Yule-Walker now performs
poorly, with substantially higher mean and variance than the remaining 3 methods.

Since the model contains only one non-zero autoregressive coefficient, the Burg and

Nuttall-Strand estimators are algebraically identical in this case.

Table 1.5: Summary statistics by method for the data of example 1.9.2

Method Mean | Median | Std. Dev. | % of realizations

of NL | of NLC of NL | with lowest N'L
Yule-Walker 1.629 0.994 1.84 14.3
Burg and Nuttall-Strand || 0.112 | 0.053 0.17 38.5
Vieira-Morf 0.108 0.052 0.16 47.2

Example 1.9.3 100 observations were simulated from the causal subset AR(/)

model

(1+0.98B)(1 — 0.95B*) X, = Z, (1.39)

The roots of the AR polynomyal are —0.5086+0.8809i (with modulus 1.0172), 1.0172,
and —1.0204. The summaries and plots of table 1.6 and the left side of figure 1.3,
show that now Morf and Burg have similar performance, which is substantially better

than Yule-Walker and Nuttall-Strand.
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Method Mean | Median | Std. Dev. | % of realizations

of NL | of NLC of NL | with lowest N'C
Yule-Walker 5.941 3.710 6.508 6.5
Burg 0.513 0.284 0.761 42.8
Vieira-Morf 0.513 0.285 0.766 45.3
Nuttall-Strand || 9.747 6.982 9.336 5.4

Example 1.9.4 100 observations were simulated from the causal subset AR(4)

model

(1—0.95B%)(1+ 0.98B)(1 — 0.98B)X; = Z,

(1.40)
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The roots of the AR polynomyal are +1.0204 and +1.0260. From the summaries
and plots of table 1.7 and right side of figure 1.3, it is evident that Yule-Walker’s
performance is far inferior to the remaining methods, particularly Vieira-Morf. Once

again, Burg and Nuttall-Strand yield identical solutions.

Table 1.7: Summary statistics by method for the data of example 1.9.4

Method Mean | Median | Std. Dev. | % of realizations

of NL | of NLC of NL | with lowest N'L
Yule-Walker 200.18 | 200.802 48.83 0.0
Burg and Nuttall-Strand | 0.38 0.139 0.80 49.4
Vieira-Morf 0.32 0.133 0.64 50.6

Figure 1.3: Boxplots and barplots for the data of example 1.9.3 (left), and example
1.9.4 (right
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Restricting to the univariate case, we compared the performance with various con-
figurations of roots of the AR polynomial. With roots far from the unit circle in
the complex plane, Yule-Walker’s performance is comparable with the remaining
methods. As the roots approach the unit circle and the real axis, we see the Burg
and Vieira-Morf solutions giving consistently higher likelihoods. Apart from the
special scenarios where it coincides with Burg, the Nuttall-Strand method performs
similarly to Yule-Walker. On the whole, the Burg and Vieira-Morf methods per-
form better than the rest, tending to give higher likelihoods with smaller variability

across a large number of realizations.

1.9.2 Multivariate case

Motivated by the changing results of the modeling algorithms in the face of different
configurations of roots of the autoregressive polynomial, we seek to investigate this
behavior for analogous scenarios in the bivariate case. Appendix B details the
methods used to find the VAR coefficients that correspond to models with specified

characteristic polynomials.

Due to the difficulties involved in finding maximum likelihood solutions in the mul-
tivariate setting, we concentrate on bivariate models with subset size one. 200 real-
izations are then simulated from each, with noise Z; ~ N5(0, I3), and configurations
of roots of the VAR characteristic polynomial that mimic those of the univariate
examples. For each realization, the 'L for each of the four algorithms is obtained in
the same manner as in the univariate examples. Unlike the univariate case though,
the search for the maximum likelihood estimates is carried out simultaneously for

the coefficients and the white noise covariance matrix.
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Example 1.9.5 100 observations were simulated from the causal bivariate subset
VAR(2) model

0.547 —0.300

Xe - { 0.700 —0.457 } K2 =2,

with characteristic polynomial
|®(2)| = (1 —0.252%)(1 + 0.162%).

having roots 2 and +2.5i. The summaries and plots of table 1.8 and left side of
figure 1.4, show the Burg, Vieira-Morf, and Nuttall-Strand methods giving similar
means and variances for the N'L’s. Yule-walker has a somewhat larger mean and

variance.

Table 1.8: Summary statistics by method for the data of example 1.9.5

Method Mean | Median | Std. Dev. | % of realizations

of NL | of NC of NL | with lowest N'L
Yule-Walker | 0.137 | 0.076 | 0.168 12.5
Burg 0.030 0.021 0.027 25.5
Vieira-Morf 0.028 0.018 0.029 32.0
Nuttall-Strand || 0.028 0.020 0.029 30.0

Example 1.9.6 100 observations were simulated from the bivariate causal subset

VAR(2) model

1.0091 —0.3000

Xi — 0.7000 —1.0670

Xt72 = Zt;
with characteristic polynomial
|®(2)] = (1 +0.98%2%)(1 — 0.95%2%)

having roots +1.0526 and £1.0204:i. The summaries and plots of table 1.9 and
right side of figure 1.4, show that Yule-Walker now gives lower N'L’s about 10% of
the time, but with substantially higher mean and dispersion than the remaining 3

methods, which continue to perform comparably.
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Table 1.9: Summary statistics by method for the data of example 1.9.6

Method Mean | Median | Std. Dev. | % of realizations

of NL | of NC of NL | with lowest N'C
Yule-Walker || 2.07 | 1.29 2.39 10.0
Burg 0.33 0.20 0.45 53.0
Vieira-Morf 0.37 0.22 0.45 26.0
Nuttall-Strand 0.40 0.26 0.46 11.0

Figure 1.4: Boxplots and barplots for the data of example 1.9.5 (left), and example

1.9.6 (right)
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Example 1.9.7 100 observations were simulated from the bivariate causal subset

VAR(2) model
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with characteristic polynomial
|®(2)] = (1 +0.92z%)

having roots +0.722 + 0.722i (with modulus 1.0211). The summaries and plots of
table 1.10 and the left side of figure 1.5, show that now the mean and variance for the
NL’s of the Burg, Nuttall-Strand, and Vieira-Morf methods, is substantially lower
than Yule-Walker.

Table 1.10: Summary statistics by method for the data of example 1.9.7

Method Mean | Median | Std. Dev. | % of realizations

of NL| of NC | of NL | with lowest N'C
Yule-Walker 2.551 1.744 2.527 10.0
Burg 0.538 0.339 0.617 56.0
Vieira-Morf 0.610 0.393 0.630 20.0
Nuttall-Strand || 0.608 0.387 0.635 14.0

Example 1.9.8 100 observations were simulated from the bivariate causal subset

VAR(2) model

1.4135 —0.3000

Xi — 0.7000  0.4969

Xt—2 - Zt;
with characteristic polynomial
|®(2)] = (1 —0.98%2%)(1 — 0.95*2?)

having roots £1.0204 and £1.0260. From the summaries and plots of table 1.11
and right side of figure 1.5, we see that the performance of Burg and Vieira-Morf is
much better than that of the remaining two methods. Unlike the remaining examples
though, a curious event occurred here in that 239 realizations were simulated instead
of 200. In 39 of those realizations, the Burg solution, although causal, produced a
negative definite white noise covariance matriz. These 39 realizations were omitted

from the simulation results.
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Table 1.11: Summary statistics by method for the data of example 1.9.4

Method Mean | Median | Std. Dev. | % of realizations

of NL | of NC of NL | with lowest N'C
Yule-Walker 97.7 79.5 72.7 15.5
Burg 29.9 17.1 32.5 34.5
Vieira-Morf 29.8 18.1 32.2 48.0
Nuttall-Strand | 46.9 33.1 42.3 2.0

Figure 1.5: Boxplots and barplots for the data of example 1.9.7 (left), and example
1.9.8 (right)
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These multivariate examples display similar behavior to that seen in the univariate
case. The main theme continues to be that Yule-Walker’s performance is inferior to
the remaining three methods. Burg and Vieira-Morf emerge as clear winners here

too, albeit closely followed by Nuttall-Strand.



Chapter 2

ASYMPTOTIC NORMALITY OF SOME SUBSET VECTOR
AUTOREGRESSIVE PROCESS ESTIMATORS

2.1 Introduction

In this chapter we establish asymptotic normality for the distribution of some of
the more common subset vector autoregressive (SVAR) process estimators, namely:
Least Squares (LS), Yule-Walker (YW, algorithm 1.3.1), and the Burg estimator in-
troduced in chapter 1 (algorithm 1.4.4). This is achieved by first finding the asymp-
totic distribution of the subset Least Squares estimator, and showing its asymptotic
equivalence with the subset Yule-Walker. This equivalence is then extended to the
subset Burg estimator via the subset Yule-Walker, which thus inherits all central

limit theorems applicable to the other two.

A partial derivation of the asymptotics for the multivariate full set LS estimator
can be found in Lutkepohl (1993), section 3.2. In this chapter, we generalize this to
the subset case, using the theory of martingales to complete the derivation. In Han-
nan (1970), section 6.2, we can find a development of the multivariate YW asymp-
totics. However, we choose instead to generalize the univariate full set arguments
of Brockwell and Davis (1991) to the multivariate subset case. The asymptotics for
the multivariate full set Burg estimator, was recently presented by Hainz (1994).

We extend this derivation to the subset case.
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Condition 1
We assume that {X; = (X 1,... ,X¢q), t =0,£1,£2,...} is a zero-mean d-variate
stationary ergodic stochastic process of full rank, with finite variance, and (d x d)

covariance matrix at lag h

E [XnX,] = T(h).

Condition 2

In some cases, we shall assume that {X;} follows the causal SVAR(K') model,

Xy =Y x(i)Xii+Zi, {Z,} ~1ID(0,%), (2.1)
€K
where K = {ky,... ,ky}, and ¥ is non-singular.

Remark 2.1.1 Any process satisfying Condition 2 also satisfies Condition 1. To see
this, we note first that the IID sequence {Z.} is stationary and ergodic. Since {X;}
1s a function of this sequence through the causality property, it is also stationary
and ergodic. To show model (2.1) is of full rank, suppose the linear combination
o)X, + o) X+ .+ X =0 a.s., with ag # 0. Taking the variance of both

sides, and by the assumed causality, we have
0 = Var(ogZ;+ og®r (k) Xipy + ... + @)X+ .o+ X )
= Var(ayZ) + Var(ai X1+ ..+ og@r (k) Xipy + - + )Xy )
> Var(ayZ:) = agXag.

Therefore, we must have ayXoy = 0, which by the positive definiteness of ¥ implies

oy = 0. This contradicts the initial hypothesis, and hence {X;} must be of full rank.

From Chapter 1, section 1.2, we know the best linear forecast of X; on the lagged

subset K is

X(K) =) ®x(i)Xi,

€K
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with mean squared error Uk (= X); and the best backward linear forecast on the

lagged subset K*

XK = > U ()X

JEK*

with mean squared error Vic.

Before proceeding, let us introduce the following notation for this chapter:

e As in the previous chapter, we will need to distinguish between estimators of
coefficients and MSE’s obtained via different methods. Thus we will continue
to top those obtained via YW with hats ("), and Burg with tildes (7) (there
should be no confusion with the usual estimators of covariances, f(h), since
these are not algorithm specific). In addition, denote the LS estimators by

topping them with breves (7).

e Define in block form the (d x dm) matrix of coefficient matrices,
CI)K = [CI)K(kl); @K(kg), ce 7(I)K(km—1)7 @K(km)] .

o ax:=vec(Pg).
e Define in block form the (d x dm) matrix of process autocovariances,

Dy = [D(k1), D(ka). .o o T(kio). T(k)].

2.2 The subset Yule-Walker estimator

From chapter 1, the Yule-Walker equations for the forward prediction problem are

Y @p(iT(k—i)-T(k) = 0, keK (2.2)

L) =Y k(@@ = Uk, (2.3)

€K
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which can be written in compact block matrix form as

(g, —Pr(k1), —Px(ke),... , —Pr(km-1), —Px(kn)] Rk = [Uk,0,...,0], (2.4)
where
[ T(0) P(k) o T(kmoa) L (k)
T(ky) I'(0) oo Tlkmor—k1) Dk — k)
o D(ks)  T(ka—k1) -+ Dlkpoy — ko) Dk — ko)
IXk;fly kamfi—-kn' » F&D Ika-ikm*o
T(kp)  T(km—k1) - T(km — km-1)’ '(0) |
I'0) |[T(k) T(ka) -+ Tlkm-1) T(km)
['(ky)
def INCYE
= : G ,  say.
F(km—l)l
[ (k) |

For the backward prediction problem, the Yule-Walker equations are

> V(TG —k)—T(k) = 0, keK* (2.5)
L) = > e (I0G) = Viee (2.6)

which can also be written in block matrix form as

[ Vs (k) =V (ki — K1)y ooy =V (ki — k1), La) R = [0,...,0, Vi+].

We can express (2.2)-(2.3) in the reduced block matrix format of (2.4) as

(I)KGK = FK and UK = F(O) - (I)KF/K
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Taking vecs of both sides of the first expression leads to,
vec(PxGg) = wvec(l'k)
= (G @ Iy)vec(Px) = wec(T'k), by identity K-6 of chapter 1
= vec(Pg) = (Gg ® 1) tvec(T'k), noting the symmetry of G
=ax = (G ® 1) vee(Tk), by K-8

= (I)K = FKGI_{l,

Remark 2.2.1 Since X; is of full rank, Gk will be non-singular and the solution

P i unique.

This leads to the YW estimates of @ (in vec and unvec form) and U, respectively,

ax = (Gt @ Iy) vee(Tk) (2.7)
by = TG (2.8)
Uc = T(0) — dgl. (2.9)

The estimated YW model for (2.1) is therefore

Xy =Y Ox(i)Xii+ 2y, {Z,} ~1ID(0,Ug). (2.10)

1€EK

2.3 The subset Least Squares estimator

The ensuing derivation of the asymptotics of the LS estimator, closely parallels the
argument presented in Lutkepohl (1993), section 3.2.1. Throughout this section, we

will assume Condition 2 holds.

We begin by noting that model (2.1) can be written as,
thk‘l
Xy = [Pr(k1),... , Pr(km)] : +Zy, {Z;} ~11D(0,%).
Xtk
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For the set of random vectors {Xy, ..., X,,} from this model, we can write the above
concisely in block matrix form,
X—km—i-l—kl Xn—k1

Xept1r s Xn] = [Pr(k1), ..., Pre(km)] : e

J (. J

Y (dx (n—km)) ® g (dxdm) X D, S

My (dm;’(nfkm))
+ [ka—‘rla cee 7Zn]7

(- /
-~

Z(dx (n—km))

which in the compact notation of the under-braces becomes,
Y =0 Mg+ Z.

Defining y = vec(Y') and z = vec(Z), take vecs of both sides of the above equation

to obtain

vee(Y) = wvec(PxMg) +vec(Z)

=y = (Mg® L) ok +z

Letting >, denote the covariance matrix of z, we see that

Ly, +1 Zy,, 117y, 0
¥y, = E : [z;mﬂ,...,z;} =E ..
Z, 0 7.7,
b 0
— =1 QY.
0 by

The LS estimator seeks to find the ax which minimizes the scalar expression
S(a}() = z'Zglz = Z/ (Infkm (029 271) z="TIr [(Y — (IDKMK)’E’l(Y — (I)KMK)} .

Following the argument in Lutkepohl (1993), section 3.2.1, we are led to the normal

equations

(MgMp @ S Yoy = (Mg @ Sy,
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with solution

d{K = ((MKM;(>71MK®Id)y (211)
= ax+ (MgMy) "M ®1,) z (2.12)
= wee (Y M (MgMj)™). (2.13)

Equation (2.13) implies that
Oy = YMj(MxgMy)™* (2.14)
= (PxMy + Z)Mje (M M)~

= ®x + ZMy(MxMj)™ (2.15)
2.4 The asymptotic distribution of the subset LS estimator

In this section we establish asymptotic normality for the distribution of the subset
LS estimator, by extending the arguments given in Lutkepohl (1993), section 3.2.2,
to the subset case. This result will later be extended to the YW and Burg estimators.

We begin with the following lemma:

Lemma 2.4.1 For the process {X;} satisfying Condition 2,

(a) MMic P,

(b) \/iﬁvec(ZM}{) 4, N(0,Gx @ X).

Proof

My M

n Y

(a) By definition, the (4,7)", j > i, block entry of the symmetric matrix

is

1 n
/
n § Xt*ki thkj )
t=km+1
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which can be written as,

n—(k;—k;)

1 .

=0 Xk X+ 0p(1) = Dl — k) + 0,(1).
t=1

From Brockwell and Davis (1991), theorem 11.2.1, and for any integer h,
I'(h) £ T'(h), where convergence in probability of random matrices means
convergence in probability of all components of the matrix, and therefore,

1 Zn: Xy 5, Xy, = Tk — ki),

t:km‘i'l

which is precisely the (i,7)™, j > i, block entry of the matrix G .

(b) We will use a martingale central limit theorem in conjunction with the Cramer-
Wold device to establish this result. We begin by noting that the (d x dm)
matrix ZMj; is given by,

IMye = | > ZXy,,. Y, X,

t=km+1 t=km+1
_ / / / /
= Zy,1 [ka+1—k17 s 7X1] + Zi, 42 [ka+2—k17 s ’XQ]

++\Z/n/[X;1—k1’ 7X',n—km}'

(dx1) (1erm)

Defining the vector of length d*m,

U, = vec (Zt [X;_;ﬂ, cee 7X;—k‘m})

Xt—kl
- : ®Z,, by K-10,
Xtk
= vec(ZMj) = Y Ur=Y U +0,1).
t=km+1 t=1

Then for any A € R™™, we have, defining the scalar Wi = ﬁ N U,

1

XN vec(ZMy) = i NG XU, +0,(1/vn)

= 3 Wi+ 0,(1/v/n).

S-
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Letting X; = Z;io T;Z,_; be the causal representation of X;, we see that Z;
is independent of {X;_,,..., X, }, and therefore E(U;) = 0. Defining F;
to be the sigma-field generated by {Zj : k < t}, i.e.

Fi=o0(Zp:k<t),

it follows immediately that {W, .}, t = 1,...,n, is a martingale difference

sequence, and hence uncorrelated. That is,

1 Xt—k’l
E(Wn,t | Fi1) = E % X : ®Zy | Fia
Xtk

-
>
&
®
&5
N

The sequence {U,} is therefore also uncorrelated.

In the above calculation, we used the fact that if X and Y are independent

random matrices,
EX®Y)=EX)E®Y).

This is a simple property of the Kronecker Product operation, since, by inde-

pendence,

Xor = DTl

—=E(XaY) = [EX;Y),

2. ):1

= [E(X;)E(Y)]]

(i,5)=1

= E(X) @ E(®Y).
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Noting that the covariance matrix of Uy is,

QZ | ([Xip, - X, | ©Zy), by K-5

E (U,U;)
thk’l

= E :

- X_tikm -

- Xt_kl Z
— ]E [X:f—kﬁ P ’X;—k"m

- Xtikm -

[ Xt—/ﬁX:‘,fkl Xt—klxi‘,fkm ]
= E : . :

L Xt—ka:S—kl Xt—ka:S—km

[ Xt—klngkl Xt—klxéfkm
= E : . :

L X't_kafffkl o X't_knLX;*k‘m
= Gg® E,

we have,

| ®ZZ, |, byK9

® Z,Z;

® E(Z:Z;)

1 1
Var(Wnyt) = EA/E (UtUé) A= EA/ (GK & Z) A

The sequence {W),,;} is in the prerequisite form for application of a martingale
central limit theorem. In this context, we use theorem 3.2 and corollary 3.1 of

Hall and Heyde (1980). Accordingly, we need only check the following three

conditions:

(1) I E[W2, | Fo] 5 XN (Gr@ D) A

(ll) maxlgtgn |Wn,t| L) 0

(ili) E (maxi<;<, W?2,) is bounded in n.
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Proof of (i):
Since {E (AU, U} | F;_1)} is a stationary ergodic sequence, the ergodic the-

orem implies,

n n

1 / !
Y E[W | Fa] = - Y ENUUA| Fo)

t=1 t=1

L E[ENUUMN| Fiy)]
= XNE(U, U)X

= XN(GgoI)A

Proof of (ii):
We have,

/ . /
Pr (52?5% IN'U,| /v/n > 6) = Pr <1121{a§>1<1|)\ Uyl > 6\/ﬁ>
= Pr (U {INU| > a/ﬁ})
t=1

< ZPr (INU¢| > ev/n)
=1

= n Pr(|ANUi| > ev/n)

- i)

n . |2
< et {\" Uil I{Xmlxﬁ}]
2,0,

by the finite variance of {X;}.
Proof of (iii):

Since {W,,;} is identically distributed,

1<t<n 1<t<n

1
E (max |Wn7t|2) = EE (max |XUt|2)
1 n
< =Y ENU/[
n
t=1

= ENU .
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Therefore, invoking theorem 3.2 and corollary 3.1 of Hall and Heyde (1980),

we have
1

NG Nvec (ZMy) -5 N(0, N (Gx @ 2) A).

Finally, since A was arbitrarily chosen from ]Rdzm, application of the Cramer-

Wold device (Brockwell and Davis (1991), proposition 6.3.1), gives

1
TRvee (ZM}) -5 N(0,Gx @ %).

The following theorem establishes the weak consistency and asymptotic normality

of the subset LS estimator.

Theorem 2.4.1
(Consistency and Central Limit Theorem for the subset LS estimator)

The LS estimators of the coefficients in the SVAR model (2.1), satisfy
(a)
Dy o O
(b)
Vi (8 — o) —5 N(0, G @ B). (2.17)

Proof

(a) From (2.15) we have,

by — P = ZMi(MgMi)™!

ZM} [ MgMj\ "
n n
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By lemma 2.4.1, part (a), the term in brackets converges in probability to a

nonsingular quantity; while part (b) = % 0. Therefore, ®—Px — 0.

(b) From (2.12), lemma 2.4.1[part (a)], and the continuous mapping theorem,

Vn(ag —ag) = Vn((MgM)" "My ®14)z

_ ((MKHM%)_l ® Id> % (My 1)

L (G el) N,

where V'~ N(0,Gx ® ), since lemma 2.4.1[part (b)] implies that
| 1 4
% (MK ® Id) Z = %’UGC (ZMK> — N(O, GK ® Z)

Therefore, and by successive applications of identity K-9 in appendix A.2,

Vinlax —ax) ~5 N(0,(GF' @ L) (Gk @ %) (G5 @ 1))

=N (0, (G ©%)).

2.5 The asymptotic distribution of the subset YW estimator

In this section we establish analogous results of asymptotic normality for the subset
YW estimators. The results and respective proofs in this section, are an extension
of Brockwell and Davis (1991), theorem 8.1.1, to the multivariate subset case. We

begin with the following lemma:

Lemma 2.5.1 For the process {X;} satisfying Condition 2,

(a) Vi [Py = 2tk ] 250, and, M2k 21y

n
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) Vi |Gt - (M) ] 2

Proof

(a) Now,

X;chrlfkl - }(’1

YM}( = [ka-i-lv s aXn] .

X;’L—kl X;L km
S DR v
t=km+1 t=km+1

and,

n—=kq n—km

. . 1 1

Pr = [Ck),... (k)] = [E D X Xp o D Xt+ka;] ,
t=1 t=1

so that the 5 1 < j < m, block matrix entry of /n [fK - %] has the

form

-nfkj n
/ /
E Xt+kj X—t - E Xtthk‘j
t=1 t=km+1

Si-

Si-

-nfkj n—k;
!/ /
E Xt+k]' Xt - E Xt+k‘j Xt
t=1 t=km+1—k;

1 km—k;

= % Z Xt-i—ij:: L)0>
t=1

by re-indexing the right summand.

Similarly, the %, block matrix entry of [f‘ K — %} is
[——

1 P
E Xk, Xy — 0, asn — oo.
t=1

n

(b) From Brockwell and Davis (1991), proposition 6.1.2, it suffices to show that

HENER)

p
— 0,

Vvn

2
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where for matrix A, ||Al|2 denotes the Euclidean norm of vec(A):

G - (M)

n

vn

2

/ 7\ —1
s () (25

n n

MgMy
V()

n

2
MM\~
n

the inequality following from Cauchy-Schwarz for matrix norms (see for ex-

< Jox

Y

2

2’ )
ample Lutkepohl (1996)[p. 111]). Now, since I'(h) -~ I'(h) for any integer
h, we have by the continuous mapping theorem that Gl}l £, Gf}l. Also,

by lemma 2.4.1, part (a), and again using the continuous mapping theorem,
;N -1

<%> REN G%'. Finally, employing a similar argument to the proof of

part (a), the (i,7)™, 1 <1i < j < m, block entry of \/n (MKT}( — @K> can

be written as,

1 n—(k;j—k;) n—(k;—k;)
% Z Xk~ Xp — Z Xk~ Xy | + 0p(1) 2,0, asn— oo.
=1 =1

Thus, the right hand side of the above norm inequality

= IGE 2. 10ll2-IG M2 = 0,

0.

= Vn

- (M)

n

2

We are now ready for the main result in this section:

Theorem 2.5.1

(Consistency and Central Limit Theorem for the subset YW estimator)

The YW estimators of the coefficients of SVAR model (2.1), satisfy
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(a) O L e
(b) Vi (g — ax) -5 N0,G @ %).

(c) Ux 25 3.
Proof

(a) From (2.8), dx = I'xG#'. Since T'(h) = T'(h), for every integer h, [y ——
'k, and Gx - Gg. Therefore, by the continuous mapping theorem, by L

IkGy' = Ok
(b) The subset LS and YW estimators are respectively:

dp = (MgMy) "Mk ® 1;)y, and oy = (G @ 1) vee(Tk).

In light of theorem 2.4.1 part (b), and the fact that
\/ﬁ(&K —ag) = [\/ﬁ(&K —oag) — \/ﬁ(dl( - OéK)] )
it suffices to show, by Brockwell and Davis (1991) proposition 6.3.3 for exam-
ple, that /n(ax — ax) —— 0. Thus, from (2.8) and (2.13),
V(g — ) = v [fKé;g - YM%(MKM}{)*}
- -2 (125 el (52)°

2, 0, bylemma 2.5.1.

(c) From (2.9), Ux = I'(0) — ®xI%. From part (a), ['(0) <= T(0), &5 - Py,

and Ty - I'k; so that by the continuous mapping theorem,

Uik =5 T(0) — Dl = 3.
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2.6 The asymptotic distribution of the subset Burg estimator

In this section, we prove that the multivariate subset Burg estimator has the same
asymptotic distribution as the YW estimator. Our strategy is to show that the two
estimators differ by terms of order at most O,(1/n) (which in particular implies a
difference of order o,(1/y/n)). Applying Brockwell and Davis (1991) proposition
6.3.3, then gives convergence in distribution to the same limiting random vector.
The arguments that follow are a generalization to the subset case of the results

presented in Hainz (1994). We begin with a lemma:
Lemma 2.6.1 Let {X,} be a tight sequence of invertible (d x d) random matrices,
and A a constant invertible (d x d) matriz. Then
X, =A+0,(1/n) = X;'=A"+0,(1/n).
Proof

For any invertible matrix B, let gx(.) be the continuous differentiable mapping from

R” — R, that takes the k" element of vec(B) to the k™ element of vec(B~1), i.e.
gr(vec(B)) = [vec(B™)], .

Then, applying the random vector version of Fuller (1996) corollary 5.1.5, with s = 1

and r, = 1 to vec(X,), gives
[vec(X;l)}k = gip(vec(X,)) = gr(vec(A)) + O,(1/n) = [vec(A_l)}k + O,(1/n).

Applying this component-wise with & = {1,...,d?} in turn, gives the required

result.
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Theorem 2.6.1 If {X,;} satisfies Condition 1, then the Burg and YW estimators of

the coefficients and MSE’s of the forward and backward subset prediction problems,
satisfy:

(a) O = Pi + Op(1/n).

(b) U = Ugee +O0,(1/n).

(¢) Ux = Uk + O,(1/n).

(d) Vier = Viee + O,(1/n).

In addition, we have the following auxiliary relationships:

(¢)
% Y gs(t)E;(t) =U;+ O,(1/n)
(f)
% D it — k)it = k) = Ve + 0,p(1/n).
(9)
LS &0t — ) = D) Ve + Oy (1/).
t=km+1
Proof

We will use induction on the size of the set K of the subset prediction problem. We
begin at level 1 (m = 1) with K consisting of a single positive integer, k,,. Note

that J = () = J*. Now from the YW algorithm,

b (kn) = D(kn)I(0)7

— vec (@K(km)> = [ '® Id} vec <f‘(k )) : (2.18)
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From the Burg algorithm and (1.29), we have

vec (&)K(k‘m)>
n n -1
— ( > Xt_kmxgkm) ® I, +T(0)?2oT0) ( > thg> f(())l]
t=1+km t=14km
vec [( > thg_km) +1(0)™ ( > thg_km> f(())] .
t=1+km t=1+km
Multiplying and dividing by % gives
vec <&>K(k‘m)> =
-1
1 @ A a1 .
[(5 > thmXikm) ® I+ (0> T(0)™ (5 > XtX:t> I'(0) 1]
t=1+km t=14km
1 < . 1 < R
vec [(— > thg_km) +T(0)! (— > thg_km> F(O)] :
n t=1+km n t=1+km

and upon recalling that for h >0, T'(h) = 2 * "X, n X!, we see that

vec (éK(km)>

vec (f<k;m)) , (2.19)

using K-1 and K-6 of appendix A.2 on the vec term. Consider now the inverse term

in the above equation. From lemma 2.6.1,

[0(0) & 1+ P07 @ F(0) ™ +0,(1/n)] -

- {f(o) ® I+ 1(0)° ® 1A“(O)‘l} T o, (1/n).
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Applying identities K-9 and K-11 leads to the factorization

[P0 ® 1+ T(0)* © T(0)~ } o(1/n)

_l_

. —1

- [(Id®fd+F(0) @ 00)) (M) @ 1)]  +0y(1/n)
- fOen] [+t or0)] +0,0/m).

where we can easily see that I; ® I; coalesces into I;2. Finally, applying identity

K-8 to the first inverse gives

[f(()) © I, + (02 @ f(orl] 1 0,(1/n)

- [f(())—l ® Id} [Idz +I(0)® f(O)‘l} +0,(1/n).

We can now substitute the above into (2.19) to give,

vec <(§K(k‘m)> = f(O) ® Id_ B [Lp +T(0)® f‘(o)_l] - [Id2 +1(0) @ T(0) ™!
vec (f(km)> +0,(1/n)
= f(()) ® 1, vec ( > + O,(1/n)

= wvec (@K(k‘m» + O,(1/n), from (2.18).

We therefore have that ® g (kp) = ®x (k) + O,(1/n), which implies dx = by +
O,(1/n).

From the prediction error solution of the Yule-Walker equations (algorithm 1.4.1),

Dy (k) and W g (k,,) are linked via:
Uree (k) = V5o ® g (k)'U;" which implies U e (k) Uy = Vie® g (k) (2.20)
(and similarly for the YW estimators), so that with V. = I'(0) = Uy,

Ve (k) = T(0) [k (k) + O,(1/n) T(0)"!
= T(0)®x(kn)T(0)"" + Oy(1/n)

= Uy (k) + O,(1/n).
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Now for the MSE’s, we have from algorithm 1.4.1 that

Uk = Uj— Og(km)Vy®g (k)
— (1= Brelh) s (k)| T, from (2.20),
_ :Id _ (@K(km)\IfK*(km) +0,(1 /n>)] 1(0)

[(0) + Oy(1/n)

= Iy — D (k) Vg (b

~—
L I

= UK + Op(l/n)a

and similarly,

Viee = Vie = U (k) U0 g (K )’

= _Id - \iJK*(km)CDK(km)_ Vj-, from the transpose of (2.20),

_ :[d _ (@/K*(km)é;{(km) + Op(l/n))] [(0)

A

= [1a = B () B )| T(0) + O, (1/m)

= VK* + Op(l/n).

For the auxiliary relationships, we have from algorithm 1.4.1

n

! > EEr) = % > XX,

n
t=km+1 t=km+1

= T(0) + Oy(1/n)
= U;+ 0,(1/n).

1 N N 1 «
" Nyt = k)T e (8 — k)" = n Z Xt Xt
t=km+1 t=km+1

= D(0) +0,(1/n)
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the last equality following from the first line of algorithm 1.3.1. Finally,

1 o . N I &
- > gt —km)Es () = - > XX
t=km+1 t=km+1

= IA-‘(_k:m) = 1q(km)/

A~

= W (k) Uy,
where the last equality follows similarly from the third line of algorithm 1.3.1.

This ends the inductive step when K is any subset of size one. Now suppose the
theorem holds for all subsets K of size < m — 1, and consider K = {ky,... ,kn}.
Recalling that J = {ky,... ,ky_1} and J* = {k,, — ki1, ... , km — K1}, introduce
the following additional notation for sets of lags G and H, where H € {J, J*, K*}:
G(H) is obtained from G in the same manner that H is obtained from K. For

example:

J(J)is to J what J is to K, i.e. J(J) = {k1,... , km_2}.
o J(J*)is to J what J* is to K, i.e. J(J*) ={km-1— km-2y.-. , km—1 — k1}.
e J*(J)is to J* what Jis to K, i.e. J*(J) = {km — km—1,... ,km — k2}.

o J*(J*)is to J* what J* is to K, i.e. J*(J*) ={ka —ki,... ,km_1 — k1}.

J*(K*)is to J* what K* is to K, i.e. J*(K*)={ko —k1,... , kn — K1}
By the inductive hypothesis, we then have:

[H-1] &, = &) + O,(1/n).
[H-2] ). =W, 4+ 0,(1/n).

[H-3] Uy =Us 4 O,(1/n).
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[H-4] Vje = Ve +0,(1/n).
[H-5] L5 Esn(®Esn () = Uy + O0p(1/n).
[H-6] 2500, et — k)T (E = k1) = Vi + O0p(1/n).

H-7) 25 s (Ot — k) = D (K 1)Visey + Op(1/n).

1]

n

1 i i 3
= Y & t) = U + O0p(1/n),

n
t=km—k1+1

which upon re-indexing

1 . N -
= = Y Epunt—k)Erun(t — k) =Usus + Oy(1/n).

n
t=km+1
[H-9]

1 N N -
— Z N ey (t = Ko + k)T 5o () (t = + 1) = Vieay + Op(1/n),

t=km—k1+1

which upon re-indexing

:> Z Nye(s )nJ*(J) (t —km) = VJ*(J) + Op(1/n).

t km+1

[H-10]

n

1 ~ ~

n
t=km—k1+1

= Sy b — k)Vie() + Op(1/n),
which upon re-indexing

1 <« . _

t=km+1
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[H-11] From (2.20), Vy®s(km-1) = V) (km-1)Us0s. Also holds with for YW
estimators i.e. can replace tildes with hats throughout.

[H-12] From (2.20), U, = [Id — &y (k)0 sy (1) | Try-
[H-13] &,(t) = &50)(t) = @ (km—1)7 05y (t = K1)
[H-14] e (t = k) = gy (t = ki) — W (ki — k)& 7= (5 (t — K1).

[H-15] From (2.20), W (kp — k1) Uje(se) = Ve @ e 55y (km — k1)'. Also holds with

for YW estimators i.e. can replace tildes with hats throughout.

[H-16] Set K = J and k = k,, — j, j € J* (= k € J), in the YW equation (2.2) to

obtain:
Z@)J(z)f(/{m —j—1i)=T(km —j), foreveryj e J*
[H—l?] From (220), ‘2]* = |:]d - \TJJ* (km - k’l)\i/]*(K*)(k?m - k?l) VJ*(J).

It is easy to show that H-5 - H-10 hold when m = 2, i.e. K = {ki,k2}. We note
that in this case, J = {k1}, J* = {ke —k1} = J*(K*), and J(J) = J(J*) = J*(J) =
J*(J*) = 0. Thus:

e For H-5,
1« ] A o
~ Y EmBEm®) =~ D XX =T(0) +0y(1/n)
t=km_1+1 t=k1+1

= Uy + 0p(1/n),

and similarly for H-8.
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e For H-6,
1 < N , 1 <& .
- D gt = k)T (= kna) = - > X w Xy,
t=km—1+1 t=k1+1

= D(0) +0,(1/n)

= Vi +0p(1/n),
and similarly for H-9.

e For H-7,

1 « B B 1 — .
~ D G Ayt —kna) = D XX, =T(k)
t=km_1+1 t=k1+1

= &, (k1)D(0), from first line of algorithm 1.3.1

A

= CDJ(km—l)VJ(J*)a

and similarly for H-10.

We will complete the inductive argument by showing in order:

(i)

% Z Ny (t = k)T g (t = ki)' = Vi + Op(1/n).

t=km+1
(iii)
n

> &)yt — k) = P (kn)Vi- + Oy(1/n).

t=km+1

S|

(iv) Px(km) = Pr(km) + Op(1/n).
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(V) Wi (k) = Wiee (ki) + Op(1/n).

(vi) @ (i) = Pk (i) + O,(1/n), for everyi e J.
(vi) Ug-(4) = Wg-(j) + O,(1/n), for every j € J*.
(viii) Ux = Uk + O,(1/n).

(ix) Vi = V- + Op(1/n).
We now begin these demonstrations.

(i) From H-13,

Es(t)Es(t)
= (B0 0 = Bl siomy(t = Kin))
CRIOET RISEY ML N
= &5 (&1 1) = Exny ()T 050y (t = k1) P (k1)

= @ (k1) 50 (t — km—1)E500)(t)

+ @y (ko 1)7 gy (= )Ty (= K1) @ (i)'
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and thus
I &~ .
D D-H G0
t=km+1
1 B} ,
= | > EnEm®)
t=km_1+1
]_ " ~ ~ / 5 /
= D & Oyt~ k) | Ssln-)
t=km—1+1
/
- 1 n ~ ~
= Cylhm) | > & Ot = Fma)
t:k"mfl‘f'l
- 1 i ~ ~ -
+ @5 (kpm-1) o Z My = k)T 500 (= k1) | @(km—1)’
t=km_1+1
+OP(1/n)7

and using H-5, H-7, H-7, H-6, respectively in each of the bracketed summands
above, gives
1 n

= > Est)Es )

" a1
= Uy — (k- 1)Vioy @i (k1) — @5(km1) Vi) @ (k1)
+ &)J(km—l)VJ(J*)i)J(km—l), + Op<1/n)
By H-1 and H-4, we can interchange Burg and YW estimators to within
O,(1/n), so that
LS~ ey
n
t=kpm+1
= UJ(J) - (I)J(kmfl)VJ(J*)(I)J(kmfl)/ - (I)J(kmfl)VJ(J*)(I)J(kmfl)/
+ @ (k1) Vi @ (ki) + Oy(1/n)
= Us) = ®s(km-1) Vi@ (k1) + Op(1/n)
= Usts) = Pskm-—1) Wiy (km1)Us) + Op(1/n), by H-11

= U;+0,(1/n), by H-12.
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(ii) From H-14,

Ny (t = k)T (8 = Ki)'
= (A (t = Fon) = e (i — k)& g (t = ) )
<"7J*(J) (t = k) = & ge(oy(t — 1)V g (Ko, — kl)’)
= eyt = k)N e ) (t = Fn)'
— (e (t = k)T (t = Fom)) W g (o — K1)’
— U g (ki — k1) (Ege o) (t = k)T ey (= Kim)')

+ i’]*(k‘ — ]{71) (EJ* J*)(t — kl)EJ*(J* (t — kl) ) ‘i{]*(l{]m — ]{Zl)l,

and thus
1 < )
— Z UBE (t km)"?J (t - km) =
t=km+1
I & 5 ,
— Ny (= k)0 g () (8 — ki)
t=km+1
!
" 1
= Wy (ki = k) ( Z €y (t = k)0 eyt —k )’)
L
. 1 &~ 3 _
t=km+1

Using H-9, H-10, H-10, H-8, respectively in each of the bracketed summands

above, gives

1 N -
o Myt — km)m»« (t— km),

=0 s (kmfkl)UJ*(]*), from H-15

= Vi — VJ* VO gy (ko — K1) W (g — Fr)’

- {DJ* (km - kl)(AbJ*(K*)(km - kl)VJ*(J)

—'— \INIJ* (km - k‘l)ﬁj*(‘]*)@J* (km - kl)l _'_ Op(l/n)



66

By the inductive hypothesis (H-1 - H-4), we can interchange YW and Burg

estimators to within O,(1/n), so that
I« . N ,
o Z Mg+t = k) (t = k)
t=km+1
- VJ*(J) — \I/J*(l{?m - ]{31>UJ*(J*)‘1/J* (km — kl)/
+ U (kg — k) Uge (1) U (ki — k1) + Op(1/n)
= (10— W = ) B sy Ui — K1) | Vi) + Op(1/)

= Vy+0,(1/n), by H-17.

(iii) By definition,

éJ(t) = Xt - Z éJ(Z.)}(-t—i)
i€J
and

Mot — k) = Xogy — > U0 () Xip s

jeg
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and this implies

n

1 o
” Z E7 ()7 (t — ki)’
t=km+1
f(im) f(km—j)iopu/n)
1 X, X! - 1 X, X! WY
N ELN Lo, N LNt o 4§ 7+ (5)
t=km+1 jeJ* t=km+1
Tao(l ¥ % zxzk)
ieJ t=km+1

[ (km—i)+0p(1/n)

. (1 & =
—+ Z Z @J(Z) (E Z Xt_iXékarj) \IIJ* (])/
jeJ* ieJ N t=km+1

~~

f(k7n —j—i)+Op(1/n)

= f(km) - Z f‘(k;m - j)i]J* (])/ - Z &)J(l)f‘(k’m - 2)

jeJ* ieJ
+y (ZF = ) ) | U () + Op(1/n)
]EJ*\ ieJ ,

=f(kmfj)7rby H-16
= T(km) = > _ @5 (0)T(km — 1) + Op(1/n),

icJ

since ® (i) = ®;(i) + Op(1/n). Thus by the first line of algorithm 1.3.1

Y Es(O)y(t = k) = Prc(kin) Vi + Op(1/n).

t=km+1
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(iv) Taking (1.29), applying identities K-1 and K-6 to the vec term, and multiplying
and dividing by %, gives

vec (ti)K(kzm)>

=V;«40,(1/n), by (ii)

Ve

— (l Z 7+ (= k)7 (L = km)l> ®1q

t=km+1

:UJ+Op(1/n)v by (1>

la N

- - 1 & -
+ Vi eU;! (; > éJ<t>éJ<t>’) ;'

t=km+1

[Idz + Ve ® [7;1] vec (% Z Es(t)n - (t — km)/>

t=km+1
N - J/

=b i (km)Vye+0,(1/n), Dy (ili)

r. - - _1 - -
= |VreL+VioU;'+ Op(l/n)} [Idz +Ve® U;l]

vec (@K(km)vj*) +0,(1/n)

— :VJ* QI+ Vie 17;1} o [Ida + Ve ® 17;1] (VJ* ® Id>
vec ((i)K(km)> + Op(1/n),

where the last equality follows by applying lemma 2.6.1 to the bracketed in-
verse term, and identity K-6 to the vec operator. By inductive hypothesis H-4,

we can replace (VJ ® Id> with <VJ ® Id) + O,(1/n), to give

vec <§>K(km)>
= [renL+ Vel B L+ Vi 2 05| (Ve @ 1)

J/

el e0;!, by K-11 and K-9
vec <<§K(km)> +0,(1/n)

A

= wec <(I>K(k:m)> +O,(1/n).
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(v) From (2.20),

Ve (k) = Vie®g(ky,)U;?
= Vg (k) Ut +0,(1/n), by H-3, H-4, and (iv),

= Uge(km)+ O,(1/n), again from (2.20).

(vi) From the algorithm,

Dp(i) = Oy(i) — Prckp)Vye(kpy — 1), for everyie J,
= (i) — O (k)W (k — i) + Op(1/n), by H-1, (iv), and H-2,

A

= Ox(i) + Op(1/n),

where the last line follows again from the algorithm, but now applied to the

YW estimators.

(vii) Similarly, from the algorithm,

V() = Up(j) = Uge (k)P s(kp — j), for every j € J*,
= Ue(j) = Uge (k)P s(km — j) + O,(1/n), by H-2, (v), and H-1,

= ‘i’K* (J) + Op(1/n),
again from the algorithm applied to the YW estimators.

(viii) From the algorithm,

UK — lj] - (iK(km)VJ*éK(km)l

_ [[d—EISK(k:m)\IJK*(k:m)] 0, from (2.20),

— [Jd . éK(km)qu*(k;m)] Uy +0,(1/n), from (iv), (v), and H-3,

from the algorithm applied to the YW estimators.
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(ix) Using almost identical arguments to the above, we have from the algorithm
VK* — VJ* - @K*(km)ﬁjqu{* (km),

— [Jd e () B (

— [zd e (k) D

km)] Vj-, from (2.20),
K(k?m)] Vye 4+ 0,(1/n), from (iv), (v), and H-4,

This completes the induction argument, and therefore the statement of the theorem

holds for an arbitrary set of lags K.

Theorem 2.6.2 (Asymptotic distribution of the subset Burg estimator)

The Burg estimators of the coefficients and white noise variance of SVAR model

(2.1), satisfy

(a) Vi (&x — ag) = N(0,G @ 3).

(b) Ux 2 3.

Proof

Theorem 2.6.1 states that the Burg and YW estimators for the forward and backward
prediction problems, differ by terms of order O,(1/n) when {X;} satisfies Condition
1. As mentioned at the beginning of this section, application of Brockwell and
Davis (1991) proposition 6.3.3, then gives convergence in distribution/probability
to the same limiting random vectors. These limiting distributions were presented in
theorem 2.5.1. Since {X;} satisfying Condition 2 also satisfies Condition 1, these
limiting distributions extend to the Burg estimators of the coefficients and white

noise variance of SVAR model (2.1).



Chapter 3

SADDLEPOINT APPROXIMATIONS TO THE DISTRIBUTIONS OF
THE YULE-WALKER AND BURG COEFFICIENT ESTIMATORS
OF SUBSET AR MODELS WITH SUBSET SIZE ONE

3.1 Introduction

A notable feature of the simulation results of Chapter 1 is that the Gaussian like-
lihoods for models fitted via the Burg method tend to be consistently larger than
those fitted via Yule-Walker, particularly as the roots of the AR polynomial approach
the unit circle. Comparing the distributions of Yule-Walker, Burg, and maximum
(Gaussian) likelihood estimators in some special cases, should provide further in-
sight into their different finite-sample performances, and the question of whether
or not the densities of the Burg and maximum likelihood estimators are “closer” in

some sense than those of Yule-Walker and maximum likelihood.

In this chapter we compute saddlepoint approximations to the probability distri-
bution and density functions of the Yule-Walker and Burg estimators of the au-
toregressive coefficient in a Gaussian AR(p) model, where the coefficients of the
first p — 1 lags are zero (henceforth abbreviated as a SAR(p) model). We obtain
simulation-based estimates of the probability density function for these two as well

as the maximum likelihood estimator, and proceed to compare all three.
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The saddlepoint approximation in this context was originally discussed by
Daniels (1956), in which he derived the density of the Burg estimator for an AR(1).
Phillips (1978), obtained the Edgeworth and saddlepoint approximations to the
density of the least squares estimator. Durbin (1980), explored the approximate
distribution of partial serial correlation coefficients, which included the Yule-Walker
estimator. Using Edgeworth approximations, Ochi (1983) obtained asymptotic ex-
pansions to terms of order n~! for the distribution of the generalized AR(1) coef-
ficient estimator ¢f(cl, o) presented in the next section. More recently, Butler and
Paolella (1998) have obtained saddlepoint approximations to ratios of quadratic
forms in normal random variables. The development in this chapter parallels their

technique.

3.2 SAR(p) Model Parameter Estimation

Consider estimating the parameters in the zero-mean causal univariate Gaussian

subset AR(p) model:
Xt = ¢Xt7p + Zt7 {Zt} ~ IID N(O, 0'2). (31)
Given observations x1,- - ,x, from a time series, and defining

05.(¢) = (1= ¢*),

the least squares estimator of ¢ is from (2.14),

>
t=p+1 LtLt—p
n—p _2
Zt:l Ly
n
Zt:l+p LtLt—p

n—p .2 P2
t=p1 Lt T+ die1 T

drLs =
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The Yule-Walker algorithm (1.3.1) gives the estimates

Q’g o Z? 1+p xtwt -p (3 3)
Yw = .
Zt =p+1 x7 + Z =1 x? + Zt n—p+1 x?

1
n Zt:1+p LtLt—p

%Z?:l x%
Yp
) 3.4
A (3.4)
oyw = (1= dvu)% = oas(dvw),

while from the Burg algorithm (1.4.4) we obtain

Do
t=14p LtLt—p

bpe = (3.5)
Zt p+1$t Z 1% + 3 Zt n— p+1$§
Yo+ 5 Zt-p—i—l i
27}7 1
= - , where a, = x?
o + a P Zt =p+1 Tt
0123(; = (1- ¢?3G)% = UE;L(CbBG)-

Remark 3.2.1 Since a, < %, we easily see that |ppc| > |éyw|, and thus
0%, (0pa) < 0%, (dyw). Also note that the Burg estimator of a SAR(p) coincides

with the Nuttall-Strand estimator.

Remark 3.2.2 Since we are assuming a zero-mean process, we have opted not to
mean-correct the data prior to parameter estimation. This is an unrealistic assump-
tion in practice, but will help us fix the comparisons between the various estimators,
as well as examine the relative performance of the saddlepoint approximations to the

sampling distributions.

From (3.2), (3.3), and (3.5), and defining the generalized estimator

n
A > e 14p TtLt—p

P(c1,c2) =
’ t—p+1 T7 4 ¢ Zt 1 T7 + Z?:nprrl 3 7
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we see that (;3(1, 0), 95(1, 1), and gzg(%, %), are the least squares, Yule-Walker, and Burg

estimators respectively.

From Brockwell and Davis (1991) problem 8.7, the -2 Log Likelihood for observations
Xi,..., X, from model (3.1), is given by

1
L(¢,0%) = nlog(2m0?) + log |G,| + = | X,G, ' X, + Z —6X, )%, (3.6)
o t=p+1
where
X o= [Xi,..., X))
_ Y _
Gy = o QFPIO__(Q)IPI<1_¢2) '

= |G]—(1—¢2)pandGl (1—¢2)p,
and thus
L(¢,0?) = nlog(2mo?) — plog(1 — ¢?) + ZXQ + Z X; — X,

t=p+1

Comparing this with equation (8.7.4) in Brockwell and Davis (1991), we see imme-
diately that the expression in square brackets must be the residual sum of squares

(RSS), ie

RSS=> (X, - X,)*/ri.i=(1-¢ ZX2+ Z — 60X, )% (3.7)

t=1 t=p+1
Defining 0%,,(¢) = %@, and expanding the above, we see that o3,;(¢) = A9 —
24,0 + a,¢?. Since the maximum likelihood estimator (MLE) of 2 for fixed ¢ is

RSS/n, ignoring constants we obtain the reduced -2 log likelihood:

RL(p) = nlog(Fo — 29,0 + ay¢?) — plog(l — ¢?) (3.8)
x lo 0]2\4L<¢)n
ou (2255 ) (39)

Differentiating (3.8), we find that the MLE of ¢ (¢a1) is a root of the cubic

¢3 _ (n—2p)% _nap +p’3/0¢ 4 nYp

0 a . —pa T - pa (3.10)
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Example 3.2.1 500 observations were simulated from model (3.1) with p = 3,
¢ = 0.74, and {Z,;} ~ 1ID N(0,1). To 4 decimal places, we obtained the following
estimates: ¢yw = 0.7055 (RL = —42.2659), dpe = 0.7125 (RL = —42.3555),
o = 0.7153 (RL = —42.3635).

Figure 3.1: Plot of 02,,(¢) (short dashes and bounded below), 0%, (¢) (long dashes
and bounded above), and a scaled and re-centered RL(¢) (solid line), for the simu-
lated data of example 3.2.1.

—2

Figure 3.1 shows the two variance curves o3,; (¢) and 0%, (¢) for the data of exam-

ple 3.2.1, overlaid by the RL(¢) curve (suitably scaled and centered to fit on the
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same figure). The plot is typical of the shapes of the variance curves. Both are
quadratics in ¢; % (¢) bounded above with roots at +1, 02,,(¢) bounded below
with 02,;(¢) > 0 for all |¢| < 1 (since by (3.7) it is a sum of squares). The curves

intersect where

UJ2\4L(¢) - 0,24L(¢) = 0
= ¢ ((ap+9)0—2%) = 0
=¢ =0 or ¢= 2 = ¢.

’?0 + CLp
Remark 3.2.3 Thus the Burg white noise variance estimate coincides with the

RSS/n variance estimate, ie. 02,;(bpa) = 04, (d5c)-

It is clear from (3.4) that the Yule-Walker algorithm always gives a causal solution
for model (3.1). An easy geometric argument enables us to conclude likewise for
the Burg estimate ¢pg: Since o2:.(¢) > 0 for |¢| < 1, it always intersects the curve
0% (¢) at ¢ =0 and ¢ = dpc in this causal region, so that we must have ]éBgl <1

An immediate consequence is that 2|5, < Ao + a,.

3.3 Saddlepoint Approximating the Distribution of q@(cl, c2)

A realization X = [X,...,X,]" from model (3.1), has the multivariate normal

distribution
X ~ N,(0,T,),
with probability density function

1
fx(x) = (2m)"2 |0 72 exp {‘?‘T; IX} |
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where

o

. . . :7J

. . . 1_ 2 YNy
yn—=1) - ~(0) ’

and J, is the (n x n) matrix whose (i, j)!* entry is

. kit i — gl =kp, k=0,1,...,[n/p],
%@ﬁ:{¢ i —jl = kp [n/p]

0, otherwise,

and [z] denotes the greatest integer less than or equal to z.
Defining the (i, )" entry of the (n x
A9 = {

and that of (n x n) matrix B to be

n) matrix A to be

0, otherwise,

c, ifi=jand 1< <p,

1, ifi=jandp+1<i<n—p,
co, fi=jandn—p+1<i<n,
0, otherwise,

B(i,j) =

we can express the generic estimator ¢(cy, ¢9) as a ratio of quadratic forms in normal

random variables

Her) = 2% — D
L2 TXBX T Q)

The joint moment generating function (mgf) of Q; and @) is given by
M(s,t) = Eexp{sQ1 + tQ2} = Eexp{X'(sA+tB) X} = Eexp{X'CX}, (3.11)
with C' = sA + tB. Therefore, we have

M(s,t) = /Rn(27r)’"b/2|1“n|_1/2 exp {—%X’ (It —20C) X} dx

|Fn|—1/2
(Tt —20) 717
. 1
2m)™2| (I —2C) " |71/2 — X (' —20)x p d
Jo (= 20) e { =5 (1 = 20) x fdx
e
= |I,— 21,

= |I, — 2T, (sA + tB)| /2,
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defined for all s and ¢ such that |1, — 2T, (sA +tB)| > 0.
3.3.1 Some preliminary results

Suppose ¢(-) is a real-valued function, and X (s) a square matrix viewed as a function
of the scalar variable s. The chain rule for obtaining the derivative of g(X(s)) with

respect to s is, using the notation of Lutkepohl (1996)

29(X(s)  09(X) duec(X(s))
0s Jvec(X)' 0s

e (B e (2509)
- e (((52))) e (52)

— Ty Ka%(;;)), a);is)} : (3.12)

where we have used the fact that for square matrices A and B,
vec(A")vec(B) = Tr(AB) = Tr(BA),
and the shorthand, vee(X)' = (vec(X))'.

Applying this to M(s,t), we obtain

OM(s,1) _ [(a I, — 2T (sA + tB)|—1/2)' (L, — 2T (sA + B))
ot (I, — 2T, (sA + tB)) ot
= —% |1, — 2T, (sA + tB)| " |I, — 2I',,(sA + tB)|
Tr [(I, — 2T, (sA+tB)) ™" (-2, B)]
= |I, — 20, (sA +tB)|"/*Tx [(I, — 2T, (sA + tB)) ' T, B] . (3.13)
Likewise,
OM (s, 1)

o = |l = 2 (sA + tB)| "2 Tr [(I, — 20 (sA + tB)) ' T,A] .
S
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Thus,
OM (s, t)
EQ, = ——= =Tr(I',A),
Ql 88 s=0=t r< )
and
EQ, = w = Tv(T, B). (3.14)
t s=0=t

Defining Y, = Q1 — rQ2 = X'(A — rB)X, we obtain by linearity of the trace,

EY, =Tr[I',(A—1rB)].
3.3.2 The Cumulative Distribution Function (cdf)

In deriving the cdf of gg(Cl,CQ), we will use the notion of the constructed random

variable at zero, as in Butler and Paolella (1998):

i
Q2

where r € (rp,ry) C (—1,1) lies in the interior of the support of ¢(cy,c;). These

Py =P (2 <r) = Pl -0 £ 0) = P, £0)

lower and upper bounds of the support satisfy

A
rL:min{X X:XER”,X#O},

x'Bx

and

A
ry = max x X:XE]R",X;&O .
x' Bx

Defining z = B'/?x, and noting that both A and B are symmetric, we can rewrite

these optimization expressions for ratios of quadratic forms as

VAl /

/B—1/2AB—1/2
TL:min{Z Z:ZGR",Z%O},

and

Z/B—I/QAB—I/QZ
rr = min {

VAl /

:zGR”,z;«éO},
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whence an application of the Raleigh-Ritz Theorem (see for example Lutke-

pohl (1996), section 5.2.2) gives
"L = Amin(BY2AB7Y?), 0 = Amaz(B~Y2AB™Y?), (3.15)

where A (B™Y2AB™Y2) and A\ pae(B~Y/2 AB~Y/2) denote respectively the smallest

and largest eigenvalues of the real symmetric matrix B~/2AB~1/2,

The mgf of Y, is then

My (s) = Eexp{sY,} = Eexp{X'(sA — srB)X} (3.16)
= |I, — 2T, (A —rB)| "2

Q(r,5)] 712, (3.17)

since (3.16) is of the same format as (3.11). Note that for fixed r, My, (s) is defined
for all s such that |Q2(r,s)| > 0. The cumulant generating function (cgf) of Y, is

then
1
Ky, (s) = =5 log [Q(r, 5)], (3.18)

whence, using (3.12) and Lutkepohl (1996) equation (10) of section 10.3.3,

s () 2

— [ ar,a-rB))

= Tr[Q7'(r,s)[w(A—rB)].

Again from (3.12) and Lutkepohl (1996) equation (23) of section 10.3.2,

" [ (aTr [91%«5():3/1 —rB)] ) agg;, s)}

= Tr [-Q7'(r, s)TW(A = rB)Q ™ (r, s) (=20, (A — rB))]

Ky, (s) =

— Ty [(Q-l(r, $)D(A — rB))Q] . (3.19)
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Finally, applying (3.12) once more, and Lutkepohl (1996) equation (19) of section
10.3.2,

o1 [0 9T~ rB)]\ a0-1(r, )

ghv(s) = T oQ~1(r, s) 0s

2 Y

= Tr [QFN(A —rB)Q (1, s)[ (A — TB)W} . (3.20)

To compute the derivative of Q71(r, s) with respect to s, we appeal to the chain rule
(2) in section 10.7, and equation (1) of section 10.6 of Lutkepohl (1996):
dvec(Q(r, s)) dvec(Q1(r, s)) dvec(A(r, s))

Os dvec (Q(r, s))’ Os
= [-(Q7'(r,s) @ Q' (r,s)] vec[-2T,(A — rB)],

and therefore, from property [K-6] of section 1.6,

w =207 (r, s)[ (A —rB)Q 1 (r, s). (3.21)

Putting this in (3.20), gives finally:

K} (s) = 8Th [(Fn(A —rB)Q7(r, s))3] .

The Lugannani and Rice approximation to the cdf of QAS(617CQ) at r, can then be

defined in terms of the approximation to the cdf of Y, at 0:

o W)+ o) o — ], i TY[Ta(A—rB)] £0,
POy =) =91, __£0 if Tr [T,,(A — rB)] = 0
VT2r Ky, (0)3/2° n ’

where W(-) and 9(-) denote, respectively, the cdf and probability density function

(pdf) of a standard normal random variable. Also,

w = sgn(8)\/—2Ky, (8) = sgn(8)/log |(r, )]

o= 3 [K}. (3) = $y/2Tr [(Q1(r, )T (A - rB))?),
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and § solves the saddlepoint equation
Ky (8) =Tr [ (r, 8 (A—rB)] =0, (3.22)

in the convergence region of the cgf (a neighborhood of 0). Due to the nature of the

mgf, the endpoints of this neighborhood must satisfy
|I,, — 2sI',,(A —rB)| =0,

or, multiplying both sides by (%)n,

1
—I,—-T.,(A—rB)| =0,
5 (A—rDB)

which occurs when QLS is any eigenvalue of I',,(A—rB). Thus § is the unique solution

to (3.22) in the interval

1 . 1
DrinTlA—1B) " = Drpaa Tu(A—1B)) (3:23)

3.3.3 The Probability Density Function (pdf)

The saddlepoint approximation to the density of 913(01, co) atr, f (r), can be expressed
in terms of the saddlepoint approximation to density of random variable W, at 0,

fWT(O), where W, is the constructed random variable associated with mgf

1 OM(s,t) L Q(r,s)| 7

Mw. (%) = 50, o Tr (T, B)

Tr [Q7'(r,s)[B] , (3.24)

t=—rs

which follows from (3.14) and (3.13). The relationship is

Tr (T, B)

f(r) = E(Qs) fw, (0) = kT ()

exp{Kw, (5)}, (3.25)

and § solves the saddlepoint equation

Ky, (5) =0,
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in the interval defined by (3.23).
The cgf is

Kw.(s) = log|Q(r,s)|""/* —log Tr [, B] + log Tr [Q ' (r, )T, B]

= Ky (s) —logTr [, B] 4 log Tr [A(r, s)], (3.26)

where A(r,s) = Q71 (r, s)[,, B. Its first derivative is from (3.12), (3.21), and Lutke-
pohl (1996) equation (2) of section 10.3.2

Kins) = Ky () + 2B R0

= K} (s)t T Kf’m A, s>J>’ Ql(r, s>]

Tr [A(r, s)] 0=1(r,s) 0s
= Ky (s)+ mﬁ [(T,B)2Q " (r,s)[ (A = rB)Q 7 (r, 5)]
- Tr [ (r, s)D(r)A(r, s)]
= Ky (s)+2 Tr [A(r, s)] ’

where D(r) =T',(A — rB). Note that we have established:

w = 2Tr [ (r, s)D(r)A(r, s)] . (3.27)
s
To obtain the second derivative, we use the quotient rule on the second term of
Ky (s), to give

2 OTr [ (r, s)D(r)A(r, s)]
Tr [A(r, s)] Os
2T1" Q7 (r, s)D(r)A(r, s)] OTr [A(r, s)]

(Tr [A(r, 5))) Os

By (3.12), (3.21), and Lutkepohl (1996) equation (21) of section 10.3.2,

Kiy, (s) = Ky, (s) +

(3.28)

OTr [Q(r, s)D( YA(r, s)]

_ KaTr . (;)A(r, s>]>’ Qla(; s)]

= Tr| (7’ $)0yB + 1, BQ (r,s)D(r)) 20 (r, s) D(r)Q (1, 5)]

[(D(
— ATy [A(r,s> (Q_l(r,s)D(r))2] .
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Using (3.19) and (3.27) in (3.28), gives finally

Te [A(r, ) (277, 5)D(r))’]
Tr [A(r, s)]

(T s)D(r)A(r, )]\
4( Tr [A(r, s)] ) ' (329

Ki(s) = 2Te[(@7 (0 5)D()°] +5

Substituting for Ky, (s) in (3.25), we obtain the saddlepoint approximation to the

density of the estimator ¢(cy, cs):

A Tr[A(r, s
flr) = A )],, : (3.30)
V2R ) Ky (5)
where, for fixed r € (rp,ry), § solves the saddlepoint equation
Tr [Q7'(r, $)Tn(A—rB)] =0, (3.31)

in the neighborhood of 0 defined by (3.23).

3.4 Plots of Saddlepoint Densities

In this section we compute saddlepoint approximations to the density of the esti-
mator Qg(01,02) of ¢ in model (3.1), with p = 2, and sample sizes of n = 30, 100.
We will compare the Yule-Walker (¢(1,1)) and Burg ((5(%, 5)) densities, as well as
the asymptotic distribution, derived in Chapter 2. We will investigate the relative
shapes and locations of these densities for values of ¢ ranging from 0.5 to 0.97. The
range of the support for the Yule-Walker and Burg pdfs is from (3.15): £0.9808 and

+1 respectively for n = 30; £0.9981 and +1 respectively for n = 100.

For saddlepoint determination in the n = 100 pdf plots, we will not use all of (3.24),

but retain only the portion that coincides with (3.17), i.e. take

My, (s) = [Q(r, s)| /2.
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This greatly speeds up the computations since inverting matrices of size 100 at each
iteration of the saddlepoint finding routine makes for a very slow program. Another
advantage is that the saddlepoint § is the same for both cdf and pdf approxima-
tions, while the accuracy lost in the pdf plots by using this incorrect saddlepoint is

essentially negligible.

Recall that both Yule-Walker and Burg have the same asymptotic distribution under
model (3.1). For the univariate case being considered, this distribution is, from

(2.17)
Jn (é(cl, e) — ¢) N <o, ‘7—2) .

Since v(0) = (13—12), we have

~

Vit (Bler, ) = 6) =5 N(0,1 - ¢2),
— denes) ~ AN (0220,

n

with corresponding asymptotically normal density

2

fan(r) = ﬁ exp {—%} : (3.32)
Referring to figures 3.2 and 3.3, we see that for ¢ far from 1, all three estimators
have very similar densities, particularly at the larger sample size. As we gradually
approach 1, we observe the mode of the Yule-Walker density occurring at smaller
values of r relative to Burg and the asymptotic distribution (particularly evident at
smaller sample sizes). Due to the left-skewness of Yule-Walker and Burg, this offset
in the modes means that the former estimator has a larger bias than the latter. The
Yule-Walker density is also substantially flatter than Burg at higher values of ¢,
indicative of a larger variability in the estimates. These findings are in agreement

with what was observed in the simulations of chapter one.
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Figure 3.2: Saddlepoint approximations to the densities of the estimators 923(1, 1)
(Yule-Walker, dotted) and qg(%, %) (Burg, dashed) of the autoregressive coefficient
phi (¢) of model (3.1), with p = 2, and sample size 30. The asymptotic distribution
(3.32) is shown in solid lines.
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Figure 3.3: Saddlepoint approximations to the densities of the estimators 923(1, 1)
(Yule-Walker, dotted) and qg(%, %) (Burg, dashed) of the autoregressive coefficient
phi (¢) of model (3.1), with p = 2, and sample size 100. The asymptotic distribution
(3.32) is shown in solid lines.
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3.5 Plots of Simulated Densities

In this section we undertake a large simulation study of the probability densities of
the following estimators of ¢ in model (3.1): Yule-Walker (¢(1,1)), Burg (gg(%, ),
and Maximum Likelihood (QEML). As in the previous section, we will concentrate
on models with p = 2, sample sizes of n = 30,100, and values of ¢ ranging from
0.5 to 0.97. The densities are estimated by simulating 100,000 realizations from
each model, computing each respective estimator, and plotting the frequency of
occurrence of each as a histogram scaled to be a probability density (the sum of
the bar heights times the bar widths equal to 1). We overlay the Yule-Walker and
Burg estimator histograms with the saddlepoint approximations to the pdfs of their

respective distributions.

Referring to figures 3.4 - 3.7, we see that for ¢ far from 1, the densities of the three
estimators are nearly coincidental. As we gradually approach 1 though, the salient
feature is the way in which the Burg and Maximum Likelihood density curves remain
very close together, while Yule-Walker tends to gain increasing bias and variance,
particularly at lower sample sizes. This agrees with the tendency noted in chapter
one of Burg to produce estimates of ¢ with a consistently higher likelihood. The
saddlepoint approximation to the pdf of the Yule-Walker and Burg estimators agrees

closely with the simulated pdfs.

3.6 Assessing the Accuracy of the Saddlepoint Approximations

In this section we compare the saddlepoint approximations of the cdf and pdf of
the Yule-Walker and Burg estimators of ¢ in model 3.1, with simulated values.
Due to the problems associated with density estimation, such a comparison is more

appropriately carried out for the cdf than the pdf.
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Figure 3.4: Probability density histograms of the distributions of the estimators
¢(1,1) (Yule-Walker, top), g?)(%, %) (Burg, middle), and bt (Maximum Likelihood,
bottom), of the AR coefficient of model (3.1), with p = 2. The Yule-Walker and Burg
histograms are overlaid with their respective saddlepoint approximations. Each
histogram is based on 100, 000 simulated realizations, each of sample size 30. The
realizations on the left side of the figure were generated from a model with ¢ = 0.5,
and on the right from one with ¢ = 0.7.
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Figure 3.5: Probability density histograms of the distributions of the estimators
g?)(l, 1) (Yule-Walker, top), q?)(%, %) (Burg, middle), and bt (Maximum Likelihood,
bottom), of the AR coefficient of model (3.1), with p = 2. The Yule-Walker and Burg
histograms are overlaid with their respective saddlepoint approximations. Each
histogram is based on 100, 000 simulated realizations, each of sample size 30. The
realizations on the left side of the figure were generated from a model with ¢ = 0.9,
and on the right from one with ¢ = 0.97.
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Figure 3.6: Probability density histograms of the distributions of the estimators
¢(1,1) (Yule-Walker, top), g?)(%, %) (Burg, middle), and bt (Maximum Likelihood,
bottom), of the AR coefficient of model (3.1), with p = 2. The Yule-Walker and Burg
histograms are overlaid with their respective saddlepoint approximations. Each
histogram is based on 100, 000 simulated realizations, each of sample size 100. The
realizations on the left side of the figure were generated from a model with ¢ = 0.5,
and on the right from one with ¢ = 0.7.
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Figure 3.7: Probability density histograms of the distributions of the estimators
g?)(l, 1) (Yule-Walker, top), g?)(%, %) (Burg, middle), and bt (Maximum Likelihood,
bottom), of the AR coefficient of model (3.1), with p = 2. The Yule-Walker and Burg
histograms are overlaid with their respective saddlepoint approximations. Each
histogram is based on 100, 000 simulated realizations, each of sample size 100. The
realizations on the left side of the figure were generated from a model with ¢ = 0.9,
and on the right from one with ¢ = 0.97.

Yule-Walker Yule-Walker
P S .v..I-III|“IIIII||||||"‘“"“||||||||||||||||||III ,,,,,,,,, o Jo- ...n..||||||III||||||IIIII||"|||||||||||||“|““|““m || ||||||||“|Il ,,,,,,
0.‘7 0?8 DTD 10 0.;30 D.;}S 0.;0 0.;5 1.L)D
Burg Burg

10
20

15

10

| 1_,,,,,,,....,!.||||||\\\\\\\\||||!|||"||I||... eeeeee I “H"“"h

0.7 10 0.80 0.85

r r

Maximum Likelihood Maximum Likelihood

©
<
” II||\ || m |||||“
R — -||III|“IIII| II._ ° S—— |||I|I||||"|"|||"||||
08 09 090

10 0.80 0.85

15 20

10

0.

r r



93

A technique common in the saddlepoint literature, is the comparison of the percent
relative error (PRE) in the cdfs. Denote by Fym(r) and Fiue(r), the estimates of
the true cdf F(r) of the AR coefficient estimator ¢(cy, ¢;) under model 3.1, obtained
via simulations and saddlepoint approximations, respectively. For Fsim(r) we will
take the traditional empirical cdf estimator, ie. the proportion of realizations whose
value is less than or equal to r. With this notation, we define the PRE at the

quantile r as:

Foim (1) 100’ Fszm(T) < 05,

PRE =

(17ﬁ‘sad(r))*(1fﬁsim(r)) ~ ‘
1—Fim(r) 1007 Fszm(r) > 0.5.

Thus, larger absolute values of PRE denote larger discrepancies between the sad-
dlepoint approximation and simulations, while a PRE value of 0 indicates perfect

agreement.

The results, presented in figures 3.8 - 3.13, show PREs generally falling in the range
of £5% for sample size 30, and £2% for sample size 100, with somewhat higher values
in the tails of the distributions. On the whole, the saddlepoint approximation for
this estimator expressible as a ratio of quadratic forms in normal random variables

is fairly accurate.

It is interesting to assess the robustness of the accuracy of the saddlepoint approx-
imations under certain types of model misspecification, such as might occur when
the data follows a process driven by heavy-tailed noise. In figures 3.14 - 3.19, we
see what happens when the saddlepoint approximations to the sampling distribu-
tions of the Yule-Walker and Burg estimators of ¢ under Gaussian model (3.1), are
used to approximate the same when the data is simulated from a process whose
driving white noise follows a double exponential (Laplace) distribution. The results

are similar to those of the previous examples near the center of the distributions,
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Figure 3.8: Comparisons of the saddlepoint approximations with simulations for the
sampling distributions of the Yule-Walker (45(1, 1), left) and Burg (gE(%, 5), right)
estimators of the AR coefficient ¢ = 0.5 of model (3.1), with p = 2, and sample size
30. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The estimation is based on

100, 000 simulated realizations.
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Figure 3.9: Comparisons of the saddlepoint approximations with simulations for the
sampling distributions of the Yule-Walker (45(1, 1), left) and Burg (gE(%, 5), right)
estimators of the AR coefficient ¢ = 0.7 of model (3.1), with p = 2, and sample size
30. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The estimation is based on

100, 000 simulated realizations.
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Figure 3.10: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.9 of model (3.1), with p = 2, and sample size
30. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The estimation is based on

100, 000 simulated realizations.
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Figure 3.11: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.5 of model (3.1), with p = 2, and sample size
100. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The estimation is based on

100, 000 simulated realizations.
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Figure 3.12: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.7 of model (3.1), with p = 2, and sample size
100. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The estimation is based on

100, 000 simulated realizations.
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Figure 3.13: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.9 of model (3.1), with p = 2, and sample size
100. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The estimation is based on

100, 000 simulated realizations.
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but tend to be larger than their counterparts in the tails. Overall the saddlepoint
approximation is fairly robust in this particular scenario, but this is perhaps not
too surprising given that the sampling distributions of the estimators under the

Gaussian and Laplace noise models are similar.



101

Figure 3.14: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.5 of model (3.1), with p = 2, and sample size
30. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The empirical pdfs and cdfs are

based on 100, 000 realizations, simulated from a model driven by Laplace noise.
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Figure 3.15: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.7 of model (3.1), with p = 2, and sample size
30. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The empirical pdfs and cdfs are

based on 100, 000 realizations, simulated from a model driven by Laplace noise.
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Figure 3.16: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.9 of model (3.1), with p = 2, and sample size
30. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The empirical pdfs and cdfs are
based on 100, 000 realizations, simulated from a model driven by Laplace noise.
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Figure 3.17: Comparisons of the saddlepoint approximations with simulations for
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the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (q@(l 1), right)

estimators of the AR coefficient ¢ = 0.5 of model (3.1), with p = 2, and sample size
100. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The empirical pdfs and cdfs are

272

based on 100, 000 realizations, simulated from a model driven by Laplace noise.
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Figure 3.18: Comparisons of the saddlepoint approximations with simulations for
1
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the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(

272
estimators of the AR coefficient ¢ = 0.7 of model (3.1), with p = 2, and sample size
100. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs

in comparing the saddlepoint to the simulated cdfs. The empirical pdfs and cdfs are

), right)

based on 100, 000 realizations, simulated from a model driven by Laplace noise.
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Figure 3.19: Comparisons of the saddlepoint approximations with simulations for
the sampling distributions of the Yule-Walker (q@(l, 1), left) and Burg (QAS(%, 3), right)
estimators of the AR coefficient ¢ = 0.9 of model (3.1), with p = 2, and sample size
100. The top figures show the saddlepoint pdfs (solid) and kernel density estimates
of the simulated pdfs (dashed). The bottom figures show the corresponding PREs
in comparing the saddlepoint to the simulated cdfs. The empirical pdfs and cdfs are
based on 100, 000 realizations, simulated from a model driven by Laplace noise.
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Appendix A

SOME MATRIX RESULTS AND IDENTITIES

A.1 Matrix calculus

In this section we state some matrix calculus results that will enable us to carry out
the minimization of (1.22) with respect to X. All results are adapted from Magnus

and Neudecker (1999).

A.1.1 Results

Definition A.1.1 Given the matriz function F(X), the Jacobian Matrix of F' at

X is defined to be the matrix
0 vec F(X)
Jd(vec X)'

Theorem A.1.1

(First identification theorem of matrix differential calculus)

Let F(X) be a scalar-valued differentiable function of the (d x d) matriz X. Then
the Jacobian matriz of F at X is the (1 x d?) matriz A(X) in

OF(X) = A(X) vec 90X, (A.1)

where A(X) may depend on X but not on 0X.
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Remark A.1.1 To find the critical points of F'(X), we seek to write its differential
in the form of (A.1). Its critical points are then found by equating the Jacobian

matrix to zero and solving for X.

Definition A.1.2 The Hessian Matrix of F' at X is defined to be the matriz H(X)
as follows

O?F(X)
Jd(vec X)0(vec X!

H(X) =

Theorem A.1.2
(Second identification theorem of matrix differential calculus)
Let F(X) be a scalar-valued twice differentiable function of the (d x d) matriz X.

Suppose the second differential of F(X) can be expressed in the form
O*F(X) = (vec 0X)'B(X)(vec 0X). (A.2)

Then, the Hessian matriz of F' at X is just B(X) itself if it is symmetric, otherwise

take

H(X) =5 (B(X)+ B(X)'),

N | —

where B(X) may depend on X but not on 0X.

Theorem A.1.3 If the Hessian H(X) of F(X) is positive semi definite (psd) for
all X, then F(X) is a convex function. In addition, if H(X) is positive definite

(pd), then F(X) is a strictly convex function.

Theorem A.1.4 If F(X) is a (strictly) convex function with X, as a critical point,

then F(X.) is a (unique) global minimum.

Definition A.1.3 For the (m x n) matriz A, and the (p X q) matriz B, define the

Kronecker product A ® B as the (mn X pq) matriz

A ® B = [aijB]
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A.1.2 Identities

In the following, let A and B be constant matrices, and X be the variable matrix
with respect to which differentiation is sought.

[D-1] DA =0

D-2] A(AX) = A DX

ID-3] A(XB) = (0X)B

[D-4] 9(X") = (0X)'

[D-5] O(AXB) = A(0X)B

[D-6] d(vee X) = vec(dX)

ID-7] O(tr(AX)) = tr(A 0X) = (vec A')vec(dX)

ID-8] A(G(X) + F(X)) = dG(X) + OF(X)

[D-9] A(G(X)F(X)) = (9G(X))F(X) + G(X)(F(X))

[D-10] 0 ((vec X)' A(vec 0X)) = (vec 0X) A(vec 0X)

A.2 Vec and Kronecker product

Let A, B, C', D be conformable matrices; a, b vectors.

[K-1] vec(aA+ BB) = avec A+ Bvec B, where o, [ are scalars
[K-2] tr(AB) =tr(BA), provided the product BA makes sense

[K-3] tr(A) =tr(A)
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[K-4] tr(A'B) = (vec A)vec B
K-5] (A® B) = A'® B’
[K-6] vec(ABC) = (C' ® A)vec B
[K-7] tr(A+ B) = tr(A) + tr(B)
[K-8] (A® B)™' = A"'®@ B7!, for generalized inverses
K-9] (A® B)(C® D) = (AC ® BD)
[K-10] vec(ab’) =b @ a

K-11] (A+B)@C=A®C+B&C

A.3 Positive definite (pd) and positive semi-definite (psd) symmetric
matrices

These can be found in say, Graybill (1983) and Lutkepohl (1996).

[M-1] Characterization 1 of pd and psd matrices: a square matrix A is psd iff it can

be written as A = B’'B, for some square matrix B. A is pd iff B is of full rank.

[M-2] Characterization 2 of pd and psd matrices: a square matrix A is psd iff its

eigenvalues are all non negative. A is pd iff all its eigenvalues are positive.

[M-3] The sum of psd matrices is again psd. If at least one of the matrices is pd,

then the whole sum is pd.

[M-4] The Kronecker product of pd matrices is again pd. If at least one of the
matrices is psd, then the whole Kronecker product is psd.
Proof: From Magnus and Neudecker (1999) theorem 1 page 28, if A and B

(both d x d) have eigenvalues Ay, ..., Ng and pq, ... , fua, respectively, then the
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d? eigenvalues of their Kronecker product are precisely Aipj, i, = 1,...

The result then follows by M-2.
[M-5] If A is pd, then so are A~' and A%

[M-6] If A and B are psd, then so is ABA.
Proof- Let A= D'D, B= E'E. Then,

ABA = D'DE'ED'D = (ED'DY(ED'D),

which by M-1 has the prerequisite psd form.



Appendix B

RELATING THE CHARACTERISTIC POLYNOMIAL OF
BIVARIATE VAR MODELS TO THE COEFFICIENTS

In the multivariate full set VAR(p) setting, the vector autoregressive characteristic

polynomial of
Xe =Xy = =9, Xy, =7
is defined to be the polynomial of degree dp given by
|D(2)| = |Ig — P12 — - -+ — $2P.

Causality in the multivariate setting requires all roots of |®(z)| to be greater than
1 in magnitude, i.e. all roots must lie outside the unit circle in the complex plane.

Restricting ourselves to bivariate models,
(z)] = (1—®}'z—- —,'2P) (1 - 0Pz — ... — B22P)
— (P24 B2P) (B + -+ D22, (B.1)

where

CI)H CI)12:|
o, = L Ll, t=1,...,p.
t {(1)51 (I)t22 p

Using the notation

11 12 1st £ P
P _{(I)S i :|E[ oW ot % , s, t=1,...,p

st = P2 P22 ond

row of &,
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(note that ®;;, = ®,), and expanding and combining terms of powers of z in (B.1),

we can write the characteristic polynomial for a bivariate VAR(p) as
D(2)] =14+ a1z + -+ + agyz™,

where

( —Tr(CDl), k=1

= 1P = Tr( @), 2<k<p
A =
p q)%lq)%%t _ (@12 P21 + P21 (1)12) . p+ 1< k < 2]9 -1

t=k—p k—p~p k—p~p

\ ‘(I)p‘a k’:2p

If we specify the characteristic polynomial and attempt to find a set of corresponding
VAR coefficients, the resulting system will have 2p equations in twice as many
unknowns (4 for each ®;, t = 1,... ,p). In the examples of section 1.9.2, we approach
this problem by fixing some of the elements of the coefficient matrices, thus obtaining
a system in as many equations as unknowns. For low order models, this can easily

be solved by an efficient non-linear system of equations solver.



Appendix C

DESCRIPTION OF THE AR/VAR MODELING PROGRAMS

C.1 Introduction

The four VAR modeling algorithms presented in chapter 1, are all based on Al-
gorithm 1.4.1, which gives the Yule-Walker solution. The Burg and Vieira-Morf
solutions are obtained by modifying only the manner in which the forward reflec-
tion coefficients are computed, (1.16); while the Nuttall-Strand solution requires

modifications in both the forward and backward reflection coefficients, (1.16) and

(1.17).

Although typically not of interest, the backward coefficients must of necessity be
computed at every iteration. At the very least, 7 i (k) and VK* should be eval-
uated in any given iteration, since the coefficients and white noise variance of the
forward modeling problem depend on them (W -« (k,,) in the current iteration, and
Vi possibly in a subsequent one). Defining the level of an iteration to be the cardi-
nality of the set K (i.e. m), a computational savings can sometimes be obtained in
the univariate case by evaluating the complete sets of both forward and backward
coefficients in key iterations. This happens for example when K™ in one iteration

coincides with K of another at the same level.

Example C.1.1 As an illustration of the application of this type of algorithm in

the univariate setting, suppose for example that modeling on the subset of lags K =



{1,3,4,5} is desired. We can mazximize the computational efficiency of the algorithm

by proceeding as follows:
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Level K K* J J* Compute ... coefficients
1 {1} {1} 0 0 forward
1 {2} {2} 0 0 forward
2 {1,2} {1,2} {1} {1} forward
2 {2,3} {1,3} {2} {1} forward and backward
3 {1,3,4} {1,3,4} {1,3} {1,3} forward
3 {1,2,4} {2,3,4} {1,2} {2,3} forward
4 {1,3,4,5} | {1,2,4,5} | {1,3,4} | {1,2,4} forward

Note that the full application of the algorithm to compute both forward and backward
coefficients at the 4th iteration (K = {2,3}), enables us to bypass an extra iteration
at level 2 with K = {1, 3}.

The “efficient” rendering of this type of algorithm in a programming language, is
in itself a substantial problem. Although far from efficient, we have succeeded in
implementing it in FORTRAN 90, using complex programming structures such as
recursive pointers, recursive subroutines, and data types that incorporate recursive
definitions. In this chapter we will give an overview of the programming logic and
layout employed in the development of these algorithms for univariate and bivariate
modeling problems. The FORTRAN 90 programs themselves are appended at the

end.

C.2 Building a Tree of Nodes

Consider modeling on the set of lags K = {1,3,7} as an example. In order to
determine where application of the algorithm should begin, we first need to work
down to level 1 by successively forming the J and J* sets of lags for all parent

sets of lags K, as shown in figure C.1. We can therefore begin the algorithm by
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computing the coefficients on the sets of lags {1}, {2}, and {4}. With these, we can
now compute the coefficients on the sets of lags {1,3} and {4, 6}, at level 2. Finally,
regarding these last two sets as our J and J*, we can compute the coefficients and

corresponding white noise variance on the set K = {1, 3, 7}.

Figure C.1: Recursive modeling on the set K = {1,3,7}.
K ={1,3,7}

J J*

K =1{1,3) K = {4,6)

K ={1} K ={2} K = {4} K ={2}

Figure C.1 exemplifies the logic that will be employed in the program. The first
step is to create a tree of nodes. A node will be a FORTRAN 90 user-defined data

type, containing the following components:

level - Level of the node in the tree, ranging from top (m), to bottom (1).

lags - Integer vector containing the current subset of lags on which modeling is

desired.

phi/A, B - Real vector containing the coefficients of the AR/VAR being modeled,
corresponding to each of the lags in lags. In the bivariate case, A and B, the
forward and backward coefficient matrices, respectively, will be of type matrix

(%mat), a user-defined data type consisting of a real (2 x 2) matrix.
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v/vf, vb - The estimate of the white noise variance for the AR/VAR model. In the
bivariate case, we need to keep track of both the forward (vf), and backward

(vb) white noise covariance matrices (which will be of type matrix).

eps - Real vector of forward prediction residuals for the current model. In the
bivariate case, each component of this vector will be of type vector (%vec), a

user-defined data type consisting of a real vector of dimension 2.

eta - Real vector of backward prediction residuals for the current model. In the

bivariate case, each component of this vector will be of type vector.

reg, star - Pointers to the J and J* subnodes one level down from the current

one. These are themselves of type node, and are therefore defined recursively.

Starting at level m, we successively compute the subnodes J and J* for each set
of lags K, directing pointers to each of them as shown in figure C.1. When level
1 is reached, the tree of nodes will be initialized. With this framework, we can
now begin at level 1, filling each node with its constituents outlined in the above
description. With all nodes in level 1 filled, we move up the tree to level 2. At
each of these nodes, we will retrieve subnode information (J and J*), by following
the appropriate pointers that were allocated by the tree building routine. With this
information, we can now fill each of the nodes at this level. We continue in this
fashion, gradually migrating up the tree until the unique node at level m is filled.
Its now an easy matter to retrieve these coefficients, report them, and calculate the

—2 log likelihood (£) for the attained model.

The bulk of the program is defined within MODULE Tree, which is made known to
the main driving program Burg by the call: Use Tree. Upon execution, the user

will be prompted for the following inputs:
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The file name containing the data to be modeled.

The number of lags to be modeled: m.

The specific lags on which subset AR/VAR modeling is desired: K.

The modeling method: one of Yule-Walker, Burg, Vieira-Morf, and Nuttall-

Strand.

Program Burg itself only reads in these inputs and calls the subroutine Make Tree,
the latter being the driving subroutine in module Tree. The corresponding bivariate

modeling program is called Burg?2.

C.3 Description of Principal Program Subroutines

As already stated, the core of the subset modeling programs Burg and Burg?2 is the
globally visible MODULE Tree, with SUBROUTINE Make Tree its driving subroutine.
In this section, we will provide a brief description of the essential functions of each

of its constituent subroutines.

C.3.1 Build Node_Tree

This is a RECURSIVE SUBROUTINE that initializes the tree of nodes by allocating
pointers to and from nodes. It takes on the level, lags, and a pointer of type
node as arguments. It begins execution at the unique node of level m (top_node),
creating pointers to the J and J* subnodes (this nodeY%reg and this nodejstar,
respectively). Following these pointers to level m—1, Build Node Tree subsequently
allocates pointers to the subnodes in level m — 2. It achieves this by calling itself
with the appropriate arguments:1evel should be the current level minus one, and

pointers this node’reg and this node)star. The procedure is repeated, always
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following pointer this node’reg before this nodestar, until level 1 is reached. At
this point, the two pointers are initialized and made to point nowhere (NULLIFIED).
By the order of precedence inherent in it, the routine then backs up one level and

proceeds to follow pointer this nodestar to the “dead end” at level 1.

In this fashion, the tree is initialized from left (J) to right (J*), with the pointer
to the subnode J* of the rightmost node being allocated last. If we refer back to
figure C.1, the nodes for the tree of this example will be initialized in the following

order:

{1,3,7} — {1,3} = {1} — {2} — {4,6} — {4} — {2}.

Note that identical copies of nodes will sometimes be created ({2} in the above).
For small m, this is a minor inefficiency in the program that can be improved by a

more competent programmer!

In order for subsequent routines to identify an initialized but unfilled (constituents
of node empty) node, Build Node Tree will set this node%v (this node)vfjmat-

(1,1) in Burg?2) to zero, upon allocation of pointers.

C.3.2 Fill_Tree

A RECURSIVE SUBROUTINE, taking on a pointer of type node as argument. Its
function is to traverse the now initialized tree, and using the flag for an unfilled

node, fill it by calling Fill Node.

C.3.3 Fill Node

A RECURSIVE SUBROUTINE, called by Fill_Tree, whose function is to fill the par-

ticular node that its pointer argument points to. It is in this routine that the
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various AR/VAR modeling algorithms proper are applied. After first initializing
some variables, the routine essentially applies algorithm 1.4.1, but modifying the
reflection coefficient calculation according to the modeling method selected. This
method is indicated by the global variable method, set in Burg/Burg2. Care must
be taken when calculating the forward and backward prediction errors, ex(t) and
Nk (t), before termination of the routine. We must ensure that each is calculated
over a sufficiently large range of ¢ values that will span that required by any sub-
sequent nodes that may use them. A look at chapter 1 will verify that it will be
sufficient to take these ranges of definition to be ¢t € {1,... ,n+k,,} for Yule-Walker,

and t € {1+ kp,,...,n} for the remaining three methods.

C.3.4 Print_Node_Tree

With its pointer argument, the RECURSIVE SUBROUTINE Print Node Tree will tra-
verse the now completed tree of nodes, and proceed to print the estimated coeffi-
cients and white noise variance stored in each node. The addition of an appropriate
IF statement between recursive calls to itself, ensures that it will only print this

information for the top node.

C.3.5 Undo_Node_Tree

The RECURSIVE SUBROUTINE Undo_Node_Tree will undo the pointer allocation put
in place by Build Node Tree. As designed, the modeling programs themselves don’t
need this routine. It becomes desirable only if an extra loop is added to do repeated
modeling, such as in large scale simulations. In this way, repeated memory allocation
when initalizing pointers is avoided every time a new tree is built. This becomes
increasingly important as the number of modeled lags (m) grows, since the number

of nodes created by the programs in any one run is exactly 2™. In repeated modeling,
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large values of m will quickly exhaust the memory capacity of the average computer.
Again, there is room for improvement here for an astute programmer, in that it
would be more efficient to only initialize the tree of nodes once before plunging into

the DO loop of the repeated modeling scenario.

C.3.6 Causal_Check

This routine is needed in the bivariate program only, in order to ensure the obtained
VAR model is causal before proceeding with the likelihood calculations. In the uni-
variate program, this function is performed within the likelihood calculation routine
itself. The strategy is to use the state space representation to write a VAR(p) as a

VAR(1), as follows:

Random vectors {X¢, ..., X;_k,, } from model (2.1), will satisfy the relationships

Xy 0 0 -+ 0 Kk oo kpy | Xi-1 7,

thl [d 0 --- o0 e .. 0 Xt72 0

Xt72 O -[d 0 thg O

= + ,
i Xt ket 1 i L 0 Ig 0] i Xtk i | 0 i
which can be written in the compact form

Y, = A Y1 + W, . C.1
t U t—1 t (C.1)

(dkmx1)  (dkmxdkm) (dk,, x1)  (dkmx1)
In block matrix form, vectors Y; and W, have length k,,, while the square matrix
A has dimension k,,. Note that the only nonzero entries of the first block matrix
row of A are {®g(k1), Pr(k2),... , Px(km-1), Pr(kn)}, occurring at block matrix

column numbers {k1, ko, ..., kn_1, kn}, respectively. The covariance matrix of W,
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18

Z, > 0 -0
0 o 0 --- 0
Yw=E| . |[Z,0,...,0]= )
0 0 --- --- 0

(C.1) is now a VAR(1) of dimension dk,,, and its causality (and thus that of the
original process) can be assessed by determining if all eigenvalues of A are less than

1 in absolute value.
C.3.7 Likelihood/Approx Likelihood

In the univariate program, we compute the exact likelihood in SUBROUTINE Like-
lihood. The only sizeable difficulty is in evaluating the model autocovariances
~(0), ... ,v(kn), accomplished by inverting the Yule-Walker equations. The —2 log
likelihood, £(¢y,c?), for the data xi, ... ,X,, is then evaluated via the Innovations

Algorithm (Brockwell and Davis (1991), proposition 5.2.2, and equation (8.7.4)):

n

n 1 A
L(¢py,0?) =nlog(2rc?) + Z log(r—1) + = Z(Xt — %) /1 1.
t=1

— t=1

In the bivariate program, SUBROUTINE Likelihood uses the same approach to com-
pute the likelihood, i.e. the Multivariate Innovations Algorithm (Brockwell and
Davis (1991), proposition 11.4.2, and equation (11.5.5)):

L(Pk, %) = ndlog(2m) + Y log |[Vioa| + > (X — X,) V1 (Xs — Xy).

t=1 t=1

Computing the model autocovariance matrices, I'(1 — k,,), ... ,I'(0),... ,T'(k, — 1),
is a much more formidable task here, but this can be accomplished via the state
space formulation of the previous subsection. Transforming the SVAR(K) to the
VAR(1) of equation (C.1), gives the following solution for the autocovariances I'y (-)
of the process {Y,}:

Iy (h) = ATy (h)A'+ Sw, h=0
YT ATy (h - 1), h>0 "
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whence we obtain
vee Ty (0)) = [Ipzge, — A® A “vec (Xw).

The required autocovariance matrices can be found in the first block row and column

of the (k,, X k) block matrix I'y(0), since

ro) I(1) L (km —1)
o - (1) T(0) L(km —2)
, : . :
(dkm X dkm,) F(l _ km) C.. F(—l) F(O)

Due to the computational intensity involved in finding I'y(-) however, the bivariate
routine Likelihood is extremely slow. We opt instead to approximate the autoco-

variances via the causal representation
[e.e]
C(h) = 5 Wy, 50,
j=0

truncating the summation at 100 terms, and computing the likelihood via (1.31).
This “approximate likelihood”, is computed in SUBROUTINE Obj Fun. SUBROUTINE
Approx_Likelihood not only calls Obj_Fun in order to compute this approximate
likelihood for X 47, but also searches for the white noise covariance matrix that
maximizes the likelihood for the given VAR coefficient matrices (Xp1). It does so
by using ¥ 47, as an initial guess, and by repeated calls to SUBROUTINE Hooke, which
employs a direct search algorithm to locate the global minimum of an objective

function of several variables (Hooke and Jeeves (1961)).
C.3.8 Simulate/Simulate2

These appear in the modeling programs of appendix ?? only for completeness. They

are not called by the modeling programs themselves, but were used extensively to
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simulate realizations from causal subset univariate and bivariate VAR models with

Gaussian noise:

X, =Y k()Xo +Z, {Z}~1IDN(0,%). (C.2)

ieK

The logic in both programs is identical:

e Obtain n 4 500 observations from the noise process {Z;}.
e Setting Xy,...,Xy,, equal to zero, use (C.2) to obtain Xy, +1,... , Xui500-

e Select only the last n of these X;’s as a bona fide sample from (C.2).
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