LECTURE NOTES

Math 6331, Riemannian Geometry

Alvaro Pampano Llarena

1 Preliminaries: Smooth Manifolds
(For more details, see Chapters 1-2 of [8] and/or Chapters 1-3 of [10].)

Definition 1.1 Let M be a set of points. A collection of subsets 7 C P(M) is a topology on
the set M if:

(i) Both the empty set () and M belong to T,
(i) Any arbitrary (finite or infinite) union of elements of T belongs to T, and

(11i) The intersection of any finite number of elements of T belongs to T.

*Stereographic projection of the Hopf torus in S® based on a critical point v in S? of the Blaschke’s functional.
More details can be found in Exercise 4 of Section 6.4 and in [16]. (This figure was obtained from: Website.)


https://www.math.ttu.edu/~apampano/index.html

The elements of T are called open sets. A set is said closed if its complement is an open set.
The pair (M, T) is a topological space.

Remark 1.2 For convenience, we will simply denote topological spaces by their set M (the
topology T will always be clearly understood). Roughly speaking, the topology describes all the
open sets of M.

Definition 1.3 A topological space M is said to be:

(i) A Hausdorff space (or T2 space) if any two distinct points can be separated by disjoint
open subsets.

(i1) A second-countable space if its topology has a countable basis, that is, a countable collection
of open subsets such that any arbitrary open subset (in this collection or not) can be written
as a union of these basic subsets.

(111) A topological manifold if it is Hausdorff, second-countable, and locally Fuclidean, that is,
there ezists a natural number n (called the dimension of M) such that every point p € M
has a neighborhood homeomorphic' to an open subset of R™. To explicitly denote the
dimension of a topological manifold we will often write M™.

Remark 1.4 Although the definition of a topological manifold M does not require connect-
edness, throughout this course we will assume that all the manifolds under consideration are
connected (if needed, restricting ourselves to the connected components). Due to the locally
Euclidean property of topological manifolds M, being connected means that every pair of points
i M can be joined by a path in M.

Definition 1.5 For each point p € M in a topological manifold, we have an open neighborhood
U of p and a homeomorphism z : U C M — x(U) C R". The pair (U,z) is called a
local chart (or, coordinate chart) on M. The component functions (xi,...,xz,) of x are called
local coordinates. The inverse map x~ ' : z(U) CR™ — U C M s a local parameterization of

the subset U of M.

Definition 1.6 Let M be a topological manifold. A smooth atlas A for M is a collection of
local charts A = {(Uy, xo) |« € Z} such that A covers the whole M, that is, M = UyezU,, and
such that for all o, B € T the transition maps

T 0 x;1|xa(UamUﬁ): 20Uy NUs) CR™ — 15(U, N Ug) CR",

are smooth.

1. An homeomorphism is a continuous invertible map with continuous inverse. Two topological spaces are
homeomorphic if there exists an homeomorphism between them.



Remark 1.7 Of course, we can consider atlases with less reqularity by allowing transition maps
that are only of class C". However, throughout this course we will only consider the smooth case.

Definition 1.8 A local chart (U,z) on M is compatible with a smooth atlas A on M if A U
{(U,z)} is also a smooth atlas. A smooth atlas 2 is mazimal if it contains all the local charts
compatible with it.

Definition 1.9 A smooth manifold (or, differentiable manifold) is a topological manifold M
together with a mazximal smooth atlas.

Remark 1.10 The maximal atlas defines a smooth structure on the topological manifold and
allows us to employ the techniques coming from calculus.

Example 1.11 In R define the hyperquadric
S* = {<‘r17 "'7xn+1) € Rn+1 | I% —+ ...+ xiJrl = 1} .

Use the stereographic projections from the north pole (0, ...,0,1) and the south pole (0, ...,0,—1)
to obtain a smooth atlas on S™. The smooth manifold consisting of S™ and the atlas constructed
this way is called the standard n-dimensional sphere.

1.1 Diffeomorphisms

Remark 1.12 There are “different” smooth structures that can be defined over S™. These
are called exotic spheres. For instance, the 7-dimensional sphere S7 has exactly 28 “different”
smooth structures (Milnor et al.).

Definition 1.13 Let M™ and M™ be two smooth manifolds with atlases A and 5[, respectively.
A map ¢ : M™ — M™ is smooth (or, differentiable) if for all local charts (U,z) € A and

(U,7) € A the maps
Togor™|, g1y wUN ¢ '(U)) CR" — F(UN¢(U)) CR™,

are smooth.

Definition 1.14 Two smooth manifolds are said to be diffeomorphic if there exists a smooth
map, with smooth inverse, between them. Such a map is called a diffeomorphism.

Definition 1.15 A smooth map f : M — R is a smooth function on M. The set of all
smooth functions on M is denoted by C=(M).




1.2 The Tangent Bundle

Remark 1.16 Note that the standard sphere S™ defined in Example 1.11 may be defined without
involving the ambient space R Nevertheless, we can define its tangent space.

Definition 1.17 Let M be a smooth manifold and p € M. A tangent vector X,, atp € M is a
deriwation, that is, a map X, : C*(M) — R satisfying:

(1) Linearity: X, (af +bg) = aX,(f) + bX,(9),

(i) Leibniz Property: X,(fg) = X,(f) 9(p) + f(p)Xp(9),

foralla,b € R and f,g € C>°(M). The set of all tangent vectors at p is called the tangent space
at p and it is denoted by T,M.

Definition 1.18 Let ¢ : M — M be a smooth map. The differential d¢, of ¢ at p € M 1is
the linear map de, : T,M — T¢(p)M such that for all X, € T,M and f € COO(M),

dop(Xp)[f] = Xp(f 0 ).
Definition 1.19 Let M"™ be a smooth manifold. Define the set
TM ={(p,X,)|pe M, X, € T,M},

and consider the projection map m : TM — M given by w(p,X,) = p. In a standard way,
TM is a smooth manifold of dimension 2n. Moreover, the triple (I'M, M, ) is a smooth vector
bundle? called the tangent bundle of M.

Definition 1.20 A smooth vector field is a section of the tangent bundle, that is, a smooth
map X : M — T'M such that 7(X(p)) = p for allp € M. The set of all smooth vector fields
is denoted by X(M).

2. A (real) vector bundle is a triple (E, M, ) where:

(i) E and M are topological spaces, known as total space and base space, respectively,

(ii) 7 : F — M is a continuous surjective map, called the bundle projection, and

(ili) For every p € M, 7~ 1(p) is a finite-dimensional (real) vector space,

such that the following compatibility condition is satisfied: for every p € M, there exists an open neighborhood
U C M of p, a natural number n, and an homeomorphism ¢ : U x R"* — 7~ 1(U), such that for all p € U:

1. mop(p,v) =p for all v € R,

2. The map v € R" — ¢(p,v) € 7~ 1(U) is a linear isomorphism.



Remark 1.21 In other words, a smooth vector field X on M 1is a smooth assignment of a
tangent vector X, to each point p € M.

Remark 1.22 Let (U,x) be a local chart on a smooth manifold M™. This defines an isomor-
phism T,M = R" for every p € U. The tangent space T,M at p € U is then spanned by
the coordinate (or, canonical) basis {0z, |p;-..; Ou,|p}- We call Oy,|p, i = 1,...,n, the coordinate
vectors at p € U. The set {0y, ..., 0p, } is a local frame of the tangent bundle, defined by the
property that for each p € U, their restriction gives the coordinate basis.




2 Riemannian Manifolds

(For more details, see Chapters 1-2 and 4 of [5] and/or Chapters 2-5 and 7 of [9].)

2.1 Riemannian Metrics

Definition 2.1 Let M be a smooth manifold. A symmetric tensor field ® on M of type (0, 2)
is a map @ : X(M) x X(M) — C>®(M) satisfying:

(i) ®(X,Y) = (Y, X),
(it) (X, Y +9Z) = fO(X,Y) + g®(X, Z),

for all X,Y,Z € X(M) and f,g € C>(M).

Definition 2.2 Let M be a smooth manifold. A Riemannian metric g is a symmetric positive
definite® tensor field of type (0,2).

Remark 2.3 A Riemannian metric g on M determines an inner product g, at each tangent
space T, M, which varies smoothly from point to point. When necessary, we will denote the
Riemannian metric, simply, by g = (-, ).

Definition 2.4 A Riemannian manifold is a smooth manifold M endowed with a Riemannian
metric.

Remark 2.5 If we relaz the requirement that the symmetric tensor field g of type (0,2) is defi-
nite positive and we simply ask that it is everywhere non-degenerate, we obtain that M endowed
with g is a pseudo-Riemannian (or, semi-Riemannian) manifold, [3, 14]. These manifolds are
the framework for relativity theory, [14).

Theorem 2.6 FEvery smooth manifold admits a Riemannian metric.

Example 2.7 The followings are examples of Riemannian manifolds:

(i) Consider the space R™ with the standard coordinates (x1,...,x,). Define the Fuclidean

metric g by
g= Z dx? .
i=1

Then, R"™ endowed with this Riemannian metric is the Euclidean space of dimension n.

3. A tensor field ® of type (0,2) on M is positive definite if ®(X,X) > 0 for all X € X(M) and with
equality holding if and only if X = 0 identically.



(ii) Let S™ be the standard n-dimensional sphere defined in Example 1.11 and consider the
restriction® of the FEuclidean metric g to the vector fields tangent to S*. The sphere S™
endowed with this metric is the round sphere of dimension n.

(i1i) Consider the (interior of the) ball of radius one in R™, that is, the set of points (1, ..., T,) €
R" satisfying % + ... + 22 < 1, with the metric

4 =
g= — Qdei.
(1_2 2) i=1

i=1Li

This is the Poincaré disc model of the n-dimensional hyperbolic space H™.

2.2 Isometries

Remark 2.8 Consider the standard sphere of dimension two S* defined in Example 1.11 with
the spherical coordinates (0, ), where 0 represents the longitude and ¢ is colatitude. Together
with the metric

g = dp* + sin® p do?

we have the 2-dimensional round sphere. (It is “the same” as in previous example.)

Definition 2.9 Let (M,g) and (M,@ be two Riemannian manifolds. A diffeomorphism ¢ :
M — M is said to be an isometry if ¢*g = g. In other words, if

9lp (Xp> Yp) = §|¢(p) (d¢p(Xp)a dqﬁp(YZD))

for all XY € X(M) and p € M. (Recall that d¢, is the differential defined in Definition 1.18.)

Definition 2.10 Two Riemannian manifolds are isometric if there exists an isometry between
them.

Remark 2.11 Among the class of Riemannian manifolds, being isometric defines an equiva-
lence relation.

2.3 The Levi-Civita Connection

Definition 2.12 Let M be a smooth manifold. An affine connection on M is a map V :
X(M) x X(M) — X(M) defined by (X,Y) — VxY such that:

4. The restriction of a Riemannian metric on a smooth manifold to a submanifold is a standard procedure
which we will see in detail in Chapter 2.



(i) The map V is lineal in X over C*°(M), that is,
VixigvZ = fVxZ +9gVyZ,
for all f,g € C*(M).
(ii) The map V is lineal in'Y over R, that is,
Vx (@Y +bZ)=aVxY +bVxZ,
for all a,b € R.
(11i) The map V satisfies the product rule
Vx (fY) = fVxY +(X[)Y,
for all f € C®(M).

The vector field VxY is referred to as the covariant derivative of Y in the direction of X.

Remark 2.13 The concept of affine connection is local.

Definition 2.14 An affine connection V defined over a smooth manifold is symmetric (or,
torsion-free) if

VY — VyX = [X,Y],

where [-, ] represents the Lie bracket (or, commutator) of vector fields, which is defined by
(X Y](f) = X (V) =Y (X]),
for all f € C>*(M).

Remark 2.15 If (U,z) is a local chart for the smooth manifold M™, the fact that the affine
connection V is symmetric implies that

Vaxi al‘j - Vaxj aa;l = [ax” 8m]] =0 ,

forallv,7 =1,...,n. This is the reason why such a connection is called symmetric.

Remark 2.16 An affine connection is defined over a smooth manifold. The Riemannian met-
ric does not play any role yet. However, we will see that for Riemannian manifolds there is a

preferred choice of affine connection.

Definition 2.17 Let M be a Riemannian manifold. An affine connection V is compatible with
the Riemannian metric g = (-,-) if it satisfies

X(Y, Z) = (VxV, Z) + (Y, Vx2),

for all X,Y, 7 € X(M).



Theorem 2.18 (Fundamental Theorem of Riemannian Geometry) For every Rieman-
nian manifold M, there exists a unique symmetric affine connection V defined over M which
18 compatible with the metric.

Definition 2.19 The unique symmetric affine connection compatible with the Riemannian
metric is called the Levi-Ciwita connection.

Remark 2.20 The Levi-Civita connection is given by the Koszul formula

<VXY7 Z> = (X<Y7 Z> +Y<ZaX> - Z<X’Y> + <[X’Y]7Z> - <D/v Z]’X> - <[X’ ZLY>)

N —

Remark 2.21 Let (U,z) be a local chart for the Riemannian manifold M™ and consider the
local frame {0}, of the tangent bundle. Then,

Vo, O, = Y T 0a, ,
k=1

for all i,j = 1,....n. Hence, the Levi-Civita connection V defines n® functions Ffj U C
M™ — R. From Koszul formula we deduce the explicit expressions

1 <~ [ 9yg; O9mi  0gi;
Fk _ - jm mi ij mk
K 2 Z ( (9951 * an 3xm g ’

m=1

where gi; = (Oy,;, O;) and gmF = (g1, 5

Definition 2.22 The functions Ffj defined above are the Christoffel symbols of the connection
V with respect to the local chart (U, x).

Example 2.23 Compute the Christoffel symbols of the Riemannian manifolds of Example 2.7
for dimension two.
2.4 Curvature

Definition 2.24 Let M be a Riemannian manifold with Levi-Civita connection V. The (Rie-
mann) curvature tensor is the map R : X(M) x X(M) x X(M) — X(M) defined by

R(X,Y)Z =VyVxZ —VxVyZ +VixnZ,

where [-,+] is the Lie bracket.

Remark 2.25 The Riemann curvature tensor may be found in the literature with the opposite
s4gmn.



Remark 2.26 Let (U,z) be a local chart for M™ and consider the local frame {0,,}1, of the
tangent bundle. Then,

R (O, 0u;) Ouy, = <Vazj Va,, — Va, Vazj> Oy, »

foralli,j,k =1,...,n. Hence, the Riemann curvature tensor measures the non-commutativity
of the covariant derivative.

Remark 2.27 The Riemann curvature tensor is a tensor field of type (1,3). Employing the
Riemann metric, we may identify tensor fields of type (1,3) with tensor fields of type (0,4).

Definition 2.28 The Riemann curvature of a Riemannian manifold (M, g = (-,-)) is the ten-
sor field of type (0,4) defined by

Rm(X,Y, Z,T) = (R(X,Y)Z,T),

for all X,Y, Z,T € X(M) and where R is the Riemann curvature tensor.

Proposition 2.29 (Bianchi’s First Identity) Let Rm be the Riemann curvature of a Rie-
mannian manifold M. Then,

Rm(X,Y, Z,T) +BRm(Y, Z, X,T) + Rm(Z, X,Y,T) =0,

for all X,Y, Z.T € X(M).

Proposition 2.30 Let M be a Riemannian manifold and XY, Z,T € X(M). The Riemann
curvature Rm satisfies the following properties:

(i) Rm(X,Y,Z,T) = —Rm(Y, X, Z, T).
(ii) Rm(X,Y, Z,T) = —Rm(X,Y, T, Z).

(iii) Rm(X,Y, Z,T) = Rm(Z, T, X,Y).

Remark 2.31 FEwven though the Riemann curvature tensor R may be defined with opposite sign,
the choice of definition and the above symmetries of the Riemann curvature Rm will make them
coincide.

Definition 2.32 The Ricci tensor Ric is the tensor field of type (0,2) defined as the trace of
the Riemann curvature Rm in the second and last indezes.

10



Remark 2.33 In other words, let X, Y € X(M) and {e;}, be any local orthonormal (that is,
(e;,€;) = 0;j where &;; is the Kronecker delta® ) frame for the tangent bundle. Then,

RiC(X, Y) = Z Rm(X> €, Yva ei) = Z<R(X7 ei)Y7 ei> .
i=1 i=1
It follows from the symmetries of the Riemann curvature Rm that the Ricci tensor is symmetric,
that is, Ric(X,Y’) = Ric(Y, X).

Definition 2.34 Let M be a Riemannian manifold and consider a unitary tangent vector X, €
T,M of the tangent space at p € M. The Ricci curvature is defined by

Ric,(X,) = Ric(X,, X,) .

Definition 2.35 Let M be a Riemannian manifold and © C T,M be a two-dimensional linear
subspace spanned by X,,Y, € w. The sectional curvature of ™ at p € M 1is

R (X, Yy, Xp, ¥))
(Xp Xp) (Y, Yp) = (X, 13)?

K(m) =

Proposition 2.36 For every p € M and every two-dimensional linear subspace m C T,M, the
sectional curvature K(7) is independent of the choice of bases for m.

Remark 2.37 Knowing the sectional curvature of every two-dimensional linear subspace is
enough to recover the Riemann curvature Rm. First, we need to compute Rm(X+2,Y, X+Z)Y)
and then Rm(X + Z,Y + T, X + Z,Y +T).

Example 2.38 Compute the sectional curvature of the Riemannian manifolds of Fxample 2.7
for dimension two.

Remark 2.39 If the Riemannian manifold is a regular surface, the sectional curvature is just
the classical Gaussian curvature. Details will be explained in the next chapter.

Definition 2.40 The scalar curvature \ of a Riemannian manifold is the function defined as
the trace of the Ricci tensor.

Remark 2.41 Let (U,z) be a local chart for M and {e;}?_, any local orthonormal frame for
the tangent bundle. Then, the scalar curvature A € C*(M) is given by

g Ric(e;, e :5 E Rm(e;, e, €, €;5) .

=1 j=1

5. The Kronecker delta d;; is defined to be 1 if i = j, and 0 otherwise.

11



2.5 Exercises

1. * Let H = {(u,v) € R?|v > 0} be the upper half-plane endowed with the metric
— 1 d 2 d 2
g = ﬁ ( u- + dv ) .

If H? denotes the hyperbolic plane (defined as in Example 2.7), prove that the map
¢ : H? — H given by

1

m(2$,1—$2—y2),

¢ (r,y) —

is an isometry. The Riemannian manifold (H,g) is the upper half-plane model for the
hyperbolic plane.

2. * Let (M™, g) be a Riemannian manifold and f € C>(M). The gradient of f is the vector
field grad f defined by the property

dfp(Xp) = <gradpf7 Xp> )
for all p € M™ and X, € T,M".

i) Show that, in the local coordinates (U, x) the expression of grad f is

grad f = Z (Z J 8f> O, -

ii) Prove that if {e;}!", is any local orthonormal frame then the components of grad f
are the same of the differential df.

iii) Show that if M™ = R™ is the Euclidean space (defined in Example 2.7), then

N

3. * Let (M,g) be a Riemannian manifold, X € X(M) and f € C*(M). We define the
divergence of X as the smooth function div.X : M — R so that div, X is given by the
trace of the linear map Y, — VyX|, for every p € M. The Laplacian of M is the
operator A : C*(M) — C*>(M) defined by

Af =div(grad f),
for every f € C>*(M), where grad f is the gradient of f (see the previous exercise).

i) Show that
A(f-g) = fAg+ gAf +2(grad f,grad g),

holds for all f, g € C>(M).

12



ii) Let (U,z) be a local chart for M and consider the local frame {0,,}"; of the tan-
gent bundle. Show that the divergence and the Laplacian are given in these local
coordinates by

i=1

and
I &= 0 [ . of
Af ==L (S gifaerg 2L ).
/ \/detg;&vi (JZIQ egax])

iii) Prove that if M = R"™ is the Euclidean space (defined in Example 2.7), then

div X = div (zn: Xiaxi> — ﬁ; aaii :

i=1

and

4. * Let M be a Riemannian manifold and X € X(M). Consider a smooth map ¢ : (—¢, €) X
U — M, where U is a neighborhood of a point p € M, such that for any ¢ € U,
t — ¢(t,q) is a trajectory of X passing through ¢ at ¢t = 0. The vector field X € X(M)
is called a Killing vector field (or, an infinitesimal isometry) if for each ¢, € (—¢,¢), the
map ¢, : U C M — M is an isometry. Show that a vector field X € X(M) is a Killing
vector field if and only if

<VYXa Z> + <VZX,Y> = Oa
forall Y, Z € X(M).

5. Prove Bianchi’s First Indentity (Proposition 2.29).
6. Prove the symmetries of the Riemann curvature Rm described in Proposition 2.30.

7. * Let L3 denote the Lorentz-Minkowski 3-space, that is, R? endowed with the Lorentzian
metric (semi-Riemannian metric of index one, [3])

g =dz* + dy* — dz*.

Define the quadric H = {(z,y,2) € R®|2? +y? — 2 = —1, z > 0} and endow it with the
metric obtained by restricting g to H, namely, g|y.
i) Prove that g|y is a Riemannian metric and so (H, g|%) is a Riemannian manifold.
ii) Compute the sectional curvature of (H, g|x).

iii) Prove that (H,gly) is isometric to the hyperbolic plane H? (defined as in Example
2.7). (Hint: Use the stereographic projection from (0,0, —1).)

13



10.

The Riemannian manifold (#, g|#) is the hyperboloid model for the hyperbolic plane.

Let M be a Riemannian manifold of constant sectional curvature K. Prove that the
Riemann curvature tensor R is given by

R(X,Y)Z = K ({(X,2)Y = (Y, 2)X),
for all X|Y,Z € X(M).

Let M™ be a Riemannian manifold of constant sectional curvature K. Prove that the
scalar curvature A is given by

A=n(n—-1)K.

* A Riemannian metric is said to be an Einstein metric if at every point the Ricci tensor
is a scalar multiple of the metric, that is, if

Ric= fg,

holds for some function f € C*°(M). A Riemannian manifold whose metric is Einstein is
called an Einstein manifold, [2]. Prove that Riemannian manifolds with constant sectional
curvature are Einstein manifolds.

14



3 Riemannian Submanifolds

(For more details, see Chapter 6 of [5] and/or Chapter 8 of [9].)

3.1 Immersions and Embeddings

Definition 3.1 A smooth map ¢ : M —> M between smooth ‘manifolds is said to be an
immersion if for each p € M, the differentiall de, : T,M — Ty M is injective.

Definition 3.2 An embedding is an immersion which is a homeomorphism onto its image.

Remark 3.3 Since every immersion is locally an embedding and our computations are going
to be local, throughout this course we may think our maps in either way.

Theorem 3.4 (Whitney) Every smooth manifold M™ can be embedded into R*" 1.
Remark 3.5 Up to now, we have not used the Riemannian metric.

Definition 3.6 Let (]\7, g) be a Riemannian manifold, M a smooth manifold, and ¢ : M —
M an immersion. We define the induced metric on M as g = ¢*g. That is,

9lp (Xp, Yp) = §|¢(p) (dop(Xp), dop(Yy))

forall XY € X(M) andp € M. If M is endowed with the induced metric g, then ¢ : M — M

18 said to be an isometric immersion.

Theorem 3.7 (Nash) FEvery Riemannian manifold can be isometrically embedded into R™,
for n sufficiently large.

Remark 3.8 The condition that n is sufficiently large is essential. For instance:

(i) Hilbert’s Theorem ([4], Section 5-11). Complete reqular surfaces of constant negative
Gaussian curvature cannot be isometrically embedded in R3.

(ii) Flat tori cannot be isometrically embedded in R? since every compact regular surface must
have elliptic points, [4].

(iii) The projective plane cannot be isometrically embedded in R® (even though it has constant
positive Gaussian curvature) because it is not orientable ([}], Page 436).

6. See the definition of the differential (Definition 1.18).

15



Definition 3.9 Let ¢ : M" — Mm/vbe an isometric immersion. We say that M"™ is a
Riemannian submanifold of M™ and M™ 1is referred to as the ambient space. The natural
number m —n is the codimension.

—~

Remark 3.10 If M is a Riemannian submanifold of ]\7, we will identify M and ¢(M) C M.
We will also denote the metrics g and g, simply, by (-, -).

Example 3.11 The round sphere S™ defined in Example 2.7 is a Riemannian submanifold of
R+,
3.2 Second Fundamental Form

Definition 3.12 Let M be a Riemannian submanifold of M. For every p € M, we call Tp]/\\J/
the ambient tangent space and

TM|m= {<p?)?p> |p € M,)Z'p € T,M}

the ambient tangent bundle.

Remark 3.13 The ambient tangent bundle TM]M and the tangent bundle of the ambient space
TM are not the same. However, every smooth vector field on M can be restricted to TM|M
and, conversely, every section of TM|M can be locally extended to TM. With some abuse of
notation, we will denote both vector fields with the same letter.

Remark 3.14 The metric g on M gives us the notion of orthogonality and, hence, we can split
T,M as the orthogonal direct sum

T,M = T,M & N,M ,
where T,M s the tangent space of M at p and
N,M = {X, € T,M | §(X,,Y,) =0 for all Y, € T,M}.

Definition 3.15 The vector space Ny,M = (T,M)* is called the normal space of M at p € M.
The normal bundle of M in M is

NM = {(p,&)|p€ M, & € N,M} .

We denote by (M) the set of all smooth vector fields ofM normal to M.

Remark 3.16 According to the orthogonal split of the ambient tangent space, we can decompose
the covariant derivative as

~ - T - L
VXYE:<VXY> +<VXY>,
where ¥V is the Levi-Civita connection of M and X,Y € X(M) denote as well their local
extensions to M (cf. Remark 3.13).

16



Proposition 3.17 Let M be a Riemannian submanifold 0f]\7 and denote the Levi-Civita con-
nection of M by V. The affine connection V defined over M by

VY = (%XY)T,

for every XY € X(M) and their arbitrary local extensions, is the Levi-Civita connection of

M.

Definition 3.18 Let M be a Riemannian submanifold of(M, 6) The second fundamental form
of M is the map 11 : X(M) x X(M) — N(M) given by

~ L
(X,Y) = (VXY> ,
where X,Y € X(M) denote as well their arbitrary local extensions to M.

Proposition 3.19 The second fundamental form 11 is independent of the extensions of X,Y €
X(M) and it is symmetric, that is,

(X,Y) =11(Y, X),

for all X, Y € X(M).

Theorem 3.20 (Gauss Formula) Let (M, V) be a Riemannian submanifold of(M, V). Then,
VyY = VyY +1I(X,Y),

for all X, Y € X(M) and their arbitrary local extensions.

Remark 3.21 Let X € X(M) and &€ € M(M). The covariant derivative Vx& in M can be
decomposed into the tangential and normal components as

Vxe = (Vag) + (Txe)

We denote by Dx& to the normal component, which defines an affine connection on the normal
bundle NM .

Definition 3.22 Let M be a Riemannian submanifold of (M, 6) For every & € M(M), we
define the Weingarten endomorphism A¢ : X(M) — X(M) by

AcX = — (%Xg)T,

for every X € X(M).
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Theorem 3.23 (Weingarten Formula) Let M be a Riemannian submanifold of M. Then,
Vx€ = —A:X + Dx¢,
for all X € X(M) and € € N(M).

Theorem 3.24 (Weingarten Equation) Let M be a Riemannian submanifold of M and
consider X,Y € X(M) and & € W(M). Then,

(Vx&Y) = —(II(X,Y),€),

holds along M, where 11 is the second fundamental form.

Remark 3.25 Employing the Weingarten formula, the Weingarten equation may be rewritten
as

(AX.Y) = (II(X,Y),§)
We then deduce from the symmetry of the second fundamental form 11 that the Weingarten
endomorphism Ag is self-adjoint, that is,

(AX,Y) = (X, AY).

3.3 Fundamental Equations

Theorem 3.26 (Gauss Equation) Let M be a Riemannian submanifold of M. Then,
Rm(X,Y, Z,T) = Rm(X,Y, 2,T) - (Il(X, Z),I(Y, T)) + (I(Y, 2), 11(X, ")),
for all X,Y,Z. T € X(M).

Proof. Let X,Y,Z € X(M) and assume they are arbitrarily extended to vector fields on ]T/[:
tangent to M. Then, from the definition of the Riemann curvature tensors of M and M, R
and R respectively, and Gauss formula, we have

R(X, Y)Z = 6}/6){Z — 6){6}/Z + ﬁ[X’Y]Z
= Vy (VxZ +11(X,2)) = Vx (Vy Z + (Y, 2)) + (Vixy1Z + 11X, Y], Z)) .

Employing now the linearity of the Levi-Civita connection and once again the Gauss formula,

R(X,Y)Z = VyVxZ+VyIl(X,Z) - VxVyZ — VxIY,Z) + Vixy Z + (X, Y], Z)
— R(X,V)Z+11(Y,VxZ)+ VyII(X, Z) = 1I(X,Vy Z) — VxII(Y, Z)
+II([X, Y], Z).

Let T' € X(M) be arbitrarily extended to ]14; Then, since T is tangent to M, we conclude from
the definition of the Riemann curvatures Rm and Rm, respectively, that

Rm(X,Y,Z,T) = (R(X,Y)Z,T)
= (R(X,Y)Z,T) + (VylI(X, Z),T) — (VxII(Y, Z),T)
= BRm(X,Y,Z,T)+ (VyII(X, 2),T) — (VxILY, Z),T).
Finally, the proof follows applying the Weingarten equation to the last two terms above. [
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Remark 3.27 The Gauss equation relates the Riemann curvature Rm of the ambient space
M with the Riemann curvature Rm of the submanifold M. Note also that all the vector fields
inwvolved are tangent to the submanifold M.

Theorem 3.28 (Codazzi Equation) Let M be a Riemannian submanifold of M. Then, for
every X, Y, Z € X(M),

(R(x,7)7) T o (W) (X, 2) - (VD) (V. 7).

where N represents the Van Der Warden-Bortolotti connection defined as

VY, Z) = DxINY, Z) — 1(VyY, Z) — 11(Y,Vx Z).

Proof. Following with the computation of E(X ,Y)Z of the proof of the Gauss equation and
employing Weingarten formula, it is easy to check that

(E(X, Y)Z)l — 1Y, Vx Z) + DylI(X, Z) — II(X, Vy Z) — DxIL(Y, Z) + 1[([X, Y], Z),

since we are only considering the normal component to M. We then use in the last term that
the Levi-Civita connection is symmetric to draw the conclusion. O

Remark 3.29 The Codazzi equation computes the Riemann curvature Rm of the ambient space
M when one of the vector fields involved is normal to M (which one does not matter due to the
symmetries of Rm ).

Theorem 3.30 (Ricci Equation) Let M be a Riemannian submanifold of M. Then, for
every X, Y € X(M) and §,v € N(M),
Rm(X,Y,¢,v) = RmP(X,Y,€,v) + (IL(X, A:Y), v) — I1(Y, AcX), V) ,

where Rm? denotes the Riemann curvature of the normal bundle N M (that is, with respect to
the affine connection D).

Proof. Let X, Y € X(M) and &, v € M(M) and consider their arbitrary extensions to M. From
the definition of R and the Weingarten formula, we compute

R<X7 Y)£ = 6Y6X£ - 6X6Y§ + %[va]é
= —VY.AgX + VyDx€é + V)(Agy — VxDy€ — Ag[X, Y] + 'D[ij]g.
Then, applying the Gauss formula to the terms in the first and third positions and the Wein-

garten formula to the second and fourth terms (and only considering the normal components),
we obtain

Rm(X,Y,€,v) = —(I(Y, AcX),v) + (DyDx&, v) + (II(X, AcY), v)

—(DxDy&,v) + (Dixyi§, v)
= RwP(X,Y,6,0) + (X, AY), v} — {I1(Y, AX), ),

proving the result. O
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Remark 3.31 The Ricci equation computes Rm when two of the vector fields are normal to
the submanifold.

Definition 3.32 The equations of Gauss, Codazzi and Ricci are known as the fundamental
equations.

3.4 Surfaces in the Euclidean Space R?

(For the classical theory of surfaces, see [4] and/or [13]. An approach to surface theory via
moving frames can be found in [6].)

Definition 3.33 A reqular surface S in R® is a Riemannian submanifold of the Fuclidean
space R3 whose codimension is one.

Remark 3.34 The notion of surface may be more general. It can be used to refer to Rie-
mannian manifolds of diemnsion two. However, in our definition we are also requesting these
2-dimensional Riemannian manifolds to be isometrically immersed in R3 (cf. Remark 3.8).

Remark 3.35 Let S be a reqular surface in R3. By definition, S carries the induced metric
from R3. If (u,v) is a system of local coordinates, the coefficients of the metric are (in the
notation of the classical theory of surfaces)

E = <awau>a F= <auaav> ) G = <@v7av> .

Since the codimension of S in R3 is one, for every point p € S there exist two possible unit
normal vectors. Locally, every surface is orientable and, hence, we can pick up the unit normal
so that it gives the positive orientation. In the coordinates (u,v), this unit normal is given by

Oy X Oy
V(04 X Dy, D X D)

&=

where x denotes the usual vector product in R3.

We introduce the scalar second fundamental form by

WX, Y) = (II(X,Y),£),

for all X,Y € X(S). The coefficients of this form with respect to the coordinates (u,v) are
denoted (in the classical theory of surfaces) by

e = h(0y,0,), f="h(0u,0y), g = h(0,,0,) .

Theorem 3.36 Let S be a reqular surface in R®. Then, for every X,Y € X(S),
VEY = VxY +h(X,Y)E,

where V' is the Levi-Civita connection of R? and V is the Levi-Civita connection of S.
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Remark 3.37 Theorem 3.36 is just a particular case of the Gauss formula (Theorem 3.20).
Applying it to 0, and 0,, we obtain the following expressions of the coefficients of the second
fundamental form:

€= <azu7€>7 f = <82v7£>7 9= <(93U7€> :

Remark 3.38 In the classical theory of surfaces, the Weingarten endomorphism A¢ is usually
denoted by S and called the shape operator, which we know it is a self-adjoint endomorphism
(c¢f. Remark 3.25). For every p € S, the shape operator at p (denoted by S,) is diagonalizable
and has two real eigenvalues k1 < Ko.

Definition 3.39 The real eigenvalues k1 < ko of the shape operator S, are called the principal
curvatures of the surface S at p.

Definition 3.40 Let S be a reqular surface in R3. The Gaussian curvature of S at a point
p € S is the quantity

K(p) = det(S,) = k1ka,
where S, denotes the shape operator at p and k1 < ko are the principal curvatures of S at p.

A surface S in R3 is flat if the Gaussian curvature K is zero at every point p € S.

Remark 3.41 A flat surface is not necessarily a part of a plane. For instance, a cylinder is
flat but it is not contained in a plane.

Definition 3.42 Let S be a reqular surface in R3. The mean curvature of S at a point p € S
is defined as

1 1
H(p) = §trace(8p) =3 (K1 + K2),

where S, denotes the shape operator at p and k1 < ko are the principal curvatures of S at p.

A surface S in R? is minimal if the mean curvature H is zero at every point p € S.

Remark 3.43 There are several equivalent definitions of minimal surfaces. One such a defi-
nition is that minimal surfaces are those that locally minimize area. This approach to minimal
surfaces as solutions of a variational problem is closely related to Chapter 5. The literature
about the theory of minimal surfaces is vast. For example, in [15], more details about the topic

can be found, while details about its direct extension to constant mean curvature surfaces appear
in [11].

Theorem 3.44 Let S be a reqular surface in R3. Then, for every X € X(S),
ViE=-SX,
where § denotes the shape operator and & is the unit normal to S.
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Remark 3.45 The Weingarten equation provides us with an alternative way of interpreting the
shape operator. Let S be a reqular surface in R®. We define the Gauss map & : S C R? — S?
such that it associates to every point in the surface its unit normal vector. Then, the shape
operator at p € S is

Sp = _d€p7

where d§, is the differential of the Gauss map atp € S.

Remark 3.46 From the Weingarten equation and the Weingarten formula, we obtain that the
scalar second fundamental form h can be expressed as

h(X,Y)=(SX,)Y).
It then follows that the matriz form of the shape operator S is given by S = g~—'h and, hence,
the Gaussian curvature of S at p can be computed as
deth  eg— f?
detg FEG—-F

Theorem 3.47 Let S be a reqular surface in R and consider the local coordinates (u,v) in S.
Then, the sectional curvature of T,S is given by
eg — f*
K(T,5) = ———=
(T,5) EG — F?2’
where E,G,F and e, g, f are the coefficients of the metric and second fundamental form, re-
spectively.

Remark 3.48 Above result follows directly from the Gauss equation (Theorem 3.26) and shows
that the Gaussian curvature of a surface S in R? is, precisely, the sectional curvature of S viewed
as a Riemannian manifold of dimension two. Furthermore, since the sectional curvature is
defined intrinsically (observe that in Definition 2.35 there is no ambient space), above result
also shows Gauss’ Theorema FEgregium.

Theorem 3.49 (Gauss’ Theorema Egregium) The Gaussian curvature of a surface in R?
15 wnvariant under local isometries.

Remark 3.50 Roughly speaking, this means that the Gaussian curvature K does not depend
on how the surface might be immersed in R3. To the contrary, it can be determined entirely by
measuring distances and angles on the surface itself. Indeed, in the local coordinates (u,v) it
can be computed employing, for instance, the following equation:

(Fil)v - (Fiz)u = F%zriz - F%IF%Q -FK,

where Ffj, i,7,k = 1,2, are the Christoffel symbols and F = (0,,0,). In the classical theory of

surfaces above equation is known as the Gauss equation for surfaces’.

7. The Gauss equation for surfaces is not the Gauss equation of Theorem 3.26. To the contrary, it comes
from the definition of the sectional curvature (Definition 2.35).
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Theorem 3.51 (Codazzi-Mainardi-Peterson Equations) Let S be a reqular surface in R?
and consider the local coordinates (u,v) in S. Then the following equations hold,

o — fu = el—%l + f (Fgl - Fh) _grfla
Jo—Gu = 6F%2+f(rg2_r%2) —QF%,

where Ffj, i,J,k = 1,2, are the Christoffel symbols and e, f, g are the coefficients of the second
fundamental form.

Remark 3.52 The Codazzi-Mainardi- Peterson equations for surfaces follow directly from the
Codazzi equation of Riemannian submanifolds (Theorem 3.28).

Remark 3.53 In the classical theory of surfaces, the Gauss-Codazzi-Mainardi- Peterson equa-
tions (also known as the compatibility equations) are obtained from the identities

(00), = (0), = 0,
(9%), — (0), = 0,
guv - gvu =
These identities follow from the symmetry of the second order mized partial derivatives (see

Clairaut-Schwarz’s Theorem). The verification of these compatibility equations is necessary,
and locally sufficient, to have a reqular surface in R® (see Bonnet’s Theorem, Page 236 of [}]).

On the other hand, the Ricci equation in the case of surfaces in R® is an identity since the
codimension of S in R3 is one.

3.5 Exercises

1. Let M be a Riemannian submanifold of M and denote by V the Levi-Civita connection
of M.
i) Check that the tangential projection of the covariant derivative v xY to M, for all
X,Y € X(M) defines an affine connection V over M.

ii) Prove that this affine connection V defined over M is, precisely, the Levi-Civita
connection of M.

This proves Proposition 3.17.
2. Prove Weingarten equation (Theorem 3.24).
3. Explain why EG — F? > 0 at every point of a surface in R3.

4. Consider the surface of revolution S in R3 obtained by rotating the curve v given by
v(s) = (f(5),0,9(s)), f(s) > 0, (assume that s is the arc length parameter of the curve,
that is, f/(s)? + ¢’(s)> = 1 holds) around the z-axis. Compute the Gaussian and mean
curvatures of S.
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5. Consider the surface S in R? given, locally, by the graph z = f(z,y). Compute the
Gaussian and mean curvatures of S.

6. * Let S be a regular surface in R with Gaussian curvature K and mean curvature H.
i) Obtain a explicit expression of the principal curvatures k1 < ko of a surface S at a

point p € S in terms of the Gaussian and mean curvatures.

ii) Prove that
H? - K >0,
holds at every point p € S.
iii) Show that minimal surfaces have non-positive Gaussian curvature.

iv) The points p € S such that H?(p) = K(p) are called umbilical points. Show that the
principal curvatures at a point are equal if and only if the point is umbilical.

v) A surface S is said to be totally umbilical if all points of S are umbilical. Show that
if S is totally umbilical, then S is a part of a plane (if H?> = K = 0) or a part of a
sphere (if H? = K > 0).

7. % Let £ : S — S? C R3 be the Gauss map of the regular surface S in R3. The
third fundamental form of S is defined by

11 = (d¢, de) .
i) Show that
Il = 2Hh — Kg,

where H and K are the mean and Gaussian curvatures of S, respectively, and A is
the scalar second fundamental form of S.

ii) Compute the characteristic polynomial of the shape operator S.
iii) Apply the Cayley-Hamilton’s Theorem to the above polynomial and the shape oper-

ator matrix.

8. * Let S be a regular surface in R? and ¢ : S — R? the isometric immersion. A system
of local coordinates (u,v) in S is called an isothermal coordinate system if

<auaau> = <avaav> :ILLQ, <8ua8v> - 07
hold.

i) Show that for a isothermal coordinate system,

where H is the mean curvature of S and £ is the unit normal.
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10.

ii) Show that if 27! is the local parameterization of S given by the isothermal coordinate
system (u,v), then
A(poa™) =2He,

and, hence, S is minimal if and only if the coordinate functions ¢ox~! are harmonic.
(Recall that an harmonic function f is a solution of the Laplace equation Af = 0.)

The heat equation in the plane is the partial differential equation 0,f = Af. In the
plane, the Laplacian vanishes when applied to isothermal coordinates and, hence, these
coordinates are a steady solution to the heat equation. In other words, the temperature
remains constant along time and so the name isothermal.

Obtain alternative expressions of the Gauss equation for surfaces in R? (cf. Remark 3.50).

* Let S be a regular surface in R?. The surface S is isoparametric if its principal curvatures
are constant functions, that is, for every p € S the values k;(p), i = 1,2, are the same.

i) Show that S is isoparametric if all its parallel surfaces S, = {p + r{|p € S}, for
|r| < € small enough, have constant mean curvature. Here, £ denotes the unit normal
to S.

ii) Prove that isoparametric surfaces in R? are parts of either totally umbilical surfaces

or spherical cylinders.
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4 Geodesics in Riemannian Manifolds

(For more details, see Chapter 3 of [5] and/or Chapter 6 of [9].)

4.1 Curves in Riemannian Manifolds

Definition 4.1 A smooth immersed curve in a Riemannian manifold is a Riemannian sub-
manifold of dimension one.

Remark 4.2 Smooth immersed curves in M are denoted by v : J C R — M where J will be
assumed to be the mazimal interval of definition and, unless explicitly mentioned, we will not
distinguish between the map ~ and its trajectory (or, trace) v(J) C M. Both will be referred to
as curves.

Remark 4.3 In the classical theory, curves are defined in the following equivalent way. A
smooth parameterized curve in a Riemannian manifold M is a smooth map v: J CR — M.
These curves may have cusps which, for our purposes, are undesired. To avoid them, the notion
of reqular curves is introduced. A smooth parameterized curve is said to be reqular if 4(t) # 0
for every t € J. Here, the upper dot denotes the derivative with respect to the parametert € J.

Definition 4.4 Let v : J = (a,b) CR — M be a smooth immersed curve in a Riemannian
manifold M. The length of v is defined by

b
L) = [ VA0 0) i
where ¥ = dy/dt and t € J = (a,b) is the parameter of 7.

Definition 4.5 Let M be a Riemannian manifold and p,q € M be two points. The Riemann
distance between p and q, d(p,q), is the infimum of the lengths of all smooth immersed curves
joining p to q. That s,

d(p;q) = inf L(v),

among all v : J = (a,b) CR — M such that v(a) = p and ~v(b) = q.

Remark 4.6 Since M is connected (recall our assumption of Remark 1.4), every pair of points
i M can be joined by a smooth immersed curve and, hence, the Riemann distance is well

defined.

Theorem 4.7 Let M be a Riemannian manifold. Endowed with the Riemann distance, M
becomes a metric space whose induced topology is the same as the one that M carries as a
topological manifold.
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Remark 4.8 So far, we have used an arbitrary parameter t € J for smooth immersed curves.
However, these curves admit a reparameterization by a natural parameter that makes their speed

V(t) = \/{(¥(t),5(t)) to be constant one, namely, the arc length parameter.

Definition 4.9 A smooth immersed curve v : I C R — M 1is said to be parameterized by
the arc length if (v'(s),7'(s)) =1 for all s € I. The parameter s € I is called the arc length
parameter (or, natural parameter). Curves parameterized by the arc length may be referred to
as unit speed curves.

Remark 4.10 To distinguish from an arbitrary parameter t € J = (a,b), the derivative with
respect to the arc length parameter s € I = (0, L) is denoted by ().

Proposition 4.11 Let v : J = (a,b) € R — M be a smooth immersed curve. Define the
function s : J — I by

oft) = / V@A) du,

and denote by t to its inverse. Then, the curve v : 1 CR — M given by v(s) = vy(t(s)) is a
smooth curve parameterized by the arc length.

Remark 4.12 In other words, v(s) = v(t(s)) is a reparameterization of v(t) by arc length.
Both curves have the same trajectory (or, trace).

Definition 4.13 Let v: I C R — M be a smooth immersed curve parameterized by the arc
length s € 1. The unit tangent vector field along v is T'(s) = ~'(s). The curvature k(s) of 7y is
the function

r(s) = (V2T (s), ViT(s)),

where V is the Levi-Civita connection of M.

Remark 4.14 Our definition for the curvature of a curve implies that k(s) is a non-negative
smooth function. However, in the particular case of a Riemannian manifold of dimension two,
it 1is possible to give the curvature a sign and define what is known as the signed curvature k.
For that we define the (oriented) unit normal N(s) by requiring that {T(s),N(s)} is a positively
oriented basis of the tangent plane for all s € I. The signed curvature k(s) is then defined as

VT (s) = k(s)N(s)

and might be either positive, negative or both. In this context, the points v(s,), s, € I, such
that k(s,) = 0 are called inflection points.

Definition 4.15 An arc length parameterized smooth immersed curve v : I C R — M" is
called a Frenet curve of rank one if its curvature k(s) is identically zero. It is said a Frenet curve
of rank m, 2 < m <n, if m is the largest integer for which there exists an orthonormal frame
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defined along v, {e1(s) = T(s),ea(s),...,em(s)} and non-negative smooth functions defined on
v, ki(s), 1 <i<m —1, called Frenet curvatures, such that,

Vrei(s) = ri(s)ea(s),

Vren(s) = —kn_1(s)en—1(s) + wn(s)ent1(s), h=2,..,m-1,

Vrem(s) = —km-1(8)em-1(s).

These equations are known as the Frenet-Serret equations.

Remark 4.16 For a Frenet curve of rank m < n, the Frenet curvatures of index larger than
m—1 are considered to be zero. The first Frenet curvature k1(s) = k(s) is, simply, the curvature
of 7. The second Frenet curvature ka(s) = 7(s) is usually called the torsion of v. A curve with
vanishing torsion, T(s) =0 for all s € I (in other words, a Frenet curve of rank two), is called
a planar curve.

Definition 4.17 A smooth immersed curve whose Frenet curvatures are all constant functions
15 called a Frenet helix.

Remark 4.18 If M is a Riemannian manifold of dimension three, the Frenet-Serret equations
along v are usually expressed as

VrT(s) = k(s)N(s),
VrN(s) = T(s) +7(s)B(s),
ViB(s) = N(s),

where N(s) is the unit normal’ vector field along v and B(s) is the unit binormal. Even if the
curve 7y is planar (1(s) = 0 for all s € I or, equivalently, the rank of v is two), the binormal
B(s) is still well defined as B =T x N, where x is the usual vector product of R3.

4.2 Geodesics
Definition 4.19 A smooth immersed curve v : J CR — M 1is a geodesic if for allt € J,
Vii(t) = 0.

where V is the Levi-Civita connection of M and  is extended arbitrarily to a neighborhood of

v(J).

Remark 4.20 A vector field V along a curve vy is said parallel along vy if V3V = 0. Therefore,
a geodesic is a curve whose velocity (t) is parallel along . The vector field V:5(t) along the

curve vy 1s sometimes referred to as the acceleration of v. With this notion, a geodesic is a
curve with vanishing acceleration.

8. Do not confuse with the oriented unit normal N defined in Remark 4.14.
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Proposition 4.21 Let v :J CR — M be a geodesic. Then, the speed V() = \/{¥(t),~(t))
of v is constant. That is, geodesics are parameterized with constant speed.

Proof. To prove the result is enough to check that the speed of a geodesic v is constant. For

this, we will see that its derivative (more precisely, the derivative of its square) is zero. Denote
by

the square of the speed. Then,

d d,. . . . o
— (VA1) = —(3(6),4(1)) = 2{V57(t),7(t)) =0,
dt dt
because V;5(t) = 0 holds for geodesics. O

Remark 4.22 The previous result shows that the choice of parameterization is essential to
have geodesics. An arbitrary reparameterization of a geodesic curve may not be a geodesic,
although their trajectories are the same.

Example 4.23 Constant speed parameterized straight lines in the Euclidean plane R? are
geodesics. However, the straight line parameterized by (t) = (¢3,0), t € R, is not a geodesic.

Proposition 4.24 Let v : J C R — M be a smooth immersed curve parameterized with
constant speed. Then, v is a geodesic if and only if its curvature k vanishes identically.

Proof. Since « has constant speed, V2(t) = (¥(t),¥(t)) = ¢?, for some positive constant ¢ € RT.

It then follows that (cf. Proposition 4.11)

stt) = [ VG du= [ edu=c(t~a).

and its inverse is t(s) = s/c + a. In other words, the parameter t € J of a geodesic is an affine
function of the arc length parameter s € I.

We then reparameterize v by the arc length as v(s) = v(t(s)) = v(s/c+a) and obtain, from
the chain rule, that

T(s) = 7/(s) = (1)

Finally, from the definition of the curvature, this relation between the velocity vector fields,
and the properties of an affine connection (see Definition 2.12),

K (s) = (V1T (s), VIT(s)) = (Vie9(t) /e, Viyeh(t) /) %(VW(t), V(1)) -

C

The equivalence of the statement follows directly from this. O

Remark 4.25 In particular, if v : I € R — M s an arc length parameterized smooth
immersed curve, the notions of geodesic and Frenet curve of rank one are equivalent.
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Theorem 4.26 (Local Equations for Geodesics) Let (U, x) be a local chart for a Rieman-
nian manifold M and consider a smooth immersed curve vy : J C R — M such that v(J) C U.
Then, v is a geodesic if and only if locally its coordinate functions x(t), k = 1,...,n, satisfy
the system of second order ordinary differential equations

ult) + 30 D au(t)i; (T (a(0) =0,

where Ffj are the Christoffel symbols of the Levi-Civita connection with respect to (U, x).

Proof. By definition, the curve 7 is a geodesic if and only if V;4(t) = 0 for every t € J. In the
local chart (U, x) we write

where {0y, }7_, is the local frame of the tangent bundle of M. It then follows from the properties
of the affine connection V (see Definition 2.12) that

n

=1
= > E(0)0, + Y Y ()i (1) Vo, O,
=1

i=1 j=1

= D0+ 3 DY ()i (O (1),

i=1 j=1 k=1

= 2 (fk(t) + Zj;i(t):tj(t)rfj(x(t))> Oy,

k=1 i=1 j=1

where in the last equality we have reorganized the terms of the first sum. Consequently, 7 is a
geodesic if and only if all the components of the vector field above are zero. ([l

Example 4.27 Compute all the geodesics of the Fuclidean space R™.

Theorem 4.28 (Existence and Uniqueness of Geodesics) Let M be a Riemannian man-
ifold. For every p € M and X, € T,M, there exists an open interval J C R and a unique
geodesic v : J CR — M such that y(t,) = p and §(t,) = X,, for somet, € J.

Proof. From the local equations for geodesics, we know that v is a geodesic if and only if its
coordinate functions wzx(t), k = 1, ..., n satisfy

Er(t) + > Y da(t)a (T (x(t) = 0.

i=1 j=1

30



We transform these second order differential equations into a system of first order equations by
introducing the variables vy (t) = @x(t), k£ = 1,...,n. With these new variables, above second
order equations read

n n

o) = =) BT (1)

i=1 j=1
Together with the initial conditions specified in the statement, these are initial value problems

whose local existence and uniqueness follows from the standard theory of systems of first order
ordinary differential equations. 0

Remark 4.29 Observe that shifting the parameter t € J, if necessary, we may assume that
to = 0. For every X = (p,X,) € TM we will denote by vx the unique geodesic with initial
conditions yx(0) = p and ¥x(0) = X,. We will also use the notation Jx for the maximal
interval of definition of vx.

4.3 Exponential Map

Definition 4.30 Let M be a Riemannian manifold and consider U C T'M defined by
U={XeTM|[0,1] C Jx}.
The exponential map exp : U — M 1s given by
exp(X) = 7x(1).

For every p € M, we denote by U, = U NT,M and refer to exp, : U, —> M as the
(restricted) exponential map.

Proposition 4.31 Let exp be the exponential map of a Riemannian manifold M. Then, the
followings hold:

1. The subset U is open in TM and it contains the zero section (p,0). Moreover, for every
p € M, U, is star-shaped with respect to the origin.

2. For every X € T'M, the geodesic vx 1is given by
vx(t) = exp(tX),
for every t € Jx.
3. The exponential map is a smooth map.
4. Rescaling Lemma. For every X € TM and c € R,

Yex (t) = ’YX(Ct) )

as long ast € J.x and ct € Jx.
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Remark 4.32 From Point 3 above, we have that the exponential map exp,, is smooth. However,
even if exp, is defined on the entire tangent space T,M, it may not be a diffeomorphism.
Nonetheless, its differential at the origin is the identity and, hence, by the Inverse Function
Theorem, exp, is a local diffeomorphism. The injectivity radius of M at p € M is the largest
radius of a ball that can be diffeomorphically map via exp,,.

Definition 4.33 Let M be a Riemannian manifold M and p € M. For every two-dimensional
linear subspace m C T,M , the planar section determined by m is

Sy = exp, (rNV,),

where V, € T,M 1is a neighborhood of the zero where exp,, is a diffeomorphism.

Remark 4.34 The planar section S; is a Riemannian submanifold of M of dimension two
which contains the point p € M and is composed by the geodesics starting at p € M and with
initial velocity in the subspace m C T,M. Extending in a standard way the notion of Gaussian
curvature (cf. Definition 3.40) to surfaces in M, not necessarily in R3, we obtain that the
sectional curvature of m at p € M (defined in M ) is, precisely, the Gaussian curvature of the
planar section.

Lemma 4.35 (Gauss’ Lemma) Let M be a Riemannian manifold and p € M. The image
of a sphere of sufficiently small radius via the exponential map exp, is perpendicular to all
geodesics starting at p € M.

Definition 4.36 A Riemannian manifold is said to be geodesically complete if the maximal
interval of definition of every geodesic is the entire real line R.

Theorem 4.37 (Hopf-Rinow) A Riemannian manifold is geodesically complete if and only
if it is complete as a metric space.

Corollary 4.38 Let M be a Riemannian manifold. If there exists a point p € M such that the
exponential map exp,, is defined in all the tangent space T, M, then M is complete.

Remark 4.39 A compact Riemannian manifold M is complete. Hence, every geodesic can be
defined in the entire real line R.

Remark 4.40 A Riemannian manifold M is complete if and only if every two points of M
can be joined by a minimizing geodesic. A minimizing geodesics is, roughly speaking, a geodesic
that minimizes the length between the two points. We will study this concept with more detail
in the next chapter.
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4.4 Exercises

1. Show that the notion of a smooth parameterized regular curve in a Riemannian manifold
(cf. Remark 4.3) is equivalent to that of a smooth immersed curve (cf. Definition 4.1).

2. Show that every smooth immersed curve in a Riemannian manifold admits a reparame-
terization by the arc length. (Proposition 4.11.)

3. Let v: J C R — R? be a smooth immersed curve in the Euclidean space R?® parameter-
ized by an arbitrary parameter ¢t € J.

i) Show that the curvature  of v is given by

A x50
"= EeE

where ||u|| = \/(u, u) is the norm of a vector u € R3.
ii) Show that the torsion 7 of 7 is given by

(1) x (), 7 (@)
() x (), 4(t) x 5(t))

T(t) =

iii) Assume now that v : I C R — R? is parameterized by the arc length s € I. Show
that the torsion 7 of v is then

_ ((s) x9"(),7"(s))
7—<8) - /{/2<S) )

where £(s) is the curvature of ~.

iv) Let v : I € R — R? be an arc length parameterized planar curve (that is, 7 = 0
identically). Then, the curve v may be understood as v : I C R — R2. Consider a
fixed direction v in R? and define (s) as the angle between +/(s) and v. Show that

K(s) =10'(s)]
holds.

4. Show that the geodesics of the hyperbolic plane H? in the upper half-plane model, that
is, H = {(z,y) € R*|y > 0} endowed with the metric

g= % (dx2 +dy2),

are circles and straight lines (properly parameterized) which meet the z-axis at right
angles.

5. * Prove that the geodesics of a sphere S™ are parts of great circles parameterized with
constant speed.
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6. * Let M be a Riemannian submanifold of M and consider a smooth immersed curve
v:J C R — M parameterized with constant speed.

i) Show that ~ is a geodesic if and only if the acceleration vector field along 7 is normal
to M.

ii) The Riemannian submanifold M is called totally geodesic if any geodesic of M is

also a geodesic of M. Show that a submanifold M is totally geodesic if and only if
its second fundamental form is identically zero.

iii) Classify all totally geodesic submanifolds of the Euclidean space R".
iv) Prove that the equator S"~! is a totally geodesic submanifold of S™.

7. * Consider the surface of revolution S in R3 given locally by
271(s,0) = (f(s) cos 0, f(s)sind, g(s)),
where f(s) >0 and f'(s)? + ¢'(s)* = 1.

i) Show that all the meridians 6 = 6, constant are geodesics.

ii) Show that a parallel s = s, constant parameterized by the arc length is a geodesic if
and only if s, is a critical point of the function f.

iii) Prove Clairaut’s relation: If () is a geodesic of a surface of revolution, then

r(t)cosy(t) =c € R,

where r(t) represents the radius of the parallel intersecting v at y(t) and (t) is the
angle made by v and that parallel.

8. * Let M be a Riemannian manifold and f € C°>°(M) such that (grad f,grad f) = 1 at
every point p € M (for the definition of the gradient vector field see Exercise 2 of Section
2.5). Show that the integral curves of grad f are geodesics.

9. * Let S be a regular surface in R?® and consider a smooth immersed curve v: 1 C R —
S C R? parameterized by the arc length s € I. The normal curvature s, of «y is defined
by

Kn = <V]$;3T’ §> )

where T' = v/ is the unit tangent vector field along 7. A curve whose normal curvature is
identically zero is an asymptotic curve.

i) Denote by 6 € [—m, 7| the oriented angle between the unit normal N along v (as a
curve in R?) and the normal ¢ to the surface. Show that

Kn = K cosf,

where & is the curvature of v as a curve in R3.
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ii)

iii)

iv)

vi)

Define the conormal n(s) as the vector field along v given by n = T x £, where X
denotes the usual vector product in R3. The positively oriented frame {n, T, ¢} along
7 is called the Darboux frame. The geodesic curvature? k, of v is

Ky = (VET n) .
Show that ry = x sinf (where 6 is as in the previous case) and, hence, k> = & + K7,
holds.

Use the Gauss formula for surfaces (Theorem 3.36) to obtain x* = k2 4 k2, in a
different way. Deduce that

Kp = h(W’» ’7,) )
where h is the scalar second fundamental form of S, and that &, is, in absolute value,
the curvature of v as a curve in S.

Consider an orthonormal frame {ej, es} of the tangent bundle to S. Show that for a
unit vector field X, the normal curvature in the direction of X is given by

Ky = K1 COS2 1) + Ko sin® ),

where ¢ is the angle between e; and X, and x; < Ky are the principal curvatures of
S. This is known as the Euler’s formula.

Show that the maximum and minimum normal curvatures are the principal curva-
tures.

Denote by £, (1) the normal curvature in the direction X making an angle ¢ with a
fixed direction. Prove that the mean curvature H of S is given by

H:—/Oﬂmnw)dw.

T

10. *Let v: I CR — S C R? be an arc length parameterized smooth immersed curve in
a regular surface S in R? and denote by n(s) the conormal vector field along 7 (see the
previous exercise for its definition). The geodesic torsion 7, of 7 is defined by

i)

Tg = <VéRi3n7 £> .

Let 0 € [—m, 7] be the oriented angle between the unit normal N along « (as a curve
in R?) and £. Prove that
T,=0 —71,

where 7 is the torsion of v (as a curve in R?).

9. Observe that most authors define x4, with the opposite sign.
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ii) A principal direction is such that the normal curvature x, of v in that direction is
one of the principal curvatures x;, i = 1,2, of S. Denote by {e;, es} the orthonormal
frame of the tangent bundle giving the principal directions. Show that

T, = (K1 — Kg) cos Y sine,

where 1 is the angle between 7" and e;.

iii) A line of curvature is a curve whose tangent is always a principal direction. Prove
that lines of curvature are characterized by having identically zero geodesic torsion.
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5 Introduction to Calculus of Variations

(For more details about the variation formulas of the length and energy functionals, see Chapter
9 of [5] and/or Chapters 6 and 10 of [9]. For a deeper understanding of the Calculus of
Variations, see [7].)

5.1 Length and Energy Functionals

Definition 5.1 Let v :J = (a,b) CR — M be a smooth immersed curve in a Riemannian
manifold M. The length of v is

b
Liy) = / NEORION

while the energy of v is defined by

Remark 5.2 The reason why we introduce the energy and will work with it instead of with the
length is based on two facts: on one hand, we avoid working with square roots, which make
computations tedious, and on the other hand, we will obtain that critical points are parameter-
ized with constant speed, which we recall here that it is essential to have geodesics (Proposition

4.21).
Proposition 5.3 Let v:J = (a,b) CR — M be a smooth immersed curve. Then,

L*(7) < (b—a)E(y),

holds between the length L and the energy E of v. Moreover, equality holds if and only if v has
constant speed V (t) = \/(¥(t),(t)).

Proof. The first part of the proof is just a direct application of the Cauchy-Schwarz inequality,
b 2 b 2
ve) = ([ VEmama) = ([ VEoae)
b b ‘
< [t [ Goawyd=b-0Ew).

For the second part, note that the equality holds if and only if V(¢) = 1/(§(¢),%(t)) and 1 are
linearly dependent, which means that the speed V (¢) of v must be constant. U
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5.2 First Variation Formula

Definition 5.4 Let v: J CR — M be a smooth immersed curve in a Riemannian manifold
M. A wvariation of v is a map I' : (—e€,€) x J — M such that I'(0,t) = ~(t) for every t € J.
The wvector field W along ~ defined as the partial derivative W (t) = 0I'/Ow(0,t) is called the
variational vector field.

Remark 5.5 A wvariation of a curve can be understood as a family of curves {I'(w,t)}we(—ce
defined on the interval J. Similarly, T'(w,t) may be interpreted as a surface in M with param-
eters (w,t) € (—€,€) x J.

Definition 5.6 A wvariation I of v : J = (a,b) C R — M s called a proper variation if it
fizes the end points of v. That is, if I'(w,a) = vy(a) and T'(w,b) = ~(b) for all w € (—¢,€).

Remark 5.7 Equivalently, a proper variation of v is a variation whose variational vector field
W wvanishes at the end points of v. That is, W(a) = W(b) = 0. Such a variational vector field
along 7y is called a proper variational vector field.

Theorem 5.8 (First Variation Formula) Let v : J = (a,b) C R — M be a smooth im-
mersed curve and I'(w,t) a proper variation of vy with variational vector field W (t). Consider
the energy functional E acting on the variation curves I'(w,t). Then,

b
SE() = 8lumaB(D) = =2 [ (Vi (0), W(e) dt.
where V represents the Levi-Civita connection of M.

Proof. We begin by proving the variation of the square of the speed of 7. Denote by V?(w,t) =
(C(w,t),I'(w, t)) where I' = OI'/0t. (Throughout this proof, for simplicity, we will avoid ex-
plicitly writing the dependence on w and ¢). Then,

W) =w ((£,1)) = 2(Vwl, 1),
where V is the Levi-Civita connection of M. Hence, since V is symmetric,
Vwl = VW = [W, 1] =0.

Using this in W (V?), we have '
W(V?) =2(V:W,T) .

We next compute the first variation formula of the energy functional,
o o [°. . b . b )
JET) = —E(([I)=— [, dt = I,T))dt = dt
M) = GoBM) =g [@ha= [w(E0)a= [ W)
b b
= 2/ (ViW,T) dt:—2/ (Vi W) dt,
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where in the last equality we have integrated by parts and use that I' is a proper variation.
Finally, evaluating above expression at w = 0, we conclude that

b
0E(7) = Olu=oE (I') = —2/ (V3, W) dt,
as claimed. 0

Definition 5.9 A smooth immersed curve v is a critical point of the energy functional E if for
every proper variation of v, 0E(y) = 0 holds.

Corollary 5.10 A smooth immersed curve v : J C R — M 1is a geodesic if and only if v is
a critical point of the energy functional E.

Proof. Let v be a geodesic. By definition, V:7(t) = 0 holds for every ¢ € J. Consequently,
for every proper variation of ~, the first variation formula 0 () (see Theorem 5.8) vanishes.
Hence, according to Definition 5.9, « is a critical point of the energy functional E.

Conversely, let v be a critical point of the functional E. This means that §E(y) = 0 for
every proper variation of 7. In other words, for every proper variational vector field W(t).
Consider proper variations of the type W (t) = ¢(t)V+7(t), where ¢ € C;°(J) is any smooth
function which has compact support in J. We then have,

0=-2 [ (V4i(0), Vi) el at,

for every compactly supported smooth function ¢ € C>(.J). It then follows from the Funda-
mental Lemma of Calculus of Variations that

(V57(1), V47(t)) =0,

for all ¢t € J. Therefore, V;7y(t) = 0 for all t € J and 7 is a geodesic. O

Remark 5.11 In general, the Fundamental Lemma of Calculus of Variations gives us the
equations characterizing the critical points'® of the corresponding functional. These equations
are known as the Euler-Lagrange equations. In our particular case, the Fuler-Lagrange equa-
tion associated with the energy functional E is nothing but the equation of geodesics, namely,

V.4(t) =0 for allt € J.

Definition 5.12 A smooth immersed curve v : J C R — M in a Riemannian manifold is
a (length) minimizing curve if L(v) < L(¥) for any other curve 5 with the same endpoints.
The curve v is a locally minimizing curve if for every t, € J, there exists a neighborhood

U= (t, —€,t, +€) C J such that the restriction of vy to U, |y, is a minimizing curve among
every pair of points.

10. Critical points are also known as stationary points.

39



Remark 5.13 [t follows directly from the definitions that every minimizing curve is locally
Minimizing.

Theorem 5.14 FEwvery geodesic in a Riemannian manifold is locally minimizing.

Remark 5.15 Geodesics may not be (globally) minimizing curves. For a counterezample, see
Ezercise 4 of Section 5.4.

Proposition 5.16 Let p,q € M be two arbitrary points of a Riemannian manifold M and
consider a minimizing geodesic v : J = (a,b) C R — M joining p to q, that is, y(a) = p and
v(b) = q. Then, for any other curve 7y joining p to q,

E(y) < E®),

where E is the energy functional. Moreover, equality holds if and only if 7 is also a minimizing
geodesic.

Proof. From the Cauchy-Schwarz inequality, we obtained in Proposition 5.3 that L%(y) <
(b — a)E(y) for every smooth immersed curve v : J = (a,b) € R — M. Moreover, in the
case that v has constant speed we had the equality. Combining this with v being a minimizing
geodesic, we obtain

(b—a)E(y) = L*(7) < L*(F) < (b —a)E() .

Observe that the first relation is an equality because geodesics have constant speed (see Propo-
sition 4.21), while L?() < L?(7) follows from the definition of a minimizing curve. This proves
the first part of the statement.

For the second part, assume that E(y) = E(7). This means that all the inequalities above
are, indeed, equalities. From L?(3) = (b — a)E(¥) and Proposition 5.3, we deduce that 7

is parameterized with constant speed. Furthermore, L*(y) = L*(), and so 7 is a length
minimizing curve. Therefore, from the first variation formula we conclude that it must be a
geodesic. 0

5.3 Second Variation Formula

Theorem 5.17 (Second Variation Formula) Let vy : J = (a,b) C R — M be a geodesic
and T'(w,t) a proper variation of v with variational vector field W (t). Consider the energy
functional E acting on the variation curves I'(w,t). Then,

0*E(7) = 8lu=o(0E) (I) = —2/ (VEW(t) + R(9(t), W () 5(t), W () dt

where V is the Levi-Civita connection and R is the Riemann curvature tensor of M.
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Proof. Following with the computations of the first variation formula (see Theorem 5.8) and
differentiating again, we obtain

SE(T) = 6(6E)(T) = —z% /b<vff,w> it — —2/bW(<fo,W))dt

— —Q/b (<vwvff, W>+<VfF,VWW)> dt .

At this point, we notice that the second term in the last integral will not play any role since it
will vanish at w = 0. Indeed, at w = 0 we will get (V,7, ViyWW) = 0 because v is a geodesic.
On the other hand, for the first term we will employ the definition of the Riemann curvature
tensor R (Definition 2.24), from which we deduce that

VwVil = ViVl = Vi + RO, W)E
= ViVl + R, W)L,

where we have used that the second term is zero since [I', W] = 0. Moreover, in the first term
above we use that V is symmetric (as in the first variation formula), to get

ViVl = ViV W = Vi

Combining everything and evaluating §2E(T") at w = 0, we obtain
b
FE() = #luaB(T) = =2 [ (VAW 4+ REW)5 W) dr,
proving the result. 0]

Definition 5.18 A wector field J along a geodesic v that satisfies the Jacobi equation
V3T +R(3, )7 =0,

1s called a Jacobi field.

Theorem 5.19 Let v be a geodesic and J a vector field along ~v. If J s the variational vector
field of a variation I'(w, t) through geodesics (that is, I'(w, t) is a geodesic for everyw € (—¢,¢€)),
then J s a Jacobi field.

Proof. Let J be the variational vector field of I'(w,t) through geodesics. From the definition
of the Riemann curvature tensor (Definition 2.24), we have

R, I =V,ViI = VViI + v[mf,

where, as usual, I' = OI'/ot. The first term is zero since all the curves in the variation are
geodesics and so ViI' = 0. On the other hand, [I', 7] = 0 and, hence, the last term is also zero.
It remains to work just with the second term.
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We will use that the Levi-Civita connection V is symmetric to obtain,
R, J)E = =Vp Vol = =V; <VF\7 +17, F]) =-ViJ,

where we have used once again that 7 and I' commute, that is, [I", 7] = 0.

Finally, we evaluate at w = 0, to conclude that
R(y,J)y=-ViJ,

and, therefore, the Jacobi equation is satisfied. O

Remark 5.20 FEvery Jacobi field can be understood as the variational vector field of a variation
through geodesics.

Theorem 5.21 (Existence and Uniqueness of Jacobi Fields) Letv:J = (a,b) CR —
M be a geodesic and p = y(a). For every pair of vectors X,.,Y, € T,M, there exists a unique
Jacobi field J along v satisfying the initial conditions

J(a) = X, ViJ(a) =Y,.

Definition 5.22 Let v be a geodesic joining two points p,q € M. We will say that q is a
conjugate point to p along v if there exists a Jacobi field along v vanishing at p and q but not
identically zero. The dimension of the space of such Jacobi fields is the multiplicity (or, order)
of the conjugacy.

Theorem 5.23 Let p € M be a point in a Riemannian manifold M and X, € T,M. Then,
the exponential map exp, is a local diffeomorphism in a neighborhood of X, if and only if
q = exp,(X),) is not a conjugate point to p along the geodesic y(t) = exp,(tX,), t € [0, 1].

Theorem 5.24 (Bonnet-Myers’ Theorem) Let M be a complete Riemannian manifold and
assume that its Ricci curvature satisfies
) 1
RICP (Xp) > ﬁ > O,
for all p € M and every unitary vector X, € T,M. Then, M is compact and its diameter (that
is, the supremum of the distances among every pair of points) is smaller or equal wR.

Theorem 5.25 (First Jacobi Theorem) Let v : J = (a,b) C R — M be a geodesic such
that ~(b) is not a conjugate point to vy(a). Then, v is a minimizing curve, among all the
variation curves for every proper variation of v, if and only if it has no conjugate points in the
interval (a, b.
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Remark 5.26 [t is essential to highlight that, under the lack of conjugate points, the geodesic
v minimizes the length among all curves which can be obtained by varying v, that is, is a
local minimum of the length functional. It may not be a (globally) minimizing curve. For a
counterexample, consider any parallel on a cylinder and recall that surfaces with non-positive
Gaussian curvature do not have conjugate points (see Ezxercise 4 of Section 5.4).

Remark 5.27 The fact that v(b) is not conjugate to y(a) makes the geodesic vy an strict local
minimum of the length functional. On the contrary, consider the sphere S*. The north and
south poles are conjugate points and any meridian (which are geodesics as shown in Exercise 7
of Section 4.4) joining these poles have the same length. Meridians can be deformed one into
another and, hence, none of them is an strict local minimum of the length functional.

5.4 Exercises

1. *Lety:J = (a,b) C R — M be a smooth immersed curve and I'(w, t) a proper variation
of v with variational vector field W (t). Consider the length functional L (Definition 5.1)
acting on the variation curves I'(w, t).

i) Compute the first variation formula dL(7y) for the length functional L.

ii) Show that a curve is a critical point of the length functional (6L(y) = 0 for every
proper variation of 7) if and only if

Vi | = =0,
(¥, %)
holds.

iii) Prove that a curve v is a geodesic if and only if it is a constant speed critical point
of the length functional. (Cf. Corollary 5.10.)

2. *Let v : J = (a,b) € R — R? be a smooth immersed curve and I'(w,t) a proper
variation of v with variational vector field W (). Consider the functional

G(y) = / (1), ) /D), 3 (D) dt

where (z,y) are the standard coordinates of R? acting on the variation curves. The
functional G measures the gravitational potential energy of a chain, supported at its
ends, in a constant gravitational field. Note that the height is computed with respect to
the x-axis, that is, (y(¢),d,). The critical points of G(7) are called catenaries.

i) Compute the first variation formula 0G(7) for the functional G.

ii) Show that a curve ~ is a critical point of G (that is, a catenary) if and only if the
curvature x of its arc length reparameterization satisfies

(N, 0,)
(7, 0y) ’
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where N is the unit normal.

iii) Let S be the surface of revolution in R3 obtained by rotating a catenary around the
x-axis. Show that S is minimal. The surface S is known as the catenoid.

3. ¥ Let v : J = (a,b) € R — R? be a smooth immersed curve and I'(w,t) a proper
variation of v with variational vector field W (t). Consider the functional

/ \/7\/7&

acting on the variation curves. According to the conservation of energy, the kinetic energy
and the gravitational potential energy must be equal at each point of the trajectory, that
is, mV?/2 = mg(v(t),d,), which implies V() = /29(7(¢),9,). Consequently, since
the speed is ds/dt = V, the functional T' measures the time needed to travel from one
point to another when only constant gravity is acting. The critical points of T" are called
brachistochrone curves (roughly speaking, the curves with shortest time).

i) Compute the first variation formula d7'(y) for the functional 7.
ii) Compute the Euler-Lagrange equation associated with 7" and show that critical points
(that is, brachistochrone curves) are cycloids.
4. Let S be a circular cylinder in R? parameterized by
~10,2) = (cosf,sinb, 2)
where 6 € (0,27) and z € R.
i) Show that the curves z = z, constant (parallels) are geodesics. (Cf. Exercise 7 of

Section 4.4.)

ii) Compute the length of the curve «y given by z = z, constant between every two points
in that parallel.

iii) Prove that the curve v minimizes the length (is a globally minimizing curve) if and
only if the length of the curve is smaller or equal 7.

5. * Let M be a Riemannian manifold and f € C°>°(M) such that (grad f,grad f) = 1 at
every point p € M (the gradient vector field grad f was defined in Exercise 2 of Section
2.5). The integral curves of grad f are geodesics (see Exercise 8 of Section 4.4). Show
that for every pair of points p,q € M, they are indeed minimizing geodesics.

6. Let (U, z) be a local chart for a Riemannian manifold M and consider a geodesic v : J C
R — M such that v(J) C U.

i) Write the local equations (in terms of the coordinate functions xx(t), k = 1,...,n, of
~v) for the Jacobi fields along ~.

ii) Transform the second order differential equations into a system of first order equations
by introducing suitable new variables.
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Then, the standard theory of ordinary differential equations shows the local existence and
uniqueness of Jacobi fields (Theorem 5.21).
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6 Application to Image Reconstruction

(For more details about sub-Riemannian geometry, see [12]. For more details about the applica-
tion to image reconstruction, see [1] and references therein. For more details about functionals
depending on the curvature, see [16].)

6.1 Sub-Riemannian Manifold

Definition 6.1 Let M be a smooth manifold. A sub-bundle of the tangent bundle T M is called
a distribution ® on M. A distribution © is bracket-generating if for every p € M, the sections
of D near p together with all their Lie brackets span the tangent space T, M.

Definition 6.2 Let M be a smooth manifold and ® a distribution on M. A sub-Riemannian
metric is a smoothly varying positive definite bilinear form (-,-) on .

Definition 6.3 A smooth manifold M equipped with a sub-Riemannian metric (-,-) on a
bracket-generating distribution ® is a sub-Riemannian manifold.

Remark 6.4 If the distribution © is equal to the whole tangent bundle T M, then (-,-) is a
Riemannian metric and M is a Riemannian manifold. Having a sub-Riemannian manifold (in
contrast to a Riemannian manifold) just means, roughly speaking, that we can only compute
the magnitude of some vector fields and, hence, the length of some special curves.

Definition 6.5 Let M be a sub-Riemannian manifold. A ®-curve on M is a smooth immersed
curve § : J = (a,b) € R — M which is always tangent to the distribution ®©. That is,

0(t) € Doy for allt € J.

Remark 6.6 The notion of a ®-curve does not need that the distribution is bracket-generating
and, indeed, we can consider ©-curves simply on a smooth manifold M with a (not necessarily
bracket-generating) distribution. The Theorem of Chow-Rashevskii (see Chapter 2 of [12]) states
that, if © is bracket-generating, then there is a ®-curve joining every two points of M. Hence,
we will restrict ourselves to bracket-generating distributions.

Definition 6.7 Let M be a sub-Riemannian manifold and § : J = (a,b) CR — M a ©-

curve. The length of § is
b . .
L) = [ (60,50 ar

For every p,q € M, the distance between p and q is the infimum of the lengths of all ®-curves
joining p and q.
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6.2 Sub-Riemannian Model

Remark 6.8 Neurobiological research over the past few decades has greatly clarified the func-
tional mechanisms of the first layer V1 of the visual cortex (also known as the primary visual
cortex). Such layer contains a variety of types of cells, including the so-called simple cells.
Researchers found that V1 constitutes of orientation selective cells at all orientations for all
retinal positions, so simple cells are sensitive to orientation-specific brightness gradients.

Recently, this structure of the primary visual cortex has been modeled using sub-Riemannian
geometry. In particular, the unit tangent bundle of the plane R? x St can be used as an abstrac-
tion to study the organization and mechanisms of V1.

According to this model for V1, in the space R? x St, each point (x,y,0) represents a column
of cells associated with a point of retinal data (z,y) € R?, all of which are adjusted to the
orientation given by the angle 0 € S*. More specifically, the vector (cos@,sinf) is the direction
of mazximal rate of change of brightness at a point (x,y) of the picture seen by the eye. Thus,
when the cortex cells are stimulated by an image, the border of the image gives a curve inside
the 3D-space R? x S, but such curves are restricted to be tangent to the distribution spanned
by the vector fields

Xy =cos0 0, +sinb oy, Xo=0p.

Definition 6.9 We will call the unit tangent bundle of the plane to the sub-Riemannian man-
ifold (R? x S, D, (,-)), where ® is the (bracket-generating) distribution spanned by

Xy =cos0 0, +sinbo,, Xo =0y,

and where (-,-) is the metric on © defined by requesting that X, and X, are everywhere or-
thonormal.

Remark 6.10 [t is believed that if a piece of the contour of a picture is missing to the eye
vision (or maybe it is covered by an object), then the brain tends to “complete” the curve
by minimizing the length between the endpoints. In other words, the brain considers a sub-
Riemannian minimizing geodesic between the endpoints of the missing data.

Theorem 6.11 Let (R? x S, D, (-,-)) be the unit tangent bundle of the plane and consider
two points py = (To, Yo, 0,) and py = (x1,y1,01) in R? x St. The D-curves 6 : J C R —
R? x St satisfying y(t) = @(t) cosO(t) that cover the distance between p, and p, (that is, the
sub-Riemannian minimizing geodesics) are the lifts of curves v : J C R — R? in the plane

that minimize the functional
O(y) = / VE2(s) + 1 ds,
v

among all the curves in R? joining (o, yo) to (x1,y1) and with initial and final angles between
4 and the x-axis, 0, and 01, respectively. (Recall that s denotes the arc length parameter of
and that K is the curvature of 7y.)
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Proof. Every ®-curve given by d(t) = (x(¢),y(t),0(t)) in the unit tangent bundle of the plane
R? x St with ¢(t) = @(t) cos () is the lift of a smooth curve (t) = (x(t),y(t)) in the plane R?
whose tangent vector 4(t) makes the angle 0(¢) with the z-axis, that is,

F(t) = V(t)cos0 0, + V(t)sinf 0, = V(t) Xy,

where V() = 1/(¥(t),¥(t)) is the speed of ~(t).

Conversely, every curve y(t) = (z(t),y(t)) in the plane R? can be lifted to a D-curve
5(t) = (z(t),y(t),0(t)) in R* x S' by setting 0(t) equal to the angle between +(t) and the x-axis.

Now, the tangent vector 4(t) of the D-curve §(t) satisfies
(0(1),0(8)) = (V(O)X1 + 0() X2, V() X1 + 0() X2) = V2(t) + 0%(2)

where Xy = 0p and we have used the definition of the sub-Riemannian metric (-,-) of the unit
tangent bundle of the plane. (Remember that the vector fields X; and X, are everywhere
orthonormal.) We also recall now that for a fixed direction in R? and a curve v : I C R — R?
the derivative with respect to the arc length parameter s € I of the angle between ~+/(s) and
the fixed direction is the curvature of 7, perhaps up to a sign (cf. Exercise 3 of Section 4.4).
In our case, (§'(s))? = k*(s) since 0 is the angle between 4 and the z-axis. Therefore, applying
the chain rule, we have

(6(1),0(1)) = V2(t) + V(1) (%) =V2(1t) (1+ K1),

where £(t) is the curvature of « in the parameter t € J = (a,b). It then follows that

uaz/wwwﬂmﬁ:/\mmw4vwﬁ:mw,

after a change of variable.

Consequently, the ©-curves § with y(t) = @(t) cos 8(t) that cover the distance between two
points p, and p; in R? x St are the lifts of curves «y in the plane joining (z,,y,) to (x1,y;) with
initial angle 6, and final angle #; that minimize the functional ©. U

Remark 6.12 The hypercolumnar organization of the primary visual cortex suggests that the
cost of moving one orientation unit is not necessarily the same as to moving spatial units, then
the tmage reconstruction problem should consider minimizing the more general functional

©,(1) = [ Vi) i ds.

where 11 € R is a non-zero real constant.
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6.3 Total Curvature Type Energies

Theorem 6.13 Let v : [ = (0,L) C R — R? be an arc length parameterized smooth im-
mersed curve and consider a proper variation of v with variational vector field W. Consider
the functional ®,, acting on the variation curves. Then,

5ka=/®@%W&»%+BWJWﬂ%,

~

where , ,
a@=v3(7R§IEVW%Q+V¢(%%§ﬁ;ﬂ@)
1s the Euler-Lagrange vector field and
B(v, W(s)) = —=—=—=—= (V47'(5), V4 W (s)),
1s the boundary vector field.

Proof. Consider a proper variation I' of 7. In order to compute the first variation formula
for ®,, we need to reparameterize all the curves in the variation by an arbitrary parameter
t, so that all of them are defined on the same interval, say ¢t € J = (a,b). In other words,
[:(—¢¢) xJ—>R*and t € J is arbitrary. Then,

b
0, (w,t)) :/ VEHw,t) + p2V(w,t)dt,

where V(w,t) = \/(f(w,t), ['(w,t)) is the speed of D(w,t) and I' = OI'/dt. (As customary in
long computations, we will avoid writing the dependence on w and t.)

In Theorem 5.8 we computed the variation of the square of the speed of ~, obtaining
W(V?) = 2(VW,T) .
Hence, since W (V?) = 2VIV(V), we get

(V:W.T)
Vy=-——"7"
W) = S1
We next need to understand the variation of x?(w,t). From the definition of the curvature

of a curve (Definition 4.13),
W(I{Q) =W <VTT, VTT>) = 2<VWVTT, VTT> s

where T' = I'/V is the unit tangent vector field along the variation curves T'. We point out here

that the variational vector field W and 7" may not commute. In fact,

1y, W(WV). WV
)i M W)

[T,W]Z[F/‘/,W]:%[F’W]_W(V V2 %

T,
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where we have used that [I,TW] = 0. We will use this relation and the definition of the
Riemann curvature tensor R (Definition 2.24) to rewrite Vyy VT Recall that all our variation

curves are in the plane R?, which has curvature identically zero, that is, R(X,Y)Z = 0 for all
X,Y,Z € X(R?). Consequently,

WV
VwVrT = VeVyT = View T = VeV T — ( )VTT
W (Vv
= Vo (VoW + [W,T]) — ( )VTT
W(V 140%
= VaW —-Vr (#T) — #VTT,

where in the second line we have used the symmetry of the Levi-Civita connection V. Therefore,

W) = 2AVwVaT, Vo) = 23, VeT) ~ 42w, 9,1y

= 2AVEW,VT) — 43 (Vo W, T)
since W(V)/V = (Vo W, T).

We then differentiate on ©,, to compute its associated first variation formula

0.1) = pen) -5 [ VeErEva- [ (—WW vme(v)) @

2 KJ2+,LL2

b 1 2k2T
= / <<V2TW—VTT>_<VTW7 -

Evaluating at w = 0 and reparameterizing in terms of the arc length parameter s € I = (0, L)
of v, we have

)+ (VW /K2 + 12 T>> V dt.

50,(7) = luce®,(T) = / ) (<V%W, L vy v, T>> ds

//{/2 + ,U2 /,%-2 + /1/2
L 1 /{2 _ ,U2
= —(VoW Vp | ——=VT|)+ (W, Vp | —=T ds
f; (- omTn | g T 009 | S )
L
1
+ | (Vo W, ————= VT
K2 + @2 o
L 1 K2 — u?
= [ (% | vt W)+ (9 | | ) ) ds
0 VKA p? VR4 2
L
1
+ | (Vo W, ———=VT)| ,
//{2 + MZ o
where in the last two equalities we have integrated by parts and use that W is proper, that is,
W(0) = W(L) = 0. This concludes the proof. O
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Definition 6.14 A smooth immersed curve v is a critical point of ©,, if 6©,(y) = 0 holds for
every proper variation of vy.

Corollary 6.15 Let v : I C R — R? be a smooth immersed curve in the plane R? parame-
terized by the arc length s € I. If v is a critical point of ©,, then

holds along ~.

Proof. Let v be a critical point of ®,. Then, §®,(y) = 0 holds for every proper variation of
7. In particular, we consider variations whose variational vector field is of the type W(s) =
©(s)T'(s) + ¥ (s)N(s), where T' is the unit tangent to v and N is the unit normal, and ¢, €
C°(1) are compactly supported smooth functions. It then follows from the Fundamental Lemma
of the Calculus of Variations, considering first ¢ = 0 identically and then ¢ = 0 identically,
that both the tangential and normal components of the Euler-Lagrange vector field £(s) must
be zero. Hence, the Euler-Lagrange (vector) equation is, precisely, £(s) = 0.

Now, using the expression of the vector field £ and the Frenet-Serret equations (see Remark
4.18) we obtain that the tangential component of £ is identically zero, while the vanishing of
the normal component gives rise to the desired ordinary differential equation. 0

Remark 6.16 The above proposition gives us the Fuler-Lagrange equation associated with the
functional ©,, which is a necessary, but not sufficient, condition to obtain critical points. This
Euler-Lagrange equation is a second order ordinary differential equation in the curvature k, and
it can be explicitly solved obtaining

(crets + coe™H9)

\/1 — (cre#s + cpemns)?

K(s)

)

where ¢, co € R are constants of integration.

Once the curvature is explicitly obtained it is possible to give a parameterization of the
planar curves in terms of two quadratures (parameterizations by just one quadrature are also
achievable, see Ezercise 1 of Section 6.4). In fact, a planar curve with curvature k(s) can be
parameterized in terms of the arc length parameter s € I as (cf. Exercise 3 of Section 4.4)

o1 foas ] i o] ] ).

However, a specific determination of critical points of ©,, implies that the integration constants
must be determined. This can be done by imposing the planar curve 7y, parameterized as above,
to satisfy the given boundary conditions, but this requires solving a highly nonlinear system.
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Remark 6.17 In the following figures (obtained from [16]), we show examples of image recon-
struction using the above described method of minimum length in the unit tangent bundle of the
plane.

L

6.4 Exercises

1. Let v: I = (0,L) C R — R? be an arc length parameterized smooth immersed curve
and assume that «y is a critical point of the functional ([16])

@u<v>=[mds.

i) Show that the following is a parameterization of v in terms of the arc length parameter
sel,

1 K(s) / w
’Y(S) = = y dS )
Va \ kX (s) + 12 VE3(s) + 12
where a > 0 is a constant.

ii) Consider the surface of revolution S in R? obtained by rotating v(s) (parameterized
as above) around the z-axis. Show that the Gaussian curvature of S is

K=—p*.
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iii)

Prove that every surface of revolution S in R? with constant negative Gaussian
curvature K is obtained by rotating a critical point of ®,,, with y = /=K, around
a suitable axis.

2. Let v:J = (a,b) £ R — M be a non-geodesic smooth curve immersed in a Riemannian
manifold M. Consider a proper variation I'(w, t) of v with variational vector field W (¢).

i)

ii)

Show that the variation of the speed V(w,t) = \/(f‘(w, t),T'(w,t)) in v in the direc-
tion of W is

W(V) = (VoW T)V,
where T is the unit tangent along v and V is the Levi-Civita connection of M ([16]).

Show that the variation of the curvature r(w,t) = \/(V7T (w,t), V7T (w,t)) in v in
the direction of W is

1 1

where R is the Riemann curvature tensor of M ([16]).

3. Let v : I = (0,L) € R — M be an arc length parameterized curve immersed in a

Riemannian manifold of dimension two with constant sectional curvature K. Consider a
proper variation of v with variational vector field W and assume that the functional

() = [ (2 + ) ds,

where ;1 € R and & is the curvature of v, is acting on the variation curves. The functional
© is called the bending energy, [16].

i)
ii)

iii)

iv)

Compute the first variation formula d@(v) for the bending energy.

Show that if a curve is a critical point of the bending energy (0©(y) = 0 for every
proper variation of 7), then the Euler-Lagrange equation

1
" 2
—_ — Kr=20
K 4+ 2/<e (/*i u) + K s
holds along Y. Critical points Of the bending energy are elastic curves.

Assume that an elastic curve v has constant curvature. Prove that then, either v is
a geodesic or

K= —2K .
In particular, let M = R? be the Euclidean plane. Show that elastic curves with
constant curvature are either straight lines or circles of radius r = 1/,/u for > 0.

Assume now that v is an elastic curve with non-constant curvature. Show that the

curvature of ~ satisfies the first order ordinary differential equation
ne Lo 2 2
(m)+1(m —p) + Kr’=a,

for some constant of integration a € R.
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4. * Let v : I = (0,L) C R — M be an arc length parameterized non-geodesic smooth
immersed curve in a Riemannian manifold M of dimension two and with constant sectional
curvature K. Consider a proper variation I' of v with variational vector field W, such
that none of the variation curves is a geodesic, and assume that the functional

Wﬂ:AﬁM&

is acting on the (non-geodesic) variation curves. This functional will be referred to as the
Blaschke’s functional, [16].

i)
ii)

iii)

iv)

Compute the first variation formula 60() for the Blaschke’s functional.

Show that the curvature x of a critical point + for the Blaschke’s functional must
satisfy the Euler-Lagrange equation

d? 1 1
— | — — (K —k*) =0.
ds"’(ﬁ)+ﬁ< ) =0
Assume that M = R? is the Euclidean plane. Find the explicit expression of the

curvature of a critical point and show that v is a catenary (cf. Exercise 2 of Section

5.4).

Assume that M = S? is the round sphere. Prove that for every pair of relatively prime
natural numbers (n, m) satisfying m < 2n < v/2m there exists a unique closed curve
~ critical for the Blaschke’s functional ®. The vertical lift via the Hopf fibration
of the critical curve corresponding to m = 5 and n = 3 is the surface in S* whose
stereographic projection is illustrated on the first page.

5. *Let v: I =(0,L) CR — M be an arc length parameterized non-geodesic smooth
immersed curve in a Riemannian manifold M of dimension two and with constant sectional
curvature K. Consider a proper variation I' of v with variational vector field W, such

that none of the variation curves is a geodesic, and assume that the functional

@ﬂzl%%,

is acting on the (non-geodesic) variation curves.

i)
ii)

iii)

Compute the first variation formula §© (7).

Show that the curvature x of a critical point v must satisfy the Euler-Lagrange

equation
d (1 K
— | = —4+2=0.
ds? (/-@2) * K *

Assume M = R? is the Euclidean plane. Prove that the critical points for © are
cycloids (cf. Exercise 3 of Section 5.4).

o4



References

1]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

Josu Arroyo, Oscar J. Garay and Alvaro Pampano, Curvature-Dependent Energies Min-
imizers and Visual Curve Completion, Nonlinear Dynamics 86 (2016), 1137-1156.

Arthur L. Besse, Einstein Manifolds, Classics in Mathematics, Springer-Verlag Berlin,
1987.

Bang-Yen Chen, Pseudo-Riemannian Geometry, d-Invariants and Applications, World
Scientific Publishing Co. Pte. Ltd., Singapore, 2011.

Manfredo P. Do Carmo, Differential Geometry of Curves and Surfaces, Prentice-Hall
Englewood Cliffs, 1976.

Manfredo P. Do Carmo, Riemannian Geometry, Mathematics: Theory & Applications,
Birkhauser Boston, 1992.

Gary R. Jensen, Emilio Musso and Lorenzo Nicolodi, Surfaces in Classical Geometries:
A Treatment by Moving Frames, Universitext, Springer Switzerland, 2016.

Mariano Giaquinta and Stefan Hildebrant, Calculus of Variations I, Grundlehren der
Mathematischen Wissenschaften 310, Springer-Verlag Berlin Heidelberg, 2004.

Jeffrey M. Lee, Manifolds and Differential Geometry, Graduate Studies in Mathematics
107, American Mathematical Society, Providence, 2009.

John M. Lee, Introduction to Riemannian Manifolds, Graduate Texts in Mathematics
176, Springer-Verlag New York, 1997.

John M. Lee, Introduction to Smooth Manifolds, Graduate Texts in Mathematics 218,
Springer-Verlag New York, 2002.

Rafael Lopez, Constant Mean Curvature Surfaces with Boundary, Springer Monographs
in Mathematics, Springer-Verlag Berlin, 2013.

Richard Montgomery, A Tour of Subriemannian Geometries, Their Geodesics and Ap-
plications, Mathematical Surveys and Monographs 91, American Mathematical Society,
Providence, 2002.

Sebastian Montiel and Antonio Ros, Curves and Surfaces, Graduate Studies in Mathe-
matics 69, American Mathematical Society, Providence, 1998.

Barrett O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic
Press, 1983.

Robert Osserman, A Survey of Minimal Surfaces, Dover Publications New York, 1986.

Alvaro Pampano, Invariant Surfaces with Generalized Elastic Profile Curves, PhD Thesis
2018.

95



	Preliminaries: Smooth Manifolds
	Diffeomorphisms
	The Tangent Bundle

	Riemannian Manifolds
	Riemannian Metrics
	Isometries
	The Levi-Civita Connection
	Curvature
	Exercises

	Riemannian Submanifolds
	Immersions and Embeddings
	Second Fundamental Form
	Fundamental Equations
	Surfaces in the Euclidean Space R3
	Exercises

	Geodesics in Riemannian Manifolds
	Curves in Riemannian Manifolds
	Geodesics
	Exponential Map
	Exercises

	Introduction to Calculus of Variations
	Length and Energy Functionals
	First Variation Formula
	Second Variation Formula
	Exercises

	Application to Image Reconstruction
	Sub-Riemannian Manifold
	Sub-Riemannian Model
	Total Curvature Type Energies
	Exercises


