Hopf algebras



Let F be a field, and let H be an F-algebra.
A co-multiplication on H is then an algebra homomorphism
@ H— H®g H that is co-associative, i.e., the diagram

H %5 HeeH

gl | 1

HorH —— H®FH®FH
p1

is commutative.



Example: On the polynomial ring F[x], we can define several
co-multiplications.

(@) p(x) =x@1
(b) u(x) = x @ x

() ux) =x®1+1®x



Example: Let G be a group. On the group algebra FG we can
define a co-multiplication by

po)=o@o

for o € G.



A co-multiplication is co-commutative if the diagram

H

Ml\
H®FHWH®FH

is commutative.



A co-unit for y is an algebra homomorphism €: H — F such that
the diagrams

H—"% HeorH H—L% HopH
XHM l&@l and XH)& ll@e
F®rH H®r F

are commutative.



Thus, if u(x) = >, a; ® bj, then

x — Z&“(ai)bi = Z aje(b;)

i

It follows that p must be injective.



Example: For our co-multiplications on F[x], we get:
(a) p(x) = x ® 1 has no co-unit.
(b) 1(x) = x ® x has a co-unit given by £(x) = 1.

(c) u(x) =x® 1+ 1® x has a co-unit given by ¢(x) = 0.



Example: The co-multiplication on FG has a co-unit given by
g(o)=1

for o € G.



The co-multiplication uniquely determines a co-unit:
If € is also a co-unit, then

() = (o e(anby) = D e(an)e(b) = (3 ae(bi) = e(x)

i i



Let 1 be an F-algebra.
We then define the convolution product on Homg(H,2l) by

p*xh=mo(pRi)opu

where m: A ®@f A — A is the multiplication map.



Thus, if x € H with u(x) = )", a; ® bj, then

(p*)(x) = Z‘P(al

The convolution product is associative, and ¢: H — F — 2l is the
identity element.
In particular, Homg(H, %) is an algebra.



An antipode on H is an inverse ¢ of the identity map
in Homg(H, H), with respect to the convolution product.
l.e., it is a linear transformation ¢: H — H with

g(x) = Z aju(bi) = u(ai)bi

1

when p(x) =5 a; ® b;.
An antipode is of course unique.



Example: On F[x], we find that
(b) p(x) = x ® x has no antipode;

(c) u(x) =x®1+1® x has an antipode given by
L(f(x)) = f(—x)



Example: On FG, we get an antipode by
fo)=0

for o € G.



Definition: An F-algebra H with a co-multiplication, co-unit and
antipode is a Hopf algebra.



Example: The polynomial ring F[x] is a Hopf algebra with
co-multiplication
px)=x@1+1®x,

co-unit

and antipode



Example: The group algebra FG is a Hopf algebra with
co-multiplication
u(o) =o®o,

co-unit

and antipode



Example: Let G be a finite group, and let F(¢) denote the ring of
functions G — F, with point-wise addition and multiplication.
We write the elements as ZJEG as €y, Where the e,'s are
orthogonal idempotents with sum 1. It is then a Hopf algebra with
co-multiplication
M(ea) = Z € X er,
pPT=0
co-unit
E(ea) = 50,1

and antipode



Example: Let F be a field of characteristic # 2, and let D € F be
an element that is not a square. Then we have a Hopf algebra
structure on F @ F @ F(/D) = Fe1 @ Fex ® Fes ® Fu by

ple) =e1®@er+e®e+ 5 €3®e3+2Du®u
pe)=ea@e+tea®e +;5 e3®e3 Du®u,
wles) = (e1 + &) ®es+ 3R (e + e2),
pu)=u@(a—ea)+(a—-—e)ou

The co-unit is given by
e(er1) =1, e(e) =¢(e3) =¢(u)=0

and the antipode is the identity map.



Theorem: Let H be a Hopf algebra.
Then the antipode ¢ is an algebra anti-endomorphism.
Moreover, e ot = €, and

p(e() = D ulbi) ® u(a)



Corollary: If H is commutative or co-commutative, then /> = 1.



Proof: Let x € H with p(x) =), a;i ® b;.
If H is commutative, we have

(1% %) (x) = Z u(a;)? (b)) = L(Z ail(bi)) = u(e(x)) = e(x).
If H is co-commutative, we have p(x) =), bj ® a; as well, and so
(L5 2)(x) = Z u(bi)i?(a)) = L(Z Wai)bi) = u(e(x)) = e(x).

2

Either way, ¢ 1> = ¢, and so ¢? = 1. v



Example: Let H = F[x,y,y '], where yx = gxy for some

ge F\{0,1}.
It is then a Hopf algebra with co-multiplication

px)=x@1+yex, uy)=yoy,
co-unit
e(x)=0, e(y)=1
and antipode
x)=—y %, Wy)=y "

H is neither commutative nor co-commutative, and since
12(x) = g~ 1x we have (2 # 1.



