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A theorem by Whaples (see [2] or [3]) states, that if a field admits a cyclic extension of
degree p, where p is an odd prime, it admits a pro-cyclic extension of degree p®°. Similarly,
the existence of a cyclic extension of degree 4 implies the existence of a procyclic extension
of degree 2°°,

This can be formulated as a statement about the absolute Galois group G of the field:
If G has the cyclic group Z/pZ as a factor, it has the pro-cyclic group Z, of p-adic integers
as a factor, and similarly for Z/4Z and the 2-adic integers 22.

This property does not hold for pro-finite groups in general. (With Z/pZ and Z/4Z as
obvious counter-examples.) But unless the field is formally real the absolute Galois group
is torsion free, and it is therefore natural to ask whether Whaples’ result generalizes to
torsion free pro-finite groups.

It does not.

Let p be a prime. For h > 0, k,m > 0, h + k > m, we define

a b =
mh,k,m:{<c d)EMz(Zp)

ad—bc=1, d=1 (mod p™),
b=0 (modp"), c=0 (modp*) [~

It is easily seen that My, k. m is a closed p-subgroup of
SLy(Zy) = {iinSLz(Z/p“Z).

For odd primes p these groups are investigated in [1, IT[.§17], where the following theorems
are proved:

Theorem 1. Let

B =y 7). c@=(5 1) p@=("" 1),
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and consider the following subgroups of My k m:

B, ={B(z)|z=0 (mod p")},
¢ ={C(a) [¢=0 (mod p")},
D ={D(@) [2=1 (mod p™)}.

Every element x € My g m can be written in one and only one way as x = bed, b € By,

€T, deD,. o
. W4k
[DMh s, * Mt otk ymmy] = T

An easy consequence of the decomposition My, k ym = BrELDyy, is the following:
Mh+b' otk mtm’ <My em, fR <m+m/ <h+k+k and ¥ <m+m' <k+h+1.

/
Theorem 2. M, 1 . = Mhym ktm htk-

Theorem 1 is also valid for p = 2, whereas Theorem 2 holds for odd primes only. The
analogue of Theorem 2 for p =2 (and m > 1) is Theorem 4 below.

Lemma 3. Let p=2 and m > 1. Then

[%ha @m] = gBh-l-m+1 and
[Q:kn@m] = Q:k+m+1-

Also [B(b),C(c)] = B(b)C(c) B(~b)C(~c) = B(~b*ce=)C (bc%e) D(e), where e =1 — be.
Proof. We have
[B(b), D(d)] = B(b)D(d)B(b) ' D(d)"
(o ) (% )0 )5
_ ((1) b _1d_2)> = B(b(1 — d~2)).

Ifd=1 (mod2™), we have 1 —d 2 = (1+d })(1—-d ') =0 (mod2™*!). Hence
Bh, D] = Brama1- [Cks Dm] = Chamr1 s proved similarly. O

Theorem 4. Letp=2 and m > 1. If h+ k > m,
m;b,k,m = imh+m+1,k+m+1,h+k-
If h+k=m,

Ih,k:,m = Mhfm41,k+m+1,m+1 <B(2h+m)0(2k+m)D(1 + 2m)> )
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Proof. h+k > m: If b =0 (mod2") and ¢ = 0 (mod 2¥), we have —b%ce™! =
(mod 227*k) and be2e =0 (mod 27*2F). Since 2h+k > h+m~+1 and h+2k > k+m+1,
we have D(e) € My, 1., by Lemma 3. D4y is generated by these elements D(e), and we
conclude, that Dp4 C fm'h,k’m. Hence

/
Mp+m+1,k+m+1,h+k S My g -

Since Sﬁh+m+17k+m+1,h+k < thg’m and Sﬁh,k,m/ﬂﬁh+m+1,k+m+1,h+k is abelian, we have

/
imh,k,m = imh+m+1,k+m+1,h+k-

h+k = m: We still have Bp1,,4+1 C S)ﬁ;%km and €xqpy1 C mt;tkm Ifb=0 (mod 2"*1)
and c=0 (mod 2¥), we get D(e) € M}, 4, ,, and e =1 (mod 2™*1). Hence

/
Mptm+1,k+m+1,m+1 S My, o

These subgroups are both normal.
We know that B(—22"2F(1 — 2™)=1)C(2"2%%(1 — 2™))D(1 — 2™) € M}, 1 ,,, and
B(2htm™)C(28+™)D(1 4 2™) = B(—22"2kF(1 — 2m)~1)C(2"2%%(1 — 2™))D(1 — 2™)
(mod Mp4+m+1 ktmt1,mi1)- If welet B = B(2h+™) C = C(28*™) and D = D(1 +2™)
this gives
Mh+mt1,k+mt1,m+1 (BOD) C M .

My, k.m is generated by b = B(2"), ¢ = C(2%) and d = D, so to prove normality of
Mh+m+1,k+m+1,m+1 (BCD) one directly verifies that [z, BCD] € My 4m+1 k+m+1,m+1 for
x = b, c,d. This is easily done, and we conclude

h+m+1,k+m+1,m+1 h,k,m-
m , , (BCD) <My i,
Since My, k. m/Mh4m+1,k+m+1,m+1 (BCD) is abelian, we have

Mhtm+1,k+m+1,m+1 (BCD) = m;bkm [

Proposition 5. Let p be an odd prime. Then
M o, /MM o, ~ Z/D™Z X ZJp™Z X Z[p"TE " Z.,
Letp=2 and m > 1. Then

Dt/ Dy o =~ Z/2™ T2 x 22T x Z /2" TR,

Proof. p odd: My, i.m is generated by B(p"), C(p*) and D(1 + p™). It follows that
M k,m/Mp, k. is the direct product of the subgroups generated by B( k)i)ﬁ;z,k,m,
C(ph)mtlh,k,m and D(l +pm)m;L,k,m
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p=2and h+ k > m: The structure of imh,k,m/i)ﬁg,k’m is obvious, since By, € and
D, are pro-cyclic with generators B(2"), C(2%) and D(1 + 2™).

p = 2 and h+ k = m: Let the notation be as in the proof of Theorem 4. From
BCd,d* € My, ., we get d = BC'  (mod My, 4. ), 50 M g, /M, 5 1, i generated by b
and c. This gives

M,/ g = Z/27 T2 x Z/2™ L O

Proposition 6. i) My, i m is torsion free for p > 3.
ii) For p = 3, My k,m 15 torsion free unless (h,k,m) = (0,1,1). If (h,k,m) = (0,1,1),
every torsion element has order 3 and is of the form

<($ —Cl)/2 —(mil)/?) ,  where £2 =1 — 4(1 + bc).

iii) Forp =2, My, k.m is torsion free unless m =1, in which case —E is a torsion element.
Ifm=1and h+ k > 1, —E is the only torsion element. If m =1 and h+ k = 1, there
are in addition torsion elements of order 4, and any such torsion element is of the form

(w b ) , where bc=6 (mod 8) and z* = —(1 + bc).

c —X

b
d
eigenvalues of A must be p**® roots of unity, and also roots of the characteristic polynomial
AN —(a+d)A+1.

If 1 is the only eigenvalue, we have A\ — (a + d)A+1=A* -2 \+1,ie,a+d =2
and ad = 1 4 bc. We can assume that

a=1++v—-bc and d=1-—+v—bc.

Proof. Let A = (Ccl ) € SLg(zp), and assume that AP* = E for some k € N. The

An induction argument gives

AR — 14+ nv—be nb
o ne 1—nv—=bc )’

sob=c=0and A =E. R
p > 3: The p**h cyclotomic polynomial is irreducible in Z,[X] of degree p*~!(p—1) > 2
for ¢ > 0, so the only possible eigenvalue is 1, and we get A = E by the above argument.
p = 3: If 1 is the only eigenvalue, we get A = E as above. If the eigenvalues are (
and (7!, where ( is a primitive third root of unity, we get A2 — (a +d)A+1= A2+ X+ 1,
ie,a+d=—1and ad =1+ bc. We can assume that

-1 1-—4(1 —-1—4/1-4(1
_ ity - (14 be) and  d = v (—i—bc)-

2

a
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Since a =1 (mod 3™) we get bc = —3 (mod 3™). bc=0 (mod 3"*%) and h+ k > m,
som=1.If h4+k > 1 we have 1 —4(1 — bc) = -3 (mod 9), and since —3 is not a square
in Z/9Z, 1 — 4(1 — be) is not a square in Zs. Therefore h+k=1,1ie,h=0and k = 1.

Now let £ = /1 — 4(1 + bc). Then

A= ((x _cl)/Q (x i 1)/2)

and direct calculation shows A3 = E.
1 1

-3 -2
p = 2: The eigenvalues are either 1, —1 or primitive fourth roots of unity. If 1 is the
only eigenvalue, we have A = E. If —1 is the only eigenvalue, —A € SL2(Z2) has 1 as its
only eigenvalue, hence —A = E and A = —E. This is obviously only possible for m = 1.
Assume now, that the eigenvalues are primitive fourth roots of unity. Then A2 — (a +
dDA+1=X+1,ie,a+d=0. Sincea=d=1 (mod2™), we have m = 1. We can
assume

Example: A =

a=+—(1+bc), d=—/—(1+bc),

hence A2 = —E and A has order 4. R
Since —(1+bc) = —1 (mod 2), —(1+bc) is a square in Z,, if and only if —(1+bc) =1
(mod 8), if and only if bc =6 (mod 8). Since bc =0 (mod 2°+*), we get h + k = 1.
Example: A = (_12 _11 . ]
It is now clear, that Whaples” Theorem does not generalize to arbitrary torsion free
pro-finite groups: For an odd prime p and a natural number n we get examples of torsion
free pro-p-groups with Z/p"Z, but not Z/p"*1Z, as a factor. For p =2 and n > 3 we get
examples of torsion free pro-2-groups with Z/2"Z, but not Z/2"+1Z, as a factor.
Unfortunately, these groups do not give us an example of a torsion free pro-2-group
with Z/4Z, but not Z/8Z, as a factor.
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