Math 1452: Trig Substitution

In Calculus I1, it is important that we remember all of the antiderivative rules we learned in Calculus
I. Let’s recall three of the antiderivative rules for the inverse trig functions:

de =sin 'z +C / dac—tan dr =sec tz 4+ C
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What do these integrals have in common? One thing each of these integrals has in common
is an 22 term in the denominator that is added to or subtracted from 1. These terms in the
denominator look similar to the square roots below:

V1= 22 V14 22 x2—1

A common type of integral that we will see in Calculus II are integrals with this square root in the
integrand, or a similar square root where the 1 is replaced with another square value, like the ones
below:

Va2 — 2 1/CL2_|_$2 12 — g2

What strategy do I use to evaluate these integrals? If our integrand has a square root
that looks like this, we will use a strategy called trig substitution, in which we use u-substitution
combined with the Pythagorean identities

sin?(z) + cos?(z) =1 and  tan®(z) + 1 = sec®(x)

Instead of using a u for our substitution, we will use 8. We show this substitution process for the
three types of square roots highlighted above:
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a
x = asin(f) x = atan(f) x = asec(f)
1 \J \J
Va2 — a?sin®(6) Va2 + a?tan?(0) a?sec?(0) — a?
= /a2(1 — sin?(0)) = /a2(1 + tan2(9)) = /a2 (sec2(9) — 1)
= \/a? cos?(0) = \/a?sec?(0) = /a? tan?(0)
= acos(0) = asec(h) = atan(f)
To solve for 6, we create a reference triangle and use SOHCAHTOA
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Example 1. Evaluate the integral

5
—dx
/ 224/9 + 22

The square root in the integrand is in the form matching tan~!(z), so we set z = 3tan(#).

x = 3tan(f) 2% = 9tan?()
‘C% = 3sec?(0) V9 + a2 = W
dx = 3sec®(6)df = 1/9(1 + tan?(0))
9sec?(0))
= 3sec(h)

We use this substitution like we did in Calculus I.

-3sec?(0)dh
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5sec(0)
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At this point, we finish the integral by using the substitution u = sin(6) and df = coi%@)'

5 [ cos(d)
9/sin2(9)d9
5 [cos(f) du
_9/ u?  cos(h)

5 1
:g/uzdu

5 —1

=———=+C
9sin(6)
Now, we draw a reference triangle to rewrite the answer in terms of z with the equality § = tan(6).

H V9 + 22

o — x

1\ m e m
A 3

Therefore sin(6) = =2 VQS;J“IQ +C.

and our integral evaluates to

x
V9+z2



Example 2. Evaluate the integral

/ Va2 —4
wa

The square root in the integrand is in the form matching sec™!(x), so we set x = 2sec(6).

x = 2sec(f) 2% = 4sec?(0)
dr _ 2 sec(f) tan(6) Va2 —4= \/4 sec?(f) —4
db T
da = 2sec(6) tan(0)do 4(sec?(0) — 1)
4 tan?(0))
= 2tan(6)
We use this substitution like we did in Calculus I.
VI 2
/ / tan(0 - 2sec(f) tan(0)do
2 sec

— / 2 tan® (9)d0

.y / tan2(6)do

=2 / sec?() — 1d6
—2/sec (9)—2/1d9
= 2tan(0) — 20 + C

At this point, we draw a reference triangle to rewrite the answer in terms of x with the information
that £ =sec(f) = 1 = 4.

cos(0)
‘ ‘

Therefore 6 = sec™! (%) and tan(f) = ¥ 12_4, so our integral evaluates to

VaZ—4
2-%4—2-560*1 (g>+C:\/x2—4+2sec*1 (g)—i-C.

Example 3. Evaluate the integral
1
—dx
/ x2\/4 — 22

Try this example out on your own. For your answer, you should get
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