Math 1452: Integration by Parts on Definite Integrals

What is integration by parts? Let’s recall the definition of integration by parts:

If u(z) and v(z) are functions with continuous derivatives, then

/udv—uv—/vdu

How do I apply integration by parts to a definite integral? Once we apply integration by

parts to an indefinite integral, we evaluate both the uv and the [wvdu.

If u(x) and v(z) are functions with continuous derivatives, then

b , b
/ udv = uv]a—/ vdu
a a

Below, we will look at three examples of applying integration by parts to definite integrals, one for

each type of integration by parts: basic, repeated, and circular.

Example 1. Evaluate the integral f14 vz In(z)dz using integration by parts.
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Now we evaluate both terms
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Example 2. Evaluate the integral fol x?e®dx using integration by parts.

u =1’ dv = €%d /udv—uv—/vdu
du = 2xdx dv
- /$2erdx = 2%e® — /Qxemdx

v=e"
Now we use integration by parts again.

u = 2x dv = €%d /udv:uv—/vdu
du = 2dx d
v= /2xemdaz = 2xe” — /26$d$

= 2xe” — 26"



Therefore we have
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Example 3. Evaluate the integral fow e?® cos(2x)dxr using integration by parts.

u = e*® dv = cos(2z)dx /udv = uv — /vdu
du = 2¢**dx .
/dv . /cos(2x)d:c /623” cos(2x)dx = e** cos(2z) — /62“ sin(2x)dx
_ L (22)
v =g sin(2z

Now we use integration by parts again.

U= e2® dv = sin(2z)dx /udv = uv — /vdu
du = 2e**dz _ : 1
/dv = /sm(2m)dw /e% sin(22)dx = —562’” cos(2z) — /—62I cos(2z)dx
1
= —— ]‘
v 5 cos(2x) = _56296 cos(2x) + /62”” cos(2x)dx

We have arrived back at our original integral, so the rest of this question is solved using algebra.

1
/ezx cos(2x)dx = e** cos(2z) + §€2$ cos(2x) — /629” cos(2x)dx

1
2 / e cos(2z)dr = —5622 cos(2x)

Now we divide both sides by 2 and evaluate using our bounds.
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