DESINGULARIZING COMPACT LIE GROUP ACTIONS

KEN RICHARDSON

This talk surveys the well-known structure of G-manifolds and summarizes parts of two papers:
[4], joint with J. Briining and F. W. Kamber, and [5], joint with I. Prokhorenkov.

Suppose that a compact Lie group G acts effectively and isometrically on a connected, closed, Rie-
mannian manifold M. For z € M, the isotropy subgroup G, < G is defined to be {g € G : gz = z}.
The orbit O, of a point z is defined to be {gz : g € G}. We will exhibit simple examples in the
lecture.

On any such G-manifold, the conjugacy class of the isotropy subgroups along an orbit is called
the orbit type. Given subgroups H and K of G, we say that [H] < [K] if H is conjugate to a
subgroup of K. It is well-known that the union of the principal orbits (those with type [Gy]) form
an open dense subset M of the manifold M, and the other orbits are called singular. Let M; denote
the set of points of M of orbit type [G}] for each j; the set M is called the stratum corresponding
to [G;]. A stratum M; is called a most singular stratum if there does not exist a stratum M}, such
that [G;] < [Gk]. Each stratum is a G-invariant submanifold of M. For each j, the submanifold
M>j:= |U M is aclosed, G-invariant submanifold.
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1. DESINGULARIZATION CONSTRUCTION AND EQUIVARIANT INDEX

In the lecture, we will describe a new G-manifold N that has a single stratum (of type [Go]) and
that is a branched cover of M, branched over the singular strata. A distinguished fundamental
domain of My in N is called the desingularization of M and is denoted M. The significance of
this construction is that it appears in the equivariant index theorem in [4], and the analysis of
transversally elliptic operators on M may be replaced by analysis on M , which is much easier to
understand. Further, one may independently desingularize each M, since this submanifold is
itself a closed G-manifold. -

The desingularizations M and M, are the regions of integration present in the following equi-
variant index formula in [4].

Theorem 1.1. (Equivariant Index Theorem, in [4])
wd (D) = [ Af(a) [do
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2. NATURAL EQUIVARIANT DIRAC OPERATORS

In this part of the talk, another approach is used to treat difficult transverse analytic problems
in a less singular setting. Given a connected, complete G-manifold, the action of ¢ € G on M
induces an action of dg on TM, which in turn induces an action of G on the principal O (n)-
bundle Fp L, M of orthonormal frames over M. The G orbits on Fp are diffeomorphic and form
a Riemannian fiber bundle, in a natural metric on Fp. The quotient Fp N /G =Fp/Fis a

Riemannian submersion of compact O (n)-manifolds.
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Let E — Fp be a Hermitian vector bundle that is G x O (n)-equivariant. Let p : G — U (V)
and o : O (n) — U (Wy) be irreducible unitary representations. We define the bundle £ — M by
& =" (p_1 (z) ,E)U, where the superscript o refers to the type o part of the O (n)-representation
space I’ (10_1 (x) ,E). Similarly, we define the bundle 7 — Fp /G by 7T =T (71'_1 (y) ,E)p.

In the lecture, we will show how to construct equivariant differential operators on M and Fp /G,
denoted

DSy T (M,E7) —T'(M,E°) and D%O/G ' (Fo/G,TP) - T (Fo,/G,T").
For an irreducible representation a : G — U (Vy), let (D))" : T'(M,E7)* — T'(M,E7)™ be the

B
restriction of DY, to sections of G-representation type o. The operator (Dlp;O /G) is defined

similarly.

Theorem 2.1. The operator DY, is transversally elliptic and G-equivariant, and Df}o G s elliptic
and O (n)-equivariant, and the closures of these operators are self-adjoint. The operators (D)’

g
and (D%O /G) have identical discrete spectrum, and the corresponding eigenspaces are conjugate

via Hilbert space isomorphisms.

Thus, questions about the transversally elliptic operator D, are reduced to questions about
the elliptic operators Dlp,o G for each irreducible p : G — U (V},). Further, it turns out that the
operators D, play the same role for equivariant analysis as the standard Dirac operators do in the
analysis of elliptic operators on closed manifolds.

3. FURTHER COMMENTS

In both results, a problem of analyzing a transversally elliptic operator (with potentially infinite
dimensional eigenspaces) is reduced to an elliptic problem or set of elliptic problems, which are more
tractable. For example, the Atiyah-Segal Theorem ([1], 1968) was the first version of an equivariant
index theorem. However, the appropriate generalization to transversally elliptic operators appeared
only in 1996 (Berline-Vergne, [2],[3]). In a sense, Theorem 1.1 is a Fourier transform version of the
Atiyah-Segal and Berline-Vergne results, giving a formula for the Fourier coefficients of the character
instead of a function value of the character. Further, Theorem 1.1 gives a method of computing
eta invariants of Dirac-type operators on quotients of spheres by compact group actions; this was
known previously for finite group actions only.

The new “transversal Dirac operators” on G-manifolds constructed in Section 2 and in [5] should
be explored further, and in particular future investigations should lead to generalizations of Dirac
operator results to the transversally elliptic setting.
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