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Outline

Motivations of studying KL expansion in spatial statistics

Numerical algorithms

Some examples and results

Applications in multivariate spatial processes
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Spatial data

Y (si), si ∈ D ⊂ R2 or R3.

Correlated
Massive
— Satellite data
— Remotely sensed data
— Censor network
— Multi-source
— · · · · · ·
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Spatial process

Review the spatial data as a realization of an underlying spatial process:

data=mean+error,

mean function=deterministic, linear function of some covariates
(i.e., lat and long).

error process=2nd order process, often assumed to be stationary.

Spatial correlation attributable to unobserved latent variables;
accounting for the spatial variation unaccounted for by themean.

I assume the mean is a constant (known or unknown).
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Covariogram and Kriging

Covariogram:
C(s1, s2) = Cov(Y (s1), Y (s2)).

Stationary if
C(s1, s2) = C(0, s2 − s1).

Isotropic if
C(s1, s2) = C(‖s1 − s2‖).

Kriging=Best Linear Prediction:

GivenY (s1), · · · , Y (sn),

Ŷ (s0) = E(Y (s0)) +

n
∑

i=1

αi(Y (si) − EY (si))

= E(Y (s0)) + Cov(Y (s),Y )[V ar(Y )]−1(Y − EY ).
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Large covariance matrix

— n is hundreds of thousands or millions.
— Data are correlated
— The inverse ofVn×n is needed in the full MLE or Bayesian

inferences, and kriging, rending the traditional methods
impractical:

Ln(θ) = −n

2
log(2π)−1

2
log |Vn(θ)|−1

2
(Y n−Xβ)′V −1

n (θ)(Y n−Xβ),

The inverse matrix is needed for prediction.
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Large storage and memory

For ann × n matrix, the double precision storage is8n2 bites.

Whenn = 104, the storage is 800MB!

Whenn = 106, the storage is 8000GB!

Computation forV −1
n×n is O(n3) unlessVn×n has a special

structure.
Therefore, for massive spatial data, traditional geostatistical
methods may not be applicable and innovative methods are need.
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Low rank models

Y (s) = µ + a(s)′Z + ǫ(s), (1)

wherea(s) = (a1(s), · · · , am(s))′ is a function ofs that may depend on
some parametersθ, Z = (Z(u1), · · · , Z(um))′ is a vector of latent
variables withui’s pre-chosen, andǫ(s) is a white noise with variance
τ2 and is independent ofZ.

Gaussian process convolution:
aj(s) = exp(−‖s − uj‖2 /φ)/

√
2π, Z(ui)’s are i.i.d.

Fixed rank kriging:aj(s) = b(‖s − uj‖2 /φ) for some known
basis functionb andZ = (Z(u1), · · · , Z(um))′ is a realization of
a latent process at locationsuj , j = 1, · · · ,m.

Predictive process:a(s) = V ar(Z)−1Cov(Z, Z(s)) whereZ(s)
is a Gaussian stationary process with mean 0 and some parametric
covariogram.
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Covariance matrix of low rank

ObservingY = (Y (si), i = 1, · · · , n)′ from the low rank model,
write

Y = µ1 + AZ + ǫ.

The covariance matrix ofY is

V = AVzA
′ + τ2In,

whereA is n × m andVz = V ar(Z).

Woodbury Formula:

V −1 = τ−2(In − A(τ2V −1
z + A′A)−1A′).

Memory requirement is8(n + nm + m2) and linear inn.

Sylvester’s determinant theorem:

|V | = τ2(n−m)|Vz||τ2V −1
z + A′A|.
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Optimal low rank models

Given a random fieldY (s), s ∈ D, consider the best low rank model,
i.e., to minimize

∫

D
E

(

Y (s) −
m
∑

k=1

ak(s)Zk

)2

ds,

over all functionsak(s) and random variablesZk.

Solution:ak(s) =
√

λkfk(s) whereλk andfk(s), k = 1, · · · ,m are the
first m largest eigenvalues and the corresponding eigenfunctionsof the
Karhunen-Loeve expansion of the random field.
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K-L expansion

Y (s) =

∞
∑

k=1

√

λkfk(s)Zk, s ∈ D

whereλ1 ≥ λ2 ≥ · · · ≥ 0, Zk are white noises of unit variance and
∫

D
fj(s)fk(s)ds = δjk.

Hence

C(s,x) =

∞
∑

k=1

λkfk(s)fk(x)

and
∫

D
C(s,x)fk(x)dx = λkfk(s).
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Truncated KL

∫

D
E

{

Y (s) −
m
∑

k=1

√

λkfk(s)Zk

}2

ds

≤
∫

D
E

{

Y (s) −
m
∑

k=1

ak(s)Zk

}2

ds

for any functionsak(s) and zero-mean random variablesZk whereD is
bounded.
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Computation of eigenpairs

Given a covariance functionC(s,x),x, s ∈ D ⊂ Rd, find λ > 0 and
functionf(x) such that

∫

D
C(s,x)f(x)dx = λf(s).

Approximation:

Choose a basis{φi, i = 1, · · · ,m} ⊂ L2(D) .

Approximate an eigenfunction by

f(s) =
∑m

i=1 diφi(s),

so that
∫

D C(s,x)f(x)dx − λf(s) is orthogonal to each basis
functionφi(x) .
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Galerkin approximation

Findingλ andd:

∫

D

(

m
∑

i=1

di

∫

D

C(s, x)φi(s)dx− λ
m
∑

i=1

diφi(s)

)

φj(s)ds = 0, for j = 1, · · · , m,

Gd = λBd, (2)

whereG is m × m whose(i, j) element is
∫

D

∫

D φi(s)C(s,x)φj(x)dsdx, B is m × m whose(i, j) element
is
∫

D φi(s)φj(s)ds, d = (d1, · · · , dm)′.

Solve the generalized eigenvalue problem (2) to getλ andd.

Them2 elements ofG are each 4-dimensional integrals.

Ghanem and Spanos, 1991, Schwab and Todor, 2005, Phoon, et al.
2002, Huang, et al., 2001
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Gaussian Quadrature Method

Gaussian Legendre quadrature:

∫ 1

−1
g(x)dx ≈

m
∑

i=1

rig(xi).

The approximation is exact for polynomials of order(2m − 1) or
less.
The nodesxi are the roots of Legendre polynomial ofm order and
the weightsri also calculated from the Legendre polynomial.

Extends to high dimension:

∫ 1

−1

∫ 1

1
g(y1, y2)dy1dy2 ≈

m
∑

i=1

m
∑

j=1

rirjg(xi, xj)
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Example of Nodes
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Gaussian Quadrature Method for KL

GivenC(s,x), s,x ∈ [−1, 1]d (d = 2), find λ andf(x) such

∫

[−1,1]d
C(s,x)f(x)dx = λf(x).

Let ui, i = 1, . . . ,m be them roots of Legendre polynomial andui,
i = 1, . . . ,m2 denotes the pairs(uj , uk), j, k = 1, . . . ,m.
Findf = (f(u1), . . . , f(um2))′ by solving

m2

∑

j=1

wjC(ui,uj)f(uj) = λf(ui)

wherewj = ukul if uj = (uk, ul).
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Gaussian Quadrature Method for KL

Write
V = (C(ui,uj)),W = diag(w1, . . . , wm2).

Then
V Wf = λf

A generalized eigenvalue problem. Henceλ is an eigenvalue of

W 1/2V W 1/2

andW 1/2f is the corresponding eigenvector.
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Polynomial Interpolation

Having obtainedf , we now havef(ui). Now approximate the
eigenfunction by a polynomial through the Lagrange interpolation.

TTU, October 26, 2012 – p. 19/36



Example 1
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Top: Gaussian quadrature; Bottom: Galerkin projection.
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Example 2
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Simulation study

Objective: To compare the predictive performance of the different
low-rank approximations
True model: Gaussian processY (s), s ∈ [0, 1]2 with mean 0 and
exponential covariance functionexp(−h/0.3).
We use three low-rank models to approximate the true model: KL by
Galerkin projection (GPKL), KL by Gaussian quadrature (GQKL) and
the predictive process (Banerjee, et al., 2008).
Simulate from thetrue model on a 81*81 lattice, but use each of the low
rank model to estimate model parameters.
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Predictive Performance

MSE:
(1/n)

∑

(Y (si) − Ŷ (si))
2.

Logarithmic score (LogS): LetZi = (Y (si) − Ŷ (si))/σ−i(si).

1

n

n
∑

i=1

(

1

2
log(2πσ̂−i(si)

2) +
1

2
Z2

i

)

Continuous ranked probability score:

crps(F, x) =

∫ ∞

−∞
(F (y) − 1{y ≥ x})2 dy.

CRPS =
1

n

n
∑

i=1

crps(Fi, Y (si)).

Gneiting, et al., 2006, 2007.
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150 eigen terms
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300 eigen terms
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600 eigen terms
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Multivariate covariogram

Two processesYi(s), i = 1, 2.

Marginal or direct covariogram:Cii(s,x) = Cov(Yi(s), Yi(x)).

Cross covariogram:Cij(s,x) = Cov(Yi(s), Yj(x)), i 6= j.

The matrix valued functionC(s,x) = (Cij(·, ·)) must satisfy: For
anys1, · · · , sn,

∑

i

∑

j α′
iC(si, sj)αj ≥ 0 for any vectorsαi ∈ Rp.

It is not trivial to specify a cross covariogram.
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Some existing models

Proportional model:Cij(s,x) = σijρ(s, xx).

Linear model of coregionalization: Sum of proportional models.

Convolution models: Gaspari and Cohn (1999), Gelfand et al.
(2004)

Asymmetric models: Apanasovich and Genton (2009), Li and
Zhang (2010)

Multivariate Matern model: Gneiting et al. (2010)
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Limitation of existing models

Estimation of parameters becomes more complex; constrained
maximization.
Do not allow arbitrary marginal covariogram models.

There are cases when the multivariate covariogram model does not
improve over the univariate model in predictive performance.
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Valid cross covariogram for given
marginals

The problem: Given two marginal covariogramsCii(s,x), s,x ∈ Rd,
i = 1, 2,, find the class of all valid cross covariograms.

A theoretical solution: Apply the Karhunen-Loeve expansion to the marginals to write

Cii(s, x) =
∞
∑

k=1

λikfik(s)fik(x), s, x ∈ D

whereλk is a decreasing sequence of positive numbers and
∫

D
fik(s)2ds = 1 andD is a compact

subset ofRd. The class of all possible valid cross covariograms is

Cij(s, x) =
∞
∑

k=1

∞
∑

l=1

rkl

√

λikλjlfik(s)fjl(x)

whererkl ∈ [−1, 1] are such that the matrix(rkl)
n
k,l=1

is non-negative definite for anyn. Hence all

cross covariograms are given by such an array{rkl}.
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Non-parametric cross covariogram

Consider a bivariate process. Write the KL expansion for each process

Yi(s) =

∞
∑

k=1

√

λikfik(s)Zik, s ∈ D,

whereZik, k = 1, 2, · · · are a white noise(i = 1, 2). In a special case,
whenZ1j andZ2k are either uncorrelated or perfectly correlated, we get
the non-parametric cross covariogram

C12(s,x) =
∑

j,k:Cov(Z1j ,Z2k)=1

√

λ1jλ2kf1j(s)f2k(x).

TTU, October 26, 2012 – p. 31/36



Two practical steps

For the non-parametric cross covariogram to work in practice, we need

An efficient algorithm to computer the eigenpairs(λj , fj(s)) for
any given covariogram.

Find the pairs(j, k) such thatCov(Z1j , Z2k) = 1.
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Inferences

Estimate parameters in each marginal model using only marginal
data;
Since cross covariogram involves no new parameters, we only
need to identify the perfectly correlated pairs ofZ1j andZ2k.

This is equivalent to specifying the correlation matrixCorr(Z1, Z2) for

Zi = (Zi1, · · · , Zim)′ which has at mostm 1s with the other elements being 0.

Start withCorr(Z1, Z2) = 0.

Replace one 0 element with 1 to optimize some objective function (i.e., likelihood,

prediction score)

Fixing the non-zero elements, replace one more 0 element with 1 to optimize the

objective function.

Iterate.

The non-parameter cross covariogram leads to a much simplified
estimation procedure.
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An example

Wang and Zhang (2012): LetWi(s), s ∈ [0, 1]2 be two latent processes
with mean 0 and have a bivariate exponential covariogram, i.e.,

Cov(Wi(s + h),Wj(s)) = σij exp(−‖h‖ /φij).

We observe the following process

Yi(s) = Wi(s) + τiǫi(s)

at the 1225 equally spaced locations{(i/35, j/35), i, j = 1, · · · , 35}.
The model parameters for the covariogram are chosen to be:
φ11 = 0.2, φ22 = 0.3, φ12 = 0.2, σ12 = 5.4, σ11 = σ22 = 9 and
τ2
1 = τ2

2 = 1.
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Model fitting

Fit two models: The true model and the truncated KL expansionwith
m=600 terms.

For the true model, we estimate the parameters by maximizingthe joint
likelihood. For the truncated KL model, we estimate the marginal
parameters by maximizing the marginal likelihood and identify the
perfectly correlated pairs by maximizing the joint likelihood.
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Predictive performance

Predictive scores: RMSE and logarithmic score:

MSE(i) =
1

n

n
∑

k=1

(

Yi(sk) − Ŷi(sk)
)2

LogS(i) =
1

n

n
∑

j=1

(

1

2
log(2πσ̂2

ij) +
1

2
z2
ij

)

, i = 1, 2

whereŶi(sk) denotes the cokriging prediction ofYi(sk) using data at all
locations butsk; σik the corresponding cokriging standard deviation and
zik = (Yi(sk) − Ŷi(sk))/σik.

Among 100 simulations, the non-parametric cross covariogram model
beats the fitted bivariate parametric model in each simulation according
to the two predictive scores.
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