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Motivations of studying KL expansion in spatial statistics

Numerical algorithms
Some examples and results
Applications in multivariate spatial processes
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Spatial data

W Y(s;),s; € DC R?or R°.
= Correlated

m Massive
— Satellite data
— Remotely sensed data

— Censor network
— Multi-source
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Review the spatial data as a realization of an underlyingapgaocess:
data=mean+error

mean function=deterministic, linear function of some catas
(l.e., lat and long).

error process=2nd order process, often assumed to bestatio

Spatial correlation attributable to unobserved latenivdes;
accounting for the spatial variation unaccounted for byrigan.

| assume the mean is a constant (known or unknown).

TTU. October 26. 2012 — . ¢



Covariogram and Kriging

Covariogram:
C'(s1,82) = Cov(Y(s1),Y (s2)).

Stationary if

C'(s1,82) = C(0,82 — s71).
|sotropic if

C(s1,82) = C([|s1 — s2|)).
Kriging=Best Linear Prediction:
GivenY (s1), -+ ,Y (sn),

n

Y(s0) = E(Y(So))+zaz’(Y(8z’)—EY(Si))

= E(Y(s0)) + Cov(Y(s),Y)[Var(Y)] (Y — EY).
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— n 1S hundreds of thousands or millions.
— Data are correlated

— The inverse oV, «,, IS heeded in the full MLE or Bayesian
Inferences, and kriging, rending the traditional methods
Impractical:

Lo(6) =~ log(2m) — log [Va(6) |5 (Y =X B) Vi (6) (Y X 5).

The inverse matrix is needed for prediction.
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For ann x n matrix, the double precision storagesis® bites.

Whenn = 10%, the storage is SO0MB!
Whenn = 10°, the storage is 8000GB!
Computation for/ .} is O(n?) unlessV,,, has a special

structure.

Therefore, for massive spatial data, traditional gecsttadl
methods may not be applicable and innovative methods agk nee
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Y(s)=p+a(s)Z+e(s), (1)

wherea(s) = (a1(s), -+ ,am(s))"is a function ofs that may depend on
some parametets Z = (Z(uy),--- , Z(uy,))’ is a vector of latent
variables withu;’s pre-chosen, anél's) is a white noise with variance

72 and is independent of .
Gaussian process convolution:
a;(s) =exp(—|ls — ujH2 /0)/V2m, Z(u;)'s are i.i.d.
Fixed rank kriging:a;(s) = b(||s — u;||* /¢) for some known

basis functiorb andZ = (Z(uy),--- , Z(u,,))" is a realization of
a latent process at locations, j = 1,--- ,m.

Predictive processi(s) = Var(Z) 1Cov(Z, Z(s)) whereZ(s)
IS a Gaussian stationary process with mean 0 and some pai&amt
covariogram.
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ObservingY = (Y (s;),i = 1,--- ,n)" from the low rank model,

write
Y =pul+AZ + €.

The covariance matrix o is
V =AV, A + 1°1I,,

whereAisn x mandV, = Var(Z).
Woodbury Formula:

V=721, — A(FPV T+ AA) AN,

Memory requirement i8(n + nm + m?) and linear imn.
Sylvester’s determinant theorem:

V| = 2=m)\ v |2V + AAL
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Given a random field(s), s € D, consider the best low rank model,
l.e., to minimize

over all functionsu;(s) and random variables;.

Solution: ay(s) = VA, frx(s) wherel, andfi(s), k =1,--- ,m are the
first m largest eigenvalues and the corresponding eigenfunabioing
Karhunen-Loeve expansion of the random field.

TTU. October 26. 2012 — n. 1(



K-L expansion

Y(s)=> VAefu(s)Zy, s €D
k=1

wherex; > \y > --- > 0, Z; are white noises of unit variance and

/fﬂ@ﬁ@MSZ%k
D

Hence
C(s,x) = Z Ak fk(8) [k ()
k=1
and
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Truncated KL

for any functionsu;(s) and zero-mean random variabléswhereD Is
bounded.
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Given a covariance functiofi(s, z),z,s € D C R?, find A > 0 and
function f () such that

/ C(s,x)f(x)de = \f(s).
D

Approximation:
Choose a basigp;,i = 1,--- ,m} c L*(D) .
Approximate an eigenfunction by
f(s) =220 digi(s),

sothatf, C(s,x)f(x)dx — \f(s) is orthogonal to each basis
functiong;(x) .
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Finding A andd:

/ (Zd/Csmqbz s)d:c—)\ZqubZ ) (s)ds =0, forj=1,---,m,

Gd = \Bd, (2)
whereG is m x m wWhose(i, j) element is
Ip b qbz C(s,x)¢;(x)dsdx, B ism x m whose(i, j) element
S [p ¢i(s)¢j(s)ds, d = (dy, -+ dm)"

Solve the generallzed eigenvalue problem (2) to)gandd.

Them? elements of7 are each 4-dimensional integrals.

Ghanem and Spanos, 1991, Schwab and Todor, 2005, Phoon, et al
2002, Huang, et al., 2001
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Gaussian Legendre quadrature:

1 m
/1 g(z)dz = Y rig(w;).
o 1=1

The approximation is exact for polynomials of ordem — 1) or
less.

The nodes; are the roots of Legendre polynomial-aforder and
the weights-; also calculated from the Legendre polynomial.

Extends to high dimension:

m m
/ / 9(y1, y2)dy1dys =~ ZZ ririg(xi, ;)
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Example of Nodes
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Gaussian Quadrature Method for KL

GivenC(s,x), s,z € [-1,1]¢ (d = 2), find A and f(z) such
| Claf@ds =@,
[—1,1]¢

Letwu;, 7 =1,...,m be them roots of Legendre polynomial andg,
i =1,...,m? denotes the pair@;, ux), 5,k = 1,...,m.
Find f = (f(uq),..., f(u,,2)) by solving

ijC(ui,uj)f(Uj) = Af(u;)

wherew; = ugu If w; = (ug, w).
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Gaussian Quadrature Method for KL

Write
V = (C(u;,u;)), W =diagwy, ..., w,,:2).

Then
VW =\f

A generalized eigenvalue problem. Hences an eigenvalue of

W1/2VW1/2

andW1/2 f is the corresponding eigenvector.
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Polynomial Interpolation

Having obtainedf, we now havef(u;). Now approximate the
eigenfunction by a polynomial through the Lagrange int&on.
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Example 1
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Top: Gaussian quadrature; Bottom: Galerkin projection.
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Example 2
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Bottom: Galerkin projection.
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Objective: To compare the predictive performance of thizeht
low-rank approximations

True model: Gaussian procegss), s € [0, 1]* with mean 0 and
exponential covariance functiesp(—h/0.3).

We use three low-rank models to approximate the true modebK
Galerkin projection (GPKL), KL by Gaussian quadrature (QQkKnd

the predictive process (Banerjee, et al., 2008).

Simulate from thdérue model on a 81*81 lattice, but use each of the lo\
rank model to estimate model parameters.
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MSE:
(1/n) ) (Y(si) — Y (s:))*.

Logarithmic score (LogS): Let; = (Y (s;) — Y (s:))/o_i(s;).

1

n -

Continuous ranked probability score:

©.@)

crps(F, ) = / (F(y) — 1{y > z})* dy.

1 mn
N CRPS = n ZC"“PS(Fz',Y(Sz‘))-
Gneiting, et al., 2006, 2007. =1
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150 eigen terms

1.40

MSE
1.30

CRPS
12

1.20

1.08
I

1.58

LogS
1.54

150

(©)

(a) MSE scores(b) CRPS scores(c) | oaS scores usineigen.terms. . -



300 eigen terms
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600 eigen terms
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Two processey¥;(s),: =1, 2.
Marginal or direct covariogranty;(s, ) = Couv(Y;(s), Y;(x)).
Cross covariogramci;(s,x) = Cov(Y;(s),Y,(x)), 1 # j.
The matrix valued functiod'(s, z) = (Cjy;(-, -)) must satisfy: For
anysi, -, 8n, ;). ;C(s;,85)a; > 0 for any vectorsy; € RP.

It is not trivial to specify a cross covariogram.
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Proportional modelC;;(s, x) = 04;p(s, xx).
Linear model of coregionalization: Sum of proportional ratsd

Convolution models: Gaspari and Cohn (1999), Gelfand et al.
(2004)

Asymmetric models: Apanasovich and Genton (2009), Li and
Zhang (2010)

Multivariate Matern model: Gneiting et al. (2010)
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Estimation of parameters becomes more complex; constraine
maximization.

Do not allow arbitrary marginal covariogram models.

There are cases when the multivariate covariogram model miate
Improve over the univariate model in predictive perfornenc
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The problem: Given two marginal covariogradis(s, z), s,z € R?,
i = 1,2, find the class of all valid cross covariograms.

A theoretical solution: Apply the Karhunen-Loeve expandimthe marginals to write
Cii 3 w) Z Azkfzk fzk: CB) s,z €D

where), is a decreasing sequence of positive numbersf'ilpgﬁik(s)st = 1 andD is a compact
subset ofR?. The class of all possible valid cross covariograms is

Cij(s,) =) > TkZ\/AikAjlfik(S)fjl(w)

k=11=1

wherery; € [—1, 1] are such that the matrie; )7 ,_, is non-negative definite for any. Hence all
Cross covariograms are given by such an afrgy }.
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Consider a bivariate process. Write the KL expansion fohgaocess

erzk Zik,s € D,

whereZ;;., k= 1,2,--- are a white nois¢ = 1,2). In a special case,
whenZ,; andZy are either uncorrelated or perfectly correlated, we g
the non-parametric cross covariogram

Cia(s,x) = Z V A1 A2k f15(8) far(x

j,kICO’U(le ,ng) 1
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For the non-parametric cross covariogram to work in pracie need

An efficient algorithm to computer the eigenpaips, f;(s)) for
any given covariogram.

Find the pairgj, k) such thatC'ov(Zy;, Zox) = 1.
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Estimate parameters in each marginal model using only malrgi
data;

Since cross covariogram involves no new parameters, we only
need to identify the perfectly correlated pairsff and Zy.

This is equivalent to specifying the correlation mattixrr(Zy, Z2) for
Zi = (Zs1,- -+, Zym )" which has at most: 1s with the other elements being 0.

Start withC'orr(Z1, Z2) = 0.

Replace one 0 element with 1 to optimize some objective fongt.e., likelihood,
prediction score)

Fixing the non-zero elements, replace one more 0 elemehtlviih optimize the
objective function.

Iterate.

The non-parameter cross covariogram leads to a much sieaplifi
estimation procedure.

TTU. October 26. 2012 — n. 3:



Wang and Zhang (2012): L&Y;(s), s € [0, 1]* be two latent processes
with mean O and have a bivariate exponential covariogram, I.

Cov(Wi(s + h), Wj(s)) = o4 exp(— ||| /i)
We observe the following process
Yi(s) = W;(s) + 1i€;(8)
at the 1225 equally spaced locatidn$/35,j/35),4,5 = 1,--- ,35}.
The model parameters for the covariogram are chosen to be:

¢11 — 0-2, ¢22 = 0.3, q512 = 0.2, 019 = 5.4, 011 = 099 = 9] and
2 2
7-1 — 2 — 1.
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Fit two models: The true model and the truncated KL expangaidm
m=600 terms.

For the true model, we estimate the parameters by maximiamgint
likelihood. For the truncated KL model, we estimate the nraaig
parameters by maximizing the marginal likelihood and idgnihe
perfectly correlated pairs by maximizing the joint likedid.
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Predictive scores: RMSE and logarithmic score:

. 1 < .
MSE®D = =3 (Yi(sy) — Yi(si))®
k=1

N g 1
LogS®¥ = - Z (5 log(Zw&ZZj) + 52%) =12
j=1

whereY;(s;) denotes the cokriging prediction Bf(s;,) using data at all
locations buts;; o, the corresponding cokriging standard deviation ar

A

zik = (Yi(sk) — Yi(sk))/oik.
Among 100 simulations, the non-parametric cross covaamgmodel

beats the fitted bivariate parametric model in each simanaccording
to the two predictive scores.
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