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Dynamic	
  Spa6o-­‐Temporal	
  Processes	
  
NASA	
  AMSR:	
  SST	
  (scien6fic	
  visualiza6on	
  studio)	
  

NASA	
  SEAWIFS:	
  Ocean	
  Color	
  (scien6fic	
  visualiza6on	
  studio)	
  

NCAR	
  CCM3	
  Cloud/Precipita6on	
  Simula6on	
  (NCAR	
  VETS)	
  

Interac6on	
  
across	
  
atmosphere,	
  
ocean,	
  and	
  
ecosystem.	
  proxy	
  for	
  ocean	
  

phytoplankton	
  

(Sea	
  Surface	
  Temperature,	
  SST)	
  

mul6variate;	
  
nonlinear	
  



Complexity	
  

•  Spa6o-­‐Temporal	
  Dynamics	
  -­‐	
  interac6ng	
  
components	
  of	
  a	
  spa6al	
  process	
  (or	
  processes)	
  
evolving	
  through	
  6me	
  
– This	
  is	
  how	
  the	
  real	
  world	
  works!	
  	
  
– E.g.,	
  diffusion,	
  advec6on,	
  vor6city,	
  energy	
  
cascades,	
  repulsion,	
  growth,	
  density	
  dependence,	
  
infec6on,	
  waves,	
  fronts	
  

– Many	
  different	
  scales	
  of	
  interac6on,	
  as	
  well	
  as	
  
different	
  process	
  components	
  (variables)	
  



Spa6o-­‐Temporal	
  Modeling	
  in	
  Sta6s6cs	
  

Purpose:	
  Characterize	
  processes	
  in	
  the	
  presence	
  
of	
  uncertain	
  and	
  (o[en)	
  incomplete	
  
observa6ons	
  and	
  system	
  knowledge	
  for	
  the	
  
purposes	
  of:	
  
– Predic6on	
  in	
  space	
  (interpola6on)	
  
– Predic6on	
  in	
  6me	
  (forecas6ng)	
  
– Assimila6on	
  of	
  observa6ons	
  and	
  determinis6c	
  
models	
  

–  Inference	
  on	
  controlling	
  process	
  parameters	
  

*	
  Es6ma6on	
  and	
  predic6on	
  in	
  the	
  presence	
  of	
  uncertainty	
  
in	
  data,	
  process,	
  and	
  the	
  associated	
  parameters	
  



Spa6o-­‐Temporal	
  Sta6s6cal	
  Models	
  
Tradi6onally	
  Two	
  Primary	
  Approaches	
  
– Descrip6ve	
  (marginal):	
  Characterize	
  the	
  second	
  moment	
  
(covariance)	
  behavior	
  of	
  the	
  process	
  
•  Several	
  different	
  physical	
  processes	
  could	
  imply	
  the	
  same	
  
marginal	
  structure;	
  problema6c	
  if	
  non-­‐Gaussian/nonlinear	
  

•  Most	
  useful	
  when	
  knowledge	
  of	
  process	
  is	
  limited	
  

– Dynamic	
  (condi6onal):	
  Current	
  values	
  of	
  the	
  process	
  at	
  a	
  
loca6on	
  evolve	
  from	
  past	
  values	
  of	
  the	
  process	
  at	
  various	
  
loca6ons	
  
•  Condi6onal	
  models	
  closer	
  to	
  the	
  e6ology	
  of	
  the	
  phenomenon	
  
under	
  study	
  

•  Par6cularly	
  useful	
  if	
  there	
  is	
  some	
  a	
  priori	
  knowledge	
  available	
  
concerning	
  the	
  process	
  behavior	
  

There	
  is	
  a	
  big	
  gap	
  between	
  how	
  dynamics	
  is	
  viewed	
  in	
  sta/s/cs	
  
as	
  compared	
  to	
  applied	
  math	
  and	
  geophysics!	
  



This	
  Talk:	
  An	
  Overview	
  
•  Focus	
  on	
  the	
  condi6onal/dynamic	
  perspec6ve	
  
•  Specifically:	
  using	
  process	
  knowledge	
  as	
  
mo2va2on	
  for	
  parameteriza2on	
  and	
  structure	
  
of	
  spa2o-­‐temporal	
  sta2s2cal	
  models	
  

•  Focus	
  on	
  sta6s6cal	
  models	
  that	
  are	
  discrete	
  in	
  
6me	
  and	
  space,	
  but	
  may	
  be	
  mo6vated	
  by	
  
processes	
  that	
  are	
  con6nuous	
  in	
  one	
  or	
  both	
  

•  Introduce	
  a	
  class	
  of	
  physically	
  realis6c	
  
parametric	
  nonlinear	
  dynamical	
  spa6o-­‐
temporal	
  sta6s6cal	
  models	
  
– General	
  quadra6c	
  nonlinearity	
  
•  Parameteriza6on,	
  implementa6on	
  



Nota6on	
  

Let {Y (s; t) : s ∈ Ds ⊂ Rd, t ∈ Dt ⊂ R} denote a spatio-temporal
random process, where Ds is the spatial domain of interest,
Dt the temporal domain of interest, s is a spatial location and t
a time.

When we refer to discrete time, we will typically write Yt(s)

It has become customary in hierarchical modeling to denote
“distributions” using bracket notation. E.g.,

[Z|Y ] - a conditional distribution of Z given Y = y.

We also typically denote vectors and matrices by a bold font:

e.g., Y,θ, Yt = (Yt(s1), . . . , Yt(sn))�



	
  Marginal/Descrip6ve	
  Characteriza6on	
  

Heine	
  (1955),	
  Whible	
  (1986),	
  Jones	
  and	
  Zhang	
  (1997)	
  

α > 0, β > 0 and δ a random, zero mean error process.

C(h; τ)/C(0, 0) ≡ ρ(h; τ)

= (1/2){e−h(α/β)1/2
Erfc

�
2τ(α/β)1/2 − h/β

2(τ/β)1/2

�

+ eh(α/β)1/2
Erfc

�
2τ(α/β)1/2 + h/β

2(τ/β)1/2

�
},

for h ∈ R, τ ∈ R; Erfc is the “complimentary error function”

∂Y (s; t)
∂t

− β
∂2Y (s; t)

∂s2
+ αY (s; t) = δ(s; t),

Implied	
  spa6o-­‐
temporal	
  
correla6on	
  

τ	
  –	
  temporal	
  lag	
  
h	
  –	
  spa6al	
  lag	
  

Reac6on-­‐Diffusion	
  Eqn.	
  



Condi6onal	
  Perspec6ve	
  

•  Thus,	
  in	
  some	
  cases	
  general	
  process	
  knowledge	
  
(e.g.,	
  reac6on-­‐diffusion)	
  can	
  be	
  used	
  to	
  develop	
  
classes	
  of	
  spa6o-­‐temporal	
  covariance	
  models	
  

•  Typically,	
  analy6cal	
  deriva6ons	
  in	
  the	
  sta6s6cs	
  
literature	
  have	
  only	
  been	
  given	
  for	
  rela6vely	
  
simple	
  processes	
  

•  In	
  some	
  cases,	
  because	
  condi6onal	
  models	
  are	
  
closer	
  to	
  the	
  process	
  e6ology,	
  it	
  is	
  easier	
  to	
  
incorporate	
  process	
  knowledge	
  in	
  that	
  context	
  
directly	
  (e.g.,	
  dynamic	
  models)	
  



Hierarchical	
  Dynamic	
  Spa/o-­‐Temporal	
  Model	
  

Observa/on	
  Model:	
  

Process	
  Model:	
  

Data	
  vector	
  

Spa6o-­‐temporal	
  process	
  
	
  vector	
  of	
  interest	
  (hidden)	
  

Parameters	
  

Transi6on	
  func6on	
  with	
  Markovian	
  dependence	
  structure	
  
	
  (condi6onal	
  independence)	
  

Mapping	
  
func6on	
  

Zt = H(Yt;θh; �t)
Errors	
  

Yt =M(Yt−1,Yt−2, . . . ;θm;ηt)

Noise	
  

Parameters:	
   θh,θm,θ�,θη
Typically,	
  fixed	
  and	
  unknown	
  in	
  classical	
  
sta6s6cs	
  ;	
  random	
  and	
  perhaps	
  structure	
  
(dependence)	
  if	
  Bayesian	
  

[Y,Θ|Z] ∝ [Z|Y,θh,θ�][Y|θm,θη][Θ]Inference	
  via	
  
Bayes’	
  Rule:	
  



Sta6s6cal	
  Dynamic	
  Spa6o-­‐Temporal	
  Models?	
  

•  Dimensionality	
  can	
  prevent	
  the	
  (efficient)	
  
es6ma6on	
  of	
  the	
  full	
  transi6on	
  operator	
  	
  
– Requires	
  sensible	
  parameteriza6ons	
  and/or	
  
dimension	
  reduc6on	
  

– Some	
  types	
  of	
  parameteriza6ons	
  make	
  sense	
  for	
  
some	
  spa6o-­‐temporal	
  processes,	
  and	
  some	
  don’t	
  
(e.g.,	
  process	
  knowledge	
  should	
  not	
  be	
  ignored	
  if	
  
available)	
  	
  

– Hierarchical	
  representa6ons	
  can	
  help	
  

M(·)

Consider	
  a	
  simple	
  linear	
  process	
  model.	
  



Sta6s6cian’s	
  Condi6onal	
  Perspec6ve	
  

For	
  a	
  linear	
  process,	
  we	
  might	
  consider	
  a	
  first-­‐order	
  
vector	
  autoregressive	
  process	
  with	
  unknown	
  M:	
  

Yt = MYt−1 + ηt,
where	
   Noise	
  process	
  with	
  

	
  some	
  (unknown)	
  
	
  covariance,	
  Q	
  

*	
  When	
  n	
  is	
  large	
  and	
  t=1,…,T	
  with	
  T	
  rela6vely	
  small,	
  es6ma6on	
  is	
  a	
  problem!	
  

(we’ll	
  talk	
  about	
  projec6ons	
  on	
  lower-­‐dimensional	
  manifolds	
  later)	
  

Markovian	
  
assump6on:	
  
condi6on	
  on	
  
recent	
  past	
  

Tradi6onally,	
  simple	
  (naïve)	
  parameteriza6ons	
  have	
  been	
  used	
  in	
  sta6s6cs	
  
(e.g.,	
  univariate	
  AR	
  models;	
  random	
  walks,	
  etc.).	
  	
  

It	
  is	
  important	
  to	
  to	
  consider	
  parameteriza6ons	
  that	
  can	
  accommodate	
  the	
  
dynamics	
  of	
  the	
  system	
  under	
  considera6on.	
  

Yt = (Yt(s1), . . . , Yt(sn))�



Common	
  Ground	
  Suggests	
  Sta6s6cal	
  
Model	
  Parameteriza6ons	
  

•  We	
  should	
  be	
  able	
  to	
  use	
  our	
  knowledge	
  of	
  
the	
  PDE	
  to	
  mo6vate	
  the	
  parameteriza6on	
  of	
  
the	
  VAR	
  model	
  to	
  facilitate	
  its	
  es6ma6on	
  for	
  
more	
  complicated	
  processes.	
  

•  As	
  a	
  toy	
  example,	
  consider	
  a	
  simple	
  finite-­‐
difference	
  discre6za6on.	
  [Note:	
  we	
  have	
  also	
  
used	
  more	
  complicated	
  differencing	
  as	
  well	
  as	
  
spectral	
  and	
  Galerkin	
  methods	
  in	
  this	
  context;	
  these	
  
can	
  mo6vate	
  different	
  ST	
  models.]	
  	
  

Consider	
  the	
  Reac6on-­‐Diffusion	
  PDE	
  Example:	
  



PDE-­‐Mo6vated	
  Parameteriza6on:	
  Ex	
  

Replacing	
  the	
  first-­‐order	
  deriva6ve	
  with	
  a	
  forward	
  difference	
  and	
  the	
  second-­‐
order	
  deriva6ve	
  with	
  a	
  centered	
  difference	
  gives	
  a	
  specific	
  parameteriza6on	
  of	
  a	
  
first-­‐order	
  vector	
  autoregressive	
  process:	
  

(	
  The	
  reac6on-­‐diffusion	
  PDE	
  	
  
	
  example	
  from	
  before)	
  

Yt = MYt−1 + δt

where	
  M	
  is	
  highly	
  structured	
  (tri-­‐diagonal)	
  and	
  dependent	
  on	
  the	
  parameters	
  β,	
  
α	
  and	
  discre6za6on	
  constants.	
  Under	
  temporal	
  sta6onarity,	
  the	
  lag-­‐m	
  (in	
  6me)	
  
spa6al	
  covariance	
  matrices	
  are	
  

C(m)
Y = MmC(0)

Y

vec(C(0)
Y ) = {I−M⊗M}−1vec(Σδ)

∂Y (s; t)
∂t

− β
∂2Y (s; t)

∂s2
+ αY (s; t) = δ(s; t),

How	
  does	
  this	
  marginal	
  
	
  S-­‐T	
  covariance	
  compare	
  
	
  to	
  the	
  analy6cal	
  one	
  shown	
  
	
  earlier	
  for	
  the	
  con6nuous	
  
	
  stochas6c	
  PDE?	
  

where	
  

Plus	
  a	
  boundary	
  
condi6on	
  term.	
  



Comparison	
  of	
  Con6nuous	
  and	
  Stochas6c	
  
Difference	
  Equa6on	
  Correla6on	
  Func6ons	
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Plots	
  show	
  temporal	
  
	
  correla/on	
  func/ons	
  
	
  for	
  various	
  spa/al	
  lags.	
  

(α=1,	
  β=20,	
  Δs	
  =	
  1,	
  Δt	
  =	
  0.01)	
  

Red	
  dots:	
  discre6zed	
  
	
  correla6on	
  values	
  
	
  at	
  intervals	
  of	
  10Δt	
  =	
  0.1;	
  
Blue	
  lines:	
  con6nuous	
  
	
  correla6on	
  func6on	
  

PDE	
  Ex:	
  cont.	
  



What	
  about	
  “real-­‐world”	
  complexity?	
  

What	
  if	
  we	
  don’t	
  know	
  the	
  exact	
  form	
  of	
  the	
  
underlying	
  process,	
  or	
  if	
  the	
  underlying	
  system	
  
is	
  more	
  complicated	
  (e.g.,	
  diffusion	
  a	
  spa6al	
  
process)?	
  	
  
– Using	
  a	
  simpler	
  discre6zed	
  model	
  as	
  a	
  template	
  
and	
  allowing	
  the	
  parameters	
  (e.g.,	
  θ)	
  to	
  be	
  
random,	
  and	
  (cri6cally)	
  structured	
  in	
  space	
  (e.g.,	
  
random	
  fields)	
  and/or	
  6me	
  (e.g.,	
  6me	
  series)	
  gives	
  
the	
  model	
  more	
  flexibility	
  to	
  adapt	
  to	
  the	
  data	
  
•  This	
  flexibility	
  (through	
  condi6oning)	
  is	
  a	
  strength	
  
of	
  the	
  hierarchical	
  modeling	
  approach	
  



Basic	
  Linear	
  Gaussian	
  Hierarchical	
  Dynamical	
  
Spa6o-­‐Temporal	
  	
  Model	
  

Yt = M(θm)Yt−1 + ηt, ηt ∼ N(0,Q(θq))

Zt = HtYt + �t, �t ∼ N(0,R(θr))

θm,θr,θq

M,R,Q
Cri6cally,	
  these	
  can	
  be	
  structured	
  according	
  to	
  	
  
the	
  science-­‐based	
  models,	
  given	
  the	
  
parameters.	
  

These	
  parameters	
  are	
  then	
  given	
  prior	
  
distribu6ons,	
  such	
  as	
  Gaussian	
  random	
  
processes	
  (that	
  may	
  depend	
  on	
  other	
  
variables),	
  and	
  can	
  easily	
  be	
  allowed	
  to	
  vary	
  
with	
  6me	
  and/or	
  space	
  	
  

Data:	
  

Parameters:	
  

Process:	
  

These	
  come	
  from	
  our	
  
knowledge	
  of	
  the	
  dynamics.	
  



Linear	
  Dynamic	
  Parameteriza6ons	
  

Linear	
  dynamics	
  can	
  easily	
  
(and	
  quite	
  efficiently)	
  
accommodate	
  advec6ve	
  
and	
  diffusive	
  processes	
  
–  “width”	
  of	
  the	
  transi6on	
  
kernel	
  controls	
  rate	
  of	
  
diffusion	
  

–  degree	
  of	
  “asymmetry”	
  in	
  
the	
  kernel	
  controls	
  speed	
  
of	
  “object”	
  propaga6on	
  
(advec6on)	
  

–  “long	
  range	
  dependence”	
  
can	
  be	
  accommodated	
  by	
  
“mul6modal”	
  kernels	
  

These	
  suggest	
  ways	
  that	
  
	
  we	
  might	
  parameterize	
  
	
  the	
  transi6on	
  matrix!	
  

Simulated	
  advec6on-­‐diffusion	
  

Yt(s) = γ

�

D
ks(r;θs)Yt−1(r)dr + ηt(s)

transi6on	
  kernel	
  

Integro-­‐
difference
equa6on	
  
(IDE)	
  



Example:	
  Radar	
  Nowcas6ng	
  

Posterior Mean: Kernels

35

Sta6s6cal	
  model	
  mo6vated	
  by	
  a	
  	
  
linear	
  advec6on-­‐diffusion	
  process	
  with	
  
spa6ally	
  varying	
  parameters.	
  

Xu,	
  Wikle,	
  and	
  Fox,	
  2005	
  

Data	
  

Implied	
  Propaga6on	
  by	
  Post.	
  Parms.	
  

Mean	
   Post.	
  Real.	
   Std.Dev.	
  

Forecast	
  

34

i.e.,	
  the	
  
advec6on	
  
parameters	
  
follow	
  a	
  
latent	
  
spa6al	
  
process	
  



Nonlinear	
  Parameteriza6ons	
  

Can	
  the	
  same	
  ideas	
  be	
  used	
  to	
  suggest	
  useful	
  
parametric	
  forms	
  for	
  nonlinear	
  dynamic	
  
spa6o-­‐temporal	
  sta6s6cal	
  models?	
  

Yt =M(Yt−1,Yt−2, . . . ;θm)



Nonlinear*	
  Spa/o-­‐Temporal	
  Sta/s/cal	
  Models	
  

•  Clearly,	
  models	
  of	
  the	
  form:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  are	
  too	
  general	
  and	
  we	
  need	
  to	
  think	
  of	
  classes	
  of	
  
parameteriza6ons	
  for	
  this	
  transi6on	
  func6on.	
  	
  

•  Time	
  varying	
  parameters	
  can	
  accommodate	
  
nonlinearity	
  (e.g.,	
  regime	
  changes)	
  

•  We	
  consider	
  a	
  flexible	
  class	
  of	
  parametric	
  models	
  
based	
  on	
  polynomial	
  interac6ons	
  (recall,	
  
“interac6ons”	
  are	
  the	
  key	
  to	
  spa6o-­‐temporal	
  
dynamics!)	
  

Yt =M(Yt−1,Yt−2, . . . ;θm)

	
  *	
  Note:	
  nonlinearity	
  here	
  is	
  with	
  respect	
  to	
  the	
  process	
  or	
  parameters;	
  
not	
  just	
  the	
  parameters	
  as	
  is	
  the	
  tradi6onal	
  sta6s6cs	
  defini6on	
  



General	
  Polynomial	
  Nonlinear	
  
Stochas6c	
  IDE	
  Model	
  

for s,u1, . . . ,up ∈ D, t ∈ T

Yt(s) =
�

D
k(1)
s (u1)Yt−1(u1)du1 +

�

D

�

D
k(2)
s (u1,u2)Yt−1(u1)g2(Yt−1(u2))du1du2

+
�

D

�

D

�

D
k(3)
s (u1,u2,u3)Yt−1(u1)Yt−1(u2)g3(Yt−1(u3))du1du2du3 + . . .

+
�

D

�

D
· · ·

�

D
k(p)
s (u1,u2, . . . ,up)Yt−1(u1)Yt−1(u2) · · · gp(Yt−1(up))du1du2 . . . dup

+ ηt(s)

where {kl
s(u1, . . . ,ul) : l = 1, . . . , p} are l-dimensional

kernel functions and gl(·) : l = 2, . . . , p are transformation
functions.

Con6nuous	
  space	
  and	
  discrete	
  6me.	
  

“General”	
  because	
  of	
  g2()…	
  gp(	
  )	
  

Wikle	
  and	
  Holan,	
  2011	
  	
  



Discre6zing	
  and	
  Trunca6ng:	
  

Yt(si) =
n�

j1=1

k(1)
i,j1

Yt−1(sj1) +
n�

j2=1

n�

j1=1

k(2)
i,j1j2

Yt−1(sj2)g2(Yt−1(sj1))

+
n�

j3=1

n�

j2=1

n�

j1=1

k(3)
i,j1j2j3

Yt−1(sj3)Yt−1(sj2)g3(Yt−1(sj1)) + . . .

+
n�

jp=1

· · ·
n�

j2=1

n�

j1=1

k(p)
i,j1j2···jp

Yt−1(sjp) · · · Yt−1(sj2)gp(Yt−1(sj1))

+ ηt(si),

Alterna6vely,	
  we	
  can	
  consider	
  a	
  basis	
  func6on	
  expansions	
  
of	
  the	
  kernels	
  and	
  process,	
  which	
  leads	
  to	
  a	
  polynomial	
  
interac6on	
  model	
  on	
  func6onal	
  coefficients	
  (e.g.,	
  see	
  
Wikle	
  and	
  Holan,	
  2011).	
  



Polynomial	
  to	
  Quadra6c	
  

•  This	
  polynomial	
  interac6on	
  model	
  is	
  quite	
  
powerful.	
  	
  

•  However,	
  there	
  are	
  on	
  the	
  order	
  of	
  np+1	
  
parameters!	
  

•  Fortunately,	
  a	
  general	
  quadra6c	
  model	
  can	
  
accommodate	
  a	
  very	
  large	
  class	
  of	
  real-­‐world	
  
phenomena.	
  



General	
  Quadra/c	
  Nonlinearity	
  (GQN)	
  

In	
  scalar	
  form,	
  

for	
  i=1,…,n.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
•  Model	
  includes	
  quadra6c	
  (dyadic)	
  interac6ons	
  in	
  random	
  process	
  Y	
  

•  The	
  term	
  “general”	
  refers	
  to	
  the	
  term:	
  	
  

•  There	
  are	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  parameters	
  in	
  this	
  model!	
  	
  

•  This	
  can	
  be	
  recast	
  as	
  a	
  matrix	
  equa6on:	
  parameters	
  in	
  A,	
  B,	
  θg	
  

Yt(si) =
n�

j=1

aijYt−1(sj) +
n�

k=1

n�

l=1

bi,klYt−1(sk)g(Yt−1(sl);θg) + ηt(si),

g(Yt−1(sl);θg)
O(n3)

e.g.,	
   Yt = AYt−1 + (In ⊗Y�
t−1)BYt−1 + ηt,

(linear)	
   (nonlinear)	
  

= (A + (In ⊗Y�
t−1)B)Yt−1 + ηt

(Wikle	
  and	
  Hooten,	
  2010)	
  



Examples	
  of	
  Quadra6c	
  Nonlinearity	
  
Reac/on-­‐Diffusion	
  Models:	
  (e.g.,	
  density	
  dependent	
  growth	
  for	
  invasive	
  species);	
  e.g.,	
  

∂Y

∂t
=

∂

∂x

�
δ(x, y)

∂Y

∂x

�
+

∂

∂y

�
δ(x, y)

∂Y

∂y

�
+ γ0(x, y)Y exp

�
1− Y

γ1(x, y)

�

Wind-­‐Driven	
  Ocean	
  Circula/on:	
  (Quasigeostrophy;	
  Ψ	
  is	
  the	
  streamfunc6on)	
  	
  

(∇2 − 1
r2

)
∂ψ

∂t
= −J(ψ,∇2ψ)− β

∂ψ

∂x
+

1
ρH

curlzτ − γ∇2ψ − aH∇4ψ

where J(a, b) = ∂a/∂x∂b/∂y − ∂b/∂x∂a/∂y is the Jacobian
(nonlinear in ψ), τ the wind-stress, and r, β, ρ, H, γ, aH

are parameters.

∂S

∂t
= ν − βSI − µS + ωR + DS∇2S

∂I

∂t
= βSI − µI − γI + DI∇2I

∂R

∂t
= γI − µR− ωR + DR∇2R

Epidemic	
  Dynamics	
  (SIR;	
  Suscep/ble,	
  Infected,	
  Recovered)	
  	
  



GQN	
  Parameteriza6on/Implementa6on	
  

•  Note:	
  the	
  process	
  can	
  consist	
  of	
  mul6ple	
  
component	
  processes:	
  e.g.,	
  	
  

•  A	
  substan6al	
  problem	
  with	
  these	
  models	
  is	
  
that	
  they	
  have	
  too	
  many	
  parameters	
  to	
  
es6mate	
  reliably	
  without	
  extra	
  informa6on;	
  to	
  
help,	
  we	
  can	
  use:	
  
– Mechanis6cally-­‐mo6vated	
  parameteriza6ons	
  
– Stochas6c	
  search	
  variable	
  selec6on	
  (SSVS)	
  
– Rank	
  reduced	
  “spectral”	
  models	
  
– Emulator-­‐based	
  priors	
  

Yt = (Y�
1t,Y

�
2t,Y

�
3t)

�



Example:	
  Invasive	
  Species	
  Predic6on	
  

∂Y

∂t
=

∂

∂x

�
δ(x, y)

∂Y

∂x

�
+

∂

∂y

�
δ(x, y)

∂Y

∂y

�
+ γ0(x, y)Y exp

�
1− Y

γ1(x, y)

�
Reac/on-­‐Diffusion	
  Models:	
  (e.g.,	
  density	
  dependent	
  growth	
  for	
  invasive	
  species);	
  e.g.,	
  

Depends	
  on	
  spa6ally-­‐explicit	
  random	
  diffusion	
  coefficients	
  δ(x,y)	
  and	
  carrying	
  capacity	
  
γ1(x,y)	
  and	
  growth	
  γ0(x,y)	
  terms	
  specified	
  at	
  a	
  lower	
  level	
  of	
  the	
  model	
  hierarchy.	
  	
  

Dispersal	
  δ:	
  
	
  post	
  mean	
  

Rela6ve	
  	
  
	
  abundance:	
  
	
  post	
  mean	
  95%	
  PI’s	
  for	
  

	
  S.	
  Fl	
  	
  and	
  	
  
	
  Utah	
  

(e.g.,	
  Wikle	
  2003;	
  Hooten	
  and	
  Wikle,	
  2007;	
  Hooten	
  et	
  al.	
  2007)	
  

Eurasian	
  Collared	
  Dove	
  Invasion	
  



GQN:	
  Rank	
  Reduc6on	
  
We	
  can	
  consider	
  the	
  essen6al	
  dynamics	
  on	
  a	
  manifold	
  of	
  lower	
  

rank.	
  That	
  is,	
  we	
  will	
  consider	
  the	
  dynamical	
  process	
  a[er	
  
projec6on	
  into	
  a	
  lower	
  dimensional	
  space.	
  

Consider the spectral representation, Yt ≈ Φαt, where αt

is of dimension p× 1 where p << N . We could then
model this reduced-dimensional process in terms of quadratic
interactions:

αt(i) =
p�

j=1

Aijαt−1(j) +
p�

k=1

k�

l=1

bi,klαt−1(k)g(αt−1(l);θg) + ηi,t,

S6ll	
  we	
  have	
  order	
  p3	
  parameters	
  here!	
  Unless	
  p	
  is	
  very	
  small,	
  we	
  	
  
may	
  need	
  to	
  make	
  simplifying	
  assump6ons,	
  perform	
  stochas6c	
  search	
  
model	
  selec6on,	
  or	
  develop	
  mechanis6c-­‐based	
  priors	
  in	
  order	
  to	
  do	
  
es6ma6on.	
  	
  



Naïve	
  Sta6s6cal	
  Simplifica6on	
  by	
  Scale	
  Analysis	
  

Say we can write Yt = Φ(1)α(1)
t + Φ(2)α(2)

t + νt, where α(i)
t

is of dimension pi × 1 and where pi < N .

Now, assume that the dyadic interactions between components of
α(1)

t are explicit, but those among the “small scale” components α(2)
t

are “noise” and the interactions between the components of α(1)
t and

α(2)
t imply random coefficients.

α(1)
t ≡ (α(1)

1,t , α
(1)
2,t )

�

α(2)
t ≡ (α(2)

1,t , α
(2)
2,t , α

(2)
3,t )

�

As a simple example, consider

(mo6vated	
  by	
  Reynolds	
  averaging)	
  

Although	
  not	
  necessarily	
  physically	
  realis6c,	
  this	
  simple	
  procedure	
  
illustrates	
  some	
  beneficial	
  features	
  of	
  the	
  hierarchical	
  sta6s6cal	
  
approach.	
  



Resolved	
  
dyadic	
  	
  
interac6ons	
  

Linear	
  in	
  
large	
  scale	
  
modes	
  with	
  
random	
  
coefficients	
  

Process	
  
noise	
  
terms	
  	
  
(dependence)	
  	
  

Large	
  Scale	
  Modes:	
  

Small	
  Scale	
  Modes:	
  

Example:	
  Scale	
  Analysis	
  	
  
Reduc/on	
  

All	
  Dyadic	
  Interac6ons:	
  

(α(1)
1,tα

(1)
1,t )

(α(1)
1,tα

(1)
2,t )

(α(1)
2,tα

(1)
2,t )

(α(1)
1,tα

(2)
1,t )

(α(1)
1,tα

(2)
2,t )

(α(1)
1,tα

(2)
3,t )

(α(1)
2,tα

(2)
1,t )

(α(1)
2,tα

(2)
2,t )

(α(1)
2,tα

(2)
3,t )

(α(2)
1,tα

(2)
1,t )

(α(2)
1,tα

(2)
2,t )

(α(2)
1,tα

(2)
3,t )

(α(2)
2,tα

(2)
2,t )

(α(2)
2,tα

(2)
3,t )

(α(2)
3,tα

(2)
3,t )

α(2)
t ≡ (α(2)

1,t , α
(2)
2,t , α

(2)
3,t )

�

αt ≡
�

α(1)
t

α(2)
t

�

α(1)
t ≡ (α(1)

1,t , α
(1)
2,t )

�

Assume	
  g(	
  )	
  is	
  the	
  iden6ty	
  func6on	
  here.	
  



Hierarchical	
  Model	
  
The	
  following	
  hierarchical	
  model	
  is	
  suggested:	
  

vec(A) ∼ N(µA,ΣA)

κ−1 ∼ Gamma(qκ, rκ)

[B] (see	
  below;	
  hierarchical	
  stochas6c	
  search	
  variable	
  selec6on)	
  

Q−1 ∼Wishart((νS)−1, ν)

where	
  

αt = Aαt−1 + (Ip ⊗α�
t−1)Bαt−1 + ηt, ηt ∼ Gau(0,Q)

Yt = Φαt + ξt, ξt ∼ Gau(0,R)

R = κI +
p+np�

k=p+1

λkφkφ�
k

Interac6on	
  of	
  small-­‐
scale	
  modes	
  
parameterizes	
  cov	
  
matrix	
  



Hierarchical	
  Stochas6c	
  Search	
  	
  
Variable	
  Selec6on	
  

There	
  are	
  s6ll	
  likely	
  to	
  be	
  too	
  many	
  parameters	
  in	
  B	
  to	
  get	
  
reliable	
  sta6s6cal	
  es6mates.	
  Again,	
  we	
  can	
  u6lize	
  the	
  
hierarchical	
  framework	
  to	
  help.	
  Let,	
  

b̃ = (b̃1, . . . , b̃nb)
� ≡ vec(B)

b̃j |γj ∼ γjN(0, c2
jτ

2
j ) + (1− γj)N(0, τ2

j ),

γj ∼ Bernoulli(πj),

(George	
  and	
  McCulloch,	
  1993;	
  1997;	
  Wikle	
  and	
  Holan	
  2011)	
  

where γj = 1 means that the j-th variable is in the model.

We specify πj , cj , τj such that cj is “large” and τj is “small” to favor b̃j having
a small value if it is not “selected” in the model.

(note,	
  prior	
  knowledge	
  can	
  
also	
  be	
  placed	
  on	
  πj)	
  

Note:	
  we	
  can	
  do	
  the	
  same	
  thing	
  for	
  the	
  linear	
  transi6on	
  matrix,	
  A.	
  



Given	
  SST	
  up	
  
to	
  March	
  1997	
  

Forecast	
  SST	
  
7	
  months	
  	
  
later	
  in	
  Oct	
  
1997	
  

Example:	
  Long-­‐Lead	
  Predic6on	
  of	
  Tropical	
  Pacific	
  SST	
  

(Note:	
  each	
  image	
  contains	
  
	
  about	
  2500	
  pixels.	
  There	
  are	
  
	
  about	
  300	
  6mes	
  (months).)	
  

Φ− EOFs

Let	
  

p = 10, np = 10
Standard	
  MCMC	
  implementa6on;	
  
	
  vague	
  priors	
  on	
  all	
  parameters	
  	
  
	
  except	
  data	
  model	
  variance.	
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Φ(1) -­‐	
  EOFs	
  

p1 = 10

First	
  10	
  EOF	
  Paberns	
  

Data: Monthly Pacific SST

anomalies from January 1970 -

March 1997 to forecast

October 1997

Data: January 1970 - March

1998 to forecast October 1998

SST:	
  Quadra6c	
  Nonlinear	
  Hierarchical	
  Model	
  Implementa6on	
  

Standard	
  MCMC	
  implementa6on;	
  
	
  vague	
  priors	
  on	
  all	
  parameters	
  	
  
	
  except	
  data	
  model	
  variance.	
  



Nonlinear	
  Model	
   Linear	
  (VAR)	
  Model	
  

Forecast:	
  October	
  1997	
  from	
  March	
  1997	
  

Obs	
  

Post.	
  
Mean	
  

Post.	
  Pixel	
  
97.5%-­‐6le	
  

Post.	
  Pixel	
  
2.5%-­‐6le	
  



Posterior	
  Means:	
  Parameters	
  

Posterior	
  Mean:	
  A	
  matrix	
  (linear	
  term)	
  

Yt = Φ(1)α(1)
t + γt, γt ∼ N(0,R)

α(1)
t = Aα(1)

t−1 + (Ip1 ⊗α(1)�
t−1)Bα(1)

t−1 + ηt, ηt ∼ N(0,Q)

[A,B][Q][R]

B	
  matrix	
  

B	
  matrix	
  
inclusion	
  
probabili6es	
  

Interpreta6on?	
  



Informa6ve	
  Priors	
  

If	
  informa6on	
  is	
  available	
  from	
  other	
  sources,	
  
we	
  may	
  be	
  able	
  to	
  combine	
  informa6on	
  to	
  
improve	
  es6ma6on.	
  

One	
  approach	
  for	
  data	
  assimila6on	
  
applica6ons	
  is	
  to	
  develop	
  a	
  surrogate	
  
parametric	
  model	
  (or	
  emulator)	
  for	
  a	
  
mechanis6c	
  simulator	
  and	
  use	
  that	
  to	
  develop	
  
informa6ve	
  prior	
  distribu6ons.	
  



Sta/s/cal	
  Emulators	
  (Surrogates)	
  

•  With	
  very	
  complex	
  nonlinear	
  mul6variate	
  S-­‐T	
  processes	
  for	
  
which	
  there	
  exists	
  large	
  (typically,	
  mechanis6c)	
  simulators	
  
(“computer	
  models”),	
  one	
  can	
  use	
  sta6s6cal	
  models	
  to	
  
“emulate”	
  the	
  simulator.	
  [e.g.,	
  Sacks	
  et	
  al.,	
  1989;	
  Kennedy	
  and	
  O’Hagan,	
  
2001;	
  Higdon	
  et	
  al.	
  2004,2008;	
  and	
  MANY	
  more!!]	
  

•  In	
  sta6s6cs,	
  the	
  tradi6on	
  has	
  been	
  to	
  use	
  “second-­‐order	
  
emulators”,	
  based	
  on	
  Gaussian	
  processes	
  with	
  the	
  emphasis	
  on	
  
covariance	
  to	
  model	
  a	
  response	
  surface	
  (e.g.,	
  Kennedy	
  and	
  O’Hagan,	
  
2001).	
  	
  

•  As	
  an	
  alterna6ve,	
  one	
  can	
  consider	
  modeling	
  the	
  dependence	
  
through	
  a	
  first-­‐order	
  linear	
  or	
  nonlinear	
  model	
  (e.g.,	
  van	
  der	
  Merwe	
  
et	
  al.	
  2007;	
  Hooten	
  et	
  al.	
  2011;	
  Margvelashvili	
  and	
  Campbell,	
  2012),	
  which	
  
is	
  more	
  suited	
  to	
  dynamic	
  processes.	
  



Construc/on	
  of	
  a	
  Reduced-­‐Rank	
  	
  
First-­‐Order	
  Emulator	
  

•  Generate	
  inputs:	
  
•  Generate	
  vector	
  realiza6ons	
  from	
  computer	
  model	
  
output	
  given	
  the	
  inputs,	
  yi=	
  f(wi):	
  

•  Consider	
  the	
  SVD	
  of	
  the	
  computer	
  model	
  output:	
  

•  Approximate	
  the	
  SVD	
  by	
  keeping	
  only	
  the	
  first	
  p	
  le[	
  
and	
  right	
  singular	
  vectors:	
  

•  Model	
  the	
  right	
  singular	
  vectors	
  as	
  a	
  nonlinear	
  
func6on	
  of	
  inputs:	
  

•  Thus,	
  for	
  an	
  ny-­‐dim	
  response,	
  y,	
  and	
  input,	
  w	
  :	
  

Yny×K ≡ (y1, . . . ,yK)

Y = UDV�

Y ≈ Ũny×pD̃p×pṼ�
p×K

(select	
  favorite	
  nonlinear	
  model)	
  

Wq×K = (w1, . . . ,wK)

Ṽ ∼ g(W,θ)

y = ŨD̃v(w,θ) + η ≡ Fv(w,θ) + η ≡ m(w,θ) + η



First-­‐Order	
  Emulator	
  (process)	
  
•  Typically	
  w	
  corresponds	
  to	
  parameters	
  in	
  the	
  
mechanis6c	
  model.	
  	
  

•  It	
  is	
  also	
  the	
  case	
  that	
  w	
  may	
  correspond	
  to	
  forcings	
  
(e.g.,	
  climate	
  drivers),	
  ini6al	
  condi6ons,	
  or	
  the	
  
previous	
  values	
  of	
  the	
  state	
  process	
  (1-­‐step	
  ahead	
  
emulator):	
  e.g.,	
  

•  	
  When	
  “trained”	
  on	
  the	
  mechanis6c	
  model	
  output	
  Y,	
  
we	
  get:	
  

•  This	
  can	
  be	
  the	
  basis	
  for	
  a	
  prior	
  model	
  on	
  the	
  
dynamics	
  within	
  a	
  hierarchical	
  nonlinear	
  DSTM.	
  

Thus,	
  parameters	
  of	
  	
  	
  
m(	
  )	
  are	
  found	
  “off-­‐
line”.	
  

yt = m(wt,θ) + ηt ≡ m(yt−1,θ) + ηt

yt = m(yt−1, θ̂) + ηt



Hierarchical	
  Reduced-­‐Rank	
  Emulator-­‐Assisted	
  DSTM	
  
(Leeds,	
  Wikle,	
  Fiechter,	
  2012)	
  

KEY	
  POINT:	
  	
  The	
  mean	
  is	
  from	
  a	
  
parametric	
  sta6s6cal	
  emulator;	
  
es6mated	
  “off-­‐line”	
  	
  

Zt = HtΦαt + HtΨβt + �t, �t ∼ Gau(0,Rt)

[Rt,Q, τ ]
βt ∼ Gau(0,diag(τ ))
αt = m(αt−1;θ) + ηt, ηt ∼ Gau(0,Q)

θ ∼ (θ̂,Σθ)

• Ht is an mt × n mapping matrix.

• Φ is an n× p matrix of basis functions obtained from the first p left-
singular vectors from the SVD of the mechanistic model output

• Ψ is an n× q matrix of basis functions obtained from the remaining q
left-singular vectors from the SVD of the mechanistic model output

• m(·) is the multivariate DSTM propagator, depending on parameters θ

• αt,βt are analogous to the first p and remaining q right singular vectors
of the mechanistic model output

• Choices made for (θ̂,Σθ), [Rt,Q, τ ] depend on application

Yt = Φαt + ΨβtNote:	
  

*	
  

quadra6c	
  
nonlinear	
  
model	
  



•  Data	
  Assimila/on:	
  Combine	
  
primary	
  produc6on	
  data	
  and	
  
mechanis6c	
  computer	
  model	
  for	
  a	
  
coupled	
  ocean	
  and	
  ecosystem	
  
model	
  (ROMS-­‐NPZDFe;	
  Fiechter	
  et	
  al.	
  2009)	
  

•  Emulator:	
  quadra6c	
  nonlinear	
  
emulator	
  for	
  coupled	
  model:	
  	
  
Phytoplankton,	
  SSH	
  (sea	
  surface	
  
height),	
  and	
  SST	
  (sea	
  surface	
  
temperature)	
  model	
  output	
  

•  Predict/Assimilate:	
  Primary	
  
Produc6on	
  given	
  high-­‐dimensional	
  
ocean	
  color	
  (SeaWiFS)	
  satellite	
  data	
  
and	
  ocean	
  model	
  physical	
  output	
  

EXAMPLE:	
  	
  Spa6o-­‐temporal	
  predic6on	
  of	
  primary	
  produc6on	
  
(chlorophyll)	
  in	
  the	
  Coastal	
  Gulf	
  of	
  Alaska	
  (GOGA)	
  

Gulf	
  of	
  
Alaska	
  

• Train	
  based	
  on	
  4	
  years	
  
(1998-­‐2001),	
  8	
  day	
  
averages	
  

• Predict/Assimilate	
  for	
  
2002	
  



Proof	
  of	
  Concept	
  Experiment	
  

•  In	
  this	
  case:	
  	
  

•  State	
  Rank	
  Reduc6on:	
  O(105)	
  to	
  O(10)	
  
•  Nonlinear	
  emulator:	
  a	
  quadra6c	
  nonlinear	
  model	
  
based	
  on	
  the	
  first	
  7	
  singular	
  vectors	
  (97.5%	
  of	
  the	
  
varia6on)	
  of	
  the	
  ROMS-­‐NPZDFe	
  output	
  SVD	
  	
  for	
  
1998-­‐2001	
  

–  	
  the	
  non-­‐dynamic	
  small-­‐scale	
  components	
  were	
  based	
  
on	
  the	
  next	
  10	
  singular	
  vectors	
  (over	
  99%	
  of	
  varia6on	
  in	
  
model	
  output	
  total)	
  

Zt =




Z1,t

Z2,t

Z3,t



 mi,t(i = 1, 2, 3) - dimensional data vectors

for Chlorophyll, SSH, SST

Yt =




Y1,t

Y2,t

Y3,t



 pi(i = 1, 2, 3) - dimensional reduced rank

process vectors for Chlorophyll, SSH, SST

(Work	
  in	
  log	
  space	
  for	
  Chlorophyll)	
  



Coupled	
  Dynamics:	
  Example	
  from	
  Coupled	
  Ocean	
  Model	
  
Phytoplankton	
   SSH	
   SST	
  

Example	
  
training	
  data	
  

Time:	
  three	
  
consecu6ve	
  8-­‐
day	
  periods	
  



Results:	
  log(CHL)	
  

Data	
  

Posterior	
  
Mean	
  

Posterior	
  	
  
STD	
  



Results	
  (cont.)	
  



Conclusion	
  
•  Environmental	
  processes	
  involve	
  interac6ons	
  across	
  
space	
  and	
  6me	
  and	
  mul6ple	
  variables	
  

•  These	
  interac6ons	
  are	
  governed	
  by	
  nonlinear	
  processes	
  
•  Sta6s6cal	
  models	
  for	
  nonlinear	
  dynamic	
  spa6o-­‐temporal	
  
processes	
  typically	
  can	
  benefit	
  from	
  incorpora6on	
  of	
  
scien6fic	
  informa6on,	
  while	
  considering	
  the	
  
dimensionality	
  of	
  the	
  state	
  variables	
  and	
  parameters	
  

•  Helpful	
  approaches:	
  
–  Generalized	
  quadra6c	
  nonlinearity	
  

•  Mechanis6c	
  mo6va6on;	
  rank	
  reduc6on;	
  stochas6c	
  search	
  variable	
  
selec6on;	
  emulator-­‐assisted	
  models	
  

•  Much	
  work	
  to	
  be	
  done	
  in	
  nonlinear	
  S-­‐T	
  model	
  
development,	
  computa6on	
  and	
  theory!	
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