EARTHQUAKES AND CIRCLE PACKINGS

G. BROCK WILLIAMS

ABSTRACT. We prove that earthquakes on hyperbolic surfaces can be ap-
proximated by discrete earthquakes constructed using circle packings. Conse-
quently, we find a combinatorial version of Thurston’s Earthquake Theorem.
Any surface can be approximated by combinatorial earthquakes of a packable
surface. This provides a controlled combinatorial method of deforming hyper-
bolic surfaces. We also find a stronger version of the density results of Brooks
and Bowers and Stephenson by showing that combinatorial earthquakes of any
single packable surface generate a dense subset of Teichmiiller space.

1. INTRODUCTION

A circle packing is a configuration of circles with a prescribed pattern of tangen-
cies. The two parts of this definition point to the tension between the dual natures
of circle packings. “A configuration of circles” suggests an inherently geometric
structure; indeed, the definition of a circle itself presupposes the existence of a met-
ric. Our configurations will be deeply connected to the geometry of the underlying
surface, at times being constrained by, and at other times creating, the geometry
in which they live.

The “prescribed pattern” is a purely combinatorial notion. Usually described
by a graph or simplicial complex, this abstract pattern is taken to be the starting
point in a packing problem. As the circles struggle to fit together, they translate
these combinatorial constraints into concrete geometric structures.

The deep connection to geometric function theory first appeared in Thurston’s
study [34] of packings with the same combinatorial structure, but different radii, and
hence, different geometric structures. The shared combinatorial structure permits
the construction of maps between the different packings. Amazingly, such maps are
approximately conformal. The circles somehow impose conformally invariant ge-
ometry. Refinements of Thurston’s original observation have been made by several
authors [18,31], with the most general version due to He and Schramm [19].

Several recent investigations [5, 8,37, 38] have focused on the effect of combina-
torial subdivision or other deformations on the geometry of the resulting packing.
We will consider herein the effect of combinatorial deformations which act like
earthquakes.

The notion of an earthquake was developed by Thurston [33,35] and used by
Kerckhoff in his proof of the Nielsen Realization Conjecture [21] and by Bonahon [4]
and Papadopoulos [28] in their study of Thurston’s boundary of Teichiiller space.
Briefly, an earthquake cuts a surface along a measured geodesic lamination, shears
the surface to the left, and then re-attaches the surface. Thurston showed that
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every homeomorphism of the boundary of the unit disk onto itself can be realized
as the boundary values of an earthquake of the disk. As a result, any two complete
hyperbolic surfaces (of the same topological type) can be deformed into one another
by an earthquake [33,35].

After introducing some of the relevant background material in Sections 2 and 3,
we develop a general form of combinatorial attachment in Section 4. This operation
permits us to cut open an abstract complex, shear it to the left, and re-attach the
pieces. The abstract complex which results from such a combinatorial earthquake,
will have no geometric structure on its own, but when realized by a circle packing,
the new geometry imposed by the circles will approximate the effect of a classical
earthquake. In particular, we will consider earthquakes of the unit disk D, and in
Section 5 will prove the following:

Theorem 1. Given any finite measured geodesic lamination £ and a sequence of
finite bounded degree packings P, in D with mesh decreasing to 0, the discrete
earthquake maps F,, formed by combinatorial earthquakes of P, converge locally
uniformly to the earthquake map E induced by L.

Circle packings also exist for Riemann surfaces; indeed, for any reasonable com-
plex, there is a unique Riemann surface which supports a packing with the pre-
scribed pattern [3]. Moreover, Brooks [9] and Bowers and Stephenson [6, 7] have
shown that the packable surfaces are dense in Teichmiiller space. However, as many
authors have noted [3,6,7,10,30], moving beyond the fact of their density to deter-
mining exactly how the combinatorics affects the geometry has proven to be a very
difficult question.

In Section 6, we examine the impact of a combinatorial earthquake on the confor-
mal structure of the surface which supports the packing. We prove a combinatorial
version of Thurston’s Earthquake Theorem [35] and see that we can shake our way
through Teichmiiller space using combinatorial earthquakes.

Theorem 2. Let Ky be a marked abstract triangulation of a surface of topological
type (g,n). Then K, generates a dense packable subset of Teichmiiller space by
hex refinement and combinatorial earthquakes. That is, for any Riemann surface
R of type (g,n) there is a sequence of combinatorial earthquakes and refinements
of Ko which produce packable surfaces converging to R.

Thus, not only are the packable surfaces dense [6,7,9], but any one packable
surface can be used to create a dense family using only earthquakes and hex refine-
ments.

Finally, we would like to thank Fred Gardiner and Nikola Lakic for very helpful
conversations during the preparation of this manuscript.

2. EARTHQUAKES

2.1. Riemann Surfaces. We begin by reviewing some background material on
Riemann surfaces and their deformation spaces. Some of the many excellent refer-
ences include [11,16,17,20,24,27].
Definition 2.1. A Riemann surface is a complex one-dimensional manifold with
charts whose overlap maps are conformal.

A first attempt at classifying Riemann surfaces might be by their topological
type. If a surface R has precisely g handles, n punctures, and m infinite-area ends,
then R is of said to be of type (g,n,m). (If m is 0, then it is often omitted.) The type
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determines a surface’s universal cover and the sign of the curvature of the complete
metric it supports. For example, a surface of type (g,n) with 2g—2+n > 0, has the
hyperbolic plane as its universal cover and supports a complete metric of constant
negative curvature. Such a surface will be referred to as a hyperbolic surface.

Unfortunately, such topological characteristics do not tell a surface’s entire story.
We need an equivalence relation that keeps track of more information. Equivalent
surfaces should share the same conformal structure and generators of their fun-
damental groups should also correspond. Such a choice of generators is called a
marking.

Alternatively, the equivalence relation can be defined using quasiconformal maps

of a fixed reference surface. We define quasiconformal maps f; and f> of a Riemann
surface R to be equivalent if f» o (f1)™" is homotopic (modulo the boundary) to a
conformal map.
Definition 2.2. Fix a reference Riemann surface R and suppose f; and f, are
quasiconformal maps from R to R; and R,, respectively. We say R; and R, are
equivalent if f; and f, are equivalent mappings. The Teichmiiller space of R is
set of equivalence classes.

The equivalence relation is independent of the reference surface R — any other
Riemann surface of the same topological type would generate the same Teichmiiller
space.

There is a natural metric on Teichmiiller space determined by how nearly con-
formal homeomorphisms between surfaces may be. More specifically, the distance
between surfaces Ry = fi(R) and Ry = f2(R) is given by

1
—log K*
2 oga -,

where K* is the infimum of the dilatation of g, o (1)~ " with g; equivalent to f;,
i=1,2.
Teichmuller’s Theorem. Between any two points R; and Ry in Teichmiiller space
there is a unique quasiconformal map Tg, g, of minimal dilatation. This map is
called the Teichmiiller map from R; to Rs.

Notice that E; and Ry are equivalent iff T, gr, is homotopic to a conformal
map.

2.2. Laminations and Earthquake Maps. A hyperbolic Mébius transformation
of the hyperbolic plane (modeled as the unit disk D) fixes two points of D and
translates every point on the geodesic joining the fixed points by some fixed hyper-
bolic distance. Thus a geodesic L and a nonnegative weight ¢ determine a shearing
transformation of ) in the following manner: Cut DD along L. Apply to one of the
resulting half planes the hyperbolic Mobius transformation which translates along L
a distance 0. Now re-attach the half-planes. Since L is invariant under the shearing
Moébius transformation, the two halves will still fit together to re-create D. There
is of course, some ambiguity as to which direction to shear before re-attaching the
half-planes. We will always shear in such a way that each half-plane appears to
have moved to the left relative to the other. Notice that the idea of “left” requires
only an orientation on I, not on L. See Figure 1.

This shearing operation can easily be extended to finite collections of disjoint
weighted geodesics and, by lifting to the universal cover, to geodesics on hyperbolic
surfaces. This type of deformation dates to Fenchel and Nielsen’s description of
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FI1GURE 1. The effect of shearing to the left along a geodesic. No-
tice that it appears to each observer that the other has moved
left.

coordinates for Teichmiiller space [11,20]. The resulting transformation of the sur-
face is called a simple left earthquake [17,35]. The most important earthquakes,
however, do not occur along finite collections of geodesics, but along more general
measured geodesic laminations [12,15,21, 33,35, 36].

Definition 2.3. A geodesic lamination £ of a Riemann surface R is a closed
subset of R consisting of a collection of geodesics foliated in the sense that every
point of £ has a neighborhood U and a continuous map ¢; : UN L — (0,1) x B
such that the overlap maps are of the form (;5,-(;5]-_1 = (f(z,y),9())-

If B is a discrete set, then £ is a discrete lamination. The geodesics comprising
L are called leaves. The components of the complement of the leaves are the gaps;
the gaps together with the leaves that bound them form the strata.

Definition 2.4. A measured geodesic lamination additionally possesses a
transverse measure invariant under homotopies preserving the geodesics of L.

The notion of a earthquake along a measured geodesic lamination was developed
by Thurston. His original definition was first published by Kerckhoff [21]; the
definition below is taken from Thurston’s later work [35].

Definition 2.5. If £ is a measured geodesic lamination of D, the left earthquake
E induced by L is the homeomorphism of D onto itself which satisfies
(1) E restricted to any stratum of £ is a hyperbolic isometry ‘
(2) On any geodesic L*? separating stratum S* on its left from stratum S’ on
its right, the comparison isometry

2.1 H = (E|la) ! o Ela;
S S

is the hyperbolic Mébius transformation with axis L*/ and translation dis-
tance determined by the measure on L*7.

Now by lifting to the universal cover, we can consider earthquakes on hyperbolic
surfaces.

Definition 2.6. If R is a complete hyperbolic surface with measured geodesic
lamination £, an earthquake on R is a homeomorphism to another hyperbolic
surface of the same type which lifts to an earthquake of D.
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The collections of weighted geodesics described above are a simple example of
discrete measured geodesic laminations of . The measure of an arc transverse to
such a lamination is given by the sum of the weights of the geodesics crossed by
the arc (counted according the multiplicity of intersection). Fortunately, if R is of
topological type (g,n), then there is a natural topology on the space ML(R) of
measured geodesic laminations of R in which laminations given by finitely many
simple closed geodesics are dense [33].

Lemma 2.7. If R is a complete hyperbolic surface of type (g,n), then laminations
given by finitely many simple closed geodesics are dense in IML(R).

Thus we could have defined earthquakes on such surfaces as the limit of simple
earthquakes induced by finite laminations.

2.3. Shaking our Way Through Teichmiiller Space. It is not difficult to show
that every earthquake of D extends to a homeomorphism of 0. Thurston proved
that the converse is also true [35]. An excellent exposition of this result is contained
in Gardiner and Lakic’s recent book [17].

Theorem 2.8. Every orientation-preserving homeomorphism of 0D onto 0D can
be extended into D by an earthquake. Moreover, this extension can be approximated
uniformly on compact subsets of D by earthquakes with a finite lamination.

It is well-known that there is an intimate relationship between metrics on hyper-
bolic surfaces and homeomorphisms of dD. Using Theorem 2.8, Thurston showed
that every complete hyperbolic surface can be transformed into any other surface
in its Teichmiiller space by an earthquake [35].

Thurston’s Earthquake Theorem. If R is a complete hyperbolic surface, then
any two points in the Teichmiiller space of R differ by a unique left earthquake.

The first published proof appears as an appendix to Kerckoff’s proof of the
Nielsen realization problem [21] and covered only compact surfaces. Thurston’s
second proof [35] holds for all complete hyperbolic surfaces.

3. CIRCLE PACKINGS

3.1. Basic Definitions. Since Thurston’s conjecture that circle packings could
be used to approximate conformal maps [34], the connections between packings
and function theory have been widely studied. In order to make this exposition
as self-contained as possible, we will briefly outline the critical definitions and re-
sults. More detailed information is contained in the rapidly expanding literature,
including several excellent survey articles [14,23,30,32].

Definition 3.1. A CP-complex K is an abstract simplicial 2-complex such that

(1) K is simplicially equivalent to a triangulation of an (orientable) surface.
(2) Every boundary vertex of K has an interior neighbor.

(3) The collection of interior vertices is nonempty and edge-connected.

(4) There is an upper bound on the degree of vertices in K.

Notice that a CP-complex is a purely combinatorial object. It possesses no geo-
metric structure until it is embedded in a surface by a circle packing. To emphasize
this fact, we will often refer to a CP-complex simply as an abstract triangula-
tion. Indeed, the restrictions imposed by conditions 2 through 4 are extremely
mild and are met by any reasonable triangulation.
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Definition 3.2. A circle packing is a configuration of circles with a specified
pattern of tangencies. In particular, if K is a CP-complex, then a circle packing P
for K is a configuration of circles such that

(1) P contains a circle C, for each vertex v in K,
(2) C, is externally tangent to C, if [v,u] is an edge of K,
(3) {Cy,Cu,Cy) forms a positively oriented mutually tangent triple of circles if
(v, u,w) is a positively oriented face of K.
A packing is called univalent if none of its circles overlap, that is, if no pair of
circles intersect in more than one point.

A univalent circle packing produces a geometric realization of its underlying
complex. Vertices can embedded as centers of their corresponding circles, and
edges can be realized as geodesic segments joining centers of circles. The collection
of triangles embedded in the way is called the carrier of the packing, written carr P.

The connection between circle packings and function theory now arises in the
investigation of maps between the carriers of two different packings for the same
abstract complex. That is, suppose P and P are both euclidean circle packings
for the same underlying complex K. Then every face in K is realized as both a
euclidean triangle T' in carr P and a triangle T" in carr P. We can construct an
affine map between these realizations by sending each point in T to the point in T
having the same barycentric coordinates. Maps constructed in this way are called
discrete conformal maps.

3.2. Existence and Normalization of Packings. Forcing geometric objects into
a pre-defined pattern is a very messy, very nonlinear problem. Indeed, it is not clear
from the definition that circle packings should exist in any great number. Fortu-
nately, packings do exist for any CP-complex, and are relatively easy to compute
using Stephenson’s CirclePack program [13,14]. The first existence result, for tri-
angulations of the sphere, was developed independently by Koebe, Andreev, and
Thurston [1,2,22,33].

Theorem 3.3. Every abstract triangulation of the sphere can be realized as a uni-
valent circle packing. This packing is unique up to Mdbius transformations.

It follows immediately that every abstract triangulation I of a closed disc can
be realized as a packing in . The standard construction [33] adds a single vertex
Voo to K with edges to every boundary vertex (that is, we take a simplicial cone
over the boundary). The resulting spherical triangulation has a packing on the
sphere which we normalize so that C,_ is centered at the north pole and lies on
the equator. A packing for the original complex K now lies in the “bottom half”
of the sphere and under stereographic projection becomes a packing in . Notice
that boundary circles will be horocycles, circles internally tangent to D.

There is an alternate construction which for our purposes presents several ad-
vantages. Instead of attaching a single vertex to X, we instead form a copy K* with
the opposite orientation and attach it to K by identifying corresponding boundary
edges. The resulting combinatorial double K2 = K* U K is now a spherical tri-
angulation and can be realized as a packing on the sphere. This packing can be
normalized so that boundary vertices of K lie on equator. Stereographic projection
then yields two packings for K. The “bottom half” of the sphere projects to a
packing P in D for which boundary circles are perpendicular to dD. The “top half”
projects to a packing P* for K*. See Figure 2.
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FIGURE 2. The two methods of packing the disk. On the left, one
vertex has been added, packed on the sphere (top left), and then
projected to the plane (bottom left). Notice that the boundary
circles are all tangent to the boundary of unit disk. On the right,
the complex has been doubled, packed on the sphere (top right),
and then projected to the plane. Notice that the boundary circles
are all perpendicular to the boundary of the unit disk.

One advantage to this construction is that the carrier of P completely covers .
A much more significant consequence is that carr P* provides a second embedding
of K in C U {oo}. As a result, discrete conformal maps defined using P can
be extended to (almost) the entire plane by simply repeating the map on P*.
Since triangles of K are embedded in C U {oo}, one must take care in handling
any triangles containing infinity. Such triangles do not have euclidean barycentric
coordinates, and thus present difficulty in defining discrete conformal maps. We
implicitly exclude any such triangles from the domain and range of any discrete
conformal maps we construct.
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3.3. Density of Packable Surfaces. Of course many more surfaces support pack-
ings than just the sphere. Existence results for surfaces were given by Thurston [33],
Minda and Rodin [26], and Beardon and Stephenson [3]. Moreover, Brooks [9]
showed that compact packable surfaces are dense in Teichmiiller space. His result
was extended to surfaces of finite analytic type by Bowers and Stephenson [6, 7].

Theorem 3.4. Let K be an abstract triangulation of a hyperbolic surface of type
(g,n,m). Then there exists a unique surface in moduli space which supports a
packing for K. A complex along with a choice of marking then determines a unique
point in Teichmiiller space. Moreover, the collection of all packable surfaces is dense
in Teichmiiller space.

In Section 6, we show that combinatorial earthquakes of a single complex can be
used to generate a dense packable subset of Teichmiiller space.

3.4. Geometric Properties of Packings. The interplay between the combinato-
rial and geometric properties of circle packings gives the theory much of its power.
One important example of the influence of the global combinatorics on the geom-
etry of the packing is the Length-Area Lemma of Rodin and Sullivan [29] and the
related Spherical Length-Area Lemma [38].

Definition 3.5. A chain of circles in packing P for K is a collection of circles C,, ,
Cyyy - -5 Cy, of P so that v; and v;4; share an edge in K, ¢ =1,2,...,n — 1, and
v; # vj, if i # j. Thus a chain describes a non-self-intersecting edge path in X. A
chain is closed if v; = v,,.

Length-Area Lemma. Let P be a univalent circle packing in D and C, a circle
in P with euclidean radius r. Assume there are m disjoint chains of circles in P
having combinatorial lengths n1,ns, . .., n,, and each separating C, from the origin
and a point on the boundary. Then

1

Yt
Spherical Length-Area Lemma. Let P be a univalent circle packing on the
Riemann sphere and C, a circle in P with spherical radius r. Assume there exist m

closed disjoint chains of circles in P having combinatorial lengths ny,ns2,...,nm,
and each separating C, from two points ¢; and g¢2. If the spherical distance from

q1 to q2 is d, then
207 T—d
r < ———— max I,T ,
m 1
Zi:l n;

r<

where 6 = #ﬁ_d).

The Length-Area Lemmas can be interpreted as stating that circles in “large
packings” must be “small.” Thus purely combinatorial considerations can be used
to force the mesh of packings to 0.

The local combinatorics of a packing also exert an important influence. This ob-
servation led to Rodin and Sullivan’s Ring Lemma [29], the first connection between
combinatorial properties of packings and the and function theoretic properties of

associated discrete conformal maps.

Ring Lemma. If v an interior vertex of K and w is a neighbor of v, then there is
a lower bound Cp on the ratio of the radius of C,, to C, in any univalent packing
for K. The bound depends only on the degree D of v.
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It is easy to show that affine maps between triangles are quasiconformal with
dilatation depending only on the difference in corresponding angles of the triangles.
The Ring Lemma implies that angles at interior vertices in the carrier of a univa-
lent packing are bounded away from 0 and 7. This gives an upper bound on the
difference between corresponding angles in the carriers of two different packings for
the same complex. Consequently, discrete conformal maps are k-quasiconformal on
faces which do not contain a boundary vertex. The constant ¥ depends only on the
degree of the packing.

3.5. Discrete Function Theory. Of course, the great interest in discrete con-
formal maps is that they are not only quasiconformal, but (as the name suggests)
almost conformal. This connection was first conjectured by Thurston [33] for degree
6 packings and was proven by Rodin and Sullivan [29].

Rodin-Sullivan Theorem. Fix a simply connected domain 2 C C and points
p,q € Q. Let P, be the portion of the infinite regular degree 6 packing which
intersects 2 and K,, its underlying complex. Let P, be a packing in D for K,, with
all boundary circles tangent to 0D, and let f,, : carr P,, — carr P, be the induced
discrete conformal map. If each P, has been normalized so that f,(p) = 0 and
fn(g) > 0, then {f,} converges locally uniformly to the Riemann map f : Q — D
satisfying f(p) = 0 and f(q) > 0.

Stephenson [31] relaxed the degree 6 condition using random walk techniques,
and He and Rodin [18] showed that only a uniform bound on the degree was nec-
essary.

Theorem 3.6. If a circle C, is surrounded by n chains of circles, each circle having
degree at most m, then the dilation of a discrete conformal map defined on faces
containing v decreases to 0 as n — oo. In particular, the Rodin-Sullivan Theorem
holds for packings of uniformly bounded degree.

3.6. Hex Refinement. For our approximation results, we will need a method
of refining our packings. Any scheme which maintains uniform control on the
degree of the complexes will do; however, the hex refinement method of Bowers
and Stephenson [5] is especially nice.

Definition 3.7. If K is a CP-complex, the hex refinement of K is the complex
formed by adding a vertex to each edge and adding an edge between new vertices
lying on the same face. See Figure 3.

Proposition 3.8. Any new interior vertices added to K by hex refinement have
degree 6, while the degree of original vertices remain unchanged. If K is embedded
in C in such a way that edges correspond to euclidean line segments, then its hex
refinement may be realized by adding line segments joining the mid-point of each
edge. In this case, each face of KC will be subdivided into four new faces, each similar
to the original and having edges one-half as long.

Notice that if we refine only one face in the complex, then we will cease to have
a triangulation. The faces bordering the refined face will have an extra vertex,
making them combinatorial quadrilaterals instead of combinatorial triangles. To
rectify this situation, we add a new edge connecting the extra vertex to the opposite
vertex. See Fig 4. Notice that the angles formed by drawing a line segment from
a vertex to the midpoint of the opposite side depend only on the original angles.
Thus if the original angles were bounded away from 0 and 7, we may embed our
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FIGURE 3. Two triangles before (left) and after (right) hex refine-
ment. Notice that the interior vertex has degree 6

FIGURE 4. Hex refinement of just one triangle requires adding an
edge to adjacent triangles.

refinement as above and be assured that angles in the new complex will be also be
bounded.

Of course, the trick of adding edges to absorb extra vertices can be used to hex
refine large pieces of a complex, not just one face. As a result, we can refine a
complex locally to improve our discrete approximations in troublesome regions.

4. COMBINATORIAL CONSTRUCTIONS

4.1. Cutting and Re-attaching. Next we will describe a generalization of the
combinatorial welding technique developed in [38]. Suppose abstract triangulations
Ki and K9 are embedded in a surface S and h : By C 0K1 = By C 0Ky is a
homeomorphism. We will use the map h to attach Ky to Ky along B; and B;. In
Section 5, h will be taken to be a discretized comparison isometry between strata
of a measured geodesic lamination, and our attaching will act as a combinatorial
earthquake.

If h respects the combinatorial structures of B; and Bs, sending vertices to
vertices and edges to edges, then we can simply identify these vertices and edges
with their images under h. In general, however, our identification maps will not be
so well-behaved. As a result, it will be necessary to slightly modify X; and Ky so
that h respects their new combinatorial structures.

Specifically, for each boundary vertex v of B; we will add a vertex to Bs embed-
ded at the point h(v). Similarly, we add a vertex at h~!(w) for every vertex w of
Bs.
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FI1GURE 5. The results of modifying ;3 and K3 so that h respects
their combinatorial structures. The arrows represent the images
of original boundary vertices under h and h=!. The dashed lines
indicate the location of new edges.

Of course, we can’t go about adding vertices at will and expect that Xy and Ky
will remain triangulations. Thus if we add a vertex h(v) or h=!(w) to an edge [a, b]
in a triangle < a, b, ¢ >, then we also add an edge from ¢ to the new vertex. In this
way, we augment the original complexes K; and Ky so that h respects their new
combinatorial structures. See Figure 5.

Notice that the second condition in the definition of a CP-complex implies each
face can have at most one edge contained in the boundary. Thus no vertices will
be added to another edge, for example [b, c], that will interfere will the edges just
created.

4.2. Controlling Geometry. The real action here lies in the interplay between
the combinatorics of the complex and the geometry produced by the corresponding
circle packing. A complex K formed by attaching K; and Ky as described above
can be packed and embedded nicely. In particular, the Ring Lemma implies angles
will be bounded away from 0 if the degree is bounded.

If K1 and K2 themselves were embedded in C using a circle packing, then the
Ring Lemma also gives bounds on the angles in carr K and carr K». Thus we could
construct quasiconformal discrete maps as described in section 3.5. We need only
ensure

(1) The degree of the new complex K is bounded.
(2) The new edges added to carr Ky and carr Ky do not result in triangles with
arbitrarily small angles.
If K1 and Ky are finite, then conditions 1 and 2 clearly hold. However, the
bounds depend on the particular complexes K; and Ko. If we create a sequence
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glued complexes, we would like to have bounds which hold throughout the sequence.
In particular, if the complexes all have degree less than D and the attaching maps
are k-bilipschitz, then our bounds should depend only on D and k.

Thus we must take a bit more care when adding vertices and gluing. We must
also assume that edges in By are roughly the same size as the edges in their image
in By. That is, we require a uniform constant C so that for each [v,w] in By

(4.1) Slo—wl < o= < Clo—w

whenever [a, b] is an edge in By intersecting h([v,w]). The corresponding condition
should also hold between edges of By and their images under A~! in B;.

If (4.1) does not hold, we can easily rectify the situation by breaking up any
edges which are too long using repeated local hex refinement.

Now notice that the number of vertices in h~!([v,w]) is at most

length of A~ ([v, w]) < klv —w|
min{la — b| : [a,0] N h([v,w]) # 0} = Ljv—w|

Thus at most kC vertices can be added the edge [v, w] during our gluing process.
Similarly, at most kC vertices can be added to any edge [a, b] of B2. Consequently,
condition 1 above must hold.

Condition 2 will hold if we ensure that no vertex is added too near an existing
vertex and that no two vertices are added too near each other. But notice that if
h([a,b]) C [v,w], then

kC.

1 1
(4.2) (@) = h(B)] > £la— b > 5[0 — w].

If some vertex h(a) lies within =|v — w| of v, then we can modify our gluing
to “round” h(a) off to v. By (4.2) we see no two vertices h(a) and h(b) will be
rounded off to the same v.

Thus any vertices h(a) and h(b) added to [v, w] will be separated from v, w, and
each other by at least g=|v — w|. It is now an elementary exercise in euclidean
geometry to show that condition 2 must hold.

/li’roposition 4.1. Combinatorial attachment by h induces a piecewise linearization
h of h. If h is bilipschitz, then the linearization will be as well.

Proof. Since our combinatorial augmentations ensured that h sends vertices of By
to vertices of Ba, we set E(U) = h(v) on the vertices. If the edges [v,w] and
[h(v), h(w)] are parameterized proportionally to arc length by « : [0,1] — [v,w]
and 3 :[0,1] = [h(v), h(w)], respectively, then we define hon [v,w] by

h(a(t)) = B(t).

Notice that if the the edges are embedded as euclidean line segments, B is piece-
wise linear. A straightforward calculation shows that h is bilipschitz [38]. O

5. APPROXIMATING EARTHQUAKES

5.1. Combinatorial Laminations. Throughout this section, let £ be a fixed fi-
nite measured geodesic lamination of DD with geodesics {L*/}. We will assume the
geodesics are ordered so that stratum S? lies on the left of L»/ while S7 lies on its
right. We can also choose our ordering so that S' is bounded on one side by an
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arc of OD and S! and S? are adjacent strata. We denote the endpoints of 12 by
A and B.

We saw in Section 2 that £ induces an earthquake map E with comparison
isometries

H" = (E|g:) " o E|gs.

Notice that if M is a hyperbolic isometry, then E = M ~'EM; hence we may
assume F fixes the endpoints A and B of L2

Let {P,} be a sequence of finite packings in I) with uniformly bounded degree
and mesh decreasing to 0. As described in Section 3.2, we may assume {P,} was
obtained as the “bottom half” of some packing P2 = P, U P} for a spherical
triangulation K2 = K,, UK. By scaling slightly and possibly rotating P?, we may
assume for sufficiently large n that circles two circles C4 and Cp are centered at A
and B, respectively.

We let D,, denote the euclidean carrier of P,, and D}, denote the euclidean carrier
of P; minus any triangles containing infinity. Notice that D, does not equal D,
nor is it even completely contained in ). Working in our discrete universe, such
complications will be common, but will fortunately disappear in the limit. For
example, it is clear that as n — oo,

D,—D
D} — D*,

where D* = C\ D.

A similar complication arises when we attempt to shear D,, along the geodesics
of our lamination. In general, each L*/ will pass indiscriminately through triangles
and vertices in D,, with no regard for the underlying combinatorial structure. Our
discretized L*/ must therefore be a rather jagged edge path connecting those ver-
tices close to L*J. In this section we construct such a combinatorial lamination
{3} of D,, corresponding to {L#}.

If af, and b, are the boundary vertices of D,, embedded most closely to the
endpoints of L¥7, we would like take as our discrete version of L% the simple
edge path £iJ connecting af, and b%, whose Hausdorff distance to L%’ is minimal.
However, to avoid certain technical difficulties, we will also require £%7 satisfy the
following;:

(1) Every vertex in £%7 must have a neighbor in both components of D,, \ £47.

(2) The £47°s are disjoint, except possibly at their common endpoints.

(3) Any hyperbolic geodesic perpendicular to L7 hits £57 only once.
Lemma 5.1. By taking n sufficiently large and possibly modifying Dy, near L7, we
can find paths €57 so that conditions 1 through 3 are satisfied. Moreover, (4 — L
uniformly as n — .

Proof. First notice that if the minimal path contains two edges of the same face,
we may modify the path by replacing these two edges by the third edge of the face.
Thus we may assume £%7 contains at most one edge from each face.

But now observe that if [a,b] C £7 is the common edge of faces < a,b,c > and
< a,b,d >, then ¢ and d lie in different components of D,, \ £47. Hence condition 1
is satisfied.

Furthermore, since the mesh of D,, decreases to 0, we can take n large enough
to fulfill condition 2.
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a

o

FIGURE 6. An edge which is hit twice by geodesics perpendicular
to L¥.

Now recall that any geodesic 5 perpendicular to L¥/ is a portion of a circle and
thus can intersect one of the euclidean line segments which comprise the edge path
03 at most twice. Unfortunately, it is entirely possible that an edge will be hit
twice by some geodesic. In fact, if [a,b] is hit twice by any perpendicular geodesic
n, it will be hit twice by each member of an infinite collection of such geodesics.
This collection will be bounded on one side by a geodesic hitting either a or b and
on the other side by a geodesic which hits [a, b] in exactly one point u. See Figure 6.

Notice that u divides [a, b] into two segments, each of which satisfies condition 3.
Thus breaking the edge [a, b] by adding a new vertex at u would ensure condition 3.
However, if u is very near either a or b, we would loose the uniform bound on the
angles in triangles of D,, otherwise promised by the Ring Lemma. Consequently,
let us fix 0 < € << % independently of 4+ and n and keep € fixed throughout the
construction. If the distance from u to a or from w to b is less than €|a — b|, then
we will move a or b, respectively, to u. This perturbation at the boundary is an-
other unfortunate side-effect of working with discrete objects in a continuous world,
but it can be made arbitrarily small at the cost of slightly greater quasiconformal
distortion at the boundary.

After each such perturbation is made, the location of the breaking point on a
neighboring edge may have changed. Thus after each of the perturbations, we will
recalculate the breaking points and re-label as necessary. If we begin making our
perturbations on some edge near the middle of £47 and work our way simultaneously
toward the boundary, we can be assured each new perturbation will not disturb any
previously visited edges.

After all perturbations have been made, we will add a vertex at the remaining
breaking points. If [a,b] is again an edge with breaking point u and [a,b] is the
common edge of faces < a,b,¢c > and < a,b,d >, then we will add edges from u
to ¢ and d. Thus D,, will remain a triangulation and, though the bound may have
slightly changed, will still have angles bounded away from 0 and 7 uniformly in n.
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Finally note that none of our modifications will move £%7 from its original loca-
tion a distance greater than the mesh of D,,. Thus as n — oo, we see £/ — L*J
uniformly. a

5.2. Hyperbolic Projections. Next we need to develop a discrete analog of the
hyperbolic shearing maps hJ. Since the polygonal approximations ¢:7 to L%/ are
not invariant under H%J, we cannot use the H%J directly. Instead, we will form
hyperbolic projections p%J which will map £&7 to L¥J.

Notice that the collection of hyperbolic geodesics perpendicular to L/ com-
pletely fill D. By condition 3 of Lemma 5.1, each perpendicular geodesic 7 hits
each £5J only once. We can then define a map p/ : D,, ND — D by the require-
ment that pi7|n be the unique hyperbolic Mébius transformation with axis  and
translation length equal to the hyperbolic distance between ¢4/ N and L.

Proposition 5.2. The sequence {p} is uniformly bilipschitz on D and converges
uniformly to the identity map on D.

Proof. Note that the distance between £/ and L%/ is a function of the mesh of D,,.
Since each p/ moves no point more than this distance, it must be bilipschitz. As
n — oo, the mesh of D,, converges to 0, so the bilipschitz constant must converge
to 1. O

5.3. Discrete Shearing Maps. Now we use our projections to “fill in the gaps”
between each £:7 and L¥J.

If H%J is the the comparison Mobius transformation with axis L/ and transla-
tion length determined by the transverse measure on £, then the map

(5.1) (pizj)_l o Hi o phi
acts on (p&)~L(L) C (5.

Moreover, since the maps p%J were uniformly bilipschitz by Proposition 5.2 and
each H% is conformal, the maps (p%’ )_1 o H%J o pi are bilipschitz. Hence the
method of Section 4 can be used to combinatorially shear D,, along ¢49. We will
denote by

héd - gbd — gid
the piecewise linear discretized map resulting from Proposition 4.1.

Remark 5.3. It may well be that the image of an endpoint of 27 under (p&/ )71 o
H%J o pii or its inverse may lie outside of £:7. In such a case, we will adjust our
gluing on the first and last edges of £%7 so that the endpoints are always attached.

Proposition 5.4. The discretized maps hiJ are bilipschitz with bilipschitz constants
bounded independently of i and n. More importantly, each can be extended to all of
DU D,, in such a way that h:? converges uniformly to H* on D.

Proof. The first assertion follows from Proposition 4.1.

Since each geodesic i perpendicular to L7 hits £47 only once, we can extend the
action of h&J to all of D by using a hyperbolic Mobius transformation to send each
n to the perpendicular geodesic through h%J(n N ¢47). On D, \ D, any reasonable
extension will suffice for our purposes (recall that D,, \ D will disappear as n — c0).
For example, since each perpendicular 7 is a portion of a circle which does extend
outside D, we could continue to use these perpendicular geodesics to extend h%J.
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Now it is clear from the construction that k%’ uniformly approximates (p47) 1o
H% opi on €47, and (pi7) o Hi o pit converges to HJ uniformly by Proposi-
tion 5.2. Notice that H®J is characterized by taking geodesics perpendicular to L%

at x to perpendicular geodesics through H®J(x). But this is precisely the behavior
of h%:J in the limit. a

Repeatedly shearing and re-attaching D,, along the combinatorial lamination
{¢:3} produces a new complex K, the result of a combinatorial earthquake of
K. We form the double ﬁz KnU )E* of K. By Theorem 3.3, there is a packing
for IC2 on the Riemann sphere normalized so that the boundary edges between
IC and IC* lie on OD. Stereographically projecting this packing yields a euclidean
packing P2 P, U P* (ignoring infinity for now). We may scale and rotate P2 so
that the vertices a and b corresponding in D,, to the endpoints A and B of L 2 are
once again placed at A and B, respectively.

We let D,, be the euclidean carrier of P, and D* be the euclidean carrier of P*
minus any triangles containing infinity.

Proposition 5.5. Asn — oo, then D, - D and IN);“L — D*.

Proof. The use of the Length-Area Lemmas to show that the radii of circles in the
range of a discrete conformal map decrease to 0 is by now standard in the circle
packing literature [18,29,31,37,38]. As n — oo, any circle in 135 can be separated
from A and B by an ever-increasing number of chains. The Spherical Length-Area
Lemma, can then be used to fgrce the spherical radius to 0 as n — co.

Since boundary circles of P, and P, were centered on 0D before being stereo-
graphically projected to C, their euclidean and spherical radii are uniformly com-
parable. Hence the euclidean radii must decrease to 0 as well. But no point of D,,
can extend further outside of D than the maximum radius of the boundary circles
of P,. Thus D,, » D as n — o0, and similarly, 5; — D*. |

5.4. Discrete Earthquake Maps. Finally, we can use our circle packings to de-
fine discrete earthquake maps

E,:D, =D,

by sending triangles to triangles as in Section 3.5.

In keeping with our previous notation, let S¥ be the i*" combinatorial stratum
of Dy, that is, the subset of D,, bounded by {E’*J U {¢ki}. Similarly, we denote by
Sz the corresponding combinatorial stratum of D,,.

The proof that E, actually converges to the earthquake map E will involve the
careful analysis of the action of E,, on each stratum. To simplify notation, we define

Furthermore, notice that by our construction we have the discrete version
(5.2) i = fahiy?

of (2.1) on £47.
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5.5. Extending Beyond the Original Strata. Next we will recursively extend
each f} to (almost) all of C. By Proposition 5.4, each of the gluing maps hj;’ are
defined on all of D. Thus we can extend each f7 across £*7 to S* by setting

(5.3) £ = by
on S},. Observe that this extension is continuous by (5.2).

Similarly, we extend each f* across £*7 by setting

. . S —1

(5.4) fn =1 (B37)
on SJ. Again, this extension is continuous by (5.2). . ‘

But notice now that equations (5.3) and (5.4) serve to extend f! and f7 not
only to neighboring strata but also to all of D,,. For example, suppose stratum S2
intersects strata S} along £1,? and S2 along £23. Then we define f! on S2 to be
f2hL2. Similarly, we set f2 = f3h2? on S3. But the extension of f2 extends our

extension of f!; that is, we can set

fl _ fzhl,z _ f3h2,3h1,2

on S3.
Similarly, we set

=00 = g ) )
on S}.

Next observe that because we created the packings P, and P, using the dou-
bling construction of Section 3.2, each combinatorial stratum S C D,, has a copy
embedded in D}, (ignoring for now any triangles containing infinity). Consequently,
we can repeat the action of each fi on D} and thus extend fi to almost all of C.

Of course, we must omit from our scheme any triangles in containing infinity since
these are not properly embedded in C. Fortunately, these triangles will disappear
in the limit.

Proposition 5.6. The spherical diameter of the triangles in the carrier of P, or
P, which contain infinity decreases to 0 as n — oo. Consequently, a given compact
subset of C will lie outside these triangles for sufficiently large n.

Proof. Since the degree of P, is uniformly bounded, the proposition is an easy
consequence of the Spherical Length-Area Lemma. a

5.6. Proof of Convergence. A careful study of the extended stratum maps f}
now leads to our approximation theorem for earthquakes of the disk.

Theorem 1. Given any finite measured geodesic lamination £ and a sequence of
finite bounded degree packings P, in I with mesh decreasing to 0, the discrete
earthquake maps F,, formed by combinatorial earthquakes of P, converge locally
uniformly to the earthquake map E induced by L.

Proof. First recall that by our numbering scheme, S' is bounded on one side by
an arc of 9D. Consequently, S! lies on the right side of the other strata. Thus to
extend some f*¢ to S!, requires repeated applications of (5.4). As a result,

(5.5) FA L (1 IR (/) R



18 G. BROCK WILLIAMS

But since f} fixes both 4 and B, f{ must fix both h%7 ... hL.2(A) and k&7 ... hL2(B).
By Proposition 5.4,

(5.6) héi . hL2(A) — HY .. H"(A)
hbi .. hL2(B) —» H% ... H“*(B).

Since H®J --- HL2(A) # H% - .- HL2(B), there is a uniform lower bound on the
distance between fihy.7 ... hp?(A) and fihy7 ... hp?(B) (uniform in both n and 7).
Moreover, the range of each f; also omits the point at infinity. Thus by well-known
normality results for quasiconformal mappings [25], each of the sequences {fi},
converges to a quasiconformal map F* uniformly on compact subsets of C. Since
fi=E, si, By converges uniformly on compact subsets of the strata.

But now Theorem 3.6 [18] implies that F' is conformal on the limit strata S°
and S*. Moreover, since each f! was extended off S? using maps which converge
uniformly to Mobius transformations and U; ;£% has measure 0, F* must be con-
formal on all of C. But this implies F* is itself is Mobius. Since it fixes ID, it must
be a hyperbolic isometry.

Finally notice that since fJ = fih%J on €47,

Fi =F'H"

or equivalently,

Ho = (F)™" o F
on L%, Thus the limit of the sequence E,, must be the unique earthquake map
E. O

5.7. Extending Boundary Maps. By Theorem 2.8 [17,35], every homeomor-
phism of 0D can be extended to D by an earthquake. Such a map is the limit of
earthquakes with finite laminations. Applying a standard diagonalization argument
to Theorem 1, we have the following useful corollary.

Corollary 5.7. Any orientation-preserving homeomorphism of 0D has a continu-
ous extension to D constructed as o limit of discrete earthquake maps.

6. PACKABLE SURFACES

6.1. Discrete Earthquakes on Surfaces. Now we consider the effect of combi-
natorial earthquakes on triangulations of surfaces. Suppose K¢ is a CP-complex
simplicially equivalent to a triangulation of a hyperbolic surface of type (g,n).
Then there is a unique Riemann surface which supports a packing for KCo; that is,
the purely combinatorial information encoded in Ky determines a unique point in
Teichmiiller space. By deforming Ky by an appropriate combinatorial earthquake
(and hex refinements) we can move to any other point in Teichmdiiller space.

Theorem 2. Let Ky be a marked abstract triangulation of a surface of topological
type (g,n). Then K, generates a dense packable subset of Teichmiiller space by
hex refinement and combinatorial earthquakes. That is, for any Riemann surface
R of type (g,n) there is a sequence of combinatorial earthquakes and refinements
of Ko which produce packable surfaces converging to R.

Proof. Let K,, be the complex formed by hex refining Ky n times. Then there exists
a unique Riemann surface R,, which supports a packing P, for K,, [3].
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The circle packings induce maps from Ry to each R, as follows: Lift Py and P,
to the universal cover . The carrier of P, provides an embedding of X,,. Notice
however, that K, can also be embedded by refining carr Py n times as described
in Proposition 3.8. We can construct a discrete conformal map f,, between these
embeddings sending triangles to triangles. By the Ring Lemma [29] this map will
be K-quasiconformal with K depending only on the degree of K; in particular, K
will be independent of n.

Now recall that the metric in Teichmiiller space was defined between quasicon-
formal images of some base surface. If we select Ry as our base surface, then R,
is the image of Ry under f,, and Ry is the image of itself under the identity map.
Thus the Teichmiiller distance between Ry and R, is given by

1
~log K*
98

where K is the minimal dilatation of g, o (g1)~" for quasiconformal maps g
homotopic to the identity on Ry and g» homotopic f, on R,. In particular, since
fn and the identity qualify as test functions, the distance between R, and Ry is
bounded by

1
3 log(K).

Thus for each n, R, lies inside a ball of radius % log K centered at Ry. The closure
of this ball is compact; hence the sequence {R,} has a subsequence converging
to a surface R. For simplicity of notation, we will re-number and assume the
entire sequence converges to R. (In fact, it follows from the work of Bowers and
Stephenson [5], that the entire sequence converges to the point R determined by
gluing together euclidean equilateral triangles in the pattern given by Ko).

Now let S be any other point in the Teichmiiller space of R. By Theorem 2.3 [35],
there is a measured geodesic lamination £ of R and a corresponding earthquake
E which transforms R into S. Recall that by Lemma 2.7, E is the limit of a a
sequence {E,,} of earthquakes whose laminations {£,,} consist of finitely many
closed curves [21]. We can transfer the lamination corresponding to E,, to a lami-
nation Ly, , of R, by the Teichmiiller maps Tg,g,. The images of the laminations
themselves might not be geodesic laminations of R,,, but they can be straightened
to a finite geodesic lamination. Recall that the convergence of R,, to R is equivalent
to the convergence of the Teichmiiller maps Tg g, from R to R, to a conformal
map of R homotopic to the identity. Consequently, as n — oo, the lifts of Em’n to
D converge in ME(D) to the lift L, of L.

Now each L,,, induces an earthquake FE,, , on R, Because E and E,, are
defined on R and each E,, , is defined on R, we will lift all these to earthquakes
of the disk and consider their effects there. By a slight modification of the proof
of Theorem 1, we will see that the combinatorial earthquakes E,, ,,, created by the
lifts Zm,n of L, converge to the lift Em of E,, as n — 0.

First note that the existence of the original packings P,, on R,, was shown in [3] by
cutting apart K, and pasting copies together to form an infinite universal covering
complex I?n The infinite complex is then realized as a packing ﬁn in D with
symmetries corresponding to the action of 71 (Ry).

It follows from the Length-Area Lemma, [29] that the mesh of P, decreases to 0
as n increases. Moreover, since the laminations inducing each E,, are formed from
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FIGURE 7. The action of the earthquakes and Teichmiiller maps
down on the surfaces.

finitely many simple closed curves, we can repeat the proof of Lemma 5.1 to form
a combinatorial lamination corresponding to Em,n.

For each fixed m and all large n, we combinatorially shear 1371 along Zm,n. The
resulting infinite complexes have packings va,n filling D. As before, we will nor-
malize so that the endpoints of some geodesic are fixed.

The combinatorial earthquake produces a discrete earthquake map
Em,n : carr ﬁm," — carr @mn
Notice, however, that one difficulty in the proof of Theorem 1 does not occur here
— the carriers of P, , and @, both completely fill D for each m and n, not
simply in the limit.

Now observe that since 1~3n and Zm’n are lifts of P, and L, , respectively, the
same packing and lamination are repeated on each fundamental region of R,, in
D. Hence the same combinatorial shearing operations must occur on each of these
fundamental regions. As a result, ), , must exhibit symmetries corresponding to
the action of 7 (Ry,). In particular, this implies @m,n projects to a packing Qm,n
on some hyperbolic Riemann surface Sy, 5.

Moreover, since L, , was comprised of finitely many closed curves, each funda-
mental region of R,, in I) intersects only finitely many strata of Em,n. Thus we can
define and extend our stratum maps as in Section 5.4.

Consequently, the same normality and dilatation arguments used in the proof
of Theorem 1 imply the convergence of the stratum maps to hyperbolic isometries.
Hence

Emn — Ep,
as n — oo. B B

But recall that E,, -+ E as m — oo. Thus E,, converges to the lift F of F as
m — oo. By a standard diagonalization argument, we may choose n = n(m) for
each m so that

Epn — E

as m — 00.
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Now by projecting down to the surfaces, we see
(61) (TS,Sm,n)_l o Em,n o TR,R" :R— S

converges to E on R. See Figure 7. Since T'g g, converges to a conformal map of R
which is homotopic to the identity, equation 6.1 implies Ts,s,. . = Em.nTr g, B~
converges to a conformal map of S which is homotopic to the identity. But this
is precisely the statement that the packable surfaces S, , converge to S in the
Teichmiiller metric. Since S and Ry were arbitrary, the theorem is proved. O

Notice that not every triangulation is obtainable from a given triangulation by
earthquakes and hex refinement. (For example, fix a triangulation and barycen-
trically subdivide one of the faces.) Thus our earthquake deformations generate a
proper dense subset of packable surfaces.

Moreover, following the proof of Theorem 2.3, we obtain a recipe for combinato-
rially deforming any packable surface into one arbitrarily close to any other surface
in Teichmiiller space.
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