Homework 2 solutions
September 24, 2009

Lecture 3

Problem 3.1

We want to show that ||z||w = [[Wz|| is a norm when | - || is a norm. So we just need to show that
|| - llw obeys the three vector norm properties (3.1):

L. ||z|lw >0, and ||z|w = 0 only if z =0
2. Iz +yllw < ll=llw + [lyllw
3. lezllw = |af[[z(lw

We'll take them in order:

L. ||z|lw = [[Wz| > 0 since Wz is a vector and || - || is a norm. Since W is assumed to be
nonsingular (and therefore null(W) = {0}), Wa = 0 only if z = 0. Therefore, ||z|w =
|[Wz|| = 0 only if Wa =0 (since || - || is a norm), only if 2 = 0 (since W is nonsingular).

2.

lz+ylw = [W(z+y)l
= [[Wz+ Wy
< [Wal| + Wyl (since [| - || is a norm)
= l=zllw + llyllw

3.

loxllw = [[Waz|
= oW
= |af||Wz]|| since || - | is a norm)
= lalllzllw



Problem 3.3
(a)
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(since each term is non-negative, the sum is the max term plus some non-negative number)
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= max |z
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= [l

For an example where equality is achieved, consider any constant ¢ times a column of the identity
matrix ce;. [|cej|l2 = |c| and ||cej||o0 = |c].

(b)
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1/2
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1/2
= <m max |xz|2>
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For an example where equality is achieved, consider the vector of all ones x = (1,1,...,1)*. Then
[zll2 = v/m and [|lzflec = 1.

(c) First note that for A € C™*™ that domain elements x € C" and range elements Az € C™.
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Therefore,
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For an example where equality is achieved, consider a matrix with ones in the first row and zeros

elsewhere. Then [|A|l2 = v/n and ||A|lcc = n.

(d)

A A
| Az, < \/EH Zloe for any x by part (b)
[E4[P ]2
A A
= | Az, < \/EH Zloc for any x by part (a)
]2 ]| oo
A A
I LTI VT
w0 |1%[2 x#£0 7]
S Al € Vm||Alls

For an example where equality is achieved, consider a matrix with ones in the first column and
zeros elsewhere. Then ||Aljs = /m and ||A]|eo = 1.



Problem 3.5

If E is an outer product E = wv*, then the equation ||E||r = |lu||r||v||F is true for the Frobenius
norm.

Proof Let e; be the j column of E € C™*" where E is an outer product E = uv*. Then e; = vju
(see the outer product in Example 1.2 of NLA).

1/2

1EIr = | llesl3 (from (3.17) in NLA)
=1
. 1/2
= [ D llojul3
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= ullz { D lul?
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= lull2f[v]l2
|
Problem 3.6
(a) We need to show that the three norm conditions hold for || - ||’.

L |zl = supyy=1 [y*=| >0 V z,y. If 2 # 0 then ||z # 0 (since ||-|| is a norm). Let y = z/||z||
(so |ly|| = 1). Then

ly*z| = |z*z/||z||| > 0 for thisy
= sup > |z*z/||z||]|] > O
llyll=1

= lal” = Je"z/lzll] > 0

Therefore, ||z||" > 0, and ||z|" = 0 only if z = 0.



ly* (21 + z2)|

Therefore, sup |y*(x1 + x2)]
lyll=1

ool + e

= sup |y*(ax)| =

= |y*z1 +y x|

< lyta|+ [yl

< sup |yfzi|+ sup |yTagl
lyll=1 lyll=1

< @l + =)

ay x|

jelly™| for any x, y

sup |a[y"z|

llyll=1 lyll=1
= laf sup |y*z|
llyll=1
2l = adllz))
(b)
Proof Let z,y € C™ with |z|| = ||y]| = 1 be given. Let Z be the z that exists from the lemma,
ie., [Z*z| = ||2]/'||z||. Now let Z = 2/||Z|". Then |z*z| = ||Z|'||z| = ||z|| = 1. Since |Z*z| =1, Z*z is

equal to 1 times a scalar of modulus 1. Therefore there is a scalar « such that az*x = 1 (without

the absolute values). Let z = aZ. Then z*z = 1.

Let B = yz* with this z. Then B is rank 1, and Bx = yz*z = y.

Now we just need to show that ||B|| = 1 in the matrix norm induced by the vector norm || - ||.
Bl = sup [Buw]
[[wll=1

=1
= sup [ly(z"w)
=1

[[wll=1

= sup [zfw|
[[wll=1

= sup |w*z|
[[wll=1

= |=ll

=1



