Math 1352-11 — WWO09 Solutions
November 24, 2008

Assigned problems: 8.7 — 10, 16, ww_4; 8.8 — 32, ww_5, ww_6

Always read through the solution sets even if your answer was correct. Note that like many of the integrals in this course,
there is frequently more than one way to determine convergence or divergence of a series. Your solution may be correct even
if you used a different method than what I use here.

1. (8.7 #10) >, 1::1(1@13) First we’ll notice that the series converges (trivially) for = 15 since each term is identically

0. For = # 15, we'll try the generalized ratio test:
(z —15)% / In(k +2)
(x —15)% / In(k +1)
In(k + 1)(z — 15)*+1
In(k + 2)(x — 15)*
. In(k+1)
= lim —— |z —1
A ez © 1
k+2
= kli)rrgo Ek i 1; |x — 15| (L ’hopital)
1
= lim (k4 |z — 15|
k—o0 —+ 1)
= |z —15|

Ak41
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k—o0

= lim

k—oo

k—oo

According to the generalized ratio test, the series converges for L < 1 and diverges for L > 1. So this series converges
when |z = 15| < 1, i.e., when —1 < (z — 15) < 1 which gives us 14 < z < 16.

Similar, the series converges when L > 1, so |z — 15| > 1 giving > 16 or = < 14.

The generalized ratio test is inconclusive when L = |x — 15| = 1, so we need to check the endpoints z = 14 and = = 16
separately.

When x = 14, we have

o0

x—15
Zn ZlnkJrl

=1
This is an alternating series, so we’ll test with the alternating series test.

1
lim —— =0
koo In(k + 1)

In(k+2) > In(k+1)
1 1
mk+2) © kil

a1 < ag
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Therefore the series converges at = = 14.
When z = 16,

o0

x—15
Zn Zlnk—|—1

=1

We'll do a limit comparison test with Y- by = Y- +:

lim 2% = lim 71/111(]{: +1)
k—oo by k—o00 1/k
k

lim ————
hoo In(k + 1)

. 1 o
= Jdm gy (Ehepital)

1
= lim 7(k+) =

k—oo 1

This limit goes to infinity and ) by diverges, so by the 0 — oo limit comparison test the series diverges, too.

So the interval of convergence is |14 < z < 16/.

2. (8.7 #16) Y5, ChM.

First we'll notice that the series converges (trivially) for « = 0 since each term is identically 0. For x # 0, we’ll try the
generalized ratio test:

(2k + 2)lz*+1 /(3K + 3!
klnio’ (2k)12* ] (3k)!
(3k)!(2k + 2)lzk+!

(3k + 3)1(2k)laF
(Note (2k + 2)! = (2k + 2)(2k + 1)(2k)! and (3k + 3)! = (3k + 3)(3k + 2)(3k + 1)(3k)!)
B (2K +2)(2k + 1)
= GE+3EErEks D
4k* + 6k + 2
= Tw ekl
B 4/k+6/k* +2/K>
= Wikt ol 13
=0

Q41
ag

lim

k—oo

k—oo

The limit is 0 for any value of x. Therefore the |series converges absolutely for any x, —co < z < oo|. (Since the
interval is the whole real line, there are no endpoints to check.)
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3. (8.8 #32) First 4 coefficients of Taylor series for f(z) = In(x) at ¢ = 3. We’ll need the first 3 derivatives of f evaluated

at ¢ = 3:
fz) = In(z) fB) = In(3)
fllz) = 3 13 = 3
) = P e =
KON SO

So the Taylor series at ¢ = 3 for f(x) = In(x) is:

) = s+ L@@ @@ @ -3

- 1 o1 i ..
_1/9)(x — 3)2 -3y
= )+ (-3 I CRIE S
X — x — 3)? r—3)3
VARSI T

= co+ci(z—3)+ca(r—3)2 +cz(x—3)3+ -

where
¢ = In(3)
c1 = 1/3
co = —1/18
cg = 1/81

4. (Note that webwork creates random, but similar, problems for each student on this question. So the solutions here are

for a sample of problems to give you some examples. If you have questions on any particular problem you were given,
please ask.

—1)"™
(41) Yoo, s
This is an alternating series, so we can try the alternating series test. We need to check that limj_ ., ax = 0
and ax4+1 < ag.

lim a; = lim !
k—o00 k= k—oo 4n + 3
=0
And,
n+7 > 4dn+3
4n+1)+3 > 4n+3
1 1
—_— <
4n+1)+3 dn+3

an+1 < Qp

So the the series converges.
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Now we’ll check if it converges absolutely.

Ylintsl = Za
in + 3 in + 3
This looks almost like a divergent p-series. We can confirm that it diverges with a limit comparison test with

b= %

1
lim al — lim M
k—o0 bk k—o0 1//{:
li i
= 1m
k—oo 4k + 3
_ 1
4

The limit is positive and finite, so the two series converge or diverge together. Therefore Y |ax| diverges. So the
original series |c0nverges conditionally|.
—_1)"™
(42) 2oz, G
This is an alternating series, so we can try the alternating series test. We need to check that limg_., ar = 0
and ag41 < ag.

Vk

am ey = lim o
1/2)k—1/2
= klim % (L’hopital)
li !
= m ——=
k—>002\/’ﬁ
= 0
And,
a1 < ap ?
VE+1 - vk o,
k+3 — k+2
VEF1(k+2) < 10
VE(k+3) T~
2
(k+1)(k+2) < 10
k(k + 3)2
3 2
K®+5k% +8k+4 L
k3 +6k2+9k  —
B3 4+5k%>+8k+4 < k>+6k>+9k 2
4 < K’ +k ?

This is true for all x > 2. The conditions of the alternating series test are met, so the series converges.
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Now we’ll check if the series converges absolutely. Consider
S5 - =X
n+2 n+2
We’ll do a direct comparison test with >~ b, = > 1/(n+2) (which diverges by a limit comparison with ) 1/n).

1
ﬂ > >0
n+2 " n+4+2
So the series is term by term > a divergent series. So by the direct comparison test, the series diverges.

Therefore, since the original series converges but the absolute value series diverges, the original series
|converges conditionally|.
2_1\n
(4.3) Yoo, (L@,
Because of the powers of n, I'll try the generalized root test.

T | G Vil Gt
g Vel =l |G

1)/m(62 -1

= s )62( )‘

= lim %(n—l— 1)t/n

n—oo

(This is 0° form,)

35
L = lim —(n+1)Y/"
BT
36 . 1/n
£L = nh_)Ir;O(n +1)
36 _ . 1/n
In <35L> = In (nh—{rolc(n +1) )
36 L 1/n
In (35L> = 7Lll_)r{.lo In ((n +1) )
36 1
In (35L> = nh_)rr;o - In(n + 1)
m (20 = R
35 n—00 n
36 1
In(—=L = lim —— (L’hopi
n (35 > A (L’ hopital)
36
In(—=L = 0
()
36 . .
%L = 1 (Take exponential of both sides.)
p= 2
36

The limit is < 1, therefore the series |c0nverges absolutely|.
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(4.4)

ZZO:I (7n22) ’:

We'll try the generalized ratio test.

_9\n+1 2
lim Gnt1) _ lim (=" /(n+1)
n—oo | Gp n—00 (_2>n/n2
2 _9 n+1
= lim LI ./ S (=2)
i 2n2
= lim |——
. 2n?
= lim —m——
n—oon? +2n+1
li 2
= m —
n—oo 14+2/n+1/n2
= 2

The limit is > 1, so the |series diverges|.

Zoo sin(5n) |
n=1 n2

This series can be negative, but does not alternate in a regular 4, — pattern, so it’s not an alternating series.

T’ll try testing for absolute convergence on

>, | sin(5n
3 (5n)

2
n
n=1

We can use a direct comparison test. Since |sin(x)| < 1 for any x, we have
in(5 1
sin(5n) <

0<
= 2 =

n2

Therefore, the absolute value series is dominated by the convergent p-series 7%2 (p = 2). Therefore the series is
|abs01utely convergent |

5. Here we are matching a set of series with the Maclaurin series for different functions. I'll derive the Maclaurin series
(Taylor series at ¢ = 0) for the given functions. Each time, we’ll get one of the given series.

o f(x)=cos(x)
flx) = cos(z) [0y = 1
fla) = —sim@)  f0) = 0
f'(x) = —cos(x) [0 = -1
(@) = sin(z) S0 = 0
F@ () cos(z)  fWO0) = 1
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1'2 Z4 1'6
cos(z) = 140 5p + 04 p +0— 4
.’E2 CU4 fEG
I TR
B 0 ( 1>kx2k
!
227 (2h)!
. (@)=

N 1oz 1-22 1-2% 1-2¢4
S TR T T
25
o f(z) = arctan(x)
f(z) = arctan(z) fO) = 0
flz) = 4= F0) = 1
') = —(22)(1+a?)2 ') =0
@) = (8r2)(14a?)F - 2(1 1 a?)"? o) = 2
fB () = (162)(1+22) 73 — (482%)(1 +22) 4 + (8z)(1 +22)%  f™W(0) 0
223
arctan(z) = O+x+0—?+...
a3 .
g
B kz:% 2k + 1
o f(x)=sin(x)
f(x) = sin(z) f0) = 0
f(x) = cos(x) [ = 1
f"(x) = —sin(x) 7 = 0
f///(x) _ 7COS($) f///(O) - 1
fO@) = sinl@)  F90) = 0
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1z 123 1-x°

sin(z) = 04+ —+0— +0+ + .-

e (_1)kx2k+1
(2k +1)!

f@) = cose)  fx/2) = 0

f@) = —sin@e)  fa2) = -1

F@) = —coslr)  fUnf2) = 0

P = osm)  f@) = 1

fW(z) = cos(x) W(r/2) = 0

[O) = —sin@)  fO@/2) = 1

1-(x—m/2) 1-(z—m/2)3 1-(z—m/2)5

cos(xz) = O—T/—&-O—i— 3 / +0— 5l /

Il

o

ol
—

&

|

)
\
K
Eal

Where the first 5 coeflicients are:

cg = 0
cg = -1
co = 0
cs = 1/6
cy = 0
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